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1 Introduction and Main Results

Let (M, 0) be a strictly pseudoconvex pseudo-Hermitian compact hypersur-
face in C"*! in the sense of Webster [34] with a pseudo-Hermitian real one-
form 6 on M. Let Ry be the Webster pseudo scalar curvature for M with
respect to . By the solution of the CR Yamabe problem given by Jerison
and Lee [18], Gamara and Yacoub [10] and Gamara [9] (for n = 1), there is a
pseudo-Hermitian real one-form 6 so that (M, 6) has constant Webster pseudo
scalar curvature Ry. Let p be a defining function for M. Then § = 2 (9p—0dp)
is a pseudo-Hermitian one-form for M, and any Hermitian one-form can be
constructed in this way by using defining function of M. When M = S?"+1,
the unit sphere in C"™, if p(z) = |2|?> — 1, then Ry = n(n + 1) on M. The
main purpose of the paper is to give some characterizations on p so that the
pseudo scalar curvature Ry is a positive constant on M if and only if M is
CR-equivalent to the sphere S?"*1,

Let D be a smoothly bounded pseudoconvex domain in C". Let u be a
strictly plurisubharmonic exhaustion function for D (v = +o00 on 0D). Let
p(z) = —e~?). Then the Fefferman’s functional .J(p) of p is defined as:

(1.1) J(p) = — det {(a’))* }%]

where H (p) is the complex Hessian matrix of p, Op = (05p,-++,0ap)isalxn
matrix and (Jp)* is its adjoint matrix.
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Let f(z) be a positive function on D. It was known (see, for examples,
[7], [25]) that

(1.2) J(p)=f(z)>0in D; p=0ondD
if and only if
(1.3) det H(u)(z) = f(2)e™™" in D; u =400 on dD.

When f(z) € C°°(D) is positive for all z € D, the existence and unique-
ness of a strictly plurisubharmonic solution of (1.3) were given by Cheng and
Yau in [7]. In particular, when f(z) = 1, they proved that the plurisubhar-
monic solution u of (1.3) defines a complete Kéhler-Einstein metric on D:

Cu_ iz @ dz;.

02;0%;
When D is strictly pseudoconvex, uniqueness and a formal approximation
solution p of (1.2) with u = —log(—p) being plurisubharmonic in D were

given by Fefferman [8] earlier; the existence of such a solution was proved
by Cheng and Yau [7] with p € C"*%2(D). Lee and Melrose [22] gave
an asymptotic expansion solution for p. In particular, they proved that
p € C"27¢(D) for any ¢ > 0. In general p fails to be in C""2(D).

Using the notation of J(p), the following formula for the Webster pseudo
Ricci curvature of (M, 6) was given by Li and Luk in [28]:

(14) Ric(w,7)=— 3 W

Jk=1

det H(p)(2)

W,V

for v,w € H,(M), holomorphic tangent space of M at z.

Assume that ¢ : D — B,,; is a biholomorphic mapping, and if
p(z) = |¢(2)]> — 1, then det H(p) = J(p) = |det ¢'(2)|> on D and log J(p) is
pluriharmonic in D. By (1.4), we have Ry = n(n+ 1) on 9D.

The main purpose of the current paper is to prove the converse is also
true, we state it as the following theorem.

THEOREM 1.1 Let p € C3(D) be a defining function for D so that u(z) =
—log(—p(z)) is strictly plurisubharmonic in D. Let M = 0D and 0 =
> (0p—09p). Assumelog J(p) is harmonic in the Kéhler metric 8325%_ dz;®dz;,

we have the following two statements hold:



(a) If Ry = ¢ > 0, constant on 0D, then D is biholomorphic to the unit
ball By, in C*+L,

(b) Webster pseudo scalar curvature

det H(p)
1.5 Ry =n(n+1)————= on 0D.
(15) 1)<
Notice that if u(z) = —log(—p(z)) is the potential function for the

Kéhler-Einstein metric for D, then J(p) = 1 on D. By Theorem 1,1 and
Theorem 3.1 in [24], we have the following corollary.

Corollary 1.2 Let D be a smoothly bounded strictly pseudoconvex domain
in C"™'. Assume that u(z) = —log(—p(z)) is the potential function for
the Kéhler-Einstein metric for D (defined by (1.3) with f = 1) and 6 =
5(0p —dp) on M = dD. If Ry = ¢ > 0, constant on D, then there Is a
biholomorphic map ¢ : D — B, 11 so that det ¢/(z) is a constant on D.

The paper is organized as follows: In Section 2, we provide several main
lemmas. In Section 3, we will prove part (b) of Theorem 1.1. Finally, the
proofs of Part(a) of Theorem 1.1 and Corollary 1.2 are given in Section 4.

2 Main Lemmas

Let D = {z € C" : p(z) < 0} with C? defining function p. Let u(z) =
—log(—p(z)) be plurisubharmonic in D. Then the relation between J(p)
and det H(u) is given by the following lemma.

Lemma 2.1 Let u € C*(D) and let p(z) = —e*. Then
(2.1) det H(u) = J(p)ethe,

Proof. By viewing Ou as an 1 by n matrix and (Ju)* is its adjoint matrix,
one has that

(22)  Tp=—pdu, H(p)() = —p(x)H(u) + p(=)(@u)" Ju.



Thus

J(p) = —det P —pdu ]

—p(Ou)*  —pH(u)+ p(éu)*gu
. 1 —0u
= —(p) det{_(au)* -—}{00-+(3U)W%L}
- 1 —Ou
= (et —H(u) + (9u)*Ju <@u>*@u]
= —(p)"*" det(—H (u))

ef(nJrl)u det H(U)

Therefore, (2.1) holds and the lemma is proved. 0
Let [u"]' = H(u)~'. We will use the following notations:

0%u ou ou
2. p— e _
( 3) UZ] 82’16@] ' i 821 ’ uj azj
and
(2.4) |Ou|? = uigaiuﬁju, T(2) := |Ou|? +e ™

Then if p(z) = —e~%*) with u being strictly plurisubharmonic in D, then by
Lemma 2.2 in [24],

(2.5) det H(p) = e ™ det H(u)(1 — |0u|?) = J(p)e"(1 — |0ul?).

Thus
det H(p)
J(p)

Then the following lemma was included in the proof of Part(b) of Theorem
2.4 in [24], given in pages 468-470.

(2.6) —1=e"(1—T(2)).

Lemma 2.2 Let D be a bounded pseudoconvex domain in C". Let u €
C*(D) be strictly plurisubharmonic in D, and let p(z) = —e™". If —log J(p)
is subharmonic in the metric u;zdz; ® dz;, then

) 3 wigy(— 1AL

P 70) )(z) >0, ze€D.



The following result essentially is corollary of the main theorem of Burns
[3] in our notation:

Corollary 2.3 Let p € C3(D) be a defining function for D so that u(z) =
—log(—p(z)) is strictly plurisubharmonic in D. Let M = 90D and 0 =
5(0p — dp). If det H(p)/J(p) is a positive constant on the boundary dD of
D, then D is biholomorphic to the unit ball B, in cnr,

Proof. Since u = —log(—p) is plurisubharmonic in D, by (2.1), we have
J(p) > 0 on D. Notice that det H(p)/J(p) is a positive constant on D, we
have p is strictly plurisubharmonic in D. Let 2y € D be such that

(2.8) m = —min{p(z) : z € D} = —p(20),
Then

(2.9 J(p)(z0) = mdet H(p)(z0).

Let

(2.10) 7(z) = p(z) + m.

Then 7 : D — [0, m) is smooth, onto and strictly plurisubharmonic. More-
over,

Jlr] = —det H(1)[r — |07|%]
— —mdet H(p) — det H(p)(p — |9p|2)
= —mdet H(p) + J(p).

Therefore,
(2.11) = constant on D <= J(1)=0 on D.

Notice that

(2.12) J(1) = —7"*tdet H(log 7)
Thus
(2.13) J(1) =0 < det H(log7) =0 D\ 7 (0).

Combining the above relations and the main theorem of Burns in [3], the
proof of Corollary 2.3 is complete. 0

Next result is the main theorem of this section.



THEOREM 2.4 Let p € C3(D) be a defining function for D so that u(z) =
—log(—p(z)) is strictly plurisubharmonic in D. If —log J(p) is subharmonic
in Kahler metric uj;dz; ® dz;, and if there Is a positive constant ¢ so that

(2.14) W =c on 0D,
then

det H(p) _
(2.15) I - ¢ on D.

Proof.  Since det H(p)/J(p) = ¢ > 0 on 0D, replacing p by cp if it is
necessary, without loss of generality, we may assume that ¢ = 1. We can
write

det H(p)
J(p)

Since — log J(p) is subharmonic in the metric uzdz; ®dzj, by Lemma 2.2, we
have that det H(p)/J(p) attains its minimum over D at some point in 9D.
Thus (2.16) holds with A(z) < 0in D. By (2.6), one has

det H(p)

(2.17) 1-T(2) = WB_U —e "= (1+A=)p)(—p)+p.

(2.16) =1+ A(2)p(z), ze€D.

Thus, by (2.16)
(2.18) T(z)=1—p(2) + (1 + Ap)p =1+ A(2)p(2)*.

We claim that T(z) =1 on D (i.e. det H(p)/J(p) =1 on D.)

By Lemma 2.2, if there is zy € D so that det H(p)(20)/J(p)(20) = 1, then
det H(p)/J(p) = 1 on D (i.e. A =0). Otherwise, we have A(z) < 0 on D,
we will prove there is a contradiction.

Let C = max{—A(z) : z € D} € (0,00). Then C € (0,00), and by
(2.18), we have

(2.19) 0<(1-T)<Cp(z)>?=Ce ™, on D.

By (2.18) again, one has T'(z) := |0u|> + e < 1 on D. Since e * = 0 on
0D and e > 0 in D, one can easily see that

(2.20) b:=max{e ) .2€ D} <1, z€D.
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By (2.19), we have

1 < 1
[—eu = 1§

(2.21) (1=T)% > 3%,

Note: This is key place we use the condition det H(p)/J(p) =1 on 0D.
For any fixed positive integer m satisfying
(n+ 1)

: > L
(2.22) m>C =

It is easy to see that

(2.23)  m(l—T)3/* (iljeg) - (ig f)(j'_?;l e >0, z€eD.

Let

- 0? =
2.24 = - 11,0-
(2.24) L, =u 52107, nRe (u"u;05)
and
(2.25) Loy = Lo +m(l—T)"**Re (9,Tu"5).

For any zy € D, we will show £,,,,T(z) > 0. By a holomorphic change of
coordinates, without loss of generality, we may assume that

(2.26) uz(20) =0, 1<4,5,k<n.

It was proved by author in [24] that: if T'(2) < 1 on D and if u is the strictly
plurisubharmonic solution for the Monge-Ampere equation:

(2.27) det H(u) = Je™™V% in D:  w =00 on dD
with —log J is subharmonic in the metric u;;dz; ® dz;, then

(2.28)  w0:T(z) = u (W g + €7

> n(l—T)—|oul2(1 - e™) + uTut uguz.

Note: This is (2.24) in [24] while (2.21) in [24] becomes inequality with our
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assumption 19 7log J(p)(20) < 0.

By (2.26), one has that 8yu"(zy) = 0. Thus, for 1 < j < n, one has
(2.29) T (20) = ukzukuﬂ +uz(1—e™), 0:T(2) = uk”zuikuyf- + u; (1 —e).
Thus
(2.30) uijuia;T(Zo) = uﬁuiukzukujlg + 0u)?(1 — ™)
and
(2.31) uﬁaﬁT(zo) >n(l—-T)— uﬁuiﬁj%T + uﬁuiukzukuﬁ + u”uwu,kuﬁ
Thus
(2.32) L,T > n(1-T)—Re(1+n)u” uZ&T—i—Re u ukuﬂ—i-u”u uzkuﬁ

By (2.29), one has

(2.33) ui(z) = : _16_u [0:T (20) — v ugui(z0)].

Thus

(2.34)  — (1+n)Reuu;0:T
= 11_+€T_Lu [—uﬁ&»T{?jT + ugukzuzuik(%T]
e

and

(2.35) Reu”uzukzukuﬂ(zo) —|Ou)?uut uzkuﬁ,(zo)

Combining (2.32), (2.34) and (2.35), one has

(2.36) L, T(z) > n(1—T)+(1—|0ou]* —e *“)u? uuulkuﬂ

(1+mn) N (1 +n)?|0ul?

_[(1 —eu)  4(1—eu)? oI,
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Therefore

(2.37) LpnaT(20) > n(1=T)+ (1 —T)u" ukguzkuﬁ
(I+n)  (1+n)*0uf
(1—e) 4(1 — e7v)?

v

[m(1—T)3/* -

0.

e'] uﬁaiTﬁj%T

v

Since det H(u) = J(p)e™)* we have 7, 9;[J(p)e™tDuui] = 0 for all
1 <j <n. Thus

(2.38) Re Y 0 [e_”“e_4m(1_T)1/4 J(p)e(”ﬂ)“ui;@]%T)]

2,7=1
et tmU=D £ T (2) + m(1 — T) w7 0,T05T)
€u€_4m(1_T)1/4£m,nT-

Since
ij ij PiP; i il
(2.39) w =(=p)p’ =5 —) P =r"r
0pl2 — p
we have
(2.40) "> piuIo:T = _%aﬂﬂ =0 on 9D.
i=1 |8P‘p - P

Let |0pl§ = X7, 10;0(2)[>. Then

0 = Re Z/ e —4m(1 T)1/4J(p)e(n—kl)uui}&T)do_(z)
|5P|0 !

i,5=1

_ Re/ Z a —nu g, —4m(1- T)1/4J(p)e("+1)“ui387T)dv

2,7=1

= /e“e"lml T1/4£mnT( Ydv(2)
0



(2.37) shows that the integrand in the last integral is non-negative on D.
Thus, the above identity implies that

(2.41) e“e_4m(1_T)1/4£m,nT(z) =0, ze€D.

Therefore,
LmnT(z)=0, inD.

Maximum principle (for both 7" and —7') implies that
max{7T'(z) : 2 € Q} = max{T(z): z € D} =1

and
min{7'(z) : 2 € Q} = min{T(2) : z € 0D} = 1.
Therefore dot 1
T(z)=1, and det H(p) =1 1in D.
J(p)

This contradicts to A(z) < 0 on D (i.e. T(z) < 1 on D). Therefore, our
claim T'(z) = 1 is proved, and so
det H(p)

J(p)
Therefore, the proof of Theorem 2.4 is complete. [

(2.42) 1 inD.

3 Proof of Part (b) of Theorem 1.1

First let us recall some notions and a formula for the Webster pseudo
Ricci curvature and pseudo scalar curvature proved in [28]. Let M be
a real hypersurface in C"*! with a defining function p € C3(C"™). Let
D ={z € C"™" : p(z) <0} and let U be a neighborhood of M. Assume that
u(z) = —log(—p(2)) is strictly plurisubharmonic in DN U. From now on, we
always use p to denote a defining function for M and 6 = %(8p — dp) is the
pseudo-Hermitian form for M associated to the defining function p. We de-
fine a second order differential operator D,z associated to p for 1 <, <n
as follows:

. po O pz 0 Palg 9*
ah 8201825 Pn+1 82n+1a§ﬁ /)m azaa§n+1 ’anrl ‘2 aZnJrlaszrl .

(3.1) D
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The following explicit formula for the Webster pseudo Ricci curvature and
pseudo scalar curvature in terms of defining function p for (M, ) was proved
in [28]:

THEOREM 3.1 Let M = 0D be a strictly pseudoconvex hypersurface in
C". Let pe C3(DNU)NC>®(DNU) be a defining function for M with
that J(p) > 0 on DNU and u(z) = —log(—p) is plurisubharmonic in DNU.
Let = (0p — dp)/(2i). Then for v,w € H(M) = Ty o(M), we have:

det H(p)
J(p)
where L,(w,v) = 32} i g,5(2)wyv; is the Levi form associated to g.

In a local coordinates, at those z € My = {z € M : ppy1(z) # 0}, we
have the Webster pseudo scalar curvature

(3.2) Ric(w, ) = —Liog (o) (w,T) + (n + 1) L,(w,v).

n _ det H
(3.3) Ry(2) = — aﬁzﬂ h*’D zlog J(p) + n(n + 1)(}({)5’%

where the pseudo-Hermitian metric h,5 = D,5(p) and [heP] = ([Po5l) "

Proposition 3.2 With the notation above, hz = Dag(p), we have

_ _ a B
(3.4) W) = 7 = B e M 1<a f<n,
P

Proof. Since, for 1 <4,k <n with Iz = Dy5(p)

7j=1 |ap|p
nos o pi P; PPy
= 207 = 55 =~ Puai — Pt T Paant)
j2::1 |ap’% kI Pn+1 I Prii et |;0n+1|2 e
i Pk i PrPj
= D PG — =Py~ P Pri1n1)
jzl kj Pl +1j Pt kn+1 |Pn+1|2 +1n+1
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Pk Py PrP5
Z |3p|2 pk] 1pn+13 - —Prnr1 + 7|pn+1|gpn+1r+1)

pn+ n+1
= O — piniﬂpkil_'_ Pk piTH T — ;pkﬁ‘F/}impkﬁ
n+ n+1 ntln+ st n+ n+
P Pk int1_Pk
+7Pn Py p pn T
P Elsaatas PR
_Ppw +plp”“p LA ok P L
02 " 10p2 T (00 pua 10pI pa
_|_p7ip7 PanH e +plpn+1 on p B
— kn+1 |8 |/2) Pkn+1 — PSR Pri1n1 |(9p|2 I

Therefore, (3.4) holds, and the proof of the proposition is complete. @
Let A, be the Beltrami-Laplacian with respect to the metric u;;dz; ® dz;.
Then

n+1 — 82
3.5 A, = Y
( ) i;l “ 02’1-(9@

Since u = — log(—p) we have (see [7], [24]) that

P | PiPj = = oip
(3.6 uz =2 +—2 and u’ = (—p)(p? — ——
) To—p o p? —p+10pl?

).

Then

n+1 i 2
-~ PP’ 0
3.7 A, = (— E o )

4,j=1

Thus if f is harmonic in the metric u;dz; ® dz;, then that

n+1 i
-~ Py’
3.8 A, f = E K-
( ) f i7j:1<p P |8p|%)

92 f
82@ 8§j

=0.

Proposition 3.3 With the notation above, for any f € C*(D), we have

ntl  _ pip; n - pipj
. o - = v D- .
3.9) >~ s = 3 (6~ D

i,j=1 i,j=1
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Proof. Since

> (7~ )15 = 30— D)

Z'vjzl [ j 1
"G PP e Py pify
= (p]_ )( fn j 7fzn7_7fn T)
132—:1 002" Pt I Pry1 T
& p; n & in+1
= TL-I—lj Zp +1jfn+1j + Z m—i—l Zp +1fin7+1
j=1 Pn+1 n+1 i=1
1 Pi
4 in+1 =TT
221 |Pn+1|2 e Pn+1)f e

?: ; i ZT}: P 7
XL Z p’ JR— 1PJP;Z p fe

’ap‘,% i=1 Pn+1 ’ap‘?y i=1 pn+1
J
+(Z?:1 PiPi)(E;'lzl ﬂjpﬁf -
012 | pns1|? e
> PP\ o P; n+1
- (1_ |ap|2 )le n+1] ZP +an+1j
P j=1Fn+
Zn=1P7P - ,Oi
+(1 — J J 2n+1
( |ap|% )ZZI Zp m+1
+<_E?:1 pip’ N Pt T (Z?zlppi)(Z}‘:l Pjpj))f -
n+1n+1
|Pnra|? Pn+1 |3p|§\pn+1]2 A
n n+1,5 n n+1 i
n+1j P p] in+1 Y Y
= S = B - S -
P> plz Vi~ 2 plz i
n+l n+l
pp

n+1n+1 7
_[ - W]fn-ﬁ-ln—i—l

Moving the right side to the left hand side, we have

n+1 3 zpj n 3 zp7
B10) 3 67— X0 - D) =

i,j=1 i,j=1

Therefore, the proof of (3.9) is complete, and so is the proof of the proposi-
tion. 0O
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Proof of Part (b) of Theorem 1.1

Proof. Let f(2) =log J(p)(z) be harmonic in the metric uzdz; ® dz;. By
(3.8), and then by (3.9), we have for all z € M = 9D

nt+l  _ pzpj 62f n _ plpj
3.11 0= ij _ g - |

By (3.4) and f =log J(p), we have

(3.12) > hO‘BDaB(log J(p)) =0, ze M.

a,B=1

Applying the formula (3.3) for the Webster pseudo scalar curvature Ry, we
have that Ry = n(n + 1)det H(p)/J(p), i.e., (1.5) holds, and the proof of
Part(b) of Theorem 1.1 is complete. [

4 Proof of Theorem 1.1 and Corollary 1.2

We have proved Part (b) of Theorem 1.1. Now we prove Part (a) of Theorem
1.1.

Proof of Part (a) of Theorem 1.1

Proof. Since log J(p) is harmonic in the metric u;dz; ®dz; in D. Since the
pseudo scalar curvature is constant ¢, by Part(b) of Theorem 1.1, we have

det H(p)
4.1 c=Rg=nn+1)———<% ondD.
Therefore
(4.2) detHlp) ¢ 4 onop.

J(p) n(n +1)

This with —log J(p) being harmonic in the metric u;dz; ® dz;, we have that
all conditions of Theorem 2.4 hold. By Theorem 2.4, we have
det H(p) c

(4.3) 700) = w1 >0 onD.
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By Corollary 2.3, we have that D is biholomorphic to B,,;1, and the proof of
Part (a) of Theorem 1.1 is complete. 10

Proof of Corollary 1.2

Proof. Since u is the potential function for D, we have J(p) = 1. Hence
log J(p) = 0 is harmonic in u;5d2; ® dz;. By Part (b) of Theorem 1.1, we have
Ry = c on D, and then by Part (a) of Theorem 1.1 that D is biholomorphic
to By,11. Moreover, det H(p) = c on D. Let p° = cp. det H(p")/J(p°) = 1
on D. Then by (2.8) and (2.9), there is zp € D with

 det H(p)(x0)
J(P°)(20)
By (2.6), we have T'(z) = 1 on D. By (2.5) in [24], we have

det H(log(1 + p°))(2) =0, for all z € D with p°(z) > —1.

(4.4) p°(20) = min{p"(z) : 2 € D} = =—1

Applying Part (ii) of Theorem 1.2 in [24], there is a constant Jacobian bi-
holomorphic mapping ¢ : D — B, 1. The proof of Corollary 1.2 is complete.
0
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