
REU 2025: Patterns & PDEs
June 23 – August 15, 2025
University of California, Irvine

Description

This NSF-funded REU project will explore connections between differential equations and pattern formation,
using the theory of dynamical systems and partial differential equations, in addition to numerical techniques,
with applications in mathematical biology, ecology, and/or physics.( )C. Valentin et al.rCatena 37 1999 1–24 3

Ž . Ž X XFig. 1. Typical type of banded vegetation pattern a in Niger 13840 N, 2840 E, 80 km East of Niamey,
. Ž . Ž X XInstitut Geographique National aerial photograph, AOF 1950 and b Somalia 9831 N; 49811 E, in the vicinity´
.of Qardho, SPOT XS image of 30 May 1988, KJ 159r331 .

Ž . Žwidely since banded vegetation can consist either of grass Worral, 1959 , trees Worral,
. Ž . Ž .1960 , shrubs MacDonald et al., 1999 , or trees and grass Slatyer, 1961 .

implemented. Bacterial cell density is computed on each PDE grid block.
An interpolation operator is used to distribute cell produced RL to PDE
grid blocks. Next, effective viscosity of the fluid at each grid cell is updated
according to Eqs.5 and 6 based on the distribution of bacterial cells. Finally,
convection-diffusion-reaction equations and the thin viscous liquid film
Eq. 3 are solved to update chemical concentration and to evolve liquid
film. The model parameter values are listed in Table 1 and Table S1.

RESULTS

By imaging the population density of the entire swarms (as
in (38)) over time, we observed that cells in tendril-forming
swarms of P. aeruginosa move in a high density wave (ring-
like pattern) propagating radially toward branched tendril
structures forming at the edge of the swarm on soft agar
(0.45%) surfaces (Fig. 2). This results in accumulation of
high density groups of cells close to the ends of these
tendrils. We also observed that a RL-dense wave accom-
panies the cell-dense wave propagation. The RL distribution
in these tendril swarms is also nonuniform but is less pro-
nounced than the cell density distribution (bottom row of
Fig. 2) because RL is soluble and more readily diffuses
(compared to cells) within the liquid film.

We monitored the behavior of both tendril-forming
swarms growing on soft agar and nontendril swarms grow-
ing on hard agar (0.6%) for comparison (20). As shown in
Fig. 3 A, the temporal swarming profiles of both swarms
can be separated into two phases. Phase I lasts for ~25 h
and represents the lag (6) and acceleration of swarm colony
growth. The expansion rate was 0.15 cm2/h during this
phase.

Phase II represents swarming after 25 h where the swarm
colony size increases exponentially. Fig. 3 B shows the pop-
ulation dynamics of the swarm along the radial direction.

The internal high density cell wave shown in Fig. 2 develops
from the inoculation point and propagates outward along the
radial direction as a ring (see Movie S1). The cell wave
spreads faster than the advancing swarm edge. Assuming
a power law of expansion, we calculated the swarming
exponent, a, based upon the expression r f ta, where t is
the time and r is the radial position of the wave or the swarm
edge (45,46). For the swarm shown in Fig. 2, a values were
0.82 and 0.36 for the internal wave and the swarm edge,
respectively (see Fig. 4 A).

Another substantial difference between liquid film phys-
ical phenomenon (32–37) and P. aeruginosa swarming is
that suspended bacteria increase the effective viscosity of
the liquid film and liquid movement slows due to increased
viscosity (44). Moreover, RL, produced by P. aeruginosa
swarming cells, can act osmotically as a solute (47) to
extract water from the semisolid agar (48) and can decrease
the surface tension of the liquid layer, which allows easier
flagellar rotation within the liquid film (6,49–52). The over-
all effect of RL upon swarming is dramatic as the motion
of wild-type bacterial swarm is strongly affected by fluid
effects during tendril formation (see Movie S2) when com-
pared with motility of a RL-deficient P. aeruginosa strain
(see Movie S3). Therefore, we hypothesized that the mech-
anism of branched tendril formation was based upon the
competition between constantly changing viscosity of the
bacterial liquid film and liquid film boundary expansion
caused by the Marangoni forces (32,36) due to changes in
surface tension of the liquid film.

To test this hypothesis, we ran simulations using the
multiscale model of P. aeruginosa swarming (31) which is
described in the Multiscale model section. The initial and
boundary conditions of simulations are given in the

FIGURE 2 Pseudomonas aeruginosa swarming
and RL concentration over time. Swarms on soft
agar form tendrils when high concentrations of
RL are present (snapshots taken from Movie S1).
Both P. aeruginosa cell density (blue-green) and
RL (red-fire) concentrations distribute as a wave
(white) through the developing swarm. Images at
6-h intervals (from 12 to 30 h) are presented (Scale
bar ¼ 15 mm).
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Details

Location: Department of Mathematics
University of California, Irvine
Dates: June 23 – August 15, 2025
Faculty mentor: Paul Carter, UC Irvine

Support includes:

• $5000 stipend
• Travel allowance
• Accommodation support

How to apply

Materials: CV, (unofficial) transcript, personal
statement, and reference letter(s) should be
submitted at MathPrograms.org
Deadline: February 3, 2025

Application requirements:

• Must be a US citizen/permanent resident
• Must not complete undergraduate degree

before summer 2025
• Should have taken a course in differential

equations and/or dynamical systems
• Experience with (or interest in) Matlab

For questions, contact: Paul Carter, Assistant Professor of Mathematics, University of California, Irvine
pacarter@uci.edu, http://www.math.uci.edu/~pacarter/reu.html
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