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1 Complex Numbers

1.1 Definition and Basic Algebraic Properties

In the 1500s, Italian mathematician Rafael Bombelli posited a solution to the seemingly absurd equa-
tion x> = —1. By supposing that this solution behaved according to the usual rules of algebra,
Bombelli and others were able to describe the solutions of any quadratic equation. To some extent,
this was math for its own sake; Bombelli always considered his solutions to be entirely ‘fictitious.”

For a modern definition, we start with the Cartesian plane R* = {(x,y) : x,y € R}.

( )
Definition 1.1. Given real numbers x, y, the complex number z = x + iy is the point with co-ordinates

(x,y) € R2. Its real and imaginary parts are the individual co-ordinates
Rez = x, Imz = . w - 7
J 10 7 4 4 //
The complex numbers C comprise the real vector space IR? with the extra / o
operation of complex multiplication: if z = x + iy and w = u + iv, define / sy

(Vector) Addition: z+w := (x +u) +i(y + ) S /

Complex multiplication: zw := (xu — yv) +i(xv + yu) iy _ 4

When drawn with axes, the complex plane is known as the Argand

diagram and we refer, respectively, to the real and imaginary axes.
\, J

Since C = IR? is a real vector space under addition, several properties are immediate:

p
Lemma 1.2 (Basic properties of complex addition).

Associativity: zq + (z2 +23) = (21 + 22) + 23

Commutativity: z+w = w + z (this is the parallelogram law illustrated in the picture)

(Real) scalar multiplication: VA € R, A(x +iy) = Ax +ily

Additive inverse: —z = —(x+iy) = (—x) +i(—y) = —x — iy

\. J

Example 1.3. Ifz =3+ 4iand w = 2 —7i, then

z—w=z+(—w)=3-2)+ (4—(-7))i=1+11i



The natural distance measure from R? transfers to C (the complex numbers are a real metric space).

s

\

Definition 1.4. The modulus of a complex number z = x + iy is the 2iz =1+ /3
Euclidean distance of the point (x,y) from the origin:

2] = /32 + 2

In the picture, z = 1+ /3i has modulus |z| = /1+3 = 2.

N\

Some natural inequalities follow straight from the picture in Definition

Lemma 1.5 (Triangle inequalities). Forallz,w € C,

z+w| <|z|+|w| and |z+w|>||z] - |w]]

In the second (“extended”) inequality, we take the absolute value of the difference of the moduli. Un-
like in R, these inequalities relate to honest triangles! We can easily generalize the first by induction,

z1+ 22+t za| S za| 4+ + |z
The modulus may be used to describe various curves and regions in the plane.

Examples 1.6. 1. |z| = 3 describes the circle with radius 3 centered at
the origin. In Cartesian co-ordinates, this is x> + > = 9.

2. |z — 2 —3i| < 2 describes the disk with radius 2 centered at 2 + 3i.

3. describes an ellipse with foci 0 and 2. This is { |
more familiar after multiplying out (try it!): | A
Vet Jr -2t =4 = (x -2+ =
(x—1? ¥
M
— 1 '3

Complex multiplication, division and the complex conjugate

Multiplication is what really distinguishes the complex numbers from RR?, and lead to all the inter-
esting structure in this course. For starters, we instantly see that i is a solution to Bombelli’s absurd
equation:

2=(0+1)0+1)=(0-0-1-1)+i(0-14+1-0) = -1

The upshot is that we can treat complex addition, subtraction and multiplication as if we are working
with linear polynomialﬂ in the abstract variable i; simply replace i> with —1 when needed.

I This is precisely the definition encountered in a Rings & Fields course: C is the factor ring of real polynomials modulo
the ideal (x* +1).



Example 1.7. If z =3+ 4iand w = 2 — 7i, then

zw=(3+4))(2—7)=3-244i-2—3-7i —4i-7i = 6 + 8i — 21i — 28{
— 6+ 8i —21i +28 = 34 — 13i

The basic algebraic properties of complex multiplication are straightforward, if tedious, to verify:

p
Lemma 1.8 (Basic properties of multiplication). For any complex numbers z1, 2, z3,

Associativity: z1(z2z3) = (2122)23

Commutativity: z1zo = 2321

Distributivity: z1(za + z3) = z122 + 2123

L

To develop division, it is is helpful to introduce a new concept.

N\
Definition 1.9. The (complex) conjugate of z = x + iy is z := x — iy (“z-bar”). Geometrically, z is
obtained by reflection in the real axis.

Observe that 2z = (x + iy) (x — iy) = x2 4+ y2 = |z|*, from which:

Lemma 1.10. Every non-zero complex number z = x + iy has a unique multiplicative inverse

3 3 X—1i s -
z 1:72:27% satisfies zz ' =1
|z| Xty

Proof. That zz=! = 1 is trivial. For uniqueness, suppose we also have zw = 1; now use associativity
and commutativity to conclude that

-1

w=(z12)w=z"zw) =z}

Division is simply multiplication by an inverse.

Example 1.11. Given z = 3 + 4i and w = 2 — 7i, compute

w_2-7i o _wi_ (2-7)(3-4) 2:3-24i-7i-347i-4
z  344i E |3 + 4i|? 32 +42
6 — 8i — 21i 4 282 —22 —29i
- 25 S

Alternatively, we could multiply numerator and denominator by the conjugateﬂ of the denominator:

2-71 2-7i 3—4i

3+4i 344 3—4i

2Compare this approach to elementary algebra where, for instance, we use the conjugate 5+ /3 of 5 — 1/3 to evaluate

1 5+/3 _ 543
5-v3  (5-v3)(5+v3) 22

the reciprocal




This initial section should be revision, though some unfamiliarity with terminology is expected. The
goal at this stage is to be fluent when computing with complex numbers. The exercises should feel
straightforward, particularly 1-6; if not, ask for help!

Exercises 1.1. 1. The real number 2 is also a complex number. What is it in co-ordinate form (x, y)?

2.
3.

10.
11.

What about the complex number i?
For any z € C, prove that Re(iz) = — Imz and that Im(iz) = Rez.

(@) Check that both z = 2 4 3i and its conjugate z = 2 — 3i solve the quadratic equation
22 —4z+13 =0.

(b) More generally, suppose 4,b,c € R where w := 4ac — b> > 0. Verify that z = % and
its conjugate z both solveﬂ the quadratic equation az* + bz + ¢ = 0.
Prove the commutativity of complex multiplication (Lemma [1.8) using Definition[I.1}

Evaluate the following in the form x + iy.

2—1i

s O A+) (@ (243072 (2-30)72

()

Prove the following. Write z = x + iy rather than using the vector definition.
(@) z=1z (b) (zH =z () zw=z-w

(a) Use the first version of the triangle inequality (Lemma to prove the second: for any
z,w € C,we have |z +w| > ||z| — |w]].

(b) What relationship between z, w corresponds to equality here? Draw a picture!

Suppose that |z| > 2 and consider the polynomial P(z) = z> + 3z — 1.

(a) Use the triangle inequality to prove that | 3‘;1 | < z
(b) Write |P(z)| = |22 43z — 1| = |2°| |1+ %5!|. Now use the extended triangle inequality
to prove that |P(z)| > 1.

(This shows that all zeros of P(z) lie inside the circle |z| < 2)

By considering the inequality (|x| — |y|)? > 0, prove that
V2|z| > |Rez| + |Imz| forany z&C

Prove that the hyperbola x> — > = 1 can be written in the form z? +z* = 2.

Draw a picture of the ellipse satisfying the equation |z| + |z — 4i| = 6. Find the equation of the
curve in Cartesian coordinates: (x;i;)z + (y;izd)z = 1 where (¢, d) is the center of the ellipse and

a, b are its semi-axes.

(Hint: write |z — 4i| = 6 — |z|, square both sides, cancel x?,y? terms and repeat. . .)

3Since i

2 = —1, we may write iv/w = /—w, whence the quadratic formula applies to all real quadratic equations!

4



1.2 The Exponential/Polar Form of a Complex Number

p
Definition 1.12. A complex number can be written in polar co-ordinates: 2i- 7 =1+ /3

z=x+1iy=rcosb+irsinf = r(cosf +isin@)

Plainly r = |z| is the modulus. We call the angle 6 = arg z the argument of z. i |z| =2

The argument is multi-valued in the sense that argz = 6 + 27tn for any in- Argz=1%
teger n. For clarity, we distinguish the principal argument Argz by insisting 0 x x
that —m < Argz < 7. 0 1 5

.

Note that 0 has no argument; it is the only such complex number.

Example 1.13. In the above picture, z = 1 + v/3i has principal argument Argz = Z. You can write
the argument either as many different values, or as a setﬂ the following are all legitimate

argz={Z+4+2nmn:n€Z} or argz=% or argz="1F

If x # 0, is it almost trivial to compute the argument:

x =rcosf
) - tan9:y RN Argz:tanfly

y=rsin® x x
This isn’t quite right. Since arctan has range (-7, ),

. . . . . . 2 t -1 z Ql t —1 Z
an addition or subtraction of 7t is required to find the Q2:tan™" ¢ + 7 san ty
correct value whenever z lies in the second or third
quadrants.

— . —
Example 1.14. Since z = —3 — 3i lies in the third quad-
rant, we have
A . -3 37T Q3: tan~! % — 7 Q4 tan! %

rgz=tan  — — T =——/

& -3 4
If we wanted the argument to be positive, we could
choose a non-principal argument arg z = 57.

The polar form allows us to define a crucial new function.

p
Definition 1.15. Given 0 € R, the complex exponential e’ is defined by Euler’s formula
e ;= cos§ +isinf

The polar form of a complex number is z = re® where r = |z| and 0 = arg z (any argument! why?).

If w = u + iv is complex, then its exponential is defined by ¥ := e"e’” = ¢*(cosv + isinv).
.

4This is merely the common mathematical fudge of replacing an equivalence class { + 27tn : n € Z} by any of its

representatives, e.g. 5 or 77”



Euler’s formula provides a sensible definition of e” since it fits with two common definitions of the
exponential in real analysis.
1. If k € R, then " is the solution to the initial value problem y’ = ky with y(0) = 1. Assuming
that differentiation works when k = i, Euler’s formula also satisfies this criterion:

d i6 i6

¢ = @(COSG—FZSII’IG) = —sinf +icosf = i(cosO +isinf) = ie

2. The real and imaginary parts of the Maclaurin series expz = ), fl—", evaluated at z = if are,
respectively, the Maclaurin series of cos  and sin 6.

A third reason is that the definition satisfies the usual exponential laws.

p
Lemma 1.16 (Exponential laws). Letz = re’ and w = se'¥ be written in polar form. Then:

1. zw = rse’®*Y). In particular, |zw| = |z| |w| and arg zw = argz + argw

Z,
w

3. z" = e foralln € Z )

\,
Note that the principal argument might not behave so nicely for products; the best we can say is that

[ Argzw = Argz + Argw + 27tn for some n = 0, =1 ]

Proof. Part 1 follows from the multiple-angle formulee for sine and cosine:
e/ 0+ — cos(6 + ) + isin(6 + ) = cosf cos P — sin O sin P + i(sin  cos P 4 cos O sin )
= (cos @ +isinf)(cosy +isinp) = ee¥
Parts 2 and 3 are now straightforward. .

Examples 1.17. 1. Givenz = —7 +iand w = 3 + 4i, we compute the modulus and argument of zw

in two ways:

(a) Find the polar forms of z, w before applying the Lemma:

z = |z| €87 = 5/2exp <i(7t —tan! %)) , w=|w|e'BY =5exp (itan_1 3

Q| B ~——

1
— |zw| = |z| |w| = 25V2, argzw = argz +argw = 7 — tan" ! - + tan™?

(b) Find zw = (=7 +1)(3 + 4i) = —25 — 25i then compute its polar form:
_omi 3
zo = 25V2e" T = |zw| = 25V/2, Argzw = s

The first approach is certainly uglier! It is usually better to use the second approach unless the
arguments of z, w are easily computable. In Exercise[7} we check that these values correspond.



2. We compute 210 when z = /3 — i. First observe that z = 26_%, from which
210 = 210, = 1024e% = 512(1 + V/3i)

3. The identity (¢?%)" = ¢ (n € Z) is known as de Moivre’s formula. It is usually written

(cos0 +isin®)" = cosnf + isinnf

Many trigonometric identities follow by taking real/imaginary parts. For instance, whenn = 3,

cos36 +isin30 = (cosf +isin )’ = cos>d + 3i cos*f sin § — 3 cos O sin’0 — i sin’f

— 0530 = cos’f — 3 cos fsin’f = 4cos’0 — 3 cos b
As before, this shouldn’t be difficult. This section is merely polar co-ordinates in a different language!

Exercises 1.2. 1. Use induction to prove that for any n € IN>»,

01102 . . pifn — i(O1+60++0,)

2. Find the principal argument of (1 + )22

3. Prove that |¢| = 1and that e = ¢~
4. (a) Show thatif Rez > 0 and Rew > 0, then Argzw = Argz + Argw.
(b) If z and w both lie in quadrant 2, explain why Argzw = Argz + Argw — 27t.

5. Prove that non-zero z, w € C have the same modulus if and only if dp,q € C such that z = pg
and w = pq.
6. Use de Moivre’s formula to establish the identity
cos 48 = 8 cos*0 — 8cos?d + 1

7. (a) Leta =tan! 3 and B = tan"! 1. Use right-triangles to show that

coszx:§, sinoc:é, cosﬁ:L, sin,l%zL
5 5 V50 V50
Now use the cosine multiple-angle formula to check that & — f =
(This shows that arg zw = %’T in Example a))
(b) Generalize the approach in part (a): if 0 < B < & < 7, prove the multiple-angle formula
tana — tan
tan(a — ) = 1+ tantxtanﬁ[%

s
I

8. The polar form of a complex number is well-suited to despribing circles. For instance the circle
centered at i with radius 3 may be described by z = i + 3¢/’ where —7 < 6 < 7.

(a) Describe the circle centered at zg = 3 + 4i with radius 2.

(b) Show that the points z = re'® for which r = 2a cos 6 describe a circle.
(Hint: Multiply by r)



1.3 Roots of Complex Numbers

A naive approach to taking roots in C is very messy.
Example 1.18. To find ¢ such that ¢ = —5 + 12i, we need to solve an equation:

Ry =

—5+12i = ® = (x +iy)? = x* — y* + 2ixy <= {
xy==6

Substituting y = 6x~! into the first equation yields a quadratic in x?:

x4 5x% - 36 = (x* —4)(x* +9)
We conclude that x = £2, and obtain the square roots +¢ = +(2 + 3i).

The example is reassuring in that we obtain precisely two square roots. Unfortunately, extending the
method to cube, or higher, roots seems doomed! Instead we use the polar form. Suppose n € N and
that ¢, z satisfy z = c”. In polar form

z=re?, c=se¥ = re'? ="M
By equating moduli and arguments, we see that

r=s", ny =60+ 27k (*)

where k is some integer. We'll shortly put this together to obtain a proper definition, but we already
have enough for a calculation.

Example 1.19. We compute the fifth roots of z = 205 = 1 +iV3.  az

In the above language, 2 = s°, whence \

s =2, ¢—(+2k> 15(1+3k) N

. . . \ 5 (o
which results in the fifth roots 2 ‘2z \/2 5
5/5 2mi 5/5 8mi 5/5 ldmi T - o \—‘\5// \ﬁ
co = ﬂe 15 c] = \/Ee 15 Cr = V215 =
2\, I~
) . 5 4 N
207t 107i 267ti 4ri
c3: 20715 —\[e 15 c4:\5/§e?:\sﬁe*1* // \\
AN
/ N
There are precisely five fifth roots: once k > 5, the roots start re- )/ . Ca
peating! The last two roots were written both with positive and C3‘

principal arguments; both have their advantages.

Observe also how the fifth roots form the vertices of a regular pentagon, equally spaced around the
circle of radius v/2. Is it obvious to you why this is s0?

Finally, note how essential the polar form was to this calculation. We could convert back to rectan-
gular form, but since cos 3% and sin 3% are unfriendly values, there is little benefit.



( )
Definition 1.20. Given a non zero complex number z = re’? and a positive integer n, the n'"* roots of

z are the n distinct complex numbers

e s (0 4 2km)i

where {/7 is the real (positive!) n' root of r.

There are some conventions to follow. Let 6 = Arg z be the principal argument of z:
(a) The principal n'™ root is written {/z := {/ren .
(b) The set of n'" roots is denoted zn = {co,-.--,cn_1}-

Denote by w, = e’ a primitive n™ root of unity (n™ root of 1). Then the full set of n'" roots of unity is

27ki

={wk:k=0,...,.n—1}={e" :k=0,...,n—1}

==

1

The n' roots of z may be written in terms of the principal root and the n'! roots of unity
1 1
zn = Yz1n = {Yzwk :k=0,...,n -1}
By the exponential laws (Lemma , multiplication by wﬁ = ez%ki has the geometric effect of rotat-
ing counter-clockwise by 27”7‘ radians:
27tk
n

arg V/zwk = arg v/z + argwk = arg vz +

It follows that the n'" roots of z = re’ form the vertices of a regular n-gon spaced equally round the
circle of radius +/r. Compare this with the previous example.

Examples 1.21. 1. As a sanity check, we compare what happens when n = 4 and z = r = 16 is real
and positive.

e The principal fourth root v/16 = 2 is the usual positive real fourth root.

¢ Within the real numbers, we have two fourth roots: 161 = +2.
e Within C, there are four fourth roots: 161 = {2,2i,—-2,-2i} where i = wy = e? is a
primitive fourth root of unity.

2. We compute the fourth roots of z = 8v/2(1 +i).

First we write in polar form: z = 16¢% . Since Argz = 7, the principal fourth root is

V/8V2(1+1i) = 2eT

To find all fourth roots, simply multiply by the fourth roots of unity 11 = {1,i,—1,—i}:

2

o

1 i i i . . i
(8\/2(1 + i))4 = [+2eT, £2ieT ) = {20, 2e %, 20 58, 20~}

Evaluating these in rectangular form is messy but doable (see Exercise[7)). In practice it is better
to leave such expressions in polar form.



The language of n'" roots is likely less familiar, and will take more getting used to, than the material
in the previous sections. With a little practice it is very easy, but fluency will take some investment
of time.

Exercises 1.3. 1. Find the sixth roots of i in polar co-ordinates. Which is the principal root?

2.

Find the square roots of —1/3 + i and express them in rectangular co-ordinates.
(Hint: you may find the fact that (v/3 — 1)? = 4 — 2+/3 useful)

—1—+/3i

_HT\@ and w% = —5* to evaluate the

Use the fact that the cube roots of unity are 1, w3 =
cube roots of —27 in rectangular co-ordinates.

We previously found the fourth roots of 16. Use these to find the fourth roots of —16. Hence
factorize the equation z* + 16 = 0 as a product of two quadratic equations with real coefficients.

n—1

If w is an n root of unity other than 1, prove that ¥ «w* = 0.
k=0

(Hint: recall the geometric series formula)

(a) Suppose that a,b,c € C with a # 0 and suppose that z satisfies the quadratic equation
az? + bz + ¢ = 0. Prove the quadratic formula:

—b + (b* — 4ac)/?
y—
2a

Note that (b*> — 4ac)'/? is the set of square roots of b> — 4ac, so that this provides two solu-
tions whenever b? — 4ac # 0.

(b) Find the roots of the equation iz> + (1 + i)z + 3 = 0 in rectangular form.

Use the half-angle formula cos?$ = (1 + cosa) to explicitly evaluate cos Z and then cos %.

Hence find an expression for the rectangular form of {/8v/2(1 4 i) = 2ets using only square
roots.

Recall Example [1.18] Verify that the method in Definition gives the same value for the
principal square root v/—5 + 12i.

(You'll need some trig identities. ..)

10



2 Holomorphic Functions

In this chapter we discuss functions of a complex variable and what it means for such to be differen-
tiable. This turns out to be more subtle and restrictive than in real analysis.
2.1 Functions of a Complex Variable

As in real analysis, it is common to express a function via a rule/formula.

Example 2.1. Define f : C — C by f(z) = z® — z. Evaluating is straightforward: e.g.
fR+i)=0Q+i)P - Q2+i)=25+3-2%1+3-2+i° -2 —i=10i

The implied domain of a rule is the largest possible set D C C on which the rule is defined.

Example 2.2. f(z) = ﬁ has implied d@omain D = C\ {£3i}. Complex functions can be repre-
0.

sented in polar form by substituting z = re’":

B 1
T 20210 +9

f(2)

It is also common to separate the real and imaginary parts by writing f(z) = u(x,y) + iv(x,y) where
u,v: D — R. In this case,

1 B 1 _ x2—y*+9 L —2xy
x+iy)24+9 2 —y2+9+2ixy (X2 —y2+9)24+4x2y2 (22 —y2 +9)2 + 4x2y2

f&) =1

These approaches may be combined by writing u, v as functions of 7, 0.

The major initial challenge presented by functions of a complex variable is that of visualization. Since
C has two real dimensions, graphing a function f : C — C requires four real dimensions! Since we
cannot see four dimensions at once, any visualization we obtain will only be partial. To see this at
work, we consider a simple function in some detail.

Example 2.3. To help understand f(z) = z2, we start by computing the various forms described
above:

f(z) = 2% = x* — y* + 2ixy \\%_7
= 12629 = 42 c0s 20 + ir? sin 26

While we cannot graph the entire function (don’t even think about
a parabola!), we can visualize its real and imaginary parts

X
u(xy) =x*=y%,  o(xy) =2xy
as graphs of functions R> — R. Both are saddle surfaces, which
may be analyzed using the standard tools of multivariable calcu- / \
lus. For instance, the level curves u = constant and v = constant are — =
hyperbolz. You might find this easier using the polar forms of u,0.  Level curves of u = x> — y?

11



The polar form allows us to think about the what f does to the argument:
f(z) =r** — arg f(z) = 2argz

Given a sector between arguments 6 and ¢, the function doubles this to the sector between 26 and 2¢.
This can also be visualized pathwise. If z traces a path which once encircles the origin, then the path
traced by z? orbits the origin twice. The colored dots on the two paths correspond under z — z2.

o
\

R

[
\)

10

3

Similar behavior occurs with higher powers. For instance, z — z° maps a single loop round the

origin to a triple loop. By contrast, the principal square root function 1/z = \/?eg halves the principal
argument: Arg\/z € (—7%, 7]. In the fractional-exponent language of Section

2 22 = {\re?, —\/re?}

This is sometimes called a two-valued function—we’ll return to such objects in Chapter

2D geometry with complex numbers
Complex functions easily describe the basic geometric transformations of the plane.
Translation If w is constant, the function f(z) = z + w translates the plane, shifting the origin to w.

Scaling If R > 0is a real constant, the function f(z) = Rz scales/stretches the complex plane relative
to the origin.

Rotation Given ¢ € R, the function f(z) = e¥z rotates the plane by ¢ radians counter-clockwise
around the origin. This is easy to see in polar form:

Flz) = f(re®) = ere® = rel0+4)

Reflection Complex conjugation f(z) =z = x — iy reflects the plane in the horizontal axis.

By composing such functions, we can describe arbitrary rotations, reflections and scalings relative to
any points/lines.

12



Examples 2.4. 1. We construct rotation by 7 = 60° counter-clockwise about 2i in three stages:

(a) Translate 2i to the origin: z — z —2i
(b) Rotate by 7 about the origin: z e (z —2i)
(c) Translate the origin back to 2i: z — f(z) = e (z—2i)+2i

2. We may similarly produce any reflection. To reflect in the line through 0 and w with Argw = ¢;
(a) Rotate the plane by —¢: z + ez
(b) Reflect in the real axis: z — e~ Pz = 97
(c) Rotate the plane back by ¢: z + f(z) = ¢z

3. We compute the function that reflects across the line joining x =2 4 iand g = 4 + 3i.

Since B —a = 2+ 2i has argument ¢ = 7, we combine reflection across the line making ¢
through the origin with translation by « (translate by —a, reflect, translate back by «):

fR)=(z—a)+a=ef(z-2—i)+2+i=i(Z—2+i)+2+i
=iz+1—1i

As a sanity check, you should verify explicitly that f(«) = w and f(B) = B: why?
Exercises 2.1. 1. For each function, describe its implied domain (page [1T).

1 -1 2 1
@@= O &= © =0

2. Write the function in terms of its real and imaginary parts: f(z) = u(x,y) +iv(x,y).

2

Z —
@ flz) =242 +2 () fa)=7—= (© fla)=¢
. . 1 _.
3. Write the function f(z) = Wz in polar form.
z
4. Find an expression for the function which reflects across the vertical line through « = —1.

5. In Example 2.4 evaluate the function g(z) = ¢*?(z — B) + B. Why are you not surprised by
the result?

6. Let ¢ = tan"! 2. Find the result (in rectangular co-ordinates) of rotating z = —2 + i counter-
clockwise by ¢ radians around the origin.

(Hint: consider a 3:4:5 triangle!)

7. Prove, using the expressions on page (12} that the composition of two reflections is a rotation,
and that the composition of a rotation and a reflection is a reflection.

13



2.2 Open sets, Limits and Continuity

This section is mostly for reference, since limits and continuity behave similarly to real analysis.
Indeed proofs are often identical, so we mostly omit them. If you're only familiar with single-variable
real analysis, note particularly how the first definition generalizes the notion of an open interval.

( )
Definition 2.5 (Disks and Neighborhoods). Givend > 0and zy € C, the open disk (or 5-ball) centered

at zg € C with radius ¢ is the set R
P - Y s \\\
Bg(ZO):{Z€C2|Z—Zo|<5} //// \IZ"/5)‘\'
y \ 40 /’/’
Remove the central point z( for the corresponding punctured open disk: { D 4
| 7
\ 4
{zeC:0< |z—2z| <} b pr

Now let D C C be a subset. An open neighborhood of z

* D is open if every point is interior: at every zg € D we may center some open disk Bs(zg) C D:
Vzo € D, 36 > Osuch that |z —zp| <é = z€ D

* D is a neighborhood of z if it contains some B;(zp). A neighborhood can, but need not, be open.
A punctured neighborhood instead contains a punctured disk.

* D is closed if its complement C \ D is open.
\. J

Example 2.6. The punctured plane D = C\ {2 + i} is an open set. For  iy| - PN

instance, given zg € D, let § = } |z — 2 — i, then B;(z) C D. | e 241
. . . . . 0
(The % is superfluous, since the disk B;(zg) does not contain its boundary, it A o
just makes for a clearer picture.) ! x
( )

Definition 2.7 (Sequences and Limits). Let (z,) = (21,22, ...) be a sequence of complex numbers.
1. (zn) converges to zp € C, and we write lijﬂ zn = 2o or simply z, — 2o, if
n—oo
Ve >0, dN such thatn > N = |z, —zo| <€

2. (zy) is a Cauchy sequence if

Ve >0, N such thatm,n > N = |z, —z4| < €

( )
Theorem 2.8 (Useful Facts about Sequences). 1. (z,) is convergent/Cauchy if and only if its real
and imaginary parts are also, as follows from two straightforward inequalities:

|Zn _ZO| S ‘xn _x0| + ’yn_]/0| S 2|Zn_ZO|

2. Cauchy completeness: (z,) converges in C if and only if it is Cauchy

3. Bolzano-Weierstrafs: If (z,) is bounded, then it has a convergent subsequence.

4. D C C is closed if and only if every Cauchy sequence (z,) C D has its limit in D.
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Definition 2.9 (Continuity). Let f : D — C and z9 € D. We say that f is continuous at zy if
For all sequences (z,) C D with limz, = zp we have lim f(z,) = f(zo)

f is continuous (on D) if it is continuous at all points zg € D.

Rather than using sequences, we'll typically consider continuity via limits of functions.

Definition 2.10 (Limits of Functions). Let f : D — C, where D contains an open punctured neigh-
borhood of zyg. We say that wy is the limit of f as z approaches z,, written ILm f(z) = wy, if
Z—2Z)

Ve >0, 30 > Osuch that0 < |z — 29| <J = |f(z) —wo| <€

Otherwise said, given an e-ball centered at wy, there is a §-ball Bs(zo) such that f(Bs(z)) € Be(wy).
Equivalently, V(z,) € D\ {z0}, limz, = zp = lim f(z,,) = wp. This is almost continuity!

Theorem 2.11. Let zy be an interior point of D. Then f : D — C is continuous at zg if and only if

lim f(z) = f(z0)

Z—2Z)

Example 2.12. Calculations tend to proceed similarly to real analysis. For instance, we show that

f(z) = 2% is continuous (on C) by proving that lim z% = z2 for all zy.
zZ—2Z0

Let zp € C and € > 0 be given. Define § = min{1, }. By the triangle-inequality,

€
1+2|ZU‘
|z—20| <6 = |z4+20| = |z—20+220] < |z—20| +2]|20| <I+2]z0] <1+2]z0]
== |22—zg|:|z—zo||z—|—zo|<(5(1—|—2|zo|)§€

The picture should help: given an e-ball centered at wy = z3, we’ve described how to choose 6 > 0
so that f maps the J-ball centered at zg to a region inside the original e-ball.

The picture illustrates the case when

1 smi 1 . i 5 .
alet o e esd wt ommn 1) <
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( )
Theorem 2.13 (Basic Facts about Limits of Functions). Suppose f,g : D — C are functions and

zo = X + 1Yo is a point satisfying the assumptions of Definition[2.10,
1. Limits are unique: If wy and wy satisfy Definjtion then wy = wy.
2. If f(z) = u(x,y) +iv(x,y) and wy = up + ivy, then

Iim f(z) = wy <— Iim wu(x,y) =uy and Iim o(x,y) =0
lim f(z) = wo (x,y)_)(x(]lyo)( y) = uo (x,y)ﬁ(xwo)( y) = v

In particular lim z = zp
zZ—2Z)

3. Suppose ZILIJQO f(z) = wp and }gr;o g(z) = wy:
(a) Foranya,b € C, lim (af(z) +bg(z)) = awg + bw;
zZ—2Z0

(b) lim (f(z)g(z)) = wown

zZ—2Z)

(c) lim 1@ %, provided wy # 0 and g(z) # 0 on a punctured neighbourhood of zy.

z—zp 8 (2)

(d) Ifh is a function such that lim h(w) = wy, then lim h(f(z)) = w»

wW—rwo Z—2Z0

. J

The basic limit laws should feel familiar and intuitive; indeed analogues of most should have been
proved in real analysis. Parts 2 & 3 have obvious corollaries for continuous functions. For instance:

Corollary 2.14. f : D C C — C is continuous if and only if its real and imaginary partsu,v : D — R
are also continuous.

Several pieces of part 3 follow from part 2 by considering real and imaginary parts and the limit laws
for functions R? — RR. For instance, write f(z) = u; + ivy and g(z) = uy + ivy, then

zlggo (f(2)8(z)) = }L%(uluz — 0102 + 1(110p 4+ V1U2)) = Wows

Examples 2.15. 1. lilmg)‘(z2 —iz) = (1+3i)>—i(1+3i)) =1+6i—9—i(1—3i) = —11+5i.
z—1+31
2. Every polynomial function is continuous on C.

3. Every rational function f(z) = % (where p, g are polynomials), is continuous on its implied
domain D = {z : q(z) # 0}.

4. The exponential function
exp(z) = ¢ = e*e" = e* cosy + ie* siny

is continuous on C, since the exponential, cosine and sine are continuous on RR.
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Limits and the Point at Infinity

In (single-variable) real analysis there are two infinities (d=c0). In complex analysis, the convention is
to have only one: for instance, the sequences z, = n and w,, = in both diverge to the same infinity.
p

N\

Definition 2.16. The extended complex plane (Riemann sphere) is the set C = C U {0} where co denotes
the point at infinity. The concepts of neighborhood, openness and limit extend naturally

1. A neighborhood of o is any set containing an open disk at oo, namely a subset of the form
{0} U{z €C:|z| > M}

2. ;L%f( z) = comeans: VM > 0,30 > Osuchthat0 < [z —zy| <d = |f(z)| > M

3. Zlgr{)\of( z) = wp means: Ve > 0, 3N > O such that |z| > N = [f(z)

—wy| < e
4. lgnf( z) = comeans: YM > 0, 3N > Osuch that |z]| > N = |f(z)| > M
Z—r 00
.

J
These limits have the same interpretation as Definition ‘z close to zo’ implies “f(z) close to wy
The difficulty is merely about the meaning of ‘close to co” when z( or wy is the point at infinity.

Example 2.17. We verify that hm iz3l

= o0. Let M > 0 be given and define § = min{1, £;}. Then

4
) S s . 4
0<]z+31\<5:>|z]_|31| |z+3i] >3 3 >5_M
The relationship between limits, zero and infinity feel like the dubious claims =

:Oand%:oo!

N\
Theorem 2.18. Provided all limits make sense, Theorem also applies to limits involving infinity.
Moreover, we have the additional relationships

1. lim f(z) = 0 <= lim -L= =0

. 1 _
Lo Jim 7 = 2. lim f(z) =wo <= limf (}) =wy
3. lim f(z) = 0 = lim 757 =0
\ Y,

Sketch Proof. All six results are similar; we prove only the = dlrectlon of the second. Suppose € > 0
is given. Then N exists according to Def1n1t10nu (part 3). Let 0 = N and { = 1 , then
0< (gl <6 = [z = >N = [f(}) —wo| = |f(z) —wo| < e

Example 2.19. Consider f(z) = 32l Plainly

3z —2i 5 +1limi 5
lim im =0 = hm 00 lim = z
z—>zf() z—>z5lz+1 f() f()

z—3i ' Z—r00 3—2ilim% - 3
Because of this, it is common to view f as a continuous bijection f : C — C (exercise)
Siz+1 . 2. 2. 5.

f(Z) = 32— 0 (le 7é gl, OO), f <31) = 09, f(OO) = gl

17



Aside (non-examinable) The Riemann sphere is merely a fun diversion for us. Unless indicated
otherwise, all sets should be assumed to be subsets of the (finite) complex plane.

The Riemann sphere can be visualized as a sphere S2, N
with co playing the role of the north pole. The rest of
the sphere is identified bijectively with the equatorial
plane C via stereographic projection 7t : S> — C. In the
picture, the image of P € S? is the intersection 77(P) of
C with the line through P and N = 717 !(c0).

P

Compactness, Path-Connectedness & Continuity

We finish with two further desirable properties of domains.

p
Definition 2.20. 1. A subset K C C is compact if it is closed and bounded.

2. KCCis( path-)connecteaﬂ if any two points can be joined
by a path lying within K: more precisely, Vp,q € K,

3z : [0,1] — K continuous with z(0) = pand z(1) = ¢

\

These concepts generalize notions of intervals from single-variable real analysis. In view of this, we
translate two familiar results, essentially the extreme and intermediate value theorems of real analysis.

Theorem 2.21. Suppose f : K — C is continuous.
1. IfK is compact, so is the image f(K).
2. IfK is path-connected, so is f (K).

Proof. 1. Consider the real-valued function | f| and apply the same argument from real analysis:

e Let M = sup{|f(z)| : z € K}. Then 3(z,) C K such that lim |f(z,)| = M.

* Kis bounded; Bolzano-Weierstrafi says (z,) has a convergent subsequence (zy, ).

e Letzg = limz,,. Since K is closed we have zy € K (Theorem 2.8@), whence f(z) is defined.
e f continuous = lim f(z,,,) = f(20); thus M = f(zo) is finite and f(K) is bounded.

e The closure of f(K) is a short exercise.

2. This is also an exercise.
n

The upshot of this section is that continuity and limits are essentially the same in both real and com-
plex analysis and behave as you should expect. Differentiation, however, is another beast entirely. ..

5Loosely speaking, a connected set consists of one ‘lump.” If you've studied topology: almost all domains in these notes
will be open, so there is no benefit to distinguishing between connectedness and path-connectedness.
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Exercises 2.2. 1. Asin Example[2.6, prove that the doubly-punctured plane D := C \ {1, —2i} is an
open set. State a function whose implied domain is this set.

2. Use the -4 definition (2.10) to prove the following.

. = = . o . 1 . . 3 .3
@igrmn Oy O AT

3. Show that f(z) = (z/2)? equals 1 at all non-zero points on the real and imaginary axes, and —1
at all non-zero points on the line y = x. Explain why lir% f(z) doesn’t exist.
zZ—

4. Prove part 3(c) of Theorem
5. Suppose zlggo f(z) = wo. Prove that Zlgr;o |f(z)] = |wol.

e ey . _ . L _
6. Use Definition 2.16]to prove part of Theorem2.1§ Zhj% f(z) =00 = zlg]% o) = 0.
7. Use Definition 2.16]to prove: (a) Zl1_r>r21l 2=l = oo, (b) lim 2l =

S

(a) Show that f(z) = 3Ztl defines a bijection of the Riemann sphere f : C — C.

(Hint: let w = f(z) and solve for z....)
xz+B

(b) In general: Given «, B,7,d € C, prove that f(z) = 23 defines a bijection of the Riemann
sphere if and only if ad — By # 0. How does this relate to the matrix (f; g >?

9. We complete the proof of Theorem Suppose f : K € C — C is continuous.

(a) Let K be compact. Suppose (w,) C K is a sequence where (f(w,)) is convergent in
C. Explain why there exists a convergent subsequence (wy, ), and use it to show that
lim f(wy,) € f(K). Hence conclude that f(K) is closed.

(b) Suppose K is path-connected. If f(p), f(q) € f(K), show that Jw : [0,1] — f(K) continu-
ous such that w(0) = f(p) and w(1) = f(g). Hence conclude that f(K) is path-connected.

10. (Hard) “Every open cover has a finite subcover,” is a crucial result in topologyﬂ

Theorem Suppose a compact K is a subset of a (possibly infinite) union |J U; of open
sets. Then there are finitely many U; (labelled WLOG) such that K C Uy U - - - U U,.

Suppose z : [0,1] — D C C is a path in an open domain D and define K = range z.

(a) Explain why K is compact.
(b) Prove that K may be covered by finitely many closed balls By

for which K ¢ ByU---UB, C BU---UB, C D. D

(Hint: start by centering a ball at every point of K) 5 z(1)
(c) Prove that D contains a zig-zag path (finitely many hori-

zontal/vertical segments) from z(0) to z(1). z(0)

(d) Show that we can fit a “tube” around K: 36 > Osuch thatVz € K, |z —w| < é = w € D.
(Hint: following part (b), let V.= \J By \ U By and define 6 := inf{|z —v| : z € K,v € V'})

OThis is often taken as the definition of compactness in topology. Its equivalence to K being closed and bounded in C
(or any Euclidean space) is the famous Heine—Borel Theorem.
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2.3 Derivatives & the Cauchy-Riemann Equations

Differentiation is where complex analysis starts to produce interesting and novel results. It won't
appear so initially, since the definition of derivative is exactly as you've previously encountered.

4 N\
Definition 2.22. Let f : D — C be a complex function and z¢ an interior point of D. We say that f is
differentiable at zg if the following limit exists:

L f2) = f(z0)

zZ—Z0 Z— 2y

We call this limit the derivative of f at zo and denote it f/(zo). If f is differentiable everywhere|on D

then the derivative is itself a function, written f'(z) or 3—2.

. J

Example 2.23. The function f(z) = z? is everywhere differentiable,

- 2_ 2 —
im £ =G0 i Z 2R gy, BZ20)CH20) o) = 2z
zZ—2Z0 zZ— 20 z—zp0 Z — 20 Z—2Z0 zZ— Zp Z—2Z0

The second last equality follows since we only compute on the punctured disk 0 < |z — z9| < 6 when
taking limits (Definition 2.16).

The basic rules of differentiation are identical those in real analysis and can be proved similarly.

[ Theorem 2.24. Suppose f and g are differentiable (either at a point zq or as functions).
1. (Linearity) For any constantsa,b € C, (iz (af(z) +bg(z)) = af'(z) + bg'(2)

d
2. (Power Law) Foranyn € Ny, &z” = nz"!

3. (Product rule) ;Z(f(z)g(z)) = f'(2)g(z) + f(2)¢'(2)

4. (Quotient Rule) Ifg(z) # 0, then ;Z(J;Ei; _ f/(Z>g<Z[;<;)j][2(Z>g’(Z)

5. (Chain Rule) Ifh is differentiable at g(zo), then h o g is differentiable at zo and

(hog) (z0) =1 (g(20))8' (o)

\ J

We immediately see that all polynomials and rational functions are differentiable. Familiar examples
behave the same regardless of whether we are in R or C!
d 3(z2—2)°+2z2  [30z(z> —2)* +22)](z® + 1) — 322[3(2% — 2)° + 22|

E le 2.25. — =
xampie dz  Z8+1 (z341)?

7Such holomorphic functions are the main topic of the course: we’ll consider them more properly in the next section.
Necessarily, D must be an open set if f is to be holomorphic (think about the definition of the limit!).
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The Cauchy-Riemann Equations
Differentiation thus far seems uncontroversial; here is an example that might change your mind. ..

Example 2.26. Consider f(z) = z at a generic point zg = xo + i}/o, and the difference quotient

f(z) = f(z0)  x—iy—xo+iyo Ax—iAy

(where Ax = x — xp and Ay = y — yo)

zZ— 20 Ax

z—z9  x+iy—xo—iyo Ax+ily |
|
For f’(z) to exist, we must obtain the same limit regardless of how Ay — 0:
(Ax,Ay) — (0,0) (equivalent to z — zp). There are two obvious ways Y
to take the limit: v Ay=0
77777 > o ——— ——
_ Z
Horizontally fE) = fla) _ Ax 0
|
|
|
|

flz) -~ flzo) _ =iy _

Verticall
ertically p—— Ay |

The quotient plainly takes different values depending on how (Ax, Ay) — (0,0). We conclude that
f'(z0) does not exist, and that the function f(z) = z is nowhere differentiable!

The approach extends to general functions. We attempt to differentiate f(z) = u(x,y) + iv(x,y)
(written in real and imaginary parts) at a generic point zg = xo + iyo:

f(z) = f(20) im0 y) —ulxo, o) +i(o(x,y) —v(xo, yo)

lim ————~ = _
zl—glo Z— 20 (Ax,Ay)—(0,0) Ax + 1Ay

If this limit exists, the same result must be obtained when evaluating along paths approaching zg
horizontally and vertically. This results in a key relationship between the partial derivatives of u, v.

Horizontally ~ We have Ay = 0 (y = o), so the limit becomes

_u(x,y0) — u(xo,yo) +i(v(x,y0) —v(x0,y0) _ (Ou , .90
Alylcglo Ax BACTREET: (%0, o)

Vertically ~ We have Ax = 0 (x = xo), from which
u(xo,y) — u(xo,yo) +i(v(xo,y) —v(x0,y0) _ 1 (814 .80) (x0, )

lim

Ay—0 iAy BEACTRRY

dy 9y

( )
Theorem 2.27 (Cauchy-Riemann equations). Write f(z) = u + iv in its real and imaginary parts.

1. If f is complex-differentiable at zy, then u, v satisfy the Cauchy—-Riemann equations at zy:

ou  Jv ou v ,
T and T (equivalently u, = v, and u, = —vy)

2. Conversely, if u, v have partial derivatives on a neighborhood of zy, which are continuous and
satisfy the Cauchy-Riemann equations at zo, then f is complex-differentiable at z.

In either situation, we may write f'(z) = uy + ivy = v, — iu,.
. J

We proved part 1 above. For a sketch of the almost-converse (part 2), see Exercise
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Examples 2.28. 1. (ExampleR.26) f(z) =Z = x —iy has u(x,y) = x and v(x,y) = —y, whence
uy=1#-1=v, and u, =0=10,
Since u, v do not satisfy the Cauchy-Riemann equations, f fails to be differentiable anywhere.
2. f(z) = |z| = V22 +y*hasu = /32 + y2 and v = 0. Away from zg = 0, the Cauchy-Riemann
equations are

These equations are satisfied nowhere (u,v are not differentiable at zp = 0), whence f(z) is
nowhere differentiable.

Uy = =0=—0v,

3. f(z) = 2% = x> —y? + 2ixy has u(x,y) = x* — y? and v(x,y) = 2xy. We check
Uy =2x = vy, Uy = =2y = —vy
As expected, u, v satisfy the Cauchy-Riemann equations. Moreover,
f'(z) = 2z = 2x + 2iy = uy + ivx = v, — iu,

z X n iy
2427 2+X2+y7 2+x2+y°

4. Consider f(z) = . We compute

2422+ y?)? Y2422+ y?)?
_ —2xy _ 2xy
R P T 2P

The Cauchy-Riemann equations are satisfied if and only if xy = 0 = x? — y?, which is if and
only if x = y = 0. We conclude that f is not differentiable at any non-zero z € C.

Since the partial derivatives of u, v are continuous, the converse of the Cauchy—Riemann theo-
rem says that f is differentiable at z = 0: indeed

) 1
£/(0) = ux(0,0) + iv,(0,0) = >
We can alternatively check that this straight from the definition of derivative:
£O) =tim /A SO 11
z=0 z—0 z=02 + |z 2

The function f is therefore differentiable at precisely one point.
5. The complex exponential function is everywhere differentiable: indeed
f(z) =e* = e*cosy + ie* siny
satisfies
Uy = e*cosy = vy, uy = —e*sinx = —oy
where these are certainly continuous on C. As expected,

f(z) = uy +ivy = e* cosy + ie* siny = &*
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Exercises 2.3. 1. Use Theorem to find the derivatives of the following functions:

10.

11.

1

@ fE) = g5 O fE=@EF+2i2+41)7  © f) =

(322 —i)3
(i +4)

Use the limit definition of the derivative to compute the derivative of the functions:

, 1
(@) f(z) =32 iz (b) f(2) = ;
Give a proof of the quotient rule, directly using the definition of the derivative.

Use the quotient rule to prove the power law for negative integer exponents:

d
VneN, —z"=_—pnz "t
dz

(L’Hopital’s rule) Suppose f(zo) = g(zo) = 0, and that f’(zp) and ¢’ (z9) # 0 both exist. Use the
definition of the derivative to prove that

f(z) _ f'(=0)

= g(z)  §(20)

Prove that f(z) = Rez and g(z) = Imz are not differentiable anywhere.

By writing z = re’? in polar form, verify directly that f(z) = |z| = \/x2 + y? is not differentiable
atzg = 0.

What, if anything, do the Cauchy-Riemann equations allow you to conclude for the following?

@ [ =G+ O fEO =z ©fE=2—2 @ f&)= (s +2)’

d
As in Example 2.28 prove that —e** = ke for any complex constant k = a + ib.

dz

Write a complex function f(z) = f(z,z) as a function of z and z. For example,

f2) =z =22
Noting that x = %(z +z)andy = %(z — Z), use the chain rule

of _afax ooy

0z 0x0z Jyoz
of _
5 = 0.
Hence give a quick proof that f(z) = 222 is not differentiable when z # 0.

to prove that f satisfies the Cauchy—Riemann equations if and only if

Suppose f(z) = u + iv satisfies the Cauchy-Riemann equations at zy = xo + i}9. Use the multi-
variable linear approximation

f(z) = f(z0) + fx(x0,y0)Ax + fy(x0, y0) Ay

to prove that %Q(O(ZO) ~ 1y (X0, Yo) + ivx (X0, yo) whenever z # z.
(The existence/continuity assumptions in Theorem [2.27} part 2, guarantee that this approxima-

tion becomes equality in the limit, though a rigorous proof requires more work)
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2.4 Holomorphic and Harmonic Functions

We tend to be most interested in functions which are everywhere differentiable.

p
Definition 2.29. We say that f : D — Cis:
* Holomorphic (or analytiffb on D if it is differentiable at all points zg € D (necessarily D is open!).
* Holomorphic at zg € D if it is differentiable (holomorphic) on some neighborhood of z.

 Entire if it is holomorphic with domain D = C.

Examples 2.30. 1. The exponential function f(z) = ¢%* is entire, as is every polynomial.

- is holomorphic on its implied domain C \ {£2i}. Indeed, by

72

2. The rational function f(z) =
the quotient rule,

, i(22+4) —2iz>  i(4—2?)
f@ =" = @vap

Our first general result should seem very familiar.

{Theorem 2.31. If f’(z) = 0 on an open, (path-)connected domain, then f(z) is constant. J

The calculation in the proof should be compared to the corresponding argument from real analysis
which also relies on the mean value theorem.

Proof. Given p,q € D = dom(f), join them with a zig-zag path consisting of finitely many horizon-
tal/vertical segments (Exercise 2.2[10).

On each horizontal segment (x; < x < xp, y constant), apply
the mean value theorem to the single-valued functions

x—u(x,y) and x— v(x,y) D q
We therefore obtain values X, X, both in the interval (xi,x2), p
which satisfy

ury) —ulny) o oy oY)

X,
X2 — X1 X2 — X1 ly)

By assumption f'(z) = uy + ivy = 0, whence both partial derivatives are everywhere zero. It follows
that f(z) = u + iv takes the same value at both endpoints of any horizontal segment.

The same holds along at the endpoints of any vertical segment; this time we utilize u, = v, = 0.

By stepping along the segments in this fashion, we conclude that f(q) = f(p). Since p,q were

arbitrary, f is constant on D.
u

8We'll use holomorphic/analytic interchangeably though the formal definition of analytic depends on power series. A
major part of the course involves showing that these definitions are equivalent.
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[Corollary 2.32. If f(z) is holomorphic with constant modulus k = |f(z)|, then f(z) is constant.

This is essentially trivial in the real case—think about why! The complex case needs a proof.

K
7@ 18
holomorphic (quotient rule!). Write f(z) = u + iv, whence f(z) = u — iv, and consider the Cauchy—
Riemann equations for both:

Proof. Plainly k = |f(z)|* = f(z)f(z) is constant. If k = 0, we are done. Otherwise, f(z) =

Uy = Uy, uy = —Uy, Uy = _vy, uy = Ox

All partial derivatives are therefore zero: f'(z) = 0 and so f is constant. i

The next result is worth stating now, since it provides a significant contrast with the real case. We’ll
prove it later once we’ve developed contour integration.

Theorem 2.33. If f(z) = u + iv is holomorphic, then f is infinitely differentiable. Otherwise said:
o f(")(z) exists and is continuous for all n € N.

* y and v have continuous partial derivatives of all orders.

In real analysis, functions which are everywhere differentiable need not even be twice differentiable,
let alone infinitely so (Exercise [4).

Harmonic Functions The second partial derivatives of a holomorphic function satisfy a famous par-
tial differential equation:

_ o, o B, _ 9 Ccr_0
Uax = 2Ux = 570y = Uyx = Uxy = @Ux = _@”y = THyy
Equality of the mixed partial derivatives (*) follows because all derivatives are continuous (Theorem
and Clairaut’s Theorem). The same equation holds for v. We conclude:

Corollary 2.34. If f = u + iv is holomorphic, then u and v are harmonic functions; solutions to
Laplace’s equation

Laplace’s equation is one of the most widely applied PDEs in mathematics and physics.

Example 2.35. f(z) =1 = ¥ is holomorphic on C \ {0}; its real and imaginary parts are therefore

x2+y2
harmonic away from the origin. Indeed,
W o2 a2 ) 242 ox (a24y2)2 dy (22 +y?2)?

() —4x(yP — ) 2x(a*+yP) —8xyt

G2+ 2 2+ 2 0
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Analytic Continuations We finish this introduction to holomorphic functions with another surpris-
ing result whose proof will have to wait (this time for the theory of residues).

Theorem 2.36. Suppose f and g are holomorphic functions on

an open connected domain E and assume that f(z) = g(z) on
some path contained in E. E f=9g= f=g

Then f(z) = g(z) throughout E.

This is highly counter-intuitive; you need only know the values of a holomorphic function on a tiny
path to know the full function on its whole (connected) domain! This leads to a new concept.

Definition 2.37. Let D C E be open connected domains and
g : E — C holomorphic. Let f : D — C be the restriction of g D
to D; thatis f(z) = g(z) on D. E

We call g the analytic continuation of f to E.

By Theorem the analytic continuation of f to E is unique. There are, however, some subtleties,
which we explore a little in the next example:

* Given f analytic on D, an analytic continuation to E O D is not guaranteed to exist.
* The choice of extended domain E really matters.

Example 2.38. Let f(z) = /z = \/?eg be the principal square root whose domain D is the first
quadrant. Exercise[10] verifies that f is holomorphic on D.

The pictures describe two analytic continuations of f: in both cases the point w = e~ = ¢ isused
for comparison.

1. Let G be the plane omitting the non-positive real axis
and define G D 8 (D)
I T A 8
g:G%C:ZHﬂe% 0 =Argz € (—m, ) 13Tn 3
The codomain of g is the right half-plane. Observe that w §(w)
g(w) = e~ %" lies in the fourth quadrant. N h{w)
2. Let H be the sn| D \\\ 51
and define 4N “ 8 i)
I A
h:H—)C:zn—>\ﬁe§, 0 =argz € (—%, %) ! \\\
w Il AN N
The codomain of /1 is the . More- ! A
over h(w) =¥ = — ¢(w) lies in the second quadrant.

The two analytic continuations of f disagree on the intersection of their domains!

In fact the omissions chosen for G, H are necessary: there is no analytic continuation of f to the
punctured plane C \ {0}, or indeed to any domain in which it is possible to loop completely around
the origin. We shall return to this topic in Chapter[3} ..
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Exercises 2.4. 1. Suppose ¢'(z) = I'(z) on an open connected domain D. Prove that h(z) = g(z) +¢

10.

for some constant ¢ € C.

Equivalently: if g(z) and h(z) are anti-derivatives of f(z), then g(z) — h(z) is constant
Verify that u = ¢"* cos ny and v = " sin ny are harmonic functions for any n € Z.

Prove or disprove: if u,v : D — IR are harmonic functions on an open set D C R?, then
f(z) :=u(x,y) +iv(x,y) is holomorphic.

. Define f : R — R by

x2 if x
f(x)=x\x|={ fr=0

—x? ifx <0
Show that f is differentiable, but not twice so (an impossible property for complex functions).
Suppose f(z) = u + iv and write z = x + iy = re’’ in polar form.

(a) Use the chain rule applied to the polar co-ordinate relations x = rcos6, y = rsinf to
compute the partial derivatives u,, ug, v;, vg in terms of uy, uy, vy, vy.

(b) Deduce the polar form of the Cauchy-Riemann equations:

U, = vp Ug = —10,, fl(z) = e’ig(ur +iv,) = ?(ug + ivg)

Prove the polar form of Laplace’s equation:

P21y 4 11y + tigg = 0

Show that u = 7" cos n) is a harmonic function for any n € IN: find two ways to show that this
is true!
Suppose f : C — C is an entire function such that f(iy) = —iy> whenever z = iy lies on the

imaginary axis. What is the value f(2)? Explain your answer.
(Hint: Think about analytic continuations)

The function f(z) = 1 is holomorphic on C \ {0}. Explain why there is no analytic continuation
of f that is holomorphic at z = 0.

(a) Use Exercise 5 to prove that f(z) = /z = \/?e% is holomorphic on the first quadrant and
find f'(z). Moreover, explain why the functions g, i in Example are holomorphic and
therefore both analytic continuations of f.

(b) Prove that there exists no analytic continuation of g to any set larger than G.

(Hint: suppose the extended domain contains —r € R™. Now use the fact that an analytic contin-
uation must be continuous at —vr...)
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3 Elementary Functions

We’ve already considered polynomials, rational functions and, to some extent, nh roots and the
exponential. We now develop the logarithmic and trigonometric functions.
3.1 Exponential and Logarithmic Functions
The exponential function exp : C — C : z > e* was defined earlier using Euler’s formula
exp(z) = e :=e* cosy +ie*siny (%)

For reference, we collect some basic properties: parts 1-3 are identical to real analysis.

-
Lemma 3.1. Throughoutletz,w € C.

1. The exponential function is entire, with derivative %ez = ¢
2. #0
i tw —w _ & —
3. (Exponential laws) e = e%e“, ¢~ = & and (e*)" = e"* (whenevern € Z).
4. ¢* is periodic with period 27ti. Moreover,

¢ =e"¥ < z — w = 27in forsomen € Z

Sketch Proof. 1. This is Example 2.28 check Cauchy—-Riemann and compute %ez = Uy + iVx.
2. This follows trivially from (x): e* > 0 while cosy and sin y are never both zero.
3. Apply the multiple-angle formulze for cosine and sine. For the third law, induct with z = w.

4. Certainly e“2™" = ¢¥ by the periodicity of sine and cosine. Now suppose ¢ = ¢ where
z = x +iy and w = u + iv. By considering the modulus and argument, we see that

) . eX = et
erell — phpi® s '
y = v+ 2min for somen € Z

We conclude that x = u and so z —w = i(y — v) = 27tin.

Example 3.2. Find all z € C such that e* = 5(—1 +1i).
Following part 4 of the Lemma, write z = x + iy and take the polar form of 5(—1 4+ i):

3mi

¢ = 5(_1 + l) s felV = 5\[287 — eln(Sﬁ)e%

— {x = In(5v/2)

y=342nn forsomen € Z

— z=In(5V2) + (35 +27‘L’7’l> i forsome neZ

We see that there are infinitely many suitable z!
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Duplicate Notation Warning! When n € N, the expression en could mean two things. For instance
es might mean either:

1. The set of cube roots of ¢, namely { /e, {/ees, /ee 5 };
2. The real value /e € R*.

Since €? is such a common function, we default to the second meaning: if you mean the set of n'!
roots, say so! Remember you can always write exp(z) for the function if necessary.

The periodicity of the exponential leads to the more subtle notion of the complex logarithm.

4 . )
Definition 3.3. Let z = re’ be a non-zero complex number with principal argument § = Argz. The
principal logarithm of z is the value

Logz:=Inr+if =1In|z| +iArgz

where In is the usual (real!) natural logarithm. The logarithm of z is any (and all) of the Valueﬂ

logz =In|z| +iargz =Inr+i(6 +2mn):n € Z

Examples 3.4. 1. Since —4 = 4™ we see that
Log(—4) =In4+ 7 and log(—4) =1In4+ (1+2n)mi

2. Again write in polar form to compute:

i

Log(V/3 —i) = Log(2e™ %) = In2 — % and log(Vv3—i)=In2— % + 27tni

These examples involve solving equations of the form e¥ = z: writing z = rel® = " as above,
and appealing to part[4 of Lemma 3.1, we instantly see that

e =z <= w=logz
Read this carefully, remembering that the logarithm is multi-valued and the exponential periodic:
8% =z and loge” =w +27ni wheren € Z

For reference, we summarize some of the basic properties of the principal logarithm function. All
parts should be clear from Definition [3.3]

4 N\
Lemma 3.5. Throughout, z and w are complex numbers withz # 0, and n € Z.

* Log:C\ {0} - {we C:—m <Imw < 7} is a bijection with inverse exp.

e Loge” = w + 27tni where n € Z is chosen such that Im(Loge”) = Imw + 2nn € (—m, 7).

e Ifz € R", then Logz = Inz is the usual natural logarithm.

9This is similar to how argz means either the set {Argz + 27tni} or some particular value from this set, dependent on
context. We’ll more formally discuss such multi-valued functions in Section
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The Logarithm Laws Just as the standard rules for exponentiation (Lemma 3.1 part[3) apply to the
complex exponential, the log laws also translate. However, the multi-valued nature of the logarithm
adds some subtlety.

Suppose non-zero z, w are given: since |zw| = |z| |w| and argzw = argz + arg w, we conclude that
logzw = In(|z| |w|) + i(argz + arg w)
=In|z|+iargz+In|w|+iargw
= logz + logw
Be very careful, for this expression is not an identity of functions. What it really means is that the
following two sets are identical:
logz+logw = {a+p:aclogzpclogw}
= {|z| + i Argz + 27tki + |w| + i Argw + 27tmi : k,m € Z}
logzw = {In |zw| + i Arg(zw) + 27mtni : n € Z}

Unless you are sure you won’t make a mistake, it is safer to write

,

logzw = logz +logw +27tni forsome n € Z ]

\.

Given its restricted range, we can be more precise for the principal logarithm:

r

Logzw = Logz + Logw + 2mtni for some n =0,—1,1 ]

\.

Example 3.6. Letz = —V3+i= 2¢% and w = ﬁ(l +1i) = 207 . Then, for some k, m, n,

logz:an—i—%—anki, logw:an—i—%—i—ani
S 137ti

log zw = log(4e’s ) = log(4e ' ) = In4 + - T 27tni

We can choose particular logarithms satisfying logzw = logz + logw provided n = k + m. For
principal logarithms, we don’t get to make a choice:

Logz:ln2—|—%, Logw:1n2+%
T T 11 ]
Logzw = Log(4e’%) = Log(4e’%) =In4— 1;“
:1n4+?+%—Zm':Logz—i—Logw—Zm'

We can similarly demonstrate the second log law, with exactly the same caveat:

log% =logz —logw

As before, principal logarithms might require a correction term of +7ti.
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We can try to translate the final log law (logz" = nlogz, n € IN), though even more care is needed!

Example 3.7. Letz = —/3+i= 2¢% and compute what is meant by the set 2 log z:

2logz = {2 <ln2—|—56m+27'cmi> :mEZ} = {ln4+53m+4nmi:mEZ}

This has only half the terms of the set

logz® = {log(4ewém) =In4+ ? +27tki : k € Z}

It is therefore safer to state that log z2 # 21og z.

Since the principal logarithm is a function rather than a set, we can be more precise: for any n € IN,

[ Logz" = nLogz +2mki for some integer k with |k| <

N3

Example 3.8. Letz = e~ 1" and consider z!6. We see that

“BT — 1oge™ =in, 16Logz = —13mi —> Logz'® = 16 Logz + 14rmi

Log z16 = Loge
In this case [k| =7 < 1.
Exercises 3.1. 1. Compute (be careful with (c)!):
(@) exp(3—%i) () Loglie) (o) log(3—4i)  (d) Log[(~1+i)?]

2. (a) If ¢ is real, show that Im z = n7 for some integer 7.
(b) If e* is imaginary, what restriction is placed on z?

3. Show in two ways that the function f(z) = exp(z?) is entire, and find its derivative.

-~

Prove, for any z € C, that |exp(z?)| < exp |z|>. What must z satisfy if this is to be equality?
Find Re e* in terms of x and y. Why is Re e: harmonic on any domain not containing the origin?
Show that Log > # 3 Logi.

Show that Re(log(z — 1)) = 3 In[(x — 1)? + y?] whenever z # 1.

® N o

Prove the above boxed formula for Log z".

3

9. The square roots of i are \/i = e%and —Vi=e ¥.

(a) Compute Log v/i and Log(—+/i) and check that Log v/i = 1 Logi.
(b) Show that the set of all logarithms of all square roots of i is

1
logi% = <n+ 4> i where neZ

Hence deduce that log i 1= 3 logi as sets.
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3.2 Multi-valued Functions, Branch Cuts and the Power Function

Recall that each log z represents a set of complex numbers; as such, the complex logarithm is termed
a multi-valued function. We have previously encountered others of this ilk:

¢ The argument of a complex number is any of the values argz = Argz + 27tn where n € Z. The
complex logarithm is merely a modification of this: logz = In |z| + iargz.

. 1 2mi
e The n'" root of z is the set of values z# = {{/zwk : k =0,...,n— 1} where w, = e is an n'"

root of unity and {/z the principal n" root.

It is an abuse of language to refer to a multi-valued function, since any function should assign exactly
one output to each element of its domain. While this problem can be fixed using equivalence classes,
another approach is simpler to visualize.

Definition 3.9. A branch of a multi-valued function f is a single-valued function F on a domain D
which is holomorphic (differentiable) on D and such that each F(z) is one of the values of f(z).

Let D = C \ ¢ where ¢ is a line or curve in C. If F : D — C is a branch of f, we call ¢ a branch cut. A
branch point is any point common to all possible branch cuts.

Branches of the Logarithm The principal branch of the logarithm is a
slightly restricted version of the principal logarithm

Logz =1Inr+i0 where 6 = Argz € (—m, )

The branch cut is the non-positive real axis. To check holomorphicity,
we verify the Cauchy-Riemann equationsm

d d
rur:r§lnr:1:%9:vg, ug = 0= —ro,

The partial derivatives are certainly continuous, whence log z is holo-

morphic with derivative

d i , 1 5 1 NS

alogz:e Ze(ur—kw,) = ;e 19:; \\\\\\\ a

SN

More generally, for any angle « we could take a branch cut ¢ to be the
line with argument «, which defines a new branch of the logarithm:

logz = Inr+i0 where 6 € (a — 271, )
In this description, the principal branch corresponds to a = 77. Note a-Branch
that choosing @ = —7 results in the same branch cut, but a different
branch:

logz = Inr+i60 where 6 € (=37, —7)

10We use the polar form: ru, = vg, ro, = —ug, f'(z) = e*ie(ur + ivy) (see Exercise 2.4.

32



More esoteric branch cuts are possible, such as the pictured ‘squiggle.’
At issue is the fact that traversing a counter-clockwise loop around the
origin increases the value of a logarithm by 27i. It is therefore impossi-
ble for a branch to be continuous (let along holomorphic) on any domain

containing such a loop; to make log z single-valued, a branch cut must
‘cut’” any such path, and thus connect the two branch points 0 and co.

Clarity is crucial here: when you write log z, do you mean a set, a partic-
ular element of that set, or a branch? Certain expressions may be true or
false depending on the meaning.

Example 3.10. Consider z = %(1 +i) = e . For the principal branch, we have

Logz® = LogeﬂTi =

% =2Logz

For the branch with « = 7 (that is, argz € (’Tg’", %)), we have

i i 3 ]
2=et =7 = logz* = —% # 2logz

Recall also (Example , that as sets, log z> # 2log z.

“
N

For individual branches of the logarithm, specific versions of the logarithm laws (page [30) are avail-
able, though they are not worth trying to remember; just carefully think out the possibilities when

calculating.

General Exponential Functions The logarithm can be used to create exponential functions for any

non-zero complex base c. Choose a value log ¢ and define

[ &z ::ezlogc ]

Provided c is not a non-positive real number, the standard is to use the principal logarithm. Regard-
less of your choice, log c is constant and the exponential function is holomorphic everywhere:

2z .z
& =° log c

Example 3.11. Letc =i = e? and use the principal logarithm to define

i# 1= 1087 = exp (TZZ) = exp (—gy + igx) —e 7 [cos %x + isingx]

It is simple to check the Cauchy-Riemann equations and see that i* is entire (holomorphic on C).

If we instead took a different branch of the logarithm with argi = —3Z, then
. —3riz 3y 3 .. 3
i* = exp =e? |cos—-x —isin—-x

This is still entire, though it is a completely different function! Note that both choices of i* agree
whenever z is an integer, and for z = 1 they produce the two distinct square roots of !
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Power Functions Following a similar approach, for any non-zero z and complex number c we may

define the (typically multi-valued) function

[ 7€ = eclogz ]
In this case, restricting to the principal branch of the logarithm gives an unambiguous function.

Definition 3.12. The principal value of z° is the function

P.V.z" := ¢°108%
whose domain is that of the logarithm (C excluding the non-positive real axis).

Example 3.13. Using the principal branch of the logarithm (® = Argz), we obtain

P.V.z3 = exp (;(lnr—f—i@)) = exp <ln\3ﬁ—|— Z?) = %e%@ =z

i(0—0)
3

precisely the principal cube-root of z as defined previously.

If we chose a different branch with argz = 0, then
23 = e3logz — exp <é(lnr+ i9)> = Jrexp (;(®+ (60— @))) = /ze

Since, for any z, the difference in the arguments 6 — © = 27n is a multiple of 27, this expression

eclogz jg single-valued. Then z¢ is

really does return one of the cube-roots of z.
c—1

Choose a branch of the logarithm so that z°

Lemma 3.14. =
holomorphic on the same domain as the logarithm; moreover %ZC =

|

C _ _ _
eclogz - ceclogze logz _ Ce(c 1)logz _ ozt 1

Proof. Since log z is holomorphic, simply use the chain rule:
z

izc — ieclogz — eclogz(i<clogz) —

dz dz
Example 3.15. If the principal branch of the logarithm is used, then
— 2wt echni

(zw)® = exp(cLog(zw)) = exp(cLogz + c Log w + 27cni)

for some n € {0, +1}. We do not expect simple exponent rules such as (ab)® = ab° to hold in complex
analysis! Note, however, that this does work in the case where c is an integer.

As an example, again using principal values, if z = w = ¢, thenzw = ¢ = ¢~ %, whence

Ml

—7Ti
=e¢

P.V.(zw)® = exp <5i o
P.V.2% = P. V.0 = exp <5i e N
I IO _ i S it g 1

37ri> _
=¢

S (zw)Si —e%F —e
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Exercises 3.2. 1. Show that the function f(z) = Log(z — i) is holomorphic everywhere except on the
portion x < 0 of the liney = 1.

2. Show that the function f(z) = .- Log(z + 4) is holomorphic everywhere except at the points

z24i

+ 7 (11_1,) and on the portion x < —4 of the real axis.

3. Show that the set z# as defined earlier in the course coincides with the set zi := exp (% logz) as
defined in this section.

4. Show that (1+41i)' = exp (—F + 2n7) exp (11“72) where n € Z.

5. Find the principal values of the following:
(a) 1'21' (b) (1 - i)Si (C) (_\/g + Z’)l+4m’

6. Suppose ¢, c1, c2 and z are complex numbers where z # 0. If all the powers involved are princi-
pal values, show that,

(a) zf1z2 = zorte (b) (z°)" =z for any n € IN.

7. The power function z¢ is usually multi-valued. However, if c = m is an integer, prove that z™" is
single-valued: i.e. it is independent of the branch of logarithm used in its definition.

8. Check the claim at the bottom of Example if m € Z, then i" is the same value for the two
definitions of i*.

9. Continuing the previous question, suppose ¢ # 0 and define ¢ = ¢71°5¢ where any choice of
the branch of the logarithm is made.

(a) Let m € Z. Prove that c" produces the same value, regardless of the branch of logarithm
used to define log c.

(b) If z = 1 show that ¢ really is an m™™ root of c. If the principal branch of the logarithm is
used, show that ¢? is the principal m' root of c. For every m'" root of ¢, show that there
exists a branch of the logarithm for which ¢ equals the given m' root.
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3.3 Trigonometric and Inverse Trigonometric Functions

A sensible definition of the basic trigonometric functions comes simply by modifying Euler’s for-
mula. For instance, if y € R, then

eV +e W = cosy +isiny +cosy —isiny = 2cosy

This motivates the primary definition.

Definition 3.16. For any z € C we define

elZ + e*lZ . eZZ _ e*lz
oSz = ——— sing = ————
2 21

1,
1

Example 3.17. cos(Z +i) = J(e¥ 1 e ) =1 (%(1 +i)+ (1 - i)) = e;g - e

-
Theorem 3.18. Sine and cosine are entire with the same derivatives are their real counterparts

—sinz = cosz — C0Sz = —sinz
dz

dz
The usual identities, including double and multiple-angle formulze, are satisfied: for instance
sin’z +cos’z =1, cos(z+w) = coszcosw —sinzsinw, cos2z =2cos’z —1, etc.

In particular, sinz = cos(z — ) and cosz = sin(z + 7). Sine and cosine are also 27t-periodic and
have exactly the same zeros as their real versions:

. T
sinz =0 <— z =unr, cosz:0<:>z:§+n7t where n e Z

The upshot of the Theorem is that sine and cosine behave exactly as you'd expect.
The proofs are straightforward applications of properties of the exponential function. For instance;

d ez — p—iz . )
: s 1Z » ,—1Z
—sinz = ——— = —(ie”" +ie = Cosz
dz dz 21 2z< )

and,

sinz=0 <= e?=¢ % = =1 < e ¥(cos2x +isin2x) =1 < z=r1mn

The remaining trigonometric functions are defined in the expected way: e.g.,

sinz ez — e~ 7
tanz = = — —  whenever z # — +nm
cosz  i(e +e %) 2

All trigonometric functions are holomorphic wherever defined and have the usual expressions for
their derivatives: e.g., by the quotient rule,

d sinz  cos’z +sin’z )
— = = sec’z

d t
—tanz = =
dz dz cosz cos?z
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Aside: Hyperbolic Functions By considering real and imaginary parts,

. 1 .- i 1, _ C oy Yo
sinz = ?(e”‘ Y — e 1Y) = ?(e Ycosx +ie Y sinx — e¥ cos x + ie’ sin x)
i i

1 ] ) .
= E(ey +e ¥)sinx + %(ey —e Y)cosx = sinxcoshy + icos xsinhy

cosz = cos x coshy — isin x sinhy

where coshy = (¥ +¢7¥) and sinhy = J(e¥ — e7¥) are the usual (real) hyperbolic functions. We
could have written Example this way

1

)_ e—l—(f1 _ie—e*
2v2 2v2

Hyperbolic functions are a convenient short-cut, but never necessary; use or ignore as you like. All
their properties can be derived from their relationship to exponential and trigonometric functions:

T,
cos<—+z

7T .. T,
1 —cosZcoshl—zstsmhl

e“4e*? . ) eZ—e’? C
coshz = ———— = cosiz, sinhz = ——— = —isiniz
2 2
For instance
d . .d o ) ) d .
— ginhz = —i— siniz = —i*cosiz = coshz and — coshz = sinhz
dz dz dz

cosh?z — sinh’z = cos?(iz) + sin®(iz) = 1

Inverse Trigonometric Functions As with logarithms, inverting trigonometric functions results in
multi-valued functions.

Example 3.19. We find an expression for cos~! z and compute its derivative.

1

Ww=cos 'z &= z=cosw <= 2z=¢"+e W = (£¥)? 22" +1=0

which is quadratic in ¢"“. Apply the quadratic formula to see that

224 (422 —4):
B 2

ezw

=z+i(1 —zz)% <= cos 'z=w= —ilog [z+i(1 —22)%}

A branch of cos™! requires us to choose branches of both the square-root and the logarithm.

Inverse cosine is holomorphic since it is a composition of holomorphic functions. By the chain rule,

gcos_l,z:;zli {Z+i(1—z2)%}: ! - [1— iz -
dz z4i(1—22)2dz z+i(1—22%)2 (1—22)2
B —i 1-2)2—iz -1
z+i(1—22)2 (1—22)2 (1-—22)2

If we fix a branch of the square-root (and logarithm) so that cos !

the same branch that appears in the expression of the derivative.

z is single-valued, this is necessarily
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Expressions such as these are not worth memorizing; they are not difficult to derive when needed
using the method in Example Here is the complete list for the three basic functions.

p
Theorem 3.20. The inverse sine, cosine and tangent functions are given by the expressions

sin"lz = —ilog [iz SH (k= zz)%} cos 1z = —ilog [z + (1 — zz)%} tanlz = élog;j—z

Once branches of the square-root (sine/cosine only) and logarithm are chosen, these are holomorphic
on their domains and have familiar derivatives:
. 1 d —1 d 1

T (1_22)% 3 05 2 (1_22>% T T2

The branches of the square-root in the derivatives of inverse sine and cosine are identical to those

used in the definitions of the original functions.
\, J

Examples 3.21. 1. To evaluate sin™! % as a complex number, we could follow the approach of

Example 3.19|(solve e _2;”71‘2 = \% directly), or use the formula in Theorem [3.20
. 1 ,
sin” — = —ilog

ii,/l—l — ilog T}
V2 V2 2 &2

Now evaluate the logarithms separately:

-1

] 1 i ]
—ilogzj/—i = —iloge* = —i {T +27‘mi] = g +2mn
—1 3rti 3 ] 3
—ilogl\/i = _iloge% =—i [Zl +27mi] = Tn +21n

The set of values sin™ \% generated by all branches of the square-root and logarithm is pre-
cisely the set we’d have found working entirely within IR!

2. We can also evaluate inverse sines that would have no meaning in R. For instance,
sin"17 = —ilog[7i + v/—48] = —ilog(7 +4v/3)i = —ilog(7 + 4v/3)e?
= —i [In(7£4V3) + % +2mni| = —iln(7 £ 4V/3) + g +2mn

Note that 7 > 44/3, so we are always taking natural log of a positive real number!

3. Compute tan~' (i — 2+/3). First compute the required fraction in polar form:

i—|—(i—2\@)_2i—2\@__1 i 2 sm

—|— — = ——p 6
i—(i—2V3) 2V/3 V3 V3
It follows that
tan"' (i —2V/3) = % <ln\% + 5%1' - 27mi> = —51—7; + éln\%
51 ] 2

Choosing the principal value of the logarithm (1 = 0) yields —35 + 5 In .

+mn: nez
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Exercises 3.3. 1. Find the real and imaginary parts of sini, cos(1 + i) and tan(2iIn5 + 7).

2.

10.
11.

As a sanity check, if w = —ilog {z + (2% - 1)%} , compute cosw = 1 (e + =) directly and
verify that you obtain z, irrespective of which branches are chosen.

Using the real and imaginary parts of sin z, directly verify that the Cauchy-Riemann equations
are satisfied.

Prove the following double/multiple-angle formulee using the definitions in this section:

(a) cos2z =2cos’z—1
(b) sin(z — w) = sinzcosw — cos z sin w
tanz + tanz

t =
() an(z + w) 1 —tanztanw

Find all the values of tan~1(1 + 7).
Solve the equation cos z = /2 for z.

Recall Exercise check explicitly that tanw = i — 2v3whenw = —2Z + L 1n

1

NI=-
S

€2iw -1

(Hint: use tanw = T 1)

. Why is this true?)

1 1

Suppose z > 1 is real. Prove that Resin™" z = 7 + 27tn is independent of z. What is Imsin™" z.

If the same branch of square-root is chosen in each case, prove that sin! z + cos ! z is constant.
Derive the expressions for tan~! z and its derivative in Theorem m
(a) Given coshz = cos(—iz), find an expression in terms of the complex logarithm for
-1
cosh™" z.

(b) Using your answer to part (a), or otherwise, find all solutions to the equation coshz = V3.

(c) Find an expression for the derivative of cosh™!z.
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4 Integration

At first glance, integration might appear straightforward; surely we can write the following?

4 14% 1
2 3 3
z2dz=2z’| =4 -1)=21
/1 3 I 3 ( )
In real analysis such a statement reflects the equivalence of two distinct concepts:

Anti-derivatives %23 is an anti-derivative of z2

Definite Integrals The ‘area’ under the curve y = z? on an interval [0, z] equals 3z°

This amazing and important equivalence is suitably named the fundamental theorem of calculus. But
does it hold in complex analysis? While anti-derivatives make immediate sense, definite integrals are
more delicate. For instance, what should we mean by

4,
/ zcdz ?
3+i

A Riemann sum construction requires us to partition some curve joining 3 + i and 4i; but which curve?
Does it matter? These questions lead us to revisit contour/path integrals from multi-variable calculus.
4.1 Functions of a Real Variable and Contour Integrals

We start by considering complex-valued functions of a real variable w : I — C where I C R is an
interval; derivatives and definite integrals are built from those of their real and imaginary parts:

b b b
W' (£) = u'(£) + i/ (8), /w(t)dt:/ u(t)dt+i/ o(t) dt (a, b are real or £oo)
a a a
Examples 4.1. 1. If w(t) = 5t2 + it, then
2 2 2 /
w'(t) = 10t +1, / w(t)dt:/ 5t2dt+i/ par =243
1 1 1 3 2

2. ffw(t) = > + e = 12 + cost +isint, then
27

27 1
W (£) = 2t —sint +icost, / w(f)dt:§t3+sint—icost0 :gna
0

We see the natural extension of the (real) fundamental theorem here: %t3 4+ sint —icost is
plainly an anti-derivative of w(t). This requires no proof since it applies separately to the real
and imaginary parts of w(t).

Basic rules of integration are easily verified by separately considering real and imaginary parts.

7

Lemma 4.2. e Linearity: ifk € C, then $kw(t) = kw'(t) and [” kw(t)dt = k ["w(t) dt

e Product rule: $w(t)z(t) = w'(t)z(t) + w(t)z/(t)

e Chain rule: Ifs(t) is a real function then $w(s(t)) = w'(s(t))s' ()

40



Complex substitutions are more subtle, so we provide a proof.

e w

Lemma 4.3 (Complex Chain Rule). Suppose w(t) = F(z(t)) where
e z(t) = x(t) + iy(t) is differentiable at t, and,
e F(z) = u(x,y)+iv(x,y) is holomorphic at z(t)

Then w is differentiable at t, and w'(t) = F'(z(t))Z'(t).

IfZ/(t) is integrable on [a, b] and F holomorphic on z([a, b]), we can put this in integral form

/b F'(2(1))2 () dt = F(2(b)) — F(z(a))

a
\ J

Proof. Apply the multi-variable chain rule from real calculus and the Cauchy-Riemann equations:

do _du_ do_dudx dudy (dvdx dvdy
dt dt dt oJxdt dydt oxdt = dydt
. odx . ydy , dx .dy .
= (uy + zvx)a +i(vy — zuy)a = (Ux + ivy) T Tiar (Cauchy-Riemann)
= F'(z(1))Z'(t)

Examples 4.4. 1. Letw(t) = e/~ = F(z(t)) where F(z) = ¢* and z(t) = t — it>. Then

_ipd
:et ite

w'(t) py

(t—it?) = et~ (1 — 2it)
Compare with the method of Example[4.T|which gives the same result, if more slowly

d
W' (t) = — (e’ cost* — ie' sint?) = e’ (cos t* — 2t sin t?) — ie’ (sin t* + 2t cos t°)

FTL
2. Since w(t) = F(z(t)) = (1 — 2 +it) has w'(t) = (i — 2t)(1 — 2 + it)°, we see that

1
(1—t>+it)1°

1
- 2 . \9 _ -
/O(z 2)(1— £ 4it)° dt = -

0 10 5
This would be horrific if we instead had to multiply out to find the real and imaginary parts!

3. Sometimes the real and imaginary part approach is simply not tenable,
1 1 7Tl
/‘%hﬁjjﬁdh:O%JFPQO:(1+OWZ—1:€@5?—1
0

We evaluate using the principal square root since 1 + it? lies in the first quadrant.

While most of the basic rules of real calculus translate to complex-valued functions of a real variable,
not everything goes through. Be particularly careful of existence results such as the mean value
theorem which apply perfectly well to real and imaginary parts, but not to the whole. ..
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Contours and Contour Integrals

We want to integrate complex functions along curves. But what sort of curves?

( )
Definition 4.5. A smooth arc is an oriented curve C in the complex plane for which there exists a

regular parametrization; a differentiable function z : [4,b] — C such that:
1. z([a, b]) = C where z(a) is the start of the curve and z(b) is the end.
2. Z/(t)is continuouﬁ on [a, b] and non-zero on (a,b).

A contour is a piecewise smooth arc C consisting of finitely many smooth arcs joined end-to-end. A
parametrization z(t) of C is therefore continuous with piecewise continuous derivative.

If we reverse the orientation of a contour C, the resulting contour is labelled —C.

Additionally, we say that a contour is:
e Closed if it starts and ends at the same point, z(a) = z(b);
 Simple if it does not cross itself (though endpoints can be the same, z(b) = z(a));

e Positively oriented if it is simple, closed and traversed counter-clockwise.

Examples 4.6. Here are three contours with explicit parametrizations:

21 —q l _
i —
1 —
04 N .
0 1 o -
Simple, piecewise Closed, non-simple Positively oriented
t+it2  tel01 . .
= ti , 0.1] z =cost+isin2t, t € [0,27] z=2¢"te|0,2n]
2—t+it te[l,2]
e \

Definition 4.7. Let C be a contour parametrized by z : [2,b] — C and suppose that f(z) is a complex
function defined on the range of z. The contour integral of f(z) along C is

L= [f@dz= [ fam)?@a

This is often written §_. f if C is positively oriented (simple and closed).
\. J/

We plainly require, and assume from now on by default, that the function f(z(t))z'(t) is integrable
on the real interval [a, b]; indeed we typically assume that this expression is piecewise continuous.

"Since |2/(t)| is bounded on [a, b], the arc-length | ab |2/ (t)| dt is finite. This extends to any contour.
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Examples 4.8. We evaluate several contour integrals.

1. For the contour C; parametrized by z(t) = t +it?, t € [0,1], : Cy
we compute

/Clzdz=/olz(t)z’(t)dt:/Ol(t—itz)(l—i—2it)dt C1

1 1 2 i i
= | t+28+iPdt =+ S+ =1+ B
/0 + 27 +1 5 + 1 + 3 + 3
2. For the contour C, with z(t) = ¢ with t € [0, 7], Cs

1 7 jeit ‘
/ —dz = / —dt = i
C, Z 0 ezt

T / 1 7T
2 2it . it 1 3it Lot
+1dz = +1 df = — :
/Cz z z /O (6 )16 31,6 ie 0 3

:1(e3ni_1)_~_em'_1: _g

3. We compute the same integrals as the previous example, but over the lower semi-circle C3
parametrized by z(t) = e with t € [0, 7t]. This time

1 T _jeit .
/ —dz = / —dt = —71i
C3 z 0 e—lt

/ 22 +1dz = /n(e‘w + 1)(_ie—if) dr = ;ie—Sit + ;ie—it T _§
Cs ) 30 —i o3

The sign of one integral changed but the other did not! We’ll return to this problem shortly...

Before considering more examples we develop some of the basic properties of contour integrals.
Several are immediate from our earlier discussion, for instance linearity:

/C(af(z)—|—bg(z))dz:a/cf(z)dz—i—b/cg(z)dz

Of more importance are the following:

( )
Theorem 4.9 (Basic rules for contour integrals). Suppose C is a contour parametrized by z(t).

1. If C = C; U Cy, where Cq and C, are contours such that the end of the
first is the start of the second, then

/Cf(z)dz:/le(z)dz+/czf(z)dz

G

2. [ f is independent of (orientation-preserving) parametrization.

3. Reversing orientation changes the sign of the integral: [ . f = — [ f.

\. J

Example 4.10. By the previous example and part 3 of the Theorem, if C is the unit circle centered at
the origin, then fc % dz = 27i. This can also be verified directly.
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Proof. Part 1 follows from the well-known property fab = fac + f Cb of real integrals. Armed with this,
it is enough to check the other parts for a single smooth arc C.

2. Suppose z : [a,b] — C and w : [, B] — C are parametrizations of C. Then w(s(t)) = z(t) for
some continuously differentiable s with positive derivative. Now compute,

Z'(t) = w(s(t))s'(t), s(a) =a, s(b) =P, from which,
[ sz war= [ satsu)wsmg - [ i)

— /ff(w(s))w’(s)ds

3. This is almost identical, except that —C requires a reparametrization w(s) with s’ <0, s(a) =
and s(b) = w. The upshot is that the limits flip on the final integral:

/Cf: /abf(z(t))z’(t) dt = /:f(w(s))w’(s)ds - —Aﬁf(w(s))w’(s)ds - —/{f

Contour Integrals of multi-valued functions If a function is multi-valued, we must specify a branch
before integrating. It is acceptable to have the contour start and/or finish on the branch cut

Examples 4.11. 1. Compute fcl z!/2 dz over the unit circle using the principal square root.

Since the question specifies the principal branch, we must
must start and finish the contour at z = —1. Parametrize via
z(t) = ¢ where t € (—m, 7). Since

C1

2(1) 2/ (f) = eZiel = ie? =

is continuous on [—71, 7], we compute

T i 2 i
/ Z1/2dz = / ie% dt = fe%
C1 —7T 3

2. Find f C, z! dz over the unit semi-circle shown using P. V. Zl.

-7 3

Let z(t) = e where t € [0, 7r]. Since

27 = e85 = exp (i(it)) et = iel V)

is continuous when 0 < t < 71, we have

7T . .
idqy — [Tt gy — b - gy i1 -
/sz dz /0 ie dt i—l(e 1) 5 (14e77)

Warning! Things are more difficult if we allow a contour to cross a branch cut, since we’d then have
to work with multiple branches simultaneously. We won’t do this.

12We extend the integrand continuously: recall that if g(t) is uniformly continuous on a bounded open interval (a, b), then
it has a continuous extension to the closed interval [4, b] and we can therefore define j;zb g(t)dt.
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Exercises 4.1. 1. Evaluate the derivatives and integrals:

(a) %[ginmix/ﬂ (b) %(H—P)Z (c) /0 1 et dt

(d) /On/z eit(l + ez‘t)2 dt (e) /01(1' —1)°0dt ) /0”(1' —1) cos((l + i)t) dt

2. Show thatif m,n € Z, then
2t )
/ EZMte_lnt dt = 27-[5771;1
0

where 6, = 1 when m = n and 0 otherwise. Do this two ways:

(a) Using the exponential law and the chain rule/substitution.
(b) By multiplying out and working with real and imaginary parts.

3. Use the chain rule to evaluate the integral [ e(!+)* dt.
Hence find both fox et costdt and fox ¢! sin t dt without using integration by parts.

4. Prove the product rule for functions of a real variable:

C?t(wz) =w'z +w?

(Hint: let w(t) = u(t) +iv(t), z(t) = x(t) + iy(t) and multiply out...)
5. Check that the mean value theorem fails for the function w(t) = v/t + it? on the interval [0, 1].
That is, there isno ¢ € (0,1) for which w'(¢) = w.

6. Justify the integral form of the complex chain rule by considering the real and imaginary parts
of F. What facts from real calculus are you using?

7. Evaluate each contour integral [ f(z) dz by explicitly parametrizing C:

@ f(

(b) £(

(c) f(z) = Logz; C is the circular arc of radius 3 centered at the origin, oriented counter-
clockwise from —3i to 3i.

z) = z% C s the straight line fromz = 1 to z = i.

) =
z) = z; C consists of the straight lines joiningz =1to1+4ito —1+1ito —1.

(d) f(z) = expz where C is the straight line fromz = itoz = 3 —i.

8. Explicitly check that [.zdz = 5(B? — A?) along the straight line joining A and B.
(Hint: the line can be parametrized by z(t) = (1 —t)A + tB where t € [0,1])

9. Letn € Z and let Cj be the positively oriented circle centered at zo with radius R > 0. Explicitly
parametrize this circle to show that

?{ (z—20)" 'dz = 2mi ifn =0,
Co

0 otherwise
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10. Suppose z : [a,b] — C is a regular parametrization of a smooth arc C. Then the arc-length of the
curve is the integral of the speed of the parametrization:

L:/ab‘z’(t)|dt

(a) Compute the arc-length of the circle of radius R centered at the origin.
(b) Compute the arc-length of the simple piecewise curve in Example
(This requires a tough substitution; perhaps look up a table of integrals. ..)

(c) By commenting on the proof of Theorem explain why a reparametrization of C does
not change the arc-length.

(d) Let s(t) = f; |z’(7)| dT be the arc-length as a function of t € [a,b]. Consider a new
parametrization w(s) = z(#(s)), where t(s) is the inverse function of s(t).

d _
Prove that ‘d—f’ =1.

(This proves that every smooth arc has a unit-speed parametrization)

The last three questions elaborate a little on the approach in Examples

11. (a) Compute the integral of the principal value of z!/3 around the positively oriented unit
circle starting and finishing at z = —1.

(b) Now consider the branch z!/% = exp(3 log z) where argz € (0,27). Integrate this around
the positively oriented unit circle starting and finishing at z = 1. What do you observe?

1/2

12. Compute §.z'/?dz where we take the a-branch z'/2 = exp( logz) with argz € («,a + 271)

and the unit circle C traced from angle & to & + 277.

13. Let € > 0 be small and suppose that C, is the circular arc of radius
1 centered at the origin, traversed counter-clockwise from angle
—nm+etomr—e.

By parametrizing Ce, explicitly evaluate | C. v/z dz and verify that

. 4i
lim ) Vzdz=—=

is the value obtained previously for §./zdz.
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4.2 Path-independence, the Fundamental Theorem & Integral Estimation

We start by revisiting an earlier example.

Example parts 2 & 3). Let F(z) = 123+ z and observe that F/(z) = 22+ 1. Ifz : [a,b] — C
parametrizes a smooth arc C such that z(a) = 1 and z(b) = —1, then Lemma {4.3{shows that

/sz +1dz = /;(z(if)2 +1)Z/(t)dt = /ab F'(z(1))Z'(t) dz = ab Ciltlf(z(t‘)) dt
= F(z(b)) — F(z(a)) = %23 +z’11
4 48
3 3 3

The contour integral is independent of the choice of arc C, depending only on its endpoints.

( )
Definition 4.12. Suppose C is a contour in some path-connected D C C
and that f : D — C. We say that [ f is path-independent if its value D “
depends only on the endpoints of C and not otherwise on the contour.
Otherwise said, [ f = [z f for any contour C with the same endpoints. 20 c

L J

When | f is path-independent (and only in such cases), it is permissible to write a contour integral
with explicit limits: to write fzzol f is to assert that the integral evaluates identically along any contour
with endpoints zo, z.

Before tackling the main result, we tidy up a connection between path independence and closed
curves. You should have seen exactly this result in multi-variable calculus.

Lemma 4.13. Let f defined on a domain D C C be given. Every contour integral [ f(z) dz over a
contour in D is path-independent if and only if | f(z) dz = 0 round every closed contour.

Proof. (=) Assume path-independence for all integrals [, f and let C be a given closed contour in D.
Choose any points zp, z; € C and decompose C = C; U C; into two contours: Z1
from zj to z1 and back again. Then,

/C F(z)dz = /C fe)dz+ /C f)dz (Theorem 9} part 1)
= Je f(z)dz — /C2 f(z)dz (Theorem [4.9} part 3)

Since C; and —C; share the same endpoints, path-independence tells us that  Zo
the integrals are equal, whence [ f = 0.

(+) Conversely, suppose fc f(z)dz = 0 round any closed contour in D, and let C;, —C, be given
contours in D with the same endpoints zg, z;.
Plainly C = C; UG, is a closed contour, and the previous calculation demonstrates path-

independence: [ f(z)dz= [ . f(z)dz. .
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In the above example, the existence of an anti-derivative F(z) = z* +z of f(z) = z2 4+ 1 demonstrated
path-independence, thus facilitating easy computation of the integral. This should seem familiar. ..

Theorem 4.14 (Fundamental Theorem). Let f be continuous on an open domain. Then,
f has an anti-derivative <= all contour integrals |- f are path-independent

In such situations, [ f(z)dz = F(z1) — F(z0) where F(z) is any anti-derivative of f(z).

The openness and continuity assumptions are necessary and will be used in the proof. In multi-
variable calculus, the (=) direction is often known as the Fundamental Theorem of Line Integrals.

Examples 4.15. 1. The function f(z) = (z + i) has anti-derivative F(z) = 1(z +i)*. It follows that

1-2i 1 1-2i 1 1 5
N4 L N4 _ 2 oA 4 _l(_a_ __°
/o (z+1) —4(z—|—z) ‘0 4[(1 i) z} 4( 4-1) 1
regardless of the contour used to travel fromz = 0to 1 — 2i.
2. The principal root f(z) = +/z has anti-derivative F(z) = z%/% = £(,/z)3 i
(also using the principal branch!). If C is any contour from zp = 1 to
z1 = 1 which doesn’t cross the branch cut, then Cv
. X 1
2 i 2 2 s s=mo==-
[vEdz= (V2] = S((ViP - (V1) = 5T - 1) 6

3. Since f(z) = sinz has an anti-derivative F(z) = —cosz, valid everywhere, we see that
Josinzdz = 0 round any closed curve C.

4. Around the unit circle §-zdz = [” e~"ie' dt = 27i # 0. Thus f(z) = Z has no anti-derivative
on any domain including the unit circle!

5. (Example cont) Around the unit circle, §. % dz = 27 is non-zero. By the fundamental

theorem, f(z) = 1 cannot have an anti-derivative on any domain containing said circle. But

this is obvious from our discussion in Section If an anti-derivative F(z) existed, then
i1—"(2)—1—310 z = F(z) =logz+c (Theorem [2.31])
dz Tz dz 8 -8 :

for some branch of the logarithm, which contradicts the fact that no branch can be made single-
valued on a path encircling the origin.

// ;
We can, however, use the fundamental theorem to evaluate f C % dz i /;/ Lt
over a contour within the domain of a single branch. In the pic- 4
ture, given the contour C, we choose the branch cut shown and the /; ;T
logarithm with —57” <argz < 3 /%3

3mi

/ %dz =log(1+1i) —logi = log V2eT — loge™ 2
c

mio 3w 1 . C
_1mfz+z—7 = 4 (In4+7mi)
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Proving the Fundamental Theorem The forward direction is straightforward, though note the im-
portance of a contour consisting of only finitely many smooth arcs.

Proof. (=) Suppose f has an anti-derivative F. Given a contour C parametrized by a piecewise
smooth function z(t), write C = C; U - - U C, where each Cy is a smooth arc between endpoints
zk_1 = z(ty_1) and z = z(t). By Theoremand Lemma we see that

n

[r=2 5= [ FEm)d= YlFe) - Fea)] = Fe) - Fe

fe1 k=1

The converse is similar to a standard proof of part I of the fundamental theorem from real analysis:

f continuous = % /axf(t) dt = f(x)

There are, however, a couple of extra subtleties: we must choose how to travel from one endpoint of
an integral to the other (path-independence says it doesn’t matter how); we also need to bound the
modulus of a contour integral. This last isn’t as trivial as it may seem...

(+) We prove when the domain D is connectedF_gl Fix zo € D and define
F(z) := fzzo f(Z) dZ where the integral is taken along any curve (path-
independence). We need to show that liLn % = f(z) on D.

w—z
Fix z € D and let € > 0 be given. Since f is continuous and D open,
€

36 > Osuchthat | —z| <d = € Dand |f({) — f(z)] < 5

Let w € D be such that 0 < |w —z| < J. Evaluating along any curve
joining z, w (path-independence again), we obtain

Fw)-F(z) = [ f@O

For simplicity, we choose the straight line segment from z to w. The proof is almost complete:

~ots [0 -s@a) = ot

[ 10 -]

~ |w -z 2 [

The second last inequality should give you pause. At first glance it appears as if we argued
| fo-r@d| < [0 -f@ld< [ Jdi=lw—z]

Z z z 2 2
This is fine in real analysis (if z < w), but is utter nonsense in complex-land: the middle term

[ 150 - r@lde = [[17@0) - £ ¢ 0

need not be a real number! We had better tidy this up...

131f not, repeat the argument choosing a new z for each connected component (‘lump’) of D.
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Theorem 4.16 (Integral Estimation). 1. Suppose w : [a,b] — C is piecewise continuous. Then

" t)dt' g/ab|w(t)|dt

2. Suppose C is a contour with length L, and let f be piecewise continuous on C. Then |f(z)| is
bounded by some M > 0 on C, and

/Cf(z)dz < ML

\. J

Part 2 justifies the suspect inequality in the proof of the Fundamental Theorem: f({) — f(z) is
bounded by M = § and the path of integration is the straight line of length L = |w — z|.

Proof. 1. Let f t)dt = re®. Since 6 is constant, r = f e~ ®w(t) dt is real. In particular,

r= / Re(e ®w(t)) +ilm(e Pw(t)) dt = /b Re (e ™w(t)) dt

Appealing to Rez < |z|, we see that

/ab ' r—/Re ) dt</a

2. Parametrize the contour integral by z : [a,b] — C. Since f(z(t)) is piecewise continuous on a
closed bounded interval, it is bounded and thus M exists. But now,

‘/Cf(z)dz _

g/bM}z’(t)ydt:ML

e Pa(h)| dt = /ub w(t)] dt

b
'(t) dt’ g/a |f(z(8))2' ()] dt (part 1)

While an explicit computation of arc-length is usually impractical, it is straightforward for circular
or straight-line arcs. Indeed the estimation of integrals around circles is crucial for later sections.

Examples 4.17. 1. On the straight line C joining z = 4 to 4i, we see that

2V2=2(1+i)| < |z| <4 = |z24+1]<|z| +1<5 7
By the extended triangle inequality, o;
i
24 44] > |2 — 4] > | (2v2)* — 4| = 60
Since C has length 4+/2, it follows that 0

4+ 4 60 3

/z+1 dz‘szoﬁ_ﬁ
C
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2. For the same function f(z) = £tL, consider the circle Cg with radius R > v/4 centered at the

4+4/
origin. On Cg, we have |z|* > 4; the triangle inequality tells us that

z+1 |z|+1 R+1
< =
ZA+4| " )FA—4 Ri-4

7{ z4+1 a5 < ZR(R+1)
cr 2t 44 RE—4

In particular, this approaches zero as R — oo.

3. Let C, be the circle with radius r < 2 centered at z = 1. Then
C, //_\
|z—1]=rand |z+1]=2—-(1—-2z)|>2—7 t 1
from which
1 27r 271
- dzl < —
?{Cr 219> 2—=r)r 2—r rs0 &
In Exercise|11} it will be verified that §. -5 dz = im forany r < 2.
Examples 2 & 3 are typical of the calculations dominating later sections.
Exercises 4.2. 1. Evaluate each contour integral [ f(z) dz using the fundamental theorem:

(a) f(z) = z°> where C is the straight line fromz = 1 to z = i.

iz sin z2, where C is the straight line from the origin to z = i/7.

(© f(z

(z)
(b) f(z) == where C is the pair of straight lines fromz = 1to —1 — i to —i.
(z) =
) f(z) =

——— where C is the straight line from z = 1to 2 + 1.

(e) f(z) = i where C is any path z(t) with Rez > 0 joiningz =1+ iand z = 4.

NG

(f) f(z) =P.V.z717% along the quarter circle z(t) = e/ where 0 <t < Z.
gtheq 2

2. Let n € INp. Prove that for every contour C from zg to z;

1 1 1
/Cz”dz:ni_i_l(zT+ —zg+>

3. If Cis a closed curve not containing zp, and n € Z \ {0}, prove that [.(z —zy)" 'dz = 0.

i
4. Let f(z) = 21/3 be the branch where argz € (—%,3%). Evaluate the G

integral z) dz where C; is the curve shown in the picture.
28 c p

5. Evaluate Log z dz where the curve C lies in the upper half-plane.
(Hint: use mtegmtzon by parts) -1 0

6. Evaluate [ 11 z2~1dz where 227" is the principal branch, and the integral is over any contour

which, apart from its endpoints, lies above the real axis.
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10.

11.

Let C be the arc of the circle |z| = 2 from z = 2 to 2i. Without evaluating the integral, show that

d
@) /CZ+4dz‘<67T ) /sz_zl‘ég

23 -1 -7
If C is the straight line joining the origin to 1 + 7, show that / e dz| < 4
C

If C is the boundary of the triangle with vertices 0, 3i and —4, prove that ]{ (e* —z)dz| <60
C

(Hint: show that |e* —Z| < e* + /x> +y2...)

Let Cr be the circle of radius R > 1 centered at the origin. Prove that

L InR
]{ ngdz' <271 <7‘c+n)
Ck Z R
and thus conclude that lim fc L°§ 2dz =0.
R—o0 ““R 2
(Hard) We continue and expand Example 4.17 Let f(z) = ﬁ 2i

(a) Explain why F(z) = 3(Log(l —z) — Log(1 + z)) is an anti-
derivative of f(z) on the domain D = C \ ¢ where / consists of
the two segments of the real axis where |z| > 1.

Use F(z) to evaluate 01+2i f(z) dz along any curve in D.

(b) Show that 39(:7 f(z)dz = im where C, is a circle of radius r < 2 cen- 2 -
tered atz = 1. _
(Hint: parametrize z(t) = 1 + re' where —m < t < 7t and use F(z))

(c) Evaluate fcz f(z) dz along a curve C, passing to the right of z = 1 as 17 C
in the picture. Compare your answer with parts (a) and (b).
(Hint: you need a different branch of the log for one of the terms in F(z)) 0
1
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4.3 The Cauchy-Goursat Theorem and Cauchy’s Integral Formula

In this section we start to extend the fundamental theorem with the goal of more fully understanding
and evaluating holomorphic functions. We first require another piece of topology.

p
Definition 4.18. A simply-connected region D is a path-connected set such
that any simple closed curve C C D may be shrunk to a point without D
leaving D. Otherwise said, the of any such C also lies in D.

A non-simply connected region has holes: e.g., the set D pictured at the
bottom of the page.
.

J

e \
Theorem 4.19 (Cauchy-Goursat, version 1). Suppose C is a closed contour in a simply-connected
region D. If f is holomorphic on D, then [ f(z) dz = 0.

\ J

A basic proof invokes Green’s Theorem (from multi-variable calculus) after assuming that the real and
imaginary parts of f have continuous partial derivatives and that C is simple. A proof without these
assumption is significantly longer and more challenging.

p
Lemma 4.20 (Green’s Theorem). Suppose D is a closed bounded simply-connected domain with
boundary C and that P, Q : D — R have continuous partial derivatives. Then

B 0Q P
fCde—i-Qdy—//Dax—aydA

Sketch Proof of Cauchy-Goursat. Suppose f(z) = u + iv has continuous partial derivatives and that C
is simple (assume WLOG that C is positively oriented). Parametrize C by z(t), then

L

b b
Jf@dz= [ FE®)ZMd= [ uE0) + o) (1) +iy (1) d

b b
:/ ux’—vy’dt-l—i/ vx' + uy dt
a a

= ?{ udx —ody +i 7{ vdx +udy (definition of line integral in IR?)
C C
= // —Uy —uydA +i // uy —vydA (Green’s Theorem)
D D

Both double integrals are zero by the Cauchy-Riemann equations. .
To extend Cauchy—Goursat, we perform a sneaky trick. From the C
interior of a simple closed contour C, remove the regions inside
simple closed non-intersecting contours Ci, ..., Cy. Orient these

clockwise so that the interior region D lies to all contours’ left.

By cutting D as indicated and traversing each cut twice in op-
posite directions, C,Cy,...,Cr and the cuts may be joined to
form a new simple closed contour. We may now apply Cauchy-
Goursat. ..

53



Corollary 4.21 (Cauchy-Goursat, version 2). Suppose C is a simple closed contour, oriented )
counter-clockwise. Let Cy,...,Cy be non-intersecting simple closed contours in the interior of C,
oriented . If f(z) is holomorphic on the region between and including C and the interior
boundaries C4, . .., Cy, then

/Cf(z)dz%—]zk;/cjf(z)dz:o

\ J

The power of this result lies in how it allows us to compare integrals around different contours.

( )
Corollary 4.22. Suppose C;, C; are non-intersecting positively oriented simple closed contours. If f
is holomorphic on the region between and including the curves, then

| fleyaz={ f(z)az

\. J

Examples 4.23. 1. (Example 4.17 cont.) The function

f&) = s

C,,

with radius r < 2. Cauchy—Goursat thus confirms part of the conclu-
sion of Exercise 4.2]11} that fCr 221—4 dz is independent of the radius r.

We will shortly develop a better method to evaluate this integral.

C
is holomorphic on and between any two circles C, centered at z = 1 /T?\
\_1 /

2. We compute the integral of f(z) = ! around any simple closed contour C staying away from

z
the origin.

e If the origin is outside C, then f is holomorphic on and inside C. By Cauchy—Goursat, we
conclude that §-1dz = 0.

e If the origin is inside C, then there is some minimum
distance d of C to the origin. Choose any circle C, with
radius r < d centered at the origin. Since f is holomor- C
phic on the region D between and including C and C,, \\r

we conclude that NI

. . 27 '
1dz = ?{ 1dz = / L.rie” do = 27i k/
o re't

cz C Z

More generally, if C is a positively-oriented simple closed contour not containing zo, then

Z— 20

7{ 1 d 2mi  if zg lies inside C
c 0 if zg lies outside C

This example generalizes to perhaps the most powerful result in complex analysis. ..
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( )
Theorem 4.24 (Cauchy’s Integral Formula). Suppose f is holomorphic everywhere on and inside a
simple closed contour C. If zg is any point inside C, then

flzo) = o § L a2

C2miJoz— 2z

More generally, f is infinitely differentiable at zo with n'! derivative

£ (z0) = % fc ! _f Z%M dz

Example 4.25. If f(z) is a polynomial, we can check the integral formula explicitly by appealing to
the Cauchy-Goursat Theorem and Exercise 4.1} if C is a simple closed contour encircling zo, then

}{(Z — Zo)n_1 dz = {27‘[1' ifn =0
C

0 otherwise

For instance, if f(z) = 3z% + 2 and zg = 0, then

2! 322 +2 2 3 2 2
2 Tt S b2 S Sdr= .y
27ri7£c z3 dz 27Tij{cz Z+27‘ti]{cz3 2=6+0=f(0)

Proof of the basic Integral formulﬂ Let € > 0 be given. Denote by D the open region interior to C.
Since f is holomorphic it is also continuous. Combining these:

€

36 > Osuch that |z —z9| <J = z € Dand |f(z) — f(z0)] < >

Draw a circle C, of radius r < § centered at zy. This lies entirely in D. Since
JIONN holomorphic between and on C, and C, Corollary 4.22tells us that

GG

cCzZ—2 C Z—20

We need only bound an integral to complete the proof:

1 f(z)dz_f(z())‘:‘l f(z) dz_f(ZO)f; 1 dz

2mi Jo z — zg 2mi Jo, z — zg 2mi Je, z— zg
_ Th
2mi Je, Z— 2 Eig 27T 2r

since |z — zo| = rand |f(z) — f(z0)| < § on C,, which has circumference 27r.

4Informally, it appears as if the general formula follows by repeated differentiation (induction):

Fr ) = o f o) Z g f e e B

= z -
27t — zp)" 1 27t z —zo)"t+2

One cannot blindly bring a derivative inside an integral like this, so a formal proof is required; Exerciseoffers a sketch.
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Examples 4.26. We can use the integral formula to evaluate certain integrals that would be difficult
if not impossible to evaluate by parametrization.

1. The integral formula makes Example 4.173|and its extensions very easy: apply the formula to

f(z) = Zzﬁ around (say) the circle with radius 1 centered at z = 1 to see that

© 1 1 7 2711 '
%c,%ﬂdzzszcm(z_ndzzf(l)ZZH

Indeed §- 22%1 dz = irr around any simple closed curve encircling z = 1 but not z = —1.
2. If C is the circle centered at z = i with radius 1, then f(z) = 3225%2 is holomorphic on and inside
C, whence
3z sinz 3zsinz 3isini e
7{3 21 —7{ R dZ—me() 27ti > = 37tisini
_ - ( efl el)

T2

Contrast this with parametrizing z(t) = i + €' and attempting to evaluate directly!

270 3(i + €'t) sin(i + e't)ie'
[l i,
0 (i+et)2+1
3. Let C be a simple closed contour staying away from zy = 4. Since f(z) = 3Z 3217 is entire,
7{ 32247 dz — 0 if zg = 4 is outside C
ce*(z—4) 2mif(4) = 1107tie™*  if zg = 4 is inside C
4. Let C be the circle of radius 2 centered at z = 1+i. Then g(z) = (z241r1)3 = (Z+i)31(z_l.)3 is

holomorphic on and inside C, except at z = i. We conclude that

g 1 2w d? N3 5
ﬁg(Z) dZ = %C mdz = 7 @ i(Z+ l) = 127(1(21) =

We finish with a previously mentioned corollary of the integral formula.

Corollary 4.27 (Theorem 2.33). Holomorphic functions are infinitely differentiable with all deriva-
tives holomorphic. In particular, their real and imaginary parts have continuous partial derivatives
of all orders.

Proof. If f(z) is holomorphic at w, then it is holomorphic on an open set D containing w. We may
therefore choose a circle C, centered at w lying inside D.

The integral formula with n = 2 says that the second derivative f”(z() exists at every point z( inside
C,. Otherwise said, the derivative f’(z) is holomorphic at w.

Now induct to see the f”(z) is holomorphic at w, etc.
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Finally, note that if f has an anti-derivative F, then F is necessarily holomorphic and so, by the

Corollary, is f itself. Combining our results yields the following summary.

P
Theorem (Summary). Suppose f is continuous on an open domain D and that curves C lie in D.

\

Cauchy-Goursat

all §.f(z)dz=0
Lemma 4.1311 ﬂCauchy Integral Formula

all [ f(z)dz path-independent

holomorphic on D
(if D simply-connected) f P

f has an anti-derivative on D
Fundamental Thm

J

Exercises 4.3. 1. Apply the Cauchy-Goursat Theorem to show that §. f(z) dz = 0 when the contour

C is the unit circle |z| = 1.

72

z+3

@) f(z) = (b) f(z) =ze™* (o) f(z) = Log(z+2)

2. Let C; be the square with sides the lines x = 1,y = +1, and C; the circle |z| = 4. Explain why

1 1
———dz= ——d
32 +1 7 Jo 321
3. Let C be the square with sides x = 0,1 and y = 0, 1. Evaluate the integral fc ﬁ dz when:

(a) ais exterior to the square;

(b) a is interior to the square.

4. Let C be the positively-oriented boundary of the half-disk 0 < r < 1,0 < 6 < 7 and define

f(z) = z = /re®®’? and f(0) = 0 using the branch of z!/? with —Z < 6 < 3Z. Prove that

7§Cf(z) dz =0

by evaluating three contour integrals: over the semicircle, and over two segments of the real

axis joining 0 to £1. Why does Cauchy-Goursat not apply here?

5. If C is a positively-oriented simple closed contour, prove that the area enclosed by C is

1
— ¢ zd
217%22

(Hint: Mirror the sketch proof of Cauchy—Goursat, even though z isn’t holomorphic. . .)

6. Let C denote the boundary of the square with sides x = 42,y = £2. Evaluate the following:

e~ 7 dz e* +e? zdz sec(z/2)
(a),?éj z—1 (b) cz(zz+10)dz (C)jéj?)z%—i (d)%c(z—l—i)zdz

7. Evaluate the integral §g(z) dz around the circle of radius 3 centered at z = i when:

1 1
(@) g(z) = 7219 (b) g(z) = (R
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8. Prove that if f is holomorphic on and inside a simple closed contour C and zj is not on C, then

fl(z)dz:%c( f(2) dz

cz—2o z —2zp)?
9. Properly justify the claim at the end of Example 1, that

1 .
]izz_ldz:m

when C is any simple closed curve encircling z = 1 but not z = —1. What happens if instead C
encircles z = —1 butnotz = 1?

n
10. Suppose we have a polynomial p(z) = ¥ ax(z — zo)* centered at zy. Use Cauchy’s integral
k=0

(k) . . .
formula to prove that a, = £ k(!ZO) is the usual Taylor coefficient.

11. Let C be the unit circle z = ¢ where —7r < 8 < 7t and suppose a4 € R is constant. By first
evaluating §- z~le" dz, prove that

7T
/ "% cos(asin@) do = 7
0

12.  (a) Suppose that f(z) is continuous on and inside a simple closed contour C. Prove that the
function g(z) defined by

1 e

8(z0) = 27 Jcz — zg

is holomorphic at every point z inside C and that
1 f(z)
' N
g (20) = 27ti ﬁ (z—zp)? dz
(Hint: consider the formula in part (b) of the next question, after replacing the first two f's by )
(b) If f(z) = x(1 — x)(1 — y) and C is the square with vertices 0,1,1 + i, i compute g(zo).
13. We prove the 1% derivative version of Cauchy’s integral formula. As previously, let § > 0 be
such that |w — z9| <6 = w € D.
(a) If |Az| < dand z € C explain why
i. ’Z - Zo| > )
ii. z—z0—Az| >0
(b) Use the basic integral formula on C to evaluate f(zo + Az) — f(zo) and thus prove that

f(zo+ Az) — f(z0) 1 f(z) ML
: Az : _27ti7§c(z—zo)2 dz S27r((5—Az)

7 |Az]

where M is an upper bound for |f(z)| on C, and L is the length of C. Hence conclude that
f'(z0) = 5 $c (foif)z dz.

If you want a challenge, try to do the same thing for higher derivatives!
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4.4 Liouville’s Theorem and The Maximum Modulus Principle

In this section we deduce several powerful corollaries of Cauchy’s integral formula. The first is a
straightforward combination of the integral formula with integral estimation (Theorem |4.16).

\

-
Lemma 4.28 (Cauchy’s Inequality). If f is holomorphic on and inside the circle C of radius R cen-
tered at zg, and | f(z)| < M on C, then

)] = g | L el <

n!

This seems innocuous, but it has surprising applications. If f is entire and bounded (| f(z)| < M for
all z), then Cauchy’s inequality applies for any circle centered at any z:

f(z0)] < % — Vzo, f'(20) =0 %:% f(z) constant

p
Theorem 4.29 (Liouville). Every bounded, entire function is constant.
\. J

Liouville’s Theorem is the key ingredient in perhaps the simplest proof of a very famous result.

p
Corollary 4.30 (Fund. Thm. of Algebra). Every non-constant polynomial has a root in C.
\.

Proof. WLOG suppose a non-constant polynomial p(z) = z" + Y/~ akz is monic. We assume, for
contradiction, that p(z) = 0 has no solutions. It follows that is p(z) is entire. Our strategy is to

establish that ( 3 is also bounded since p(z) is non-constant, this contradicts Liouville’s Theorem.

In fact it is enough to bound ( ) for all large z: that is, we want to find some R > 0 such that

1
|z| > R = —— bounded

p(z)

This is since p( I being continuous, is automatically bounded on any disk |z| < R (compactness,
Theorem [2.2T). So how do we find a suitable R? Everything follows from the triangle inequality,

n—1
a
2l >R = |p(2) 1+Z 2" =1 o
k=
To complete the proof, we need only choose R such that ‘ZZ;(% fof il < ZZ;& ‘Z“‘fﬂk < %, for then
1 1 2
z| >R = |p(z)] > =R" <
g PEI=2 p@l =R

is bounded. It is sufficient to force each term in the above sum to be < %, as may be accomplished
(see Exercise|8) by defining

R:= max{(Zn\ak\)ﬁ 0<k< n}
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The proof used the fact that a continuous function f on a compact (closed, bounded) domain K is
bounded (Theorem 2.21)). As you should recall from real analysis, the least upper bound is achieved:

Jzp € K'such that |f(z0)| = sup{|f(z)|:z € K}

For holomorphic functions, a more restrictive and surprising result holds: the maximum modulus of a
non-constant such function on a compact domain is always and only achieved at an edge point.

Example 4.31. Let f(z) = e* on the unit disk |z| < 1. Then |f(z)| = ¢*, whence the maximum
modulus |f(1)| = e occurs at z = 1, on the edge of the disk.

The theorem establishing this important observation is usually stated a little differently.

Theorem 4.32 (Maximum Modulus Principle). Suppose f is holomorphic and non-constant on a
connected, open domain D. Then |f(z)| has no maximum value on D.

Holomorphicity is critical: see, for instance, Exercise

Proof. We start by demonstrating a special case.

Fix § > 0, assume f is holomorphic on and inside By := {z : |z — zo| < 6} and
that | f(z)| attains its maximum at zo. We prove that f(z) is constant on By.

Let r < § and apply the integral formula to the circle C, (z(t) = zo + re'*):

_ 1 (2) 1 | T f(zo+ret), | 1|2 y
|f(Zo)|—E crz—zodz'_zn 0 Tzre dt =5 /0 f(zo+re)dt
27 )
< % / ‘f(ZO + 1’6“)’ dt (Theorem [4.16)
0
1 27 . .
= E/o f(z0)| dt = |f(z0)| (| f(zo0)] is the maximum of |f(z)|)

Both inequalities are therefore equalities, the second of which now becomes

/02” £ (z0)| — ‘f(zo +reff)] dt =0

Since the integrand is non-negative and continuous, it must be zero. But then |f(z)| = |f(zo)| on all
such circles C,, whence | f(z)| is constant on By. By Corollary f(z) is also constant on By.

Now suppose f is holomorphic on some connected open set D and that |f(z)]| attains its maximum
at zg. Let w € D be any other point and join zy to w by a smooth arc C.

Let ¢ be the tube-radius from Exercise 2.2[/10] We may there-
fore cover C with finitely many closed disks By, By, ...,B, C D
of radius J, indexed so that each center z; lies in one of the

length(C)
0

previous disks (at most disks are needed).

By the special case, f(z) is constant on By. Since z; € C N By,
we see that | f(z1)| = |f(z0)] is also the maximum modulus on
D. The special case now says that f(z) is constant on By U B;.

Continuing in this fashion (essentially induction), we conclude that f(z) = f(zo) is constant on

BoU - - - U B,. In particular f(w) = f(zo). Since w was arbitrary, f(z) is constant on D. .
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Example 4.33. Let f(z) = 2z + i on the upper semi-disk with radius 1. There are two boundaries:

e y = 0: plainly |f(z)| = V4x* +1is maximal at z = £1. 5
o r = 1: write f(z) = 2¢%% + i from which
|f(z)] = \/(2c0329)2+(251n29+1)2: V514sin28 V5 V5
—1 0 1

which is maximal when 6 = 7 with ‘ fleT)| =3.

The color indicates the value of |f(z)|, and the arrows its direction of increase on the boundary.

Exercises 4.4. 1. (a) Suppose f is entire and that | f(z)| < ¢ |z| for some constant ¢ € R™. Prove that
f(z) = kz where k € C satisfies |k| < c.

(b) What can you say about f if it is entire and there exists some linear polynomial cz + d with
¢ # Osuch that |f(z)| < |cz+d| forallz € C?

2. If f(z) = u+ivis entire and u(x,y) is bounded above, apply Liouville’s Theorem to exp(f(z))
to prove that u is constant.

3. Let f(z) be a non-zero holomorphic function on a closed bounded domain. By considering
Q(z) = ﬁ, show that the minimum value of | f(z)| also occurs on the boundary.

4. Find the maximum and minimum values of |z? + 4i| on the unit disk |z| < 1.

5. Consider f(z) = exp(— |z|*) defined on the unit disk |z| < 1. What is its maximum modulus,
and where is it found? Why doesn’t this contradict the maximum modulus principle?

6. (a) Ontherectangle 0 < x < 71,0 < y < 1, show that |sin z| is maximal at the point z = 7 + 1.
(Hint: first show that |sinz|* = sin®x + sinh?y)
(b) Prove that there exists a sequence (z,) C C such that limsinz, = oo.

7. Revisit the standard method from multivariable calculus (compute V |f(z) |2) to check that the
maximum value of |2z2 4 i| in Example really does occur on the boundary.

8. Complete the proof of the fundamental theorem of algebra:
() Verify that R := max{ (21 |a¢|)7% : 0 < k < n} is positive.
(b) Prove that |z| > R = Vk, ol < L

H 0

9. (a) Prove the factor theorem: if p(z1) = 0, then p(z) = (z — z1)¢(z) for some polynomial g4(z).
(Hint: This follows easily from the division algorithm: if degp > degg, then there exist unique
polynomials q(z),r(z) for which

p(z) =g(2)q(z) +r(z) and degr < degg
For a challenge, prove some version of this sufficient for our needs. ..)

(b) Prove thata degree n > 1 polynomial p(z) factors uniquely over C: up to order, there exist
unique 4, z1, . ..,z, € C such that

p(z) =a(z—z1)--- (2 —zn)
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5 Power Series, Taylor’s Theorem & Analytic Functions

The theory of series in complex analysis differs significantly from the real situation, particularly with
regard to two concepts.

¢ Taylor’s Theorem: Holomorphic functions equal their Taylor series. This is false in real analy-
sis where differentiable functions need not have, nor equal, a Taylor series.

¢ Laurent Series (chapter @): series with negative powers (z~! +3z72 + - - - ) are a powerful tool.

We start be reviewing the basics of both infinite and power series: as we saw for sequences in Section
this is essentially identical to the real situation.

5.1 A Brief Review of Power Series

( \
Definition 5.1 (Infinite Series). The n'" partial sum of a sequence (z,)%_ is the complex number

zx=20+ - +2zu

n
Sn:

k=0

The (infinite) series )z, := lim s,, is said to converge/diverge if the sequence (s, ) converges/diverges.
The series converges absolutely if )" |z,| converges.

The series converges conditionally if it converges but not absolutely.
\, J

By convention, the initial term of the sequence/series is zg. This isn’t required: it could be z;, etc.

p
Theorem 5.2 (Basic Series Facts). Let) z, and ) w, be series of complex numbers.

1. Ifz, = x, + iyn, then )z, converges if and only it ) x,, and )y, both converge, in which case
Y zu=) xXu+i) yu

2. Ifa,b € C,and} z, and ) w, converge, then ) az, + bw, converges, in which case
Y azy+bw, =a) z,+b) wy

3. (nth term/ divergence test) If )z, converges, thenlimz, = 0.

4. The (real!) comparison, ratio and root tests apply to the series ) |z,|.

5. Absolute convergence implies convergence; moreover |Y_z,| < Y |z,|.
L J

Proof. 1. Thisis Theorem part 1.

2,3. These follow from 1 and the corresponding results for the real series ) x,;, Y vy.

4. This requires no proof: ) |z,| is a series of non-negative real numbers, so the real version apply!

5. Since |x,|, |yn| < |zu|, the (real) comparison test says that }_x, and }_y, are absolutely con-
vergent and thus convergent. By part 1, )z, converges. Finally, apply the triangle inequality

m
Y Zk
oy

m o
< Y |zk] £ X |zn| and take limits as m — oo.
k=0 n=0 u
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p
Definition 5.3 (Power Series & Analyticity). A power series centered at zy is a function of the form
p(z) = Z an(z — zo)" (zo and the coefficients a, are constants)
n=0

A function f : D — C is analytic if every zy € D has a neighborhood on which f(z) equals a power
series centered at z;. That is,

Vzo € D, 36 > 0, (an) such that |z —zo| <6 = f(z) = Y an(z —20)"
n=0

To be analytic at a point zg is to be analytic on some neighborhood of zj.
. J

Example 5.4 (Geometric series). By the n' term test, the power series }_z" diverges when |z| > 1.
Otherwise, inside the unit circle |z| < 1 we have z"*! — 0, from which

1_Zn+1 00
— Sy = — — ZZ”ZlimSn:
-z n=0

Sy —z8, =1 — "1

1—2z

In fact f(z) = ;L is analytic on its whole domain C \ {1}: the substitution z T (zo # 1) to see

that 1172 equals a power series centered at zo:

1 1 1 1 & /(z—2
1—2_1—20.1—§20_1—202<1—zo

n
> whenever |z —zp| < |1 — zg|
—z0 n=0

Regardless of the center zj, observe how the geometric series converges on a disk (radius |1 — zg|).
This behavior in fact happens for every power series, analogous to the interval /radius of convergence
discussion from real analysis.

4 )

Theorem 5.5 (Radius of Convergence). Suppose p(z) =Y. a,(z — zp)".

1. If p(z) converges at z1 # zo, then it is absolutely convergent at every . R, = ¢
every z satisfying |z — zo| < |z1 — zo]. Tt.l, &
20
2. Define the radius of convergence Ry := sup{|z — z9| : p(z) converges}.
Then p(z) converges absolutely whenever |z — zo| < Ry, and diverges
whenever |z — zp| > Ro.
\. J

Proof. 1. By the n™ term test, the sequence (an (z1 — zo)”) converges (to 0); it is therefore bounded
by some M € R*. But then

|z — zo]
|21 — zo|

_ |z =z

n
|an| |z — zo|" = |an| |21 — 20" ( ) < Mr" where r <1

|z —zo
Since Y~ Mr" converges, the comparison test says that }_ |a,| |z — zo|" converges.
2. If |z — 29| < Ry, then Jz; such that |z — zg| < |z1 — 20| < Ro and p(z1) converges; now apply

part (a). The divergence condition is an exercise.
[
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A power series therefore has a disk of convergence. As in real analysis, we have to test convergence
separately on the boundary circle |z — zo| = Ry; a key technique for this is Abel’s Test (Exercise [4).
Note particularly the two extreme cases:

¢ If Ry = oo, the series is absolutely convergent on C.
¢ If Rg = 0, the series converges only when z = z.

As in real analysis, we could also compute Ry = liminf |an]_l/ ", though for us this will mostly
be redundant since the condition observed in Exercise 1 (proved generally in Section is often
obvious.

Exercises 5.1. 1. Sketch the disks of convergence with centers zg = —1, 1 4-i, 3 — 2i for the function
f(z) = {& (Example . Complete the following observation:

Rg = |1 — 2| is the distance from zj to the nearest point at which f(z) is

2. By mimicking Example find a power series centered at zg # i which equals the function

g§(z) = 12 What is its radius of convergence?

3. Revisit the proof of Theorem

(a) Complete part 2: If |z — z9| > Ry, prove that p(z) = Y a,(z — z9)" diverges.

(b) In part 1, explain why we couldn’t simply use the comparison test to say
|an| |z — 20" < |an| |21 — 20" = ) |au| |z — z0|" converges
(Hint: Think carefully about the hypothesis!)

4. (Abel’s Test) In real analysis, the alternating series test was often used to decide convergence at
the endpoints of an interval of convergence. Here is a generalization to the complex situation.

Consider the power series }_ a,z" where (a,) is a real sequence such that

ma, =0

a, >0, ay1<a, I
n—00

n
(a) Writes,(z) = Y. a;z" for the partial sum and prove that
k=0

n
(1=2)sp(z) =a0— a,z" Z(ak - ak,l)zk
k=1
(b) Prove Abel’s Test: ) a,z" converges on the closed disk |z| < 1, except perhaps when z = 1.
(Hint: Show that ¥ (ay — ax_1)z* converges absolutely by comparison with a telescoping series)
(c) i. Find the disk of convergence of ) %" (all z € C at which the series converges).
ii. Prove that the real series ) % converges except when 6 is divisible by 27t. For what
values of 6 does the series ¥~ 2 converge?
(Hint: Use part (i)...)
(d) Find all values of z for which the series ) W_Z)l(% (z — 1+ 2i)" converges and sketch the
disk of convergence.

(Hint: Let w = Zzgfi and think about real and imaginary parts)
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5.2 Taylor Series and Taylor’s Theorem

The overarching goal of the next two sections is the establishment of a key result:

[ A function is holomorphic if and only if it is analytic ]

Otherwise said, f(z) is differentiable on an open domain D if and only if for each zg € D there is
some neighborhood of zy on which it equals a power series f(z) = }_a,(z — zo)".

If a holomorphic function is to equal a power series, it is natural ask which one? The answer revisits a
familiar definition and leads to a startling difference between the real and complex cases.

-
Definition 5.6. If f(z) is infinitely differentiable at zo, then its Taylor series is the power series

Zanz—z Zf Zo)z—zo)

The Taylor coefficients are a, = [ (z0) ( 0) | A Maclaurin series is a Taylor series centered at zy = 0.
\
Example cont.). On the disk |z| < 1, the function f(z) = 7L has i
n! = f(0) 3 4
196) = e — B L= 5o fto)

n=0 n=0 \ 0 ]
The Maclaurin series is precisely the geometric power series representation { 1
of f(z) on the open disk |z| < 1!
In complex analysis, this situation is completely general. .. —1-

Theorem 5.7 (Taylor’s Theorem). Suppose f(z) is holomorphic on a disk |z — zg| < R. Then,

_y M(Z—ZO)"

whenever |z —zp| <R

In comparison to real analysis, this is a very strong statement: in the real case, Taylor’s Theorem is
usually stated with one of several awkward remainder terms, and there exist infinitely differentiable
functions which do not equal their Taylor series (see Exercise [4).

Plainly R cannot be larger than the radius of convergence Ry of the Taylor series. If f is entire, then
the result holds for all positive R and the series has infinite radius of convergence.

Examples 5.8. Familiar Maclaurin series are identical to real analysis:

o z" . o (D" o o (=1)" ,
Z; SNz = ZOWZ n COSzZ = Z .Z n
n=0 n=

Since ¢?, sinz and cos z are entire, we may take R = oo in Taylor’s Theorem: each function equals its
Maclaurin series everywhere on C.
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Before seeing the proof of Taylor’s Theorem, we apply it to quickly deduce half of our key result.

If f : D — C is holomorphic, then, for every zy € D, there exists some disk |z — zo| < R on which f
is holomorphic. By Taylor’s Theorem, f(z) equals its Taylor series on this disk. Otherwise said:

( Corollary 5.9. Every holomorphic function is analytic.

We'll obtain the converse in the next section (Corollary [5.15).

Why is Taylor’s Theorem so much more specific in complex analysis? The reason is that we have can
apply a powerful tool unavailable in real analysis: Cauchy’s integral formula.

Proof of Taylor’s Theorem. By relabelling f(z) = f(z — zo), it is enough to prove when zy = 0, that is
for Maclaurin series. We therefore suppose f(z) is holomorphic when |z| < R.

Let w be given where |w| < R. Apply the geometric series formula (Exam-
ple[5.4), to see that if z # 0, then

11 vk 11— (2)" 1 1=l wk 1 w\" ) z
LY (9) 1= EE -
ziz\z z—w z—w  z[z zZ—w \z

Let C, be a circle centered at the origin with radius satisfying |w| < r < R.
Since 0 and w both lie inside C,, we may apply Cauchy’s integral formula
twice, using the previous expression to substitute.

_ 1 (2)
flw) = 20 b ﬂdz (Cauchy for C, around w)
v @ [ f2) w" f(2) " 1
= )» i f et dz + i ?{C : m dz (subsititute for =)
n—1 (k) n
= Z £200) wk + w— nf& dz (Cauchy for C, around 0)
= K 27 Je, 2 (z — w)
To finish the proof, we need to control the final integral. Since f is holomorphic on C,, it is bounded
by some M > 0. Moreover, for z € C, we have |z — w| > ||z| — |w|| = r — |w|. It follows that
n—=1 ¢(k) n
5 Y0 k| el ]{ f(2)
|f(w) kg) KT 2 | 7z —w) 4

|w|" M - 27tr Mr [ |w]\"
— 2nr(r—|w|) o —|w]

r

Since |w| < 7, this last converges to zero. Otherwise said

1 £(k) o £(n)

k! n!

so that f(w) equals its Maclaurin series whenever |w| < R.
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Example 5.10. The principal logarithm f(z) = Logz is holomorphic on the open disk |z — i| < 1.

Whenever n > 1, we have

f(n)(l) — (_1)7171(”_1)! — —in(l’l—l)!

n
z z=1

By Taylor’s Theorem, f(z) equals its Taylor series on the disk:

. =2, " 7 7Tl © (iz +1)"
R I e
n=1 n=1 1 0 1

In case you're feeling skeptical, convergence inside the disk (|z — i| < 1) can be verified directly using
the comparison test:

|z =il

N~ _ 2\N
<y — yiEd

z—il=r<1 = converges absolutely

At z = 0, we recognize the divergent harmonic series Y 1, so the radius of convergence of the Taylor
series is in fact Ry = 1. Exercise 3| shows that the series converges everywhere else on the boundary
circle |z —i| = 1.

Exercises 5.2. 1. (a) Compute the Maclaurin series of cos z directly from the definition.

(b) Evaluate the Taylor series of sinz about zg = 7 and confirm that it equals your answer to

part (a) when z is replaced with z — 7.

(c) Find the Taylor series of cos z centered at zy = i.

2. Consider f(z) = L. For any zy # 0, find the Taylor series of f(z) about zg. What is its disk of
convergence?

3. Use Abel’s test (Exercise 5.1[) to verify that the Taylor series for Logz centered at zg = i (Ex-
ample [5.10) converges everywhere on the boundary circle |z — i| = 1, except when z = 0.

4. Consider the function

e V/Z ifz #0
f(z)_{o ifz=0

When z € R this provides the classic example of an infinitely differentiable function whose
Maclaurin series (being identically zero) does not equal the original function except at the ori-
gin. When z € C, explain why f(z) does not contradict Taylor’s Theorem.

67



5.3 Uniform Convergence: Continuity, Integrability and Differentiability

As in real analysis, we’d like to establish some useful facts:

Uniqueness of representation Equal power series have identical coefficients. Otherwise said, on a
given disk |z — zg| < R, a function can only equal at most one power series }_a,(z — zp)" (its
Taylor series).

Computability Power series are continuous, differentiable and integrable inside their disk of con-
vergence. They can moreover be differentiated and integrated term-by-term like polynomials.

The arguments are intertwined. Since the first results are identical to the real case, we will be brief,
postponing all examples until the end. The critical ingredient is uniform convergence.

Definition 5.11. Suppose f(z) = Y. a,(z — zo)" is a power series with n! partial sum s, (z) and
remainder p,(z) = f(z) — su(z). We say that the series converges uniformly on a domain D if

Ve >0, N suchthatn > N, z€ D = |pu(2)| <€

Uniformity means that N = N(e) is independent of the location z € D. If N = N(e, z) were permitted
to depend on z, we’d refer to the convergence as pointwise.

Theorem 5.12. Let Ry be the radius of convergence of a power series centered at zg. If Ry < Ry, then
the series converges uniformly on the closed disk |z — zp| < R;.

This first argument also applies in real analysis.

Proof. As preparation, suppose z; satisfies |z —zo| = Rj. Since R; < Ry, the series converges abso-
lutely at z; (Theorem . Denote by 0;, the n'h remainder of this absolutely convergent series:

ow= ) lallzr —zol" = Y |ax| Ry
k=n+1 k=n+1
Now suppose € > 0 is given. Since the above series converges, the
nth-term test says that lim ¢, = 0: that is,
n—oo

dNsuchthatn > N = 0, <e

By the comparison test, if z satisfies |z — zp| < Ry, then
oo oo k oo
(@) =] Y, a(z=20) < Y |mllz—2l" < ), |a|Ri=0n<e
k=n+1 k=n+1 k=n+1

Since N depends only on € (not on z), we conclude that the convergence is uniformm .

That R; is strictly less than the radius of convergence Ry is important. In Exercise 9 we'll see that a
power series need not converge uniformly on the full open disk of convergence |z — zg| < Ro.

15Tt looks as if N might also depend on the choice of z; in the first line. However, any suitable z; produces the same
value Ry = |z1 — 2p| and thus the same sequence (07, ). It is from the convergence of this sequence that we get N.
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Theorem 5.13 (Continuity). Suppose f(z) = Y. a,(z — z0)" has radius of convergence Ry. Then f(z)
is continuous on the open disk of convergence |z — zg| < Ro.

This is identical to the famous 5-proof encountered in real analysis.
Proof. Fix w and R; such that |w — zo| < Ry < Ro. Let € > 0 be given. Observe:

* Uniform convergence whenever |z — zp| < R; (Theorem 5.12):

o
dN such thatn > N = |p,(z)] <§and lon(w)] <§ ~~. Ro ze
\Z\O‘\
* Openness and continuity (s, is a polynomial!): for any n > N, N
Ry~
|Z — Z()| < Ry >

36 > Osuchthat [z —w| <§ = .
50(2) — 5a )] < §

Put everything together to see that f(z) is continuous at w: for any n > N,

z—w| <6 = [f(2) = f(w)| = |f(2) = $n(2) + $n(2) = $n(w) + su(w) = f(w)]

< lon(2)| + [50(2) = su(w)| + |pn(w)| <€ -

The discussion now differs from the real approach via our employ of contour integrals. The remaining
results follow from a general version of term-by-term integration.

( )

Theorem 5.14. Suppose f(z) = Y. a,(z —zo)" has radius of convergence Ry.
Let g(z) be continuous on some contour C in the open disk of convergence
|z — z0| < Ro. We may then integrate term-by-term:

/g dz-Zan/ (z—20)"dz
C

\ J

Proof. The integral [ g(z)f(z) dz exists since f, g are continuous on C. Since C is a compact set:
e Clies in some closed disk |z — zg| < R; < Rg on which the series f(z) converges uniformly.
* ¢(z) is bounded on C by some M > 0.

Let C have length L and let € > 0 be given. Since f(z) converges uniformly when |z — zg| < Ry,

dN suchthatn > N = |px(2)| < — ML

Now take integrals and moduli; if n > N, then

z)dz — Z(:) k/cg(z)(z—zo)kdz

L5 (f(Z) SPICICE zO>k> d=
‘/ z)pn(z) dz

M—L—e
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Everything we want now follows by choosing specific functions g(z) in Theorem

p
Corollary 5.15. Suppose f(z) = Y_a,(z — z0)" has positive radius of convergence Ry.
1. (Term-by-term integration) Letg(z) =1 to see that
o C(end)

/Cf(z)dz:;:%an/c(z—zo)”dz: ) njl(Z—Zo)"+l

n=0

C(start)

2. (Holomorphicity) By part 1, |- f is path-independent for any contour C in the open disk of
convergence. We conclude (Summary, page[57) that f is holomorphic on said disk. In particular,
every analytic function is holomorphic.

1

27mi(z—w)? C
and apply Cauchy’s integral formula on a small circle around w: _ Ry z @
20

0 1 z Z=%
f(w)zzm'j{c(zf—(zz)de:Zij{ u(;
:Zan (i (z—zp)" Zan w — zo)" -1

Z=w
(n)
4. (Unique representation) The power series is the Taylor series of f(z): thatis, a, = f n(!ZO) .

3. (Term-by-term differentiation) Given |w —zg| < Ry, let g(z) =

J

In Exercise[7]proves unique representation. Since analytic and holomorphic are now equivalent, we’ll
retire the latter term for the rest of these notes.

Examples 5.16. We may now compute Taylor & Maclaurin series using algebra, integration and
differentiation: if a function equals a series, that’s the one we want regardless of how we found it!
Z)n o . 2n+3

Z
1fu—z¥—fz,ﬂ=2
= n=0 !
vergence is mflmte the function equals its Maclaurin series everywhere onC.

is the Maclaurin series of f(z). Since the radius of con-

sinz - jf 7 £ ()

2. The function f(z) = ¢ _* | is entire since it equals the power series Z é Dk .z
1 ifz=0 (2n+1)!
3. We find the Maclaurin series of f(z) = 7z +161 algebraically: 2i~+~
1 1 &2\ &t i
o= —t—~ -t (dg) ~Lgm"
16 —-16 167+1
16i (1-55) 16\t % — c
\ -2 -1 1 2
This converges whenever %61‘ < 1 <= |z| < 2, equalling the —1
distance from the center to the nearest point(s) where f(z) is unde- o

fined. If C is the straight line from z = 0 to z = 1 + i, then
oo 00 in—l(l +i)4n+1 0 1—1i —i\"
d — 4I’ld == _— N -
/f Z= ]6n+1 / zoaz 11;) 16" (4n + 1) L 16(4n +1) < 4 )
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Zeros of Analytic Functions & the Analytic Continuation

The theory we’ve developed has huge implications. As an example, we apply our discussion to the

zeros of an analytic function. If a function is analytic at zj, then (Definition5.3] Theorem[5.7) there is
some disk on which it equals its Taylor series:

)z
2oz <R = flz)= Y L) (o )
n=0 :

n

Suppose f(z9) = 0. We ask if/when the Taylor series starts to get interesting. ..

-
Definition 5.17. Suppose 2 is a zero of an analytic function f(z).

1. We say that z is a zero of order m > 1if f(")(z) is the first non-zero derivative. A zero of order
1 is also called a simple zero.

2. If all derivatives are zero, zy is a non-isolated zero: plainly f(z) = 0 on some disk |z — zg| < R.
\

We are used to the idea of a polynomial having a zero z if and only if we can factorize out z — zo.
The tight link-up with Taylor series makes essentially this observation hold for any analytic function!

\

-
Theorem 5.18. An analytic function f(z) has a zero zy of order m if and only if f(z) = (z — zo)"(z)
where §(z) is analytic at zg and 1(zo) # 0. Indeed, on some disk |z — zg| < R,

n

©  £(n)(z
f@) = 3 L) oy = (2 - 20)"9)

Proof. (=) Suppose z is a zero of order m. Define
f(z)
(z —zo)™

£ (zo)

m!

whenever z # zj
¥(z) =

when z = z
On the disk |z — zp| < R, (*) says that this function equals the power series

0 £(n) (4
pe) = 3 L) o gy

|
n=m n:

and is therefore analytic. Moreover, f(z) = (z — z9)"{(z) everywhere.

(<) If 9(z) is analytic at zp, then it equals its Taylor series on some disk |z — zp| < R. But then

() (5
f(z) = (z—20)"¢(z) = _ZO; P (z0) (z — zo)"*™

n!

is a power series on this disk. By uniqueness of representation (Corollary[5.15)), this is the Taylor
series of f(z). If ¥(zp) # 0, then f(")(zy) = m!y(zy) is plainly the first non-zero derivative.
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Examples 5.19. 1. f(z) = z*(z — 2i)'° = z%y1(z) = (z — 2i)'%,(z) has two zeros:
Order four at z; = 0: P1(z) = (z — 2i)'% is analytic with 1 (0) = —1024 # 0.
Order ten at zo = 2i: (z) = z* is analytic with y,(2i) = 16 # 0.

2. ¢(z) = 17(z — 4i)3 sin z has a zero of order three at 4i, and simple zeros at each integer multiple
of 7. For instance, the Taylor series for sine centered at zy = 77 yields

¢(z) =17(z — 4i)%sin(z — w+ ) = —17(z — 4i)3sin(z — 1)

oy~ O = = ()

12 &

= —17(z — 4i)®

n

é;j_)ln), (Z — 7-[)2” is analytic and lP(ﬂ) = _17(7-[ _ 41')3 £0.

Me <

where ¢(z) = —17(z — 4i)3

nO(

The examples are typical in that the zeros of an analytic function tend to be isolated. Indeed, analytic
functions with non-isolated zeros are very boring. ..

( \
Theorem 5.20. Suppose zy is a zero of an analytic function f(z).

1. If zo has order m, then there exists a punctured disk 0 < |z —zp| < R on which f(z) # 0.
Otherwise said: z is isolated.

2. If zj is non-isolated and the domain D of f(z) is open and connected, then f(z) = 0 on D.
. J

Example 5.21. Analyticity is crucial! For instance, the non-analytic function f(z) = z+z = 2x is
zero precisely along the real axis: the zero is not isolated but neither is the function identically zero
on any open domain. There really is something to prove here!

Proof. 1. Write f(z) = (z —z0)™¢(z), where ¢ is analytic and non-zero at zy. Since ¥ is continuous,
it is non-zero on some disk |z — zg| < R.

2. As observed in Definition[5.17, f(z) = 0 on some disk |z — zp| < R.
To finish, we extend by an argument similar to that used to prove the Maximum Modulus
Principle (Theorem 4.32). Given any w # zo, join zo to w by a path in D which we cover by
finitely many disks; since f(z) = 0 on all these disks, we conclude that f(w) = 0. .
By applying part 2 to a function f — g, we obtain the proof of a powerful and previously heralded
result.

Corollary 5.22 (Theorem 2.36/—Analytic Continuation). Suppose f(z), g(z) are analytic on an open
connected domain D, and that f(z) = g(z) on some contour C in D. Then f(z) = g(z) on D.

As the proof of Theorem shows, it is enough that the set of points where f(z) = g(z) have a limit
point zg € D (i.e., that f — ¢ has a non-isolated zero).

Example 5.23. The function g(z) = % is analytic on the punctured plane D = C \ {1} and equals

f(z) = Yz" on the disk |z| < 1. Even though the power series f(z) does not converge outside the
disk, we conclude that g(z) is the unique analytic continuation of f(z) to the larger domain D.
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Exercises 5.3. 1. Find a power series representation and the radius of convergence:
(a) f(z) = ;% aboutzy =0 (b) f(z) = zsinz? aboutzy =0

zZ

(c) f(z) = cosh3z aboutzy = &

2. (a) Without computing derivatives, find the Taylor series for f(z) = 1 about zy # 0.
(b) Differentiate your answer term-by-term to find the Taylor series of 21—2 about zj.
3. By expressing f(z) as a Maclaurin series, show that it is entire:

& —cosz) ifz#0
f(z)_{ ifz=0

NI—=

4. (a) By integrating the Taylor series for z~! about zy = 1, prove that
00 (_1)n+1

Logz =)

n=1

(z—1)" whenever [z —1| <1

(b) Prove that the following function is analytic on the domain 0 < |z|, Argz € (—7, 7):

Logz if
_ )= ifz #1
/) {1 ifz=1

5. Suppose f(z) is analytic and non-constant at zo (f'(zo) # 0). Prove that
JR > Osuch that0 < |z —zp| <€ = f(z) # f(20)
To what extent can you weaken the hypothesis f'(zg) # 0?

6. Consider the Maclaurin series f(z) = Y ono(—1)"z*" on the disk |z| < 1. Show that h(z) = 221?
is the analytic continuation of f(z) to C \ {i, —i}.

7. (a) Prove part 4 of Corollary if f(z) = Ya,(z — z)", prove that f(")(zy) = m!a,, so that

the series really is the Taylor series of f(z).
!

(Hint: let §(z) = 5=~ in Theorem|5.14

T 2mi(z—2)

(b) Explain carefully why every power series defines an analytic function.
(Think carefully about the definitions and what weve proved in the last two sections!)

8. Suppose that the series ) a, (z — zp)" has radius of convergence R and that f(z) = Y_a,(z —zp)"
whenever |z — zg| < Ry. Prove that

Ry = inf{|2 — zo| : f(z) non-analytic or undefined at 2}

(Ro is essentially the distance from z to the nearest point at which f(z) is non-analytic)

72_

9. (Hard) Consider f(z) = ;& = ZOZ” on |z| < 1.
n=
(a) Verify uniform convergence when |z| < Ry < 1: given € > 0, find an explicit N such that

1> N = lou(a)| = |1 - L2

k=0

< € whenever |z| < Ry

(b) Prove that f(z) is not uniformly convergent on |z| < 1 (Let € =1, then...).
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6 Laurent Series, Residues and Poles

While Taylor series are undeniably useful, they also have weaknesses, not least because their domains
are disks. We motivate a more general construction with an example.

Example 6.1. f(z) j can be written as a Taylor series centered at z = 1:

_ 1

T z(2—2

: N 2i

f(z) = T (12~ Y (z—1)*" whenever |z—1[ <1
n=0

However, we are also interested in the behavior of f(z) near the points [ B
z = 0,2. Due to their disk-domains, we can’t use Taylor series to loop -2 -1 1
around these points. —17

N —©o

As an alternative, start with the Maclaurin series for 21: (valid when e
|z| < 2) and divide through by z to obtain a new expression:

1 & > " 1 1 22 28
f<z):2z(1 ?;() lenﬁzz +4+8+E+§+

By construction, this ‘series with negative terms’ is valid on the punctured disk 0 < |z| < 2.

6.1 Laurent Series

Series with negative terms are very useful in complex analysis. In Example the larger domain
encircling the origin provides an obvious advantage over the Taylor series. That such a series con-
verges on an annulus rather than a disk is typical. We omit the full details, but by splitting a general
series into positive and negative powers, substituting w = (z — z9) !, and applying Theorems
and to the resulting power series in w

00 -1 00

Z an(z — zo)" E (z—z0)"+ Y. an(z—z)" anz—zo)”+ia,nw”
n=1

n=—oo n=0 n=-—oo n=0

one obtains the natural extensions of these results.

( o
Theorem 6.2 (Annulus of convergence). Given a series Y. a,(z — z0)", define

n=—oo
Ry = inf{|z — zo| : f(z) converges}
Ry = sup{|z — zo| : f(z) converges}
1. The series converges absolutely to a continuous function on the '

(open) annulus of convergence Ry < |z —zp| < Ry. The conver-
gence is moreover uniform on any closed sub-annulus.

2. If |z — zg| < Ry or |z —zp| > Ry, the series diverges.

As with power series, convergence on the boundary circles must be checked separately.
. J

As in Example the inner radius can be R; = 0 and the domain a punctured disk. Moreover, the
outer radius can be Ry, = co.
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As with Taylor series, our goal is often to find a series representation of a given function.

s

\.

Definition 6.3. Suppose f(z) is analytic on an annulus Ry < |z —zg| < Ry. :
Its Laurent series centered at z is the expression

- . _ 1 f(z)
nzz_;ooan(z —20)" where a, = o fc Wdz C

and C is any simple closed contour encircling zo within the annulus.

e If you prefer, write 20 an(z —z0)" + 21 (z—bigo)” where by, = 5= §-(z — 20)" 1 f(z) dz.
n= n=

¢ The coefficients a, are independent of the choice of contour C.
To see this, suppose D is another simple closed curve encircling z,
and choose a circle E outside both C and D. Since % is analytic
on the annulus, two applications of Cauchy—Goursat yield

f(z) _ f(z) _ f(z)
]{c (z— z9)" 1 dz = ?i (z — z)"H1 dz = fb (z — z)1 dz

e The Laurent coefficients are inspired by our discussion of Taylor series. If f(z) happens to be
analytic on the disk |z — zg| < Ry, then its Laurent series equals the Taylor series:

n!

n>0 = a, =1 "(z0) (Cauchy’s integral formula)
n<0 = a,=0 (Cauchy-Goursat)

Typically, however, f(z) is not defined (or analytic) at zy. Laurent series therefore generalize
and replace Taylor series in such situations.

Example cont.). f(z)= ﬁ is certainly analytic on the annulus 0 < |z| < 2.

By first writing f(z) = 1 (1 + 5.) using partial fractions, we compute 2im
the Laurent series for f on the annulus using the unit circle centered at c
Jl

the origin: /t/
_ 1 s fEy, o1 f 1 1 { \1\
c _
i

N —o

= = d
" 2mi Jo 2l 4 Je 22 (2 — z)zn ] z —2

The first integral evaluates to 3 when n = —1 and to zero otherwise. _
The second integral may be found using Cauchy’s integral formula: —2r=

0 ifn < -1

1 1
— ¢ ————dz = 1 dr
4 7{ 2—z)ztH

i Je (2-2)z 2(n!) dz"

2—2z)t= 2n1+2 ifn>0

z=0
We conclude that a, = ﬁ: the Laurent series of f(z) is precisely the series computed previously!

The Laurent series centered at zp = 2 can be computed similarly, both using the integral method and
our original approach.

75




The example is typical. Computing a Laurent series directly from the definition is usually ugly given
how many contour integrals must be evaluated! Thankfully, as we’ll see shortly, all the standard facts
regarding Taylor series translate to this new situation. In particular, if f(z) = }_a,(z — 2z9)" equals a
series with negative terms, then the series will turn out to be the Laurent series of f(z). We’ll deal
with the theory shortly, but first a few more examples following from this observation to get used to
the idea.

Examples 6.4. 1. On the disk |z| < 1, we have the Maclaurin series

2i
1 = 1 :ii(—iz)”:i+z—i22—z3+iz4+--- i-
z—1i _i(l_%) n=0
1 1
On the annulus |z| > 1, we have the Laurent series L N 1 2
_l‘—‘
1 - iz -n—1 _ 1 ! o
_ —2;—
z—1 (1 Z:: z z2 8 A :
2. On the we have the Laurent series 2]
3 1 1 1 1 "
= + = -~ T 1
2-z)(1+z) 2-z 14z 2(1-3) z(1+1) — I
1 o -2 -1, 1 2
NGRS NCEN =i
NGRS |
3 2 1,11 2 —2
=4z -z “+z +§+12+§Z+

=z " 1 1 1

1 _ P -
+z+222+6z3+

e
I
g
=
I

valid on the punctured plane z # 0.

4. Again by substituting in a known Maclaurin series, we obtain another Laurent series valid on
the punctured plane z ;é 0:

o0 ) 1 1
-5 _ -5 _ —1 73 -7
; 2n+1 =278 10" Tsoa0° T

5. Multiplying term-by-term, and since we need both Maclaurin series to be valid, we obtain (the
first few terms of) a Laurent series valid on the punctured disk 0 < |z| < 1:

R (£6)7)

- .
(1-—z+22-2>+- )<1+;z—4zz—éz3+--->

(e DY (D) (2 ) 2
2 4 2 48
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We now state and prove the main properties of Laurent series. These are very similar to the cor-
responding statements & arguments for Taylor series; the additional challenge mostly comes from
keeping track of two series at once.

[Theorem 6.5 (Laurent’s Theorem). An analytic function on an open annulus equals its Laurent]
series.

Proof. It is enough to prove when the annulus is centered at zg = 0. Let w in the annulus be given.

Since the annulus is open, we may choose three non-overlapping circles
a, B,y with radii Ry, Rg, R, as in the picture: Z@f}/

¢ < asmall circle centered at w inside the annulus;
o
* a, B centered at 0, v inside and w (thus R, < |w| < Rp).

Since f G ) is analytic on/inside the closed region with boundaries «, B, 7,
Cauchy—Goursat and the integral formula tell us that

() Lm0 — o= f L () e

. , 1 . . .
As in the proof of Taylor’s theorem, we expand =, this time in two ways:

n—1 n _
L@ S G -G e @)

These expansions allow us to attack the two integrals in (*):

1@ g, G / _fe)
27rz pz—w ZZm B Zk+1 Z+2m gz (z—w) dz
\____\,____/
agwk
fz) ]{ 1 fz"f(z)
2m W Z—W Z me" (=) dz 2miw™ Jy z —w d
a_ywk

We finish by summing and estimating, using the facts thatz € « U = |z — w| > R, and that f(z)
is bounded (by some M > 0) on the closed bounded annulus between «, 8:

n—1 B w" f(z) 1 Z”f(Z)
|f(w)_ L a'| = ‘2m7§szn(z—w) dz_2m'w”7i z—w dz’

k=—n
S S ), 1|2,
- 2 |Jpzt(z—w) 2t |lw|" |Jo z—w
w” M 1 R'M
— -271R -27TR, Th 4.1
=2n RgR, T Bt el R, (Theorem f.16)
M lw]\" R \"
= 2R (M) bR () | —
& () () | =0 :
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Our final corollary summarizes the remaining core properties of Laurent series.

p
Corollary 6.6. Let f(z) =Y a,(z — zo)" be a series. Then:

\.

1. (Term-by-term Integration) If g(z) is continuous on a contour C lying inside the annulus, then

/Cg Z Hn/g (z—zp)"dz

n=—oo
In particular, f(z) may be integrated term-by-term along C.

2. (Analyticity/Derivatives) f(z) is analytic on the annulus and f'(z) = OZO; ann(z — zp)

n=—oo

n—1

3. (Uniqueness) Y a,(z—zo)" is the Laurent series of f(z) (as in Definition[6.3).

The remainder are the analogues of Theorems and Corollary some details are in Exercise[7]
Examples 6.7. The corollary formally justifies Examples Here are two extensions.

1. In accordance with part 2 of the corollary,

L1z dl/z_doo_ =z 1 &z 1&g
25 T Ta° dz = n! ; ) Zzng—l(”—l 2;
1 +1 L S S
T2 274 T 625 | 2476

We need not have differentiated: by part 3 we could instead simply multiply the known series
for e!/Z term-by-term to obtain the result!

2. We use part 1 to compute the integral around a contour C encircling the origin:

1 . 5. & (=" j{4n—5 _% (-1)! 45 _ 1.
]iysmz d2_27(2n+1)! Cz dz = C(2%_1)!7; = 3

n=0

since all but one of the integrals evaluates to zero.

Exercises 6.1. 1. (Example cont.) The function f(z) = is analytic everywhere except at

z = 0and 2.

(a) Use Definition to directly compute the Laurent series of f(z) on the punctured disk
0 < |z — 2| < 2: use the circle radius 1 centered at zg = 2.

1
z(2—z)

(b) Use the Taylor series of £ centered at zp = 2 to more rapidly compute the Laurent series in
part (a).

2. Find a Laurent series representation for each function. Also find §. f(z) dz where C is a simple
closed curve in the given domain encircling the origin.

@) f(z) = 2622 when |z| > 0 (b) f(z) = cos i when |z| >0
(0 f(z)= 1+Z3 when 1 < |z| (Hint: letw =z71)

78



. On each domain, find a Laurent series centered at zy = 0 for the function

1 i (1 1
f(z) = z(z—2i) 2 (z_ z—2i>
(@ D1 ={z:0< |z|] <2} (b) Dy ={z:|z| > 2} (againletw =z 1)
. Repeat the previous question for

1-2i 1 1

flz) = (z—1)(z—2i) z—1 z—2i

Also find §. f(z) dz where C is a simple closed curve in the given domain encircling the origin.
(@ D1 ={z:0<|z| < 1} (b) Dy ={z:1< |z| <2} (c) D3 ={z:|z| > 2}
. Show that when 0 < |z — 1| < 2, we have

z 1 2 (z—1)"

CoDE=3) " 2e-1) L a7

. Let a be complex number. Show that

a

o9} ai’l
—— ) o whenever |a| < |z|
o n=1

. Suppose f(z) = ¥ a,(z — z9)" is a series as in Corollary [6.6]

(a) Suppose part 1 has been proved. Explain why the function f(z) —a_1(z —zg) ! is analytic
on the annulus. Hence conclude that f(z) is analytic on the annulus.

(This is different to Corollary since a_1(z — zo) ! has no anti-derivative on the annulus!)

(b) In order to mimic the proof of Corollary to show that f(z) is differentiable term-by-
term, what properties must the curve C have?

(c) Prove part 3.
(Hint: Recall Exercise 5.3[7]- the same hint works!).
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6.2 Singularities and Cauchy’s Residue Theorem

One practical purpose of this chapter is the development of an efficient method for computing con-
tour integrals of analytic functions. Essentially everything depends on a few crucial facts:

1. If C encircles zg, then §.(z —z9)" dz = 0when n # —1, and §-(z — zp) ' dz = 271i.

2. Cauchy-Goursat (Theorem [4.19) (f analytic on/inside C = §.f = 0) and its extension
(Corollary [4.21) to regions with finitely many interior boundary curves.

3. The existence of Taylor/Laurent series expansions.
Make sure you are familiar with these ideas before proceeding!

Example 6.8. The rational function

31
3 1 5i 1
24 = C
@) z+zz+z—2+z—1—2i il 3@
is analytic except at the points z; = 0,z = 2,z3 = 1 + 2i. C
Several curves are drawn. Integrating round the small circle C; is | <
easy using the first fact (above):
G G
. N £
fe)dz=34 L4 dz+]§ 51dz+]§ - AL
e c z ¢, 22 cgz—2 Jo,z—1-2i — 2 3

=3-2ni+0+4+0+4+0=6mi —1

since the latter three integrands are analytic on/inside C;. Similarly,

dz
,Z—2

dz
= —10r, d :% ——— =271
T C3f(z) z " 212 7T

sz(z)dz:Sij{C

The curves C4 and Cs are more interesting. Since f(z) is analytic on and between C4 and C,/Cs,
Cauchy-Goursat tells us that

](Qf(z)dz - fczf(z)dwqu(z) dz = —107 + 27i = 272(i — 5)

Cs appears trickier, though it becomes easy once you visualize it as two contours: the first encircles
zo = 2 counter-clockwise while the second passes clockwise around z; = 0. We conclude that

/Csf(z)dz = ?izf(z)dz—yilf(z)dz = —107r — 671 = —271(5 + 3i)

The example suggests that the value of any integral round a simple closed contour can be evaluated
as a linear combination

/f(z) dz = Alj[ f+A27§ f+/\3% = 67iAy —107TAs + 27TiAs
C Cl . Cz B C3

where A, denotes the number of times C orbits z; in a counter-clockwise direction.
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To properly develop the idea in the example, some new language is helpful.

s

\

Definition 6.9 (Isolated Singularities). We say that zy is an isolated singularity of f(z) if the function

is analytic on a punctured disk 0 < |z — zg| < R, but not at 2 itself. .

By Laurent’s Theorem (6.5), f(z) equals its Laurent series on this domain:

i an(z —z9)" where a, = 17{ Ldz C

e 27 Jc (z — zo)" 1

and C encircles zg. The residue of f(z) at zj is the —1-coefficient

Res f(z) =a1 =5 f f(z)dz

The type of isolated singularity is determined by the rest of the Laurent series:

Removable Singularity The Laurent series is a Taylor series (the residue is necessarily zero). There are
no negative powers; the series f(z) extends analytically to zo.

Pole of order m The highest negative power in the Laurent series is (z — z9) ™. A pole of order 1 is
typically called a simple pole, order 2 a double pole, etc.

Essential Singularity The Laurent series has infinitely many negative terms.

\

Examples 6.10. 1. The series f(z) = 2 37"(z — 2i)" defined on the punctured disk 0 < |z —2i| < 3
has a removable singularity at zo = 21 (residue Res f (z) = 0). Indeed the function is a geometric
series and thus equals

1 3
f(z) 1222 342i—2

on the punctured disk. Certainly this extends analytically to f(2i) = 1.

Xz " 1 1
2. el/7 = Z T 1+ p + 2,7 + - - - has an essential singularity at zero with Res el/z = 1.
n=0 :

z=0

3. (Example The function f(z) = + 7+ 512 + —— is analytic on the punctured disk

0 < |z| < 0.3 (inside the circle Cy). Smce >+ o= 1 5; is also analytic at zero, the Laurent series
of f(z) about z; = 0 has the form

1 3 ad
f(z):Z—2+£+Zanz”

n=0

We conclude that f(z) has a pole of order 2 at z; = 0 and residue Res f(z) = 3. Similarly, f(z)
has simple poles (order 1) at zo = 2 and zo = 1 + 2i with =0

R = 5i, R =1
z:eZsf(Z) ! z:le—O—SZif(Z)
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Theorem 6.11 (Cauchy’s Residue Theorem). Let f(z) be analytic on
and inside a simple closed contour C, except at finitely many singular-
ities z1,...,z,. Then

7{Cf(z z—ZmZResf

ZZk

More generally, if C is closed and orbits the point z; counter-clockwise
Ay times (the winding number of C about zi), then

/f z—ZmZAkResf()

Z=Z}

\ J

Proof. First, center a circle Cy at each z; such that no other singularities lie on/inside C; and apply

Cauchy-Goursat. The general argument follows by considering paths like Cs in Example .

Examples 6.12. Let C be the circle with radius 4 centered at the origin and E the green curve drawn.

1. The rational function f(z) = 2&?;; has simple poles at 21 =0and z; = 31' There are several
ways to compute the residues and thus the integrals §. f(z)dz and §, f(

Partial Fractions It’s just high-school algebra!

1 2i .
z  z—23i — I}Zeosf(z)_z, §e3szf()

= %Cf(z) dz = 2mi(i 4+ 2i) = —67

The curve E orbits twice clockwise around z; and once counter-
clockwise around z,. Thus

. 21z = 27 |- 2Res 112) + Res ft2)| =0

z=3i

Laurent series Remember that we only need to find the z~! terms for the residues!

3(1+ ZZ) i —z i © i\ " ; .
—3i)  z(1-— %Z) - <z B 1) )3 <3> =3 + power series
) _

(
Z( n=0
3(1+iz z—3i42i 2 © /3 o\ 0
Z(Z—3Z) (14_257{31)(2_31') <2_31' + ) n;() < 3i ) Z_ 3 + power series

Cauchy’s integral formula Let Ci be a small circle around z, then

1 [ 3(1+iz) ,  3(1+iz)| .
Ezegf() Zm f() 27Ti7{clz(z—3i)dz_ z—3i z:o_l

1 3(1+iz) . 3(1+iz) o
Eegslf( 7) = 2m f( )dz T 2mi %Cz z(z — 3i) dz = z s 2
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2. f(z) = z2sin ! has one isolated singularity at the origin. Using the Maclaurin series for sinz,
we see that this is an essential singularity. Moreover,
ysl

1 > —-1)" 1
zzsing Z(Z(n—l—)l)Zl 2 j{z sin — dz—ZmIZ{ES; (ZZSinZ> = -y

Since E loops twice clockwise around the origin, we obtain

1 1 27
/ z%sin — dz = 27ti - (—2) Res <z sin — ) s
E z =0 z 3

3. f(z) =3et*+ - + - +1 has an essential singularity at the origin and two simple poles at —1
and 7i. Since the last of these lies outside the curves C, E, it does not contribute to either integral.
Moreover, since E loops twice clockwise around the origin and once clockwise around z3 = —1.
We therefore have

— 271i ( Res3¢/? + Res ——
]{:f(z) z m( es3e +Z_ef 1

> = 27i(3 + 2i)

2
ﬁf(z) dz = 27ti <2§:eos3el/z +(—1) Zlie_s1 . :

- 1) = 271i(—6 — 2i) = 47 (1 — 3i)

Non-isolated Singularities

Revisit Definition A point z is said to be a non-isolated singularity of f(z) if the function is non-
analytic (including undefined) at zp and at some point on every punctured disk 0 < |z —zp| < R.
Such a function is necessarily non-analytic at infinitely many points and does not have a Laurent
series centered at zg. Non-isolated singularities typically appear in two flavors.

27

Examples 6.13. 1. f(z) = (e — 1) has singularities at zyp = 0 and at z, = % for each non-zero
W in Definition|6.9)). The
limit point zg = 0 is non-isolated: for any R > 0, the punctured disk 0 < |z| < R contains other
singularities.

integer n. Each non-zero singularity is isolated (choose e.g., R, =

(@)
W|— —
N— —e

—_

2. The square-root function f(z) = z'/2 has a branch point zg = 0. For

f to be analytic, we need to make a branch cut: for instance the non- R
positive real axis for the principal branch.

Since any punctured disk 0 < |z| < R contains other points of ~~ |
the branch cut (where f is non-analytic), the branch point is a non- 0

isolated singularity for any branch of f.
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Exercises 6.2. 1. For each type of singularity, what, if anything, can be said about the value of the
residue Res f(z)? Choose from “Equals zero,” ‘Non-zero,” or “No restriction’.
Z=2Z0

(a) Removable singularity. (b) Simple pole.
(c) Pole of order m > 2. (d) Essential singularity.
2. Find the residue at z = 0 of each function:
1 1 z —sinz
@) f(z) = Z 132 (b) g(z) = zcos > (© h(z) = o

3. Let C be the circle |z| = 3. Evaluate the integrals using Cauchy’s residue theorem:

e e ” 21/z z+1
(a)jézz dz (b)y{c(z_l)zdz © ?{:ze dz (d)]{:zz_zzdz

4. Suppose a closed contour C loops twice counter-clockwise around z = i and three times clock-
wise around z = 2. Use residues to compute the integral

z+3
Lo

5. Identify the type of singular point of each function and determine the residue:

1 — coshz 1— e e

(a) 3 (b) A (c) m

6. Suppose f(z) is analytic at zg and define ¢(z) = (z — z9) ' f(z). Prove:
(a) If f(zo) # 0, then zg is a simple pole of ¢(z) with Res ¢(z) = f(zo);
zZ=2Zp
(b) If f(z0) = 0, then z( is a removable singularity of g(z).

7. Afunction f(z) is said to have an isolated singularity at oo if it is analytic on some infinite annulus
|z| > R. On this domain, we have a Laurent series f(z) = Y, a,2".

(a) What properties do you think this series should have if we were to describe the singularity

at oo to be:
i. Removable? ii. A pole of order m? iii. Essential?
(b) The residue at oo of the above function is defined to be
Res f(z) := — Reg (z’zf(z’l)) (%)
Z=00 z=
i. Prove that Res f(z) = —a_1, where a_1 is the coefficient in the above Laurent series.
Z=00

ii. Suppose f(z) is analytic on C except at finitely many singularities. By substituting
w = Lin (x), prove that the sum of all residues, including at infinity, is zero.

8. Let P(z) and Q(z) be polynomials and assume C is a simple closed contour such that all zeros
of Q(z) lie interior to C.

(a) If deg Q > 2 + deg P, prove that ¢ 58 dz=0

(b) What can you conclude if deg Q = 1 4 deg P?
(Hint: Combine Exercises 6 & 7, or try the substitution w = 1 directly)
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6.3 DPoles & Zeros

If the order of a pole is known, residues may often be computed quite efficiently. For instance, if f(z)
has a pole of order m, Laurent’s Theorem tells us that

F) = Y an(z—20)" = (z—20) "$(z), where $(z) = Y an-m(z ~z0)" )
n=—m n=0

Plainly ¢(z) is analytic at zg and ¢(zg) = a_,, # 0. In fact this property categorizes poles of order m
(analogous to Theorem for zeros), providing a simple formula for the computation of residues.

( )

Theorem 6.14. A function f(z) has a pole of order m at z if and only if f (z) = (z — z9) " ¢(z) where
¢(z) is analytic at zp and ¢(zo) # 0. In such situations, the residue is a Taylor coefficient of ¢(z)

o pH(n)
f@) = -2y ¥ L e z) — Resfle) = s g™ eo)

| =
=0 n. z=29

This specializes to Res f(z) = ¢(zo) for a simple pole.
zZ=2z

\. J

Proof. The (=) direction is above. For the converse: ¢(z) equals its Taylor series and so (x) describes
the Laurent series of f(z) = (z — z9) ~"¢(z) (Corollary [6.6] uniqueness), which moreover has a pole

of order m since a_,, = ¢(zo) # 0. .

Examples 6.15. 1. (Example|6.12|revisited) f(z) = 28:23 has two poles:

Simple pole at z; = 0: Write f(z) = z ¢ (z), where ¢1(z) = 3(21f3ff). This is analytic and non-
zero at z; = 0, whence
3 .
ijgf(z) =¢1(0) = !

Simple pole at z, = 3i: This time, f(z) = (z — 3i) '¢2(z), where ¢ (z) = w Thus

Res f(2) = ¢a(3) = 3(13; 3) o

z=3i

2. f(z) = % also has two poles.

Simple pole at z; = 1: Write f(z) = (z — 1)~ !¢y (z), where ¢1(z) = (;:353. Thus

1-2i 1 4i-3
RsfG) =0 =Fg 2~ T-2p ~ =

Pole of order three at z, = 2i: f(z) = (z — 2i) !¢ (z), where ¢p(z) = L22 = —2i + =21 Thus

1, 1-2i -1 34
Resf(z):m¢z(2l)—m222i—(21'—1)2_ 25

z=2i

16The formula works whenever f(z) = (z — zg) ~"¢(z) with ¢ analytic, even if ¢ (z9) = 0. However, a naive application
means you won’t know the order of the pole and you'll have to differentiate more times than necessary!
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As the previous examples show, the method is very effective for rational with low-order poles; as a
bonus, it saves us from partial fractions! Its utility is more variable for other functions...

Z

Examples 6.16. 1. The function f(z) = (z—l)ezw = (z — 1) 2¢(z) has a double pole at zy = 1, with
- 1 raN o ze” 1
Resf(2) = Gyi? M = 57 4

2. Don’t let the denominator fool you! At first glance we appear to have a pole of order six:

_ 6sinz—6z+2°  ¢(z) = R G B
N z6 - 26 =>1§:eg~f(2)—§4> (0)_120_%

f(z)

However, if we apply the Maclaurin series for sine, we instead find a simple pole:

T\ & (2n+1) = (2n+1)!

f(z) = ! (6 i (_71)”,22”“ — 62 +z3) — ;6 i 6(=D" ons

> 6(—1) ! 1 1 1

1 2m
— E B S =— 4+ —+4+... = R [
z 0 (2m + 5)!2 20z 840 z:egf(z) 20

Even though the first calculation produced the correct residue (see footnote[I6), the function ¢

was incorrect (¢(0) = 0). The correct function is the series ¢(z) =6 ¥ %zzm.
m=0 ’

For certain functions with simple poles, the method is even easier.

4 )
Corollary 6.17. Suppose p(z), q(z) are analytic at zo, that p(z¢) # 0 and that q(z) has a simple zero.
Then f(z) = % has a simple pole at zy, and

p(z) _ pl(z0)
Res —— =
| 09 q(2) )

Proof. By Theorem 5.18, q(z) = (z — zo)(z) where 1 is analytic and ¢(zg) # 0. Take ¢(z) = p) i

¥(z)
Theorem 6.14] (¢ is analytic and non-zero at zp), to see that
p(z) ~1P(2) p(z) p(z0) _ p(z0)
z) ="+~ =(z—20) —= and Res ——= = ¢(z9) = =
&= =72 0 B2 2 =y " g () .
Examples 6.18. 1. The function f(z) = % = Zszlifl = (Z_zsiiﬂf 57 has simple poles at +2i with

(£2i) sin2i  1,, 5, 1.
1o~ 4 g\& ¢ )= sinh2

Res f(z) = Res f(z) :5/

7=2i Z=—2i (
The reciprocal g(z) = % = ‘ZziTJf has simple poles at z = n7 for every n € Z, with
2 4 2.2 4
Res - .+ = q/(nn) L (—1)"(n?*m® + 4)
z=nr sinz  p'(nm) COS NTT

86



2. Since g(z) = e* — 1= OZO: 2’;2!" =z OXO‘, (flizln), has a simple zero at z = 0, we see that
n=1 n=0 ’
Vz+4i z e
flz) = 2 2 _ Ple) (P(z>=m>
(z+1i)?Log(z+2)(e** —1)  q(2) 8

has a simple pole at z = 0 and may easily compute

Cp(0) e¥ 1+i
Iff(?f(z) ~¢(0) In2  2In2

We could instead have chosen q(z) = (z +i)? Log(z + 2)(e* — 1), but computing ¢’ (z) would
have been disgusting!

Counting the Number of Poles and Zeros

A sneaky application of our pole/zero categorization permits us to count them.

Suppose f has a zero of order m at zy. Write f(z) = (z — z9)"(z) where §(z) is analytic and non-zero
on some closed disk |z — zg| < R. Let Cy be the boundary of the disk and compute:

fi@) 4 _ f mz=z0)"""9(z) + (z—20)"¢'(2)
dz = dz
¢ f(2) Co (z—20)"9(2)
/
= L ¥'(z) dz = 2mim
wz—z0 YP(2)
where we used the fact that % is analytic on and inside Cy. The integral 5 §, C, J; ((ZZ)) dz therefore

counts the multiplicity of the zero. By performing a similar calculation for poles and combining the
results for several poles and zeros, we recover a famous result.

e

.

N
Theorem 6.19 (Cauchy’s Argument Principle). Suppose f is analytic except at po]esm on and inside
a simple closed curve C, and that f(z) has no poles or zeros on C. Then

1 fl(z2) ..
27ﬂ.7§cf(z)c1;z_z p

where Z and P are the number of zeros and poles of f inside C, counted up to multiplicity.

Example 6.20. Consider f(z) = (z(%z;)lfz where C is a large circle surrounding the points 0, i and 5.

Plainly Z = 2 +1 = 3 and P = 4. We may compute the integral explicitly,

1 f'(z) 1 2 Cos z 4
— dz = — — dz =2 —4=-1=27Z-P
27ri7£c f(z) z 27rifi:z—i+ sinz  z—5 - cos0

(Use logarithmic differentiation unless you're feeling masochistic!)

17Such a function is termed meromorphic. The result is called the argument principle because f;((zz)) = % log f(z) means
that the integral is calculating the net change in the logarithm, and thus argument, of f(z) round the curve C.
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Properties of Isolated Singularities

Recall (Definition[6.9) that a function f(z) analytic on a punctured disk 0 < |z — zg| < R can have one
of three types of isolated singularity at zo: removable, pole, and essential. We finish by considering
some conditions/properties for each type.

s

~
Theorem 6.21 (Removable Singularities). Suppose f(z) has an isolated singularity at zo. The fol-
lowing are equivalent:

1. The singularity is removable.
2. lim f(z) exists and is finite.

zZ—2Z)

3. There exists a punctured disk 0 < |z — zg| < 6 on which f(z) is bounded.

Proof. For simplicity, suppose that zg = 0 and that f(z) is analytic on the punctured disk 0 < |z| < R.

[e0]
(1 = 2) Since zg is removable, the Laurent series f(z) = ) a,z" on 0 < |z| < R has no negative
terms. It follows that lir% f(z) = ap. n=0
z—

(2 = 3) This is almost tautological but bears repeating: If lim f(z) = ay is finite then choose € = |ag|
in the definition; 20

36 > Osuchthat0 < |z| <6 = |f(z) —ao| < |ao|
A
= |f(2)] = f(2) — a0+ ao| < 2]aol
(3 =1) Suppose f(z) is bounded on 0 < |z| < §, and consider

22f(z) if0<z<é
8z) = {0 ifz=0
Since f is bounded, we may compute the limit
lim 8E =8O _ o2y = 0
z—0 Z z—0

whence g(z) is differentiable at zero! Since g(z) is already differentiable on the punctured disk
0 < |z| < min(J, R), it is therefore analytic on the disk |z| < min{J, R} and equals its Maclaurin

series
§(z) =) bu2" =Y buz" =2 ) by 22" (bo = g(0) = 0and b; = ¢’(0) = 0)
n=0 n=2 m=0
We conclude that

f(z) = ) bu_z" whenever 0 < |z| < min(é,R)
m=0

whence f has a removable singularity at zero.
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We leave the next result as an exercise.

p
Theorem 6.22. Suppose f has an isolated singularity at z = zy.
1. 2y is a pole if and only if lim f(z) = co.
Z—2Z0

2. Suppose zj is essential and that w € C U {oo} is given. Then there exists a sequence (z,)

converging to zo for which li_r>n ) = @
n—o0
\. S

Combined with the previous result, we see that z( is an essential singularity if and only if le f(z)
does not exist. z-7z9

The second result is the Casorati—Weierstrass Theorem; the range of f(z) is dense in any neighborhood
of an essential singularity. A stronger result is available, through its proof is beyond us.

Theorem 6.23 (Picard). Ifzj is an essential singularity of f(z), then, on any neighborhood of zy, f(z)
takes every complex value except at most one.

Example 6.24. We verify Picard’s Theorem for the essential singularity of f(z) = el/Zatzg = 0. Let
w € C\ {0} be given, and write w = re’® where 0 < 0 < 27t. Then

; 1 . .
flz) =w < /7 =t — gzlnr+10+2mn

for some integer n. If n > 0, observe that

1
= Inr)2 2 2>2 —
\/(nr) +(0+2mn)? > 2nn = \z]<27m

z

whence |z| can be chosen arbitrarily small. A suitable value z therefore exists in any punctured disk
0 < |z| < 4. The function f(z) = e!/? thus takes on every complex value except one (namely w = 0).

Exercises 6.3. 1. Determine the order of each pole and its residue.

z+1 z 3
@@= o= ()
2. Verify the value of each residue:
V4 14 Logz T+ 2i
(a) zliej A1 when |z| > 0 and argz € (0,271) (b) IZ{EZS Z+12 3

() 52(2(2 secz)= (=1)""z,, where z, = Z4+nmandneZ

3. Find the value of the integral round each circle:

323 +2 4
7{c(z—l)(zz+9) z

(@ |z—2| =2 (b) |z| =4
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4. Let C be the circle |z| = 2. Evaluate §tanzdz.

5. Suppose functions f, g satisfy g(z) = % Prove:

Atzy, f(z)hasa zeroof order m <= g(z) has a pole of order m

6. (a) Evaluate Res (zsinZ) ! foreach n € Z.

n

(b) Why doesn’t Reg. (zsinZ) ! make sense?
z=

7. Suppose that C is the rectangle whose sides are the lines x = £2,y = 0 and y = 1. Prove that

7{ dz o
c@-17+3 22
(Hint: the integrand has four simple poles, only two of which lie inside C)

8. (Hard) Suppose f(z) and the contour C satisfy the hypotheses of Cauchy’s Argument Principle
(Theorem [6.19).

(a) Explain why we can be sure that there are only finitely many poles/zeros inside C and that
all zeros are isolated.

(b) Complete the proof of the argument principle by performing a suitable integral on a small
circle round each pole and applying Cauchy-Goursat and/or the Residue Theorem.

(c) (Winding number) Consider the curve v = f(C). By substituting w = f(z), explain why

7

(d) i (Rouché’s Theorem) Suppose f is analytic on/inside C and that |g(z)| < |f(z)] for all
z € C. Prove that the number of zeros of f + g inside C equals that of f.

(Hints: Apply the argument principle to f +¢ = f- (1 + j%) and consider why 1 + j% has

$c % dz counts the number times <y orbits the origin counter-clockwise.

winding number zero—why is Re(1 + %) > 0?)
ii. How many solutions (up to multiplicity) are there to the equation 222 + 4z% + 2i = 0
on the domain |z| < 1?

9. (Hard) Prove both parts of Theorem [6.22} for simplicity, assume zy = 0.

(Hint 1: f(z) has a pole if and only yfﬁ has a zero.

Hint 2: If no such sequence exists, show that g(z) := +—— is analytic and bounded.)

- fB)-w
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6.4 Improper Integrals

The theory of residues may be applied to help evaluate certain real improper integrals. We start with
an alternative definition of improper integral suited to our purposes.

( N\
Definition 6.25. Suppose f : R — R is integrable. Provided the limit exists, the Cauchy principal
value of the improper integral [©_ f(x) dx is the limit

RV/O;f(x)dx:I%iir;o/Zf(x)dx

This definition is potentially misleading. In standard calculus such an improper integral requires two
limits, both of which must exist for the integral to converge:

/ F(x)dx == lim f x)dx + lim / F(x)dx ()
—00 Ri—c0 Ry—c0

If the standard integral (*) converges, then it equals its Cauchy principal value. However, the con-
verse doesn’t necessarily hold.

Example 6.26. If f(x) is any odd function (f(—x) = —f(x)), then
g . R .
RV[wf(x)dx:%gr;o 7Rf(x)dx:1%1£130020

However, if one (necessarily both) of the 1-sided improper integrals diverges, then the full integral
also diverges: for instance,

P.V. / x¥*dx=0 but / x° dx diverges = / x® dx diverges
—o00 0 —o00

Residue theory supplies a neat trick for computing Cauchy principal values:

1. Suppose f(x) is the restriction to the real line of a complex func-
tion f(z) which is analytic on the upper half-plane (Imz > 0)
except at finitely many poles zy, . . ., z,, none of which lie on the
real axis.

2. Choose R > 0 so that all poles z lie inside the curve formed by
the real axis and the semi-circle Cg with radius R. By Cauchy’s
Residue Theorem,

‘/I;f(x)dx—i—/éRf( dz—ZmZResf z)

ZZk

ZZk

3. If%l_r)rgo CRf(z)dz:O,thenP.V./_Dof(x) x—ZmZResf

The method is easiest when applied to rational functions f(z) = %, though it works more generally.

Beyond the relative ease of residue calculation, one reason to stick to rational functions is that deg g >
deg p + 2 is enough to guarantee convergence in step 3 (Exercise 5).
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Examples 6.27. 1. f(z) = = = (Z_Z.)l(z —7 has simple poles at +i. Provided |z| = R > 1,

z24+1
1 1 R  C
2 2 2 i R
1= |lzf 1| = R -1 <
[#*+1] 2 Iz — 211 S R-1
Z'A
< —
— ‘7{ fE)dz) < g7 7520
27ti
:>PV/OQX2 dx—ZHzResf()—?:rt — - —
—R -1 0 1 R
Compare with the usual calculus method:
e8] 1 Ry— o0
/ Zidx:tan’lx ’ =T
—c0 X +1 7R1*>700
2. f(z) = 4+16) has simple poles at j:2§ +27% where { = % .

Let p(z) = 16(z2 — 1) and q(z) = z* + 16, so that

plzo) _z5—1
R -
Z:ezsof (2) q'(zo) z3

When |z| = R > 2, we see that

47tR(R? + 1)
< > @ 7
CRf(Z) Z‘— R4_16

P.V. /j:of(x)dx:27ri <zR_ezséf( )+ Res f(z )> :Zm.(4€2_1 +4C6_1> _ dm

’24—1—16’2R4—16:> -0

2=20° 8¢° 8¢° 22
3. Variations are possible, for instance by taking only part of a semi-circular arc. The function
f(z) = ﬁ has five simple poles: the fifth-roots of —1. iR | Rew
Since the pole {w? = —1 lies on the negative real axis, the
integral | fooo f(x) dx diverges. Instead consider the arcs in the lw | . c
picture when R > 1. Parametrizing C; via z(t) = tw, * 1Yo 7 R
1 0 R o1 .
[ qde= [ moqdt=—w [ 5ot {w?
cz2+1 rR P +1 0o P41 ’ o i
1 - 1
c, z2+1
R1 1 2 27
1— — ———dz=2miR ===
= ( w)/o x5+1dx—i— CRZ5+1dZ nzze5,25+l 577~ 5u7

5 27R
When |z| = R > 1, we see that ‘Z +1‘ >R -1 = ‘fc Z5Hdz‘ < R75T 1 :>0 and we
conclude

/°° 1 dr — 27Ti _ 27T _ 27T o csc T
0 x°+1 5(w? —w3)  5lw?({"1—7) 5(2isin %) 5 5
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Jordan’s Lemma

It is often desired, particularly when computing Fourier transformsm to evaluate integrals of the
form

[ fwendr= [ fx)cosaxdx-+i [ fx)sinavds

where a > 0 is a real constant and f : R — C is a given function. If f(x) is real-valued, then the
above breaks the integral into real and imaginary parts. Given reasonable conditions on f(x), the
principal-value method can often be employed.

Example 6.28. The function f(z) = ﬁ is analytic on the upper half-plane except at the simple pole
z = 2i. With R > 2 and Cg the usual semi-circle, we see that

3iz| _ ,=3y < 1 3izd < 0
R eSix 3iz e 6 1 6
= P\V. dx = lim / dx = 2mi R = 27— = ~7e
/oox2+4 R e A nzze25122+4 4i 2
Since this is real, we see that the result is in fact the integral [~ z fi‘ dx. We don’t need the Cauchy

principal value here since the full improper integral converges. The corresponding imaginary inte-
gral is trivially zero since Sl? fi‘ is an odd function.

The following result, which we state without proof, assists with such computations; as usual, for any
R >0,Cr ={z:|z|] = R, Imz > 0} is the counter-clockwise semi-circle in the upper half-plane.

'

Theorem 6.29 (Jordan’s Lemma). Leta, Ry > 0 be constants and f(z) a function. Suppose:

1. f(z) is analytic on the upper half-plane outside the semi-circle Cg,.

2. Whenever |z| = R > Ry, f(z) is bounded by some function M(R) with I%im M(R) = 0.
—00
Then I}im Jeo f (z)ei"* dz = 0. If f(z) moreover satisfies the hypotheses of our method, then
—00
l(lx 1az
PV/ F(x)e™ dx = ZNZEF%if
\
Example 6.30. If f(x) = ;‘;fg and R > 3, then
|z + 2 R+2
f(2)] 22+9] = R2—9 R e
iax iaz ; N\ ,—3a 243
. PV/ x+2) dx — 277i Res (z+2)e™ _ 2mi(2 +'3z)e 2+ 1)6_3’1
249 =3 2249 6i 3
By considering even and odd functions, etc., we can rewrite this as
® cosax T ® xsinax T
dx = = —3a / dx = = —3a
/0 29T 6" o x2+9 - 2°
18The Fourier transform of f(x) is the function f(&) := [ f(x)e27*¢ dx.
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Indented paths Another modification allows f(z) to have a simple pole on the real axis.

7

Lemma 6.31. Let D be the disk |z — zg| < €, leté < €, and let Cs be the C
clockwise semi-circle pictured. 4
1. If ¢(z) is analytic on D, then (151_1’)1’5 fC5 ¢(z)dz = 0. (//5
Zg—06 208 zg+ 6
2. If f(z) is analytic on D \ {zo} with a simple pole at z, then 0 ;\ 0

lim [ f(z)dz = —miRes f(z)

6—0JCs 2=z

More generally, if Cs spans 6 radians clockwise round z, then (lsin% /. c, f(z) dz = —if Res f(z).
- z=2

Proof. 1. ¢ is continuous on D and is thus bounded by some M; but then ’ /. Cs $(z) dz’ < M.

2. The Laurent series expansion of f(z) on D \ {zo} is

a1

fz) = +¢(2)

zZ— 2y

where a_; = Res f(z) and ¢(z) is analytic on D. Now observe that
zZ=zp

0 . T
/ 1 dr—a, / L ise®do = —ia_, / 46 = —ria_,
Cs Z— Zo Jr bet? Jo

is independent of 4. By part (a), we conclude that }sin% | ¢, f(z) dz = —miRes f(z).
— Z=20

]
Example 6.32. Consider f(z) = %, which has a simple pole at zp = 0. If 0 < § < R, then
.—6 /R -6 R s R g
(/ +/ )f(x)dx: (/ ~|—/ >cosx+zsmxdx:2i/ sinx
J-r )5 —R Js x s X
by even/oddness. Moreover, by Lemma|6.31} Cr
eiz
lim [ —dz= —intResf(z) = —int
0—0.JC; Z z=0 C(5
Since |f(z)| = % < % on Cg, Jordan’s lemma tells us that
0:21‘/ smxdx—in:>/ MY gy =" R =00 S R
0o X 0 X 2

The example relied on the evenness of 2% and on the fact that the region of the half-plane between
Cr and C; contains no poles of f(z). We essentially evaluated fOR sinx qy = 1 ffR SILY dx using an
indented path lying on the x-axis but dodging round the simple pole at zero. Many other versions of

this trick are possible!
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Exercises 6.4. Many of these problems require extensive calculations using residues. Take your time
and use them as an excuse to practice.

1. Use residues to verify each improper integral:

(@) /°° dx _ ()/°° xZdx _
(x24+1)2 4 x0+1
de o de n
()/ (2+1)(x2+4) 6 ()/ (x2+9)(x2+4)2 ~ 200

2. Find the Cauchy principal value of each integral:

dx b xdx
@) /700 x2+2x+2 (b) /m (x2+1)(x2+2x+2)

3. Let m,n be integers where 0 < m < n — 2. By mimicking Example 6.27 prove that

4. (a) If [T f(x)dx converges, prove that it equals its Cauchy principal value.

(b) Suppose f(x) is an even function and that P.V. [ f(x) dx exists. Prove that [*_ f(x)dx
exists and has the same value.

5. Suppose f(x) = q(( )) is a rational function where g(x) has no (real) zeros and 2 + deg p < degg.
Prove that [;° f(x) dx converges.

(Hint: let p,q be monic and recall the comparison test for improper integrals)

6. Prove the identities:

a)/ cos x dx == el et ifa>b>0
(x2+a?)(x24+b2)  a2—-b2\ b a

cos ax dx _
()/ b2)2:4b3(1+ab) b ifa,b >0

7. Evaluate the integrals:

a)/ xsinx dx ()/ x3 sin x dx
(x2+1)(x2+4) (x2+1)(x249)

. . o ®  cosxdx
8. If a is any real number and b > 0, find the Cauchy principal value of [ A B

9. Use f(z) = z2(e"” — ¢P?) and an indented contour around zy = 0 to prove that

/ wzz(b—a) whenever a,b >0
0 * 2
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212 _ exp(—3logz)

10. By integrating f(z) = 47 = — 25
prove that

where argz € (—Z%,3F) along an indented contour,

T

/°°dx T
0o Vx(x2+1) V2

11. What happens to part 2 of Lemma if f(z) is analytic on D \ {zo} but has a pole of order
m > 2 at zg.

12. (Hard) A similar trick can be applied with sequences of boundary curves Cy. For instance,
for each N € IN, let Cy denote the positively oriented boundary of the square whose edges lie
along the lines x,y = & (N + 1) 7. Prove that

% +2 i (_1)n]
n=1

212

dz )
7{ > = 2711
Cy Z%sinz
2

v )t o1 _
Hence conclude that 21 7— = 1p,and 21 5=
n= n=
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