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SYMPLECTIC BOUNDARY CONDITIONS AND
COHOMOLOGY

LI-SHENG TSENG & LIHAN WANG

Abstract

We introduce new boundary conditions for differential forms
on symplectic manifolds with boundary. These boundary condi-
tions, dependent on the symplectic structure, allows us to write
down elliptic boundary value problems for both second-order and
fourth-order symplectic Laplacians and establish Hodge theories
for the cohomologies of primitive forms on manifolds with bound-
ary. We further use these boundary conditions to define a relative
version of the primitive cohomologies and to relate primitive co-
homologies with Lefschetz maps on manifolds with boundary. As
we show, these cohomologies of primitive forms can distinguish
certain Kahler structures of Kéhler manifolds with boundary.
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1. Introduction

In this paper, we initiate the search for global invariants of differ-
ential forms on symplectic manifolds with boundary. Manifolds with
boundary are important in symplectic geometry as they are central for
cobordism theory and have appeared in various contexts such as in the
study of symplectic filling and symplectic field theory (see, for example,
[6-8]). The consideration of differential forms on such spaces also has
physical motivations and applications. For instance, they are involved
in a system of differential equations with singular source charges of Type
IT string theory [19,24]. Analyzing the solution space of such a physical
system would involve solving for differential forms on symplectic mani-
folds with certain prescribed boundary conditions along the location of
source charges.

We begin our study by analyzing cohomologies on symplectic mani-
folds with boundary. Of particular interest here are the primitive coho-
mologies introduced by Tseng-Yau [23]. These cohomologies are defined
on the space of primitive differential forms. Roughly, primitive forms
are those that are trivial under the interior product with the symplec-
tic form. (For a precise definition, see Definition 2.1.) The primitive
cohomologies depend on the symplectic form and have significant dif-
ferences with other known cohomologies [20,23]. Of note, the primitive
cohomologies have associated elliptic Laplacians, which we shall simply
refer to here as symplectic Laplacians.

One of the main goals of this paper is to define and analyze the
unique harmonic representative for each class of the primitive cohomolo-
gies. That is, we are interested in the Hodge theory of the symplectic
Laplacians on symplectic manifolds with boundary. As is well-known,
conditions on differential forms (and sometimes also of the boundary)
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Table 1. The standard boundary conditions on mani-
folds with boundary. The notation op denotes the prin-
cipal symbol of the differential operator D, and p is the
boundary defining function. In the second column, (D)
and (N) denote the Dirichlet and Neumann boundary
conditions, respectively

Riemannian (M, g) Complex (M, J, g)
Cohomology | de Rham cohomology Dolbeault cohomology
H*(M) HPY(M)
Laplacian Ag=dd" +dd Ay =00*+0%0
Boundary | (D): o4(dp)n |op =0 | d-Neumann: o5.(dp)n |arr =0,
Conditions | (N): og«(dp)n |oar = 0| OM strongly pseudoconvex

are necessary to establish the Hodge theory of elliptic operators on man-
ifolds with boundary. For instance, in Riemannian geometry, the well-
known Dirichlet (D) and Neumann (N) boundary conditions on differ-
ential forms are needed for the Hodge theory of the Laplace-de Rham
operator [10,13]. Similarly, in complex geometry, in order to establish
the Hodge theory of the Dolbeault Laplacian, the d-Neumann boundary
condition is usually assumed on differential forms in addition to impos-
ing the strongly pseudoconvex condition on the boundary [14]. In both
cases, the boundary conditions on differential forms have garnered wide
interests and applications. (For a general reference, see [16] for the Rie-
mannian case and [14] for the complex case.) In Table 1, we summarize
the well-known boundary conditions involved in the Hodge theory for
these two cases.

Clearly, our first task is to identify the boundary conditions that are
natural for differential forms on symplectic manifolds. Heuristically,
boundary conditions that have good analytical properties are typically
closely related to the natural differential operators on the manifold.
Consider for example the boundary conditions in Table 1. The Dirich-
let (D) and the Neumann (V) boundary conditions are defined using the
exterior derivative operator d and its adjoint d*, respectively, while the
0-Neumann boundary condition uses the Dolbeault operator 0. There-
fore, we should ask what natural differential operators should we work
with in the symplectic case?

For any symplectic manifold (M?",w), it was observed by Tseng-
Yau [23] that there are two, first-order, linear differential operators that
appear in a symplectic decomposition of the standard exterior derivative
operator:

d:8++w/\8, .
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Table 2. Symplectic boundary conditions
{D4,N4,D_, N_} associated with (04,0-)

04 0-
Dirichlet-type | (D4): 0o, (dp)n [oar =0 | (D-): 0o_(dp)n [orr =0
Neumann-type | (N4): 09 (dp)n |om =0 | (N-): 09 (dp) 1 [orr = 0

Table 3. Symplectic boundary conditions associated
with 0,0_. Notationally, 0g,s_ denotes the principal
symbol of 10, p is the boundary defining function,
and L5 is the Lie derivative with respect to the inward
normal vector 7

Boundary Condition Definition
Dy (D1-) :0a,0_(dp)n [on =0
{20,0_(pn) — 3L:[040_(p*n)] } losr = 0
N__ (N4=) s 0@,y (dp) 1 lons =0
{2(0:0-)*(pn) = 5L [(0+9-)(p*n)] }lor = 0

The pair (04, 0-) are dependent on the symplectic structure w and have
good properties: (i) (04)? = (0-)% = 0; (ii) wA 010 = —wAI_0y; (iii)
[w,04] = [w,wAO_] =0. In addition, Tseng-Yau [22,23] also identified
the second-order differential operator, 0;0_, as an important operator
to study for symplectic manifolds.

With respect to this triplet of differential operators, (0+,0—, 04+0— ),
we will introduce symplectic boundary conditions on forms that are
analogous to the standard Dirichlet and Neumann boundary conditions
of Riemannian geometry. In the case of the two first-order operators
(04,0-), we can straightforwardly define four new boundary conditions
which we denote by D4, N,, and D_, N_, as listed in Table 2. The
case of the second-order operator 0;0—_ is much more subtle. Gener-
ally, boundary conditions associated with second-order operators are
not well-understood or studied. We, however, are led to define two
boundary conditions, D44 and N__, associated with 0;0_ given in
Table 3.

The six symplectic boundary conditions {D4, Ny, D_, N_, D4,
N__} are in general weaker conditions than the standard Dirichlet and
Neumann conditions. However, they should be thought of as the natu-
ral boundary conditions associated with (94,0_, 0+0— ). For one, these
symplectic conditions arise when considering the adjoint of the three
operators and imposing that any boundary integral contributions van-
ish. Importantly, they are also preserved under the action of the corre-
sponding differential operator: 9, d_, or 9;0_. For example, if a form
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Table 4. Absolute and relative cohomologies on mani-
folds with boundary

Absolute Cohomology Relative Cohomology
k()= Kerd N QM) . _ kerd 0% (M)
Do fthem | D= g00 1) HEM. 00 = =0T
ker &, NP* (M) ker &, NPE (M)
PHF(M)=" ) PH"(M,dM)= — P77
+( ) 8+Pk—1(M) +( ) 8+P§;1(M)
n ker 0;,0_NP"™ (M n ker 04 0_NPp, (M)
PHL(M)= a+Pn*1(M() | P o= d P”‘l(J\B
Primitive + - . g D}k e
k(ar) = Ker0-0P" (M) : _ rero-ntp (M)
PIEOD="5 prman | PO =5
ker O_NP"(M) ker O_NPp (M)
PH"(M)=———F————= PH"(M,0M)=————"——
=" 0 P (M. 0M)= 5 5 Py (o)

n satisfies the D, boundary condition, then 0,7 will also satisfy the
D, condition. We will describe these and other useful properties of the
symplectic boundary conditions in detail in Section 3.

The six symplectic boundary conditions in Tables 2 and 3 turn out
to be useful in establishing Hodge decompositions of forms. With the
appropriate pairing of symplectic boundary conditions and symplectic
Laplacians, we write down in Section 4 systems of partial differential
equations on forms that are elliptic. Having done so, we can then apply
standard elliptic theory on manifolds with boundary for these types of
systems of equations, standardly referred to as elliptic boundary value
problems, to obtain Hodge-type decompositions of forms involving har-
monic fields. Here, harmonic fields are forms that are, for example, in
the 04 case, both di-closed and 07}-closed. (Note the distinction in
the boundary case: a harmonic form, that is a zero of the Laplacian,
is not necessarily a harmonic field.) We shall show that the space of
these harmonic fields satisfying certain symplectic boundary conditions
is finite-dimensional. Moreover, we will apply the obtained Hodge de-
compositions to prove the existence of solutions for several other types
of boundary value problems.

Having studied the relevant partial differential equations and Hodge
decompositions, we introduce and analyze both the absolute and rel-
ative primitive cohomology on symplectic manifolds with boundary in
Section 5. We list their definitions in Table 4, where Q¥ there denotes
the space of differential k-forms and P* the subspace of primitive k-
forms. We will use the obtained Hodge decompositions to demonstrate
that each class of the primitive cohomologies in Table 4 has a unique
harmonic field, that satisfies certain symplectic boundary condition, as
its representative. Such harmonic fields may then be used to demon-
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Table 5. Relations of primitive cohomology with Lef-

schetz map
Cohomology k<mn
PHY (M) 2 coker[L: H*2(M) — H*(M))
Absolute ©ker[L: H* (M) — H* (M)]
Primitive PHF (M) = coker[L: H>"~*=Y(M) — H**+1(M)]

®ker[L: H*™ % (M) — H?>"7*2(M))
PHY(M,0M) = coker[L: H*2(M,0M) — H*(M,dM)]
Relative @ ker[L: H* =Y (M,0M) — H* (M, 0M)]
Primitive | PH®(M,dM) = coker[L: H*~*~YM,dM) — H*"~FTY(M,0M))
®ker[L: H*™ *(M,0M) — H*™ *+2(M,0M))

strate a natural pairing isomorphism between the absolute primitive
cohomology and the relative primitive cohomology.

Additionally, with the six symplectic boundary conditions, we can
study Lefschetz maps on manifolds with boundary and establish re-
lations between relative de Rham cohomology and relative primitive
cohomology. As is well-known, on closed Kéahler manifolds, Lefschetz
maps of the form

L: HNM) — HF?(M)
= wAnl,

can be easily understood by the Hard Lefschetz Theorem. In [20], Tsai-
Tseng-Yau studied Lefschetz maps for general, non-Kéahler symplectic
manifolds and showed that the kernels and cokernels of these Lefschetz
maps can be characterized by the primitive cohomologies. Here, we find
similar results for cohomologies defined on symplectic manifolds with
boundary and further extend their results to the relative cohomology
case. We summarize our Lefschetz maps results in Table 5.

To further demonstrate some of their uses, we explicitly calculate
the primitive cohomologies for some examples of Kahler manifolds with
boundary. These examples show clearly that primitive cohomologies are
very different from the standard de Rham cohomologies on manifolds
with boundary. Interestingly, we find that even on a simple Kéhler man-
ifold that is the product of a three-ball times a three-torus, B3 x T3, two
different K&hler structures can lead to different primitive cohomologies.
In Section 7, we conclude with a discussion connecting our relative prim-
itive cohomology with the differential topological notion of a relative
cohomology. This allows us to propose a relative primitive cohomol-
ogy with respect to any submanifold, including lagrangians, embedded
within a symplectic manifold.

Acknowledgments. We would like to thank T.-J. Li, Y. S. Poon, M.
Schechter, C.-J. Tsai, J. Wang, and S.-T. Yau for helpful comments
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2. Preliminaries

In this section, we will gather some basic definitions and properties of
differential forms and operators in symplectic geometry. Further back-
ground details and proofs of the lemmas and propositions stated here
without elaboration can be found in [22,23].

2.1. Primitive structure on symplectic manifolds. Given a sym-
plectic manifold (M?",w), let QF denote the space of smooth k-forms
on M. In local coordinates, we write the symplectic form as w =
%sz’j dz® A dx?. The Lefschetz operator L and its dual operator
A acting on a differential k-form n € QF are then defined by

L:QF 5 QM2 L) =wAn,
1 g
A:QF 5 0F 2 A ==(w H%1 010,

2 8zt dxJ

where ¢ denotes the interior product, and w™' is the inverse matrix of
w. Define also the degree counting operator

(2.1) H=Y(-0]].
k

where Hk 0 — OF is the projection operator onto forms of degree k.
The three operators (L, A, H) together provide a representation of an
sl(2) algebra acting on *:

A L] =H, [H A =2\ [HL=-2L

This sl(2) representation leads to a Lefschetz decomposition of forms
in terms of irreducible finite-dimensional si(2) modules. The highest
weight states of these irreducible sl(2) modules are the primitive forms,
whose space we denote by P*.

Definition 2.1. A k-form j is called primitive (i.e. B € PF) if
A B =0. This is equivalent to the condition L" %13 =0.

As implied by the definition, the degree of the primitive form is con-
strained to be k < n. Note also that P* = QF when k = 0,1. In terms
of primitive forms, the Lefschetz decomposition of a form 7 € QF can
be expressed as

n= Z w" A Br—2r-

r>max(k—n,0)
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Here, each By_o, € P*~2" is uniquely determined by 1. We see that each
term of this decomposition can be labeled by a pair (7, s) corresponding
to the space

L = {77 € QTS | p=w" APy with B, € PS} )
where 0 < s < (n —r). Two other maps will also be used in this paper:
(2.2) II: QF — P* the projection map for k < n;and
(2.3) )p 2 L7F = L7755 WA Bs > WA Bs

The first map is always surjective and the second one is always bijective.
The triple {L,II, %, } played an essential role in [20] for building a long
exact sequence relating primitive cohomologies with Lefschetz maps.

2.2. Differential operators d,,0_, and d*. We consider the action
of the exterior derivative operator d on £* [23].

Proposition 2.2. d acting on L™® leads to at most two terms:
d: L7 Lr,s—&-l EB,CT—H’S_l
with
d(W" A Bs) =w" A(dBs) =w" A Bsp1 +w A Bot .

This result is a consequence of the closedness of the symplectic form
w and the following formulas:

o If s<n,dBs=LPs+1+wA Bs—1;
elfs=mn,dB,=wA Bp_1.

By this proposition, Tseng-Yau [23] defined the decomposition of d into
two linear differential operators (01, 0-).

Definition 2.3. On a symplectic manifold (M,w?"), we define the
first order differential operators 01 ,0_ by the property:

Dy 1 LT — L1+ Oy (W™ A Bs) = w" A Bsi1,
O L7 — L5 O_(W" A Bs) =w" A Bs_1,

such that
d= 8+ +wA 8_ .

Here, Bsaﬁs—i—lyﬁs—l € P* and dﬁs = ﬁs—i—l +wA Bs-1.

When acting on primitive forms, 01 and 0_ can be equivalently writ-
ten as follows:

Lemma 2.4. Acting on primitive differential forms, the operators
(04,0-) have the following expressions:

0 =d—LH 'Ad,
O_=H Ad.
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In fact, on P*,
(2.4) oL =1I1d.

Moreover, the 0+ and J_ operators have the following properties on
general forms:

Proposition 2.5. On (M?",w), the symplectic differential operators
(04,0-) satisfy:

° 83 =02 =0;

[ ] L8+0, =—-L 878+ 5

o [L,0{]=[L,LO_]=0.

Besides d, 04, and O0_, there is one other first-order differential op-
erator, d* : Q¥ — QF 1 that will be of interest in this paper. It can
written as

(2.5) d* =dA—Ad,

and is sometimes called the symplectic adjoint operator since it lowers
the degree of a form. Let us point out that in terms of d and d®, the
pair (04,0—) can be expressed as follows.

Lemma 2.6. On a symplectic manifold (M,w), 0+ and 0— can be
expressed as

1

oy

T Ht2R+1
1

o = Ad — (H + R)d"],
o oR T @+ Ry M

where the operator R : L7® — L7° is the multiplication
R(L"Bs) =r(L"Bs) .

In particular, acting on primitive (r = 0) forms, P*, the expression
for 0_ reduces to

[(H+R+1)d+ Ld"],

(2.6) 0 =——dd= =
which agrees with Lemma 2.4.

2.3. Conjugate relations. Let (w, J, g) be a compatible triple on the
symplectic manifold (M?",w) with .J being an almost complex structure
and g a compatible Riemannian metric on M. With respect to the
almost complex structure J, there is the standard (p,q) decomposition

OF = @ QP9. Let us define the operator
pt+q=k

(2.7) J=> (=1,

where []”? denotes the projection of a k-form onto its (p, ¢) component.
Notice that J2 = (—1)* acting on k-forms and also that J commutes
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with both L and A since the symplectic form w is a (1, 1)-form with
respect to the almost complex structure J. Moreover, the operator J
defines the following conjugate relations ([22,23]) between differential
operators:

Lemma 2.7. For a compatible triple (w, J,g) on a symplectic mani-
fold, let d*, d™, 01 and 9" be the adjoint operators of the corresponding
differential operators, respectively. Then there are the following conju-
gate relations:

e d =71 T and d™ = T4 T;
¢ JOLJ 1=0"(H+R) and JO, J 1= (H+R)0_.

This lemma, together with Lemma 2.6, implies the following expres-
sions for (0%, 0%).

Lemma 2.8. On a symplectic manifold (M?",w) with a compatible
Riemannian metric g, the adjoints (07,0 ) have the form
O = [d"(H+R+1)+d“A|(H+2R+1)7",
O =[d*(H+R+1)"'L —d™|(H+2R+1)"".
Corollary 2.9. On P*, the adjoints (9%,0*) have the form
oy =d,
of =[d*, LH ' |=(n—k)'d*L — (n—k+1)"'La".

Remark 2.10. Throughout the paper, we will always assume that
the Riemannian metric g used to define the adjoints (97%,0%,d") is
compatible with the symplectic form w.

2.4. Symplectic elliptic complex and Laplacians. For symplectic
manifolds, there is an elliptic complex on the space of primitive forms
P* [23] (see also [4,5,17]):

0 po o+ pl s . 9+ pr-1 9+ pn
|o-0-
0 9- Pl 9- P2 9- 9- Pnfl 9- pn

Of note is the presence of the second-order differential operator 0,0—
that acts on the middle degree primitive space, P", in the middle of the
complex. Though this elliptic complex involves differential operators
of differing orders, we can still easily associate to each element of the
complex an elliptic Laplacian operator. (See, for example, [2].) Hence,
we define the following symplectic Laplacians as associated with this
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elliptic complex:

2.8) Ay =040 + 0704, on P* for k <n,
2.9) A_=09_9" +9*9_,on P¥ for k <n,
2.10) Ay = (010-)"(040-) + (04+0%)% on P™,
2.11) A = (040-)(040-)* + (0*0_)* on P".

The principal symbol of these symplectic Laplacian operators {—A_,
—A_, A4, A__} can be straightforwardly calculated and shown to be
positive. (See for example the calculations in Appendix B.)

3. Symplectic boundary conditions

In this section, we present several intrinsically symplectic boundary
conditions for differential forms on compact symplectic manifolds with
smooth boundary. We will briefly review first the standard Dirichlet
and Neumann boundary conditions for differential forms on Riemannian
manifolds. Again, let (M?", w) be a symplectic manifold with boundary
OM and (w,J,g) a compatible triple on it. We will denote throughout
any boundary defining function by p (i.e. p =0 on OM), the associated
induced cotangent 1-form by dp, and the inward dual normal vector field
on the boundary by 7 which satisfies dp = g(7i, -) on M. Furthermore,
for any differential operator D, we shall use the notation op to denote
its principal symbol.

3.1. Dirichlet, Neumann and [J-conjugate boundary conditions
on forms. We first recall the standard Dirichlet and Neumann bound-
ary conditions:

Definition 3.1. We say a differential k-form 7 satisfies

e the Dirichlet (D) boundary condition, i.e. n € D, if o4(dp) n |opr =
0;

e the Neumann (N) boundary condition, ie. n € N, if
oa-(dp)n [orr = 0.

We note that the Dirichlet condition for forms is equivalent to the
condition that dp A = 0 on 0M; that is, a form without a component
in the normal direction would need to vanish on the boundary. (In the
special case where 7 is a function, i.e. a 0-form, the above Dirichlet
condition is equivalent to 7 vanishing identically on the boundary.) In
contrast, the Neumann condition corresponds to t7z 1 = 0 on OM; that
is, any form with a component in the normal direction must vanish on
the boundary. Here again, 7 is the inward normal along the boundary,
and vz 1 is the interior product by 7 on the form 7.
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For calculations, it is often convenient to express the boundary con-
ditions in terms of differential operators, without any principal symbols
as follows.

Remark 3.2 (See, for example [18]). For any first-order differential
operator P and boundary defining function p,

(3.1) op(dp)n larr = P(pn) lom -

For instance, for the standard Dirichlet boundary condition,
aq4(dp)n |laamr = 0 is equivalent to the condition d(pn) |aar = 0.

It is also useful to point out that both the Dirichlet and Neumann
boundary conditions arise naturally when integrating by parts the exte-
rior derivative operator, d. These boundary conditions can be inferred
from the Green’s formula which we recall here [18].

Lemma 3.3 (Green’s formula for first-order differential operators).
If M is a smooth, compact manifold with boundary and P is a first-order
differential operator acting on sections of a vector bundle equipped with
a metric, then

(3.2) a>¢,w>—<¢7p*w>::jQMxop«uo¢,w>ds

with P* the adjoint operator of P and (,) denoting the metric on the
vector bundle and dS the volume form on the boundary.

In particular, for the exterior derivative operator, d, the lemma im-
plies for any n, £ € Q* that

(M@—mfﬁZAJMWMQWZ—AﬁmeMMS

Another noteworthy property of the Dirichlet and Neumann condition
is the following lemma (see for example, [11]).

Lemma 3.4. The Dirichlet boundary condition is preserved by d and
the Neumann boundary condition is preserved by d*. That is, for any
n € QF, we have

neD=dneD,
neEN=d'neN.

Besides the Dirichlet and Neumann boundary conditions, let us intro-
duce here two other related boundary conditions which will be useful
later on. Using the conjugate relations in Lemma 2.7, we define the
following:

Definition 3.5. We say a differential form 7 satisfies
e the J-Dirichlet (JD) boundary condition, ie. n € JD, if
oan(dp)n lore=0;
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e the J-Neumann (JN) boundary condition, i.e. n € JN, if
ogn(dp)n lorr=0.
The relation between (JD, JN) and (D, N) boundary conditions are
as follows:
Lemma 3.6. With respect to a compatible triple (w,J,g) on a sym-
plectic manifold M?", any n € QF satisfies the following:
nedJD < JnebD,
neJN < JneN.
Proof. Using the relations AV = 77147 and d* = J7'd*J in

Lemma 2.7 and expressing the boundary conditions in terms of dif-
ferential operators as in (3.1), we have

ne JD < d¥(pn) lon =0
& T T (pn) lom=0<d(pIn) lon=0< TIne D,
n€JN < d*(pn) lonr=0

& T 4T (pn) lorr=0 < d*(pTn) lonr =0 < Tn € N.
q.e.d.

Applying Lemma 3.4, we also obtain the following:

Corollary 3.7. The JD boundary condition is preserved by d™* and

the JN boundary condition is preserved by d. That is, for any n € QF,
neJD= d"neJD,
neJN=d*neJN.

Proof. Since n € JD is equivalent to Jn € D, it follows that dJn €
D. Therefore, 7~ 'dJn € JD, that is, d**n € JD. By similar argu-
ments, d® preserves the JN boundary condition. q.e.d.

We can give an interpretation for the JD and JN boundary con-
ditions as follows. As mentioned, the D and N boundary conditions
are defined with respect to the outward normal vector field 77 along the
boundary. For JD and JN boundary conditions, they are instead de-
fined with respect to the J7 vector field. More specifically, around a
point x € M, we can choose a local Darboux basis of one-forms, {w;},
such that w; = dp and w = > wa;—1 A ws; . Let us further choose an al-

(2
most complex structure J such that Jwe;—1 = —w9; and Jwo; = wo;—1
fori=1,2,...,n. We denote the dual basis of tangent vectors by {e;}.
The boundary conditions then correspond to the following:

UEJDSUJQ/\??L‘)M:O,
UEJNSLEQU |8M:0-
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Moreover, if the boundary is of contact type, then OM, being a contact
space, has a well-known symplectization that can be mapped to the
collar neighborhood of @M. In this case, J7 can also be identified with
the Reeb vector field on the contact boundary.

3.2. Symplectic boundary conditions on forms.

3.2.1. Boundary conditions associated with J; and 0_ opera-
tors. With two natural linear first-order operators 9, and J_ on sym-
plectic manifolds, we are motivated to define the analogous Dirichlet
and Neumann boundary conditions with respect to these operators.

Definition 3.8. We say a differential k-form n € QF satisfies

e the 0,-Dirichlet (D;) boundary condition, i.e. n € Dg, if

oo, (dp)n lorr=0;
e the 0_-Dirichlet (D_) boundary condition, i.e. n € D_, if

oo_(dp) n lorr=0;

e the J;-Neumann (N,) boundary condition, i.e. n € Ny, if
oo (dp)n o =0

e the 0_-Neumann (N_) boundary condition, i.e. n € N_, if
oo (dp) 1 lorr =0.

Just as for D and N boundary conditions, it follows from Lemma 3.3
for (04,0_) that:

@e1.8) = (1.056) = | (o0, (dp)n. a5 == | tn.00; (dp) ) ds.
(0-10,€) — (0, 076) = /8 (oo (dp)n.€)dS = - /8 . (dp) ) 05,

These formulas above imply that the {Dy, N;} and the {D_,N_}
boundary conditions are natural from the perspective of integration by
parts.

3.2.2. Boundary condition associated with the 0,.0_ operator.
As above, we can also introduce Dirichlet and Neumann type boundary
conditions for the 0;0_ operator.

Definition 3.9. We say a differential form 7 satisfies,

e the 0;0_-Dirichlet boundary condition (Dy_), i.e. n € Dy_,
if 09,0 (dp)n |lorr = 0;
e the 0;0_-Neumann boundary condition (N;_), ie. n € Ni_,

if o5, 0_)<(dp)n lorr = 0.

Remark 3.10. Similar to the first-order case in Remark 3.2, the
above second-order boundary conditions can be equivalently expressed
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differentially as follows:
€ Dy <= 9,0-(p*n) lomr = 0,
neE Ny < 09 (p*n) lom = 0.

The D4 _ and N,_ boundary conditions, however, by themselves are
not sufficient to ensure that (040-n,&) = (1, (0+0-)*¢). This can be
seen from the following lemma:

Lemma 3.11 (Green’s formula for second-order differential opera-
tors). If M is a smooth, compact manifold with boundary and P is a
second-order differential operator acting on sections of the vector bundle
equipped with a metric, then

(3.3)
o)~ 0.0 = [ ({2Poo) - 3alPiPof. v )as

i /8M<;P(p2¢)’ E%(¢)> ds

with P* the adjoint operator of P, dS the volume form on OM, and (,)
denoting a metric on the vector bundle.

Proof. Let dim M = m. Using a partition of unity, we may assume
that ¢ and 1 are supported within a coordinate patch U in M. Hence,
we only need to consider the case when U intersects with the boundary
OM. So suppose U is in R’ and the coordinates are such that % is
the unit inward normal at 0M. In U, the second-order operator P has
the form

a
(3.4) P = Z]:aw Fo00 8x] + ;b 7 oz,
where here 7,5 = 1,2,...,m. Then,
_ P 09
(Pg, )y = /U [§<ajmw> + Xij@%i,w + <c¢,w>} Voda.

Integrating by parts, there are boundary integral contributions coming
from the terms involving %, and we obtain

(3.5)
(P¢7¢)U = (¢7 ,P*Q/))
/Uan 1<Zazm + b — 8‘“”% w>\/ 7, 0)da’

+/an 1{8xm {amm®, ¥)\/g] — <6(gmm¢)7¢>\[} '
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where dx’ = dxy -+ - dzy—1 and /g(2’,0)dz’ is the volume element on

OM . Now, we can write

39 5ot 0Va] = { 25 ) = (o L5000

(3.7)

P(p8) = Pl 6) = S tim g + tmm g+ b + O,

i<m

(3.8)
SP(0) = S P(50)

%

Er. +bmo | + O(22).

- amm¢ + T Zazm + Amm

i<m
Using (3.7)—(3.8), we find along the boundary (i.e. x,, = 0) that
(3.9)
1 2 6amm

Zm=0 i<m m

The statement then follows substituting (3.6) and (3.8)—(3.9) into (3.5).
q.e.d.

The above lemma leads us to the following definitions:

Definition 3.12. We say a differential form 7 satisfies
e the D, boundary condition if
1) n € Dy, that is, 9;0_(p*n) |any = 0, and
2) {2040_(pn) — 3La[0+0-(p*n)] } loss = 0;
e the N__ boundary condition if
1) n € Ny_, that is, 8 9% (p*n) |omr = 0, and
) {2020 (pn) — 3Lal020%(p*n)] } loar = 0.

Remark 3.13. The D, and N__ boundary conditions can be al-
ternatively defined using the principal symbol. With the convention
that the principal symbol of the second-order operator P in (3.4) is
op(dp) ¢ lom = amm®, we have that

(P(o6) — Laloptdn) o} low = {2P(o0) - L [P(F0)]

Hence, we can express the boundary conditions in the form of

oM

op(dp)n lom =0,
{P(pn) — Lilop(dp)n]} lomr =0,

setting P = 04 0— for the D4 boundary condition and P = (9;0-)*
for the N__ condition.
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Lemma 3.11 immediately implies the following results.

Corollary 3.14. For a differential k-form n, n € D1y is equivalent
to the condition

(040-n,8) = (1, (9+0-)%¢)
for any € € QF. Similarly, n € N__ is equivalent to the condition

((04+0-)"n, &) = (n,04+0-¢)
again for any € € QF.

Clearly, all six of the above boundary conditions —{D4,D_, Ny, N_}
in Definition 3.8 and {D44, N__} in Definition 3.12 — depend on the
symplectic structure. Being so, we will refer to them as symplectic
boundary conditions. Certainly, these boundary conditions are defined
for general differential forms. To get a better sense of these symplectic
boundary conditions, we will focus our discussion in the following to
primitive forms and explore the properties of these boundary conditions
on them.

3.2.3. Local description of boundary conditions on primitive

forms. To make clear the differences and infer the properties of the

various new boundary conditions presented above, we provide here a

local description of the boundary conditions on primitive forms. For

simplicity, we shall describe them in terms of a local Darboux basis

{w; = dxj} of Q! where wy = dp and w = Y w1 A wy;. As before,
7

we denote the dual basis of tangent vectors by {e;} and choose as the
almost complex structure J the standard one where Jwo;_ 1 = —woy;
and Jwo; = wo;—1 for ¢ = 1,2,...,n. In such a basis, any primitive
differential k-form, 8 € P*, can be decomposed into four distinct terms

[23]:
(3.10) B=wiAB +ws AB*+ 012 A B+ B,
where g1, g2e P11, p3¢ P2 and B*€ P* are primitive forms that

do not contain any components of wy or ws, and

1 n
O12 = w1 Awy — Mz;w%—l AN wa;
1=

where H is the degree counting operator defined in (2.1).

Using the above decomposition, we can see explicitly how the different
boundary conditions constrain a primitive form 8 along M. To start,
consider first the D condition which corresponds to dp A 8 |opr = w1 A
B lopr = 0. With S expressed in the decomposed form of (3.10), the
D condition implies that 52 = 8% = * = 0 on the boundary, and
hence, locally 3 |gar = wi A B'. Now, let us consider the symplectic D
condition. Recall from (2.4) that 05 = Il d when acting on a primitive
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Table 6. First-order boundary conditions and their
constraints on a primitive form S as expressed in the
local basis of (3.10) with wy = dp

Condition on M | Local Form on OM

D| wAB=0 |B=w B

N te; =10 B =wy A B>+ p4

JD wo A3 =0 B =wy A B?

JN e, =10 B =w AB+ p

Dy I(wy; AB)=0 ,Bzwl/\,Bl—i-@lz/\BS
Ny te, =0 B =wy A B?+

D_ LeyB=0 B=w ABL+ B

N_| w2 AB)=0 |B=w2AB>+0O1nAp3>

Table 7. Second-order symplectic boundary conditions
and their constraints on a primitive form (8 as expressed
in the local basis of (3.10) with w; = dp. The primed
operators ('), 0" ) are defined on the (2n — 2)-dimension
symplectic subspace spanned by {es, eq4, ..., e}

Conditions on Local Form on OM

Dy B2=0 (D4 — condition)
H+1
0162 — ot + T*am?» L (H=-1). =0
N__ Bt=0 (N4_ condition)

OB+ 0oB% + (H +1)0%8% — 01B* = 0

form. Thus, the D, condition corresponds to II(dp A B) |aps = 0,
which is just the projected form of the D condition. Applying the
decomposition (3.10), the D, condition implies only that 32 = 3 = 0
on the boundary since II(wi A(Q12AB%)) = —H[w (1/(H+1)) AwA B3] =
0. Hence, a primitive form that satisfies the D, condition takes the form
B lonr = w1 A B+ ©O19 A 3% along the boundary. Compared to the D
condition, we see clearly that D, is a weaker condition than the D
condition. In Table 6 and Table 7, we write down the required local
form for a general primitive form § along 0M for all the boundary
conditions that were discussed above. Let us point out that for § € P,
the boundary conditions D4 and N_ are trivial, i.e. they do not impose
any conditions on f.

The derivation for the case of Dy, and N__ boundary conditions
requires a bit more calculations. For instance, for the D, condition,
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which consists of two conditions as in Definition 3.12, the first condition
D, _ imposes on OM

(3.11) co.0 (dp) B=wi(Awr1 AB) =0 = p*=0.

In the form expressed in Remark 3.13, the second condition imposes on
oM

(3.12) 0=049_(pB) — Lit [00,0_(dp)n)]

1 H+1
ek A |01 — 0ot + Té)ﬁrﬁ?’ +(H - 1) p*
2 /a2 L
+ H+1w2/\82,3 ©120_3* + H+1a+/3 ,

where (0',,0") refers to the (9;,0-) operators on the symplectic sub-
space spanned by {e;} for j = 3,4,...,2n. Since this subspace is within
OM it is clear that the third line of (3.12) vanishes if (3.11) is imposed.
This results in the second condition for D, in Table 7. For N__, one
finds

(3.13) oo 0.y (dp) B=te; (WA (1,8) =0 = B' =0,
and for the second differential condition on dM

(3.14)  0=(0+9-)"(pB) — Lii [0(9,6.)+(dp) B]

wy A [018" + 0287 + (H +1)07* 8> — 9/ ]

T H+1
1 1 H
_ /\a 1 @ a/* 1 8/* 1
R ARy T AL L My o L

where again the adjoint primed operators are defined on the co-dimen-
sion two symplectic subspace orthogonal to {ej,es}. Since ' = 0 on
the boundary, the last line of (3.14) vanishes and this gives the second
condition for N__ in Table 7.

From these local characterizations and definitions, we can quickly find
a number of relations relating the different boundary conditions. For
instance a primitive form § € P* that satisfies D automatically satisfies
both Dy and D_, i.e.

pe Dy,
peD = {BeDf.

From Tables 6 and 7, we also obtain the following relations between the
boundary conditions for primitive forms.

Lemma 3.15. With respect to a compatible triple (w,J, g) on a sym-
plectic manifold M>", there are the following equivalent conditions for
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a primitive form B € P*,:

beDy <— JpeN_, BeEN, < BEN,
beD_<+— JpeN,, beD_ < pfe€JN,
ﬁ€D++<:> jﬁGN__.

An important feature of these symplectic boundary conditions is that
they can be preserved when acted upon by one of symplectic differential
operators: (04,0-,04+0—-) and their adjoints. The standard Dirichlet
and Neumann boundary conditions do not have these properties.

Lemma 3.16. For € P,

B6D+:>8+ﬁED+, ﬁ€N+:>aiﬁ€N+,
peD_ — 0 peD_, BeN_—0"BeN_.
Proof. The lemma can be proven by direct computation. We here
instead give a simple, quick proof which makes use of the inner product
that comes with a compatible metric on (M?", w).

In order to prove that 0.8 € D4 for § € D, it is enough to show
that

(3.15) | @4p9.5).0)as 0.

for any o € P2 Now, since 8 € Dy, we have (048,07a) =
(B,0707a) = 0. On the other hand,

(0:6.00) = (0:0:0.0) = [ (01(0:).0) a5
—— [ (01(6048),0) a5,
oM
which immediately implies (3.15) for any o € P¥*2. The other three

statements can be proved similarly. q.e.d.

Lemma 3.17. For k <n,

o if B e Pll%++ , then 0,0_f € Pl’g_ ;

o iffc Pl’gj, then 0,3 € P, .

Proof. Again, the quickest method of proof is similar to that given

for Lemma 3.16. Let g8 € P§++. To show that 0;0_8 € Pk_7 it suffices
to prove that

| 10-t0.0-9).a)ds =0,
oM
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for any o € P!, Since 8 € PB++, it follows from Corollary 3.14 above
that (0;0-p,0"a) = (8,0* 070" ) = 0. On the other hand, we have

0= (0,0-5.0%0) = (0-0:0-.0) = [ (0-(p0,0-9).) 5

:_/<a@mamﬂM&
oM

for any o € P*~1 as desired.

As for the second statement, let 8 € szl. By Corollary 3.14, it is
enough to show that ((04+0-)0+08,a) = (0+08,(0+0-)*«) for any a €
Pk, Clearly, ((040-)0,8,a) = 0. Furthermore, (9,43, (040_)*a) =
(8,070 0% a) = 0 since 8 € P]:Zl. Hence, the statement follows. q.e.d.

Similar arguments give the following:

Lemma 3.18. For k <n,
o if B e P]’f,__ , then (0;0_)*p € Pk+ ;
o if B€ Pt thend* B e Pk .

Lemmas 3.16 and 3.17 will turn out to be essential later in Section 5.2
to define the relative primitive cohomologies.

3.2.4. Boundary conditions under maps. The two maps {II, *,}
on symplectic manifolds defined in (2.2)—(2.3),

II: QF — Pk
%, 1 PP — "R A PR e QQ”_k7

have particularly interesting properties when the forms that are mapped
have specified boundary conditions. It turns out that these two maps
can relate forms with symplectic boundary conditions D, D_ and D, _
to those with the usual D boundary condition. In the following, we will
denote forms with a specified boundary conditions by a subscript. For
example, the notation Q]B will denote the space of differential k-forms
that satisfy the standard Dirichlet boundary condition D.

Proposition 3.19. Under the I1 and *,. maps, we have the following
relations between forms with specified boundary conditions:

Pk for k<n
. Ok Dy )
H'QDH{PB for k=mn,
+7
w10 P — QEF g <.

Moreover, the first map is surjective and the second is injective.

Proof. Let n € QkD for K < n. We can express 7 in terms of the
following:

n=B+wA§
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with 8 € P*¥ and ¢ € 972, and hence, II() = 3. Around OM, we
choose to work in the local Darboux basis {w;} as above. Since n € D,
this implies that

(3.16) 0=wi AN |op = [w1 AB+wA (wy AE)] ‘6M.

Therefore, II(wi An) |gpm = (w1 AB) |oar = 0, and so we find for k£ < n,
B € D, which gives the first map.

Note that when k& = n, II(w; A 8) = 0 is a trivially condition. (Recall
that the Dy condition is an empty condition on primitive n-form.) We
want to show instead that 8 € D;_ when k = n. This is the condition
that o9, o_(dp) B |orr = 0, or equivalently, wiA(wy A B) |opr = 0. But
since 04+0_ maps primitive forms to primitive forms and non-primitive
forms to non-primitive forms, it follows that

(3.17) 0 = I(wiA(w1 An)) lomr = wil(wi A B) |oar

where we have also noted (w; An) |appr = 0. This thus proves that
B € Dy_ when k =n.

To see that the map II is surjective, consider first the case k < n
and 8 € Pl]%+ . Locally around OM, we again express 3 in terms of the

decomposition of (3.10):
B=wi AB'+ws AP+ 012 A B+ B

We note that 3 € D, implies that at the boundary, 52 |sar = 8 |oar =
0. Let us therefore define n = wy AB' +wy A B2 + Zizﬁwl Awa A B3+ B2,
It can be straightforwardly checked that n € D since w1 An |gpr = 0,
and moreover, II(n) = 8. Using the partition of unity, this leads to a
well-defined global form with the desired properties.

For the case of k = n, let 5 € P5 . The local decomposition

of (3.10) near the boundary becomes the following:
B=wiAB +wa NS+ OB,

with 8% = 0 since there are no primitive n-form without a component in
either w; or we. The condition 8 € D, _ further implies that 52 |9 =
0. This leads us to define = wy A B' +wy A B2 + 2wy Awa A B2 which
satisfies both n € D and II(n) = .

Finally, we consider the %, map. Let 8 € Pf), for K < n. We want

to show that %, 8 = w™ % A 3 satisfies the Dirichlet condition. In local
Darboux coordinates {w;} near the boundary, we find

w1 A (3 B) lonr = = " A (w1 A B) |om
=wvFA (IL(w1 A B) +w A [H  A(wr A B)]) lom
= w”_kHH_lA(wl VAN 5) ’<9M =0.

Above, in the second line, we have Lefschetz decomposed wy A 8 into
two terms, Br414+wA Br_1. In the third line, we have noted that w™ % A
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Br+1 = 0 by primitivity and also that 8 € D_ implies A(wi AB)|oar =0,
which allow us to conclude that *,. 3 € D . Lastly, the injectiveness of
this %, map follows from the injectiveness of the map *, : P*¥ — Q27F
without any boundary conditions as mentioned right below (2.3). q.e.d.

Composing Proposition 3.19 with the J map, we immediately ob-
tain the following corollary relating JD boundary condition with the
N_,N4_, and Ny boundary conditions.

Corollary 3.20. Under the II and *, maps, we have the following
relations between forms with specified boundary conditions:

Pk for k<n

. Ok N_ )

HQJD_){P}\ZM__ fOI' k:n’
*T:P]’fhr—) Q?]"D_k, kE<n.

Moreover, the first map is surjective and the second is injective.

Proof. Let n € QﬁD. Then Jn € Q’B. By the lemma above, it follows
that II(Jn) is either an element of Pl’%Jr when k& < n, or P, when
k = n. Since II(Jn) = J(II(n)) and applying Lemma 3.15, we obtain
I(n) € P fork <n and I(n) € Py, for k=n. A similar argument
applies for the *, map. q.e.d.

4. Hodge theory for symplectic Laplacians

In this section, we will work out the Hodge theory for the symplec-
tic Laplacians (2.8)—(2.11) in Section 2.4. To do so, we will introduce
certain boundary value problems (BVPs) that will be shown to be el-
liptic. We begin by first recalling the definition and some basic results
of elliptic BVP.

Notation: In the following Section 4.1 and Section 4.2 only, we will use
the standard notation H and L to denote Hilbert and Lebesgue spaces.
They should not be confused with the si(2) representation operators
defined in Sec. 2.1 as their meaning should be clear from the context.

4.1. Elliptic boundary value problems. We give the definition of
an elliptic boundary value problem (BVP) following Hérmander [12,
Sec. 20.1] (see also Schwarz [16, Sec. 1.6] or Agranovich [1, Sec. 7.1]).

Definition 4.1 (Elliptic BVP). Let M be a compact manifold with
a smooth boundary 0M. Let E and F be vector bundles over M, and
let G for j =1,...,J, be vector bundles over M. For the differential
operators,
P:C®(M,E)— C*(M,F),
Bj:C*(M,E)— C*®(0M,G;), j=1,...,J,
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where P is an operator of order 2m and each B; is a boundary differential
operator of order m;, we consider the boundary value problem for u €
C>°(M, E) solving
(4.1) Pu=f on M,
Bju = g; ondIM j=1,...,J

for some given f € C*°(M,F) and g; € C*°(0M,G;). Denote by p
and b; the corresponding principal symbol of P and Bj, respectively.
We say (4.1) is an elliptic BVP or simply that {P, B;} is elliptic if the
following conditions are satisfied:

1) P is elliptic for all x € M,

2) For every x € OM and £ € T;M\ {0} not proportional to the
interior conormal dp, the map

Veg: M~ D Gis

1<j<J
¢ =  (bi(E+dpDi)g|,_y, -, bi(+dpDi)e|,_,)

is bijective, where
M= {o(t) € CF(R, Ex) | p(€ + dp Di)¢(t) = 0,bounded on R, }

is the space of Ri-bounded functions taking values on F,, and

— _;4d
Dt— ldt'

Remark 4.2. As noted in [12], it is sufficient to verify condition
(2) above for & € TxM\{0} modulo Rdp. Modulo this equivalence, £
can be taken to be orthogonal to dp as we shall assume below. The
argument (£ 4+ dp D;) in condition (2) above then can be thought of
as applying the Fourier transform only in the directions tangential to
the boundary OM and the ¢ coordinate parametrizes the interior normal
direction. Condition (2) is often referred to as the Lopatinski or Shapiro-
Lopatinski condition.

When a BVP satisfies the above elliptic conditions, the combined
operator P = {P, B;}, i.e.
P H (M,E) — H>(M,F)® H*"™ 2(0M,G1) @ - - -
@ H ™ "2(9M,G.))

is well-known to be Fredholm. The boundary value problems that we
consider below will also be self-adjoint.

Definition 4.3 (Self-Adjoint BVP). When the bundle F' = E, we
say {P,B;} is self-adjoint if P is self-adjoint and the following holds:
for any u,v € C*°(M, E),

o if Bj(u) = Bj(v) = 0 for every j, then (Pu,v) = (u, Pv);
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o if B;(u) = 0 for every j, and (Pu,v) = (u, Pv), then Bj(v) = 0 for

every j.

In the next lemma we give some general properties of self-adjoint
elliptic BVPs. (For reference, see [12,15].)

Lemma 4.4. For an elliptic BVP, P = {P, B;}, that is self-adjoint,
the following holds:
e the kernel of 75, denoted by ker 75, is finite and smogth;
e for any x € H*(M,F) which is orthogonal to ker P, there exists
a unique ¢ € H*Y?™(M, E) and ¢ ker P such that P¢ = x and
Bj(¢) =0 forallj;
e if x € H*(M,F) and Pp = x and Bj(¢) = 0 for all j, then
¢ € H">™(M,E).
With this lemma, we can show that the weak solutions of self-adjoint,
elliptic BVPs are actually strong solutions.
Lemma 4.5. Given x € L*(M,E). Let ¢ € L?*(M,E) satisfy the
following:
(0, PY) = (x,¥)
for any ¢ € C*(M, E) satisfying B;(¢) =0, for j =1,...,J. Then
¢ € H*™(M,E) and
Po=x, Bj(¢)=0, forj=1,...,J.
When y = 0, Lemma 4.5 implies immediately the following:

Corollary 4.6. If ¢ € L*(M, E) satisfies (¢, PY) = 0 for any ¢ €
C*®(M,E) with Bj(¢)) = 0, for j = 1,---,J, then ¢ € kerP. In
particular, ¢ is smooth and Bj(¢) =0, forj=1,---,J.

We will give a proof of Lemma 4.5 based on the arguments of Schechter
[15], where the case for functions is proved.

Proof of Lemma 4.5. Since the space ker P is finite-dimensional, we can
write x = x' + x? with x! € ker P and Y21 ker P. By Lemma 4.4,
there exists a ¢ € H?™(M, E) such that Py = x? and B;(p) = 0, for
j=1,---,J. Then
(6= @, PY) = (x',9)

for any ¢ € C*°(M, E) satisfying the boundary conditions Bj(y) = 0,
for j = 1,---,J. There exists a sequence @; € C*°(M, E) such that
i — ¢ —p in L? norm, as i — co. Let ; = ¢} + 7 with o} € ker P
as the projection and @? L kerP. Then there exist v; € H?™(M, E)
with v; L ker P such that Pv; = go? and B;j(v;) = 0 for every ¢ and j.
Therefore,

((ﬁ—go,goi):(qf)—cp,g&%)—i—(qf)—(p,cp?)Z(gi)—(b,gi)il)—i—((b—go,Pvi)
=(p— @, 0) + (X' vi) = (¢ — v, 0}).
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As i — 00, we get p} — ¢ — . Since ker P is closed and ¢ — ¢ € ker P,
they imply that ¢ € H*™(M, E) and Bj(¢) =0, for j=1,---,J.
q.e.d.

4.2. Hodge decompositions.
Definition 4.7. We call the following spaces
PHE ={Be H'P* |0,8=078=0},
PH* ={Be H'P* |0_8 =08 =0},
where £k =0,1,...,n—1, and
PH't ={B € H*P"|0,0_B =075 =0},
PH" ={B € H*P"|0_f = 07078 =0},

the space of harmonic fields for Ay, A_, Ay, and A__ Laplacians,
respectively.

Remark 4.8. For a manifold with boundary, the notion of a har-
monic field is different from that of a harmonic form. For instance, a
primitive k-form § € P* is a harmonic form of AL if AL = 0 on
M. However, this does not imply that § is also a harmonic field (i.e.
04 = 0% B =0) when OM is non-empty.

Below, we shall use the theory of elliptic BVPs to obtain Hodge de-
compositions of primitive forms on symplectic manifolds with boundary.
We begin first with the decompositions associated with the second-order
Laplacians, (A4, A_), and then proceed to describe the case of the
fourth-order Laplacians, (Ay, A__).

4.2.1. Second-order symplectic Laplacians.

Theorem 4.9 (Hodge decomposition for Ay). Fork <n,
1. P”;'-[]_‘;’D+ and PH{T—JW are finite-dimensional and smooth;
2. The following decompositions hold:
(i) L*P" = PHY @0, H'P @ 031 H'PFY,
N T2k k 1pk—1 1pk+1.
(ii) L°P" = PHY v, @04 HP" @01 H Py,
o 72pk _ 12pagk 1pk—1 * 17l ph+1
(ii) L°P" = L"PH} @ 0. H' P, & 0y H Py .
Note the presence of an additional subscript when we would like to re-
strict consideration to differential forms that satisfy a particular bound-
ary condition. For instance, PBJr denotes the space of primitive k-forms

that satisfy the D, boundary condition. Applying the above results to
J B, we obtain analogous Hodge decompositions for A_.
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Theorem 4.10 (Hodge decomposition for A_). Fork <n,

1. PH57D7 and P”H’iJ\L are finite-dimensional and smooth.
2. The following decompositions hold:

(i) L*P* = PH* [, @ o_H'PEM @ oF H'PF
(ii) L*P* = PH* @0 H'PM g or H'PYY
(iii) L*P" = L*PH* @ 0_ H'Py ™ @ 07 H'Py "

To prove Theorem 4.9, we will introduce two natural, elliptic BVPs,
which are self-adjoint. Consider first the following symplectic BVP.

Proposition 4.11. For k < n, the following boundary value problem
is self-adjoint and elliptic for any B, \ € P*:

(4.2) AL =X, on M,
d+(pB) =0,
{8+(p8 8) =0, on OM .

Proof. That this BVP is self-adjoint can be easily checked using the
Green’s formula of Lemma 3.3. For ellipticity of the BVP, we note
first that A, is elliptic acting on P¥(M) for k& < n as mentioned in
Section 2.4. This satisfies the first condition of Definition 4.1. To check
the second condition of Definition 4.1, we need to first solve for the space
/\/l;r’5 of Ri-bounded solutions of the system of ordinary differential
equations:

(4.3) oa,(§—idpf) ¢(t) =0,

for every x € OM and € T)M \ {0} orthogonal to dp. Here, in (4.3),
B(t) € C=(R, P*(T;M)) where P*(T;¥ M) denotes the primitive exterior
cotangent space at x of degree k. After finding the solutions, we then
need to show the bijectivity of the linear map

We /\/l;ig — G122 D Gay

(44)  6(t) = (00, (d0) (1) _y » 0., (dp) [0 (€ = idpE) 6] |,y )

where in the second line, we have used (3.1) for the boundary principal
symbols. Note that the dimension of the codomain space G, ® G2z
represents the number of boundary conditions. As will be clear from
the calculations below, Chm./\/l'kE = dim(G1 ., ® Ga ) = dim P*(TF M).
So for bijectivity, we only need to show the injectivity of W, ¢ which
will be the main task in the following.

For a fixed x € 9M, the covector £ € TxM can be of two types: (A)
Aldp NE) # 0; or (B) A(dp A &) = 0. To simplify our calculations, we
note that 7M as a symplectic vector space can be modeled by R?",
and without lost of generality, we can choose to work in a Darboux basis
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{w;} on TXM with w = w1 A wa + w3 A wg + ..., such that dp = w;
and the compatible metric g;; = d;5, for ¢, = 1,...,2n. For case (A),
it is sufficient by the residual local symplectomorphism to consider only
& = pwa + qws where p # 0. We will give the calculations for the ¢ = 0
case (A1) here and give those for the g # 0 case (A2) in Appendix C. For
case (B), it is sufficient by symplectomorphism to only consider £ = qws
with ¢ > 0. The solutions of (4.3) take different forms for each of these
three cases and so we need to consider them separately.

Case (Al). Let £ = epws, where p > 0 and € = +1. Since we are
singling out the {w1, ws} components here, it is advantageous to express
o(t) € Mjézepm in terms of the decomposition of (3.10):

(4.5)  op(t) = wi A g1 (1) +wa Adp_y(t) + Ora A G} _o(t) + dp(t)

where {¢1_,,¢2 |, 3 ,, ¢+} above are primitive forms without wy and
wy components. As usual, the subscript denotes the degree of the form.

To write out the ordinary differential system (4.3), we use the cal-
culation of the principal symbol oa, (¢iwi + (we) in Appendix B.
Explicitly, we substitute ¢(; = —id; and (o = €ep in (B.1). With
the differential system in hand, the general R;-bounded solution of
on (—iw10; + epwa) ¢p(t) = 0 can be solved straightforwardly and
shown to take the following decomposed form

(46)  on(t) =win [(1+ oy ) chos + (FBE) o] e
o [(5) e+ (1 g ] e

+O19 Aci_ge Pl 4 che P

where h = n — k and {c}c_l, ci_l, c%_z, ci} are constant primitive forms
of P*(R?") without components in {wy,ws}.

For injectivity of W, ¢—cpu,, We consider its kernel. With (4.4), this
imposes the following conditions on the solutions in (4.6):

bi(—i w10 + epw2) @k (t) [t=0 = 0 == 09, (dp) ¢(0) = 0,
— ¢7-1(0) =0, ¢;(0) =0,

— ¢t ,=0, ¢ =0,
bo(—i w10y + epwa)Pi(t) [i=0 = 0
= op,(dp) [Uai(—i w10 + epws) ¢(t)} l,_o =0,

= 019} _5(0) =0, i8¢ 1(0) —epgi_,(0) =0,
— ¢ ,=0, icj_+ect_;=0.

Above give four boundary condition equations on {gb,lﬂfl, gb%fl, ¢%72, qbi}
Together, they imply that the four constant forms {cL_,,c2 |, c3 ,, ci}
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n (4.6) are identically zero, and therefore, proving injectivity when
& =epws.

Case (A2). For this case where £ = pws 4 qws with both p # 0 and
q # 0, the proof of injectivity is given in Appendix C.1.

Case (B). Let £ = qws (for some ¢ > 0). Because the components
{wy,ws} are now picked out, it is useful to decompose further each
of the forms {¢!, #?, ¢, ¢3} in the decomposition of (4.5) to extract
out the dependence on {ws,ws} as well. This result in the following
decomposition of ¢g(t) into 16 terms:

(4.7)

O (t) = w1 A G (8) + w2 A GF_1 () + O12 A d_5(t) + 3, (t)
= w1 A [wz A2 o(t) + wa Ao (t) + O54 A 125 (E) + i1 ()]
+wa A [ws Ao (t) + wa Aty (t) + Oy A (8) + vy (1)
+O19 A [wy A5 () + wa A5 () + O54 A ZH () + 22 (1)]
+ [wg A1 () + wa Ay () + O34 Aia(8) +72(1)]

where the 16 ~y(¢)’s are forms without components in {w;, wa, w3, w4}
(with the degree labeled by the subscript) and

(4.8) 34—w3/\w4——2wgl 1 A\ wo; .

To find the general Ry -bounded solution ¢(t) € M f—qus TOT
oa (—iw10; + qws) ¢p(t) = 0, we use the calculation of the princi-
pal symbol oa, (1w + Gews + (3w3) in Appendix B and substitute in
(¢1,¢2,C3) = (=104, 0,q). This gives us a system of ordinary differential
equation involving the 16 v’s. The R;-bounded solutions for the ~(t)’s
in (4.7) can be solved and expressed in terms of 16 constant primitive
forms, which we will denote by ¢ for I = 1,...,16, that also have no

components in {wj, we, w3, w4 }:

0 1 - 1 2 3 3 -
Nt) =cre ™, ()= e, R (t) =,

Nlo(t) = chge™ . L) =chge ™, Bt = e,

1 gt iqt
_ 7 T 2h+1 —qt 3 2h+1 —qt
=Cp1 iqt e "+ Cp g 14 e ™,
2h+1 2h+1

134 —iqt
Ye23) _ 9 1+ 2h+3 —qt | 10 203, —qt
123 = Ck—3 —iqt € + Ck—3 1 _ € ’
Vk—3 2h+3 2h+3

1— qt 1qt
— C’1€1 5 2h22r4h+1 e~ 4 011€2 3 2h2+4h+1 e—qt’
_ iq _
2h2+4h+1 1+ 2h2+4h+1
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14 2h+1
Vie—o 0 1 +1
e 13 |1 14 | a1 5 | -t
o | —qt hF1 | ,—at q —qt
34 =l ; e "+ cplo 0 e 4o Sihy e
Tk—2 A+l
Wy 0 i it

F(@Ah+1)(h+1) + 2(2h + 1)t + 2

2h 2 2 2 2
6 —2B(4h% + 6h + 3) + 2(2h% + 2k + 1)t — ¢

k—2 i4h?y _ih 42 e

it?
For injectivity, we look at the kernel of W, ¢_.,., which imposes the

following conditions:

bi(z, —i w10 + qu3) i (t)|,_, =0
= 00, (dp) Pk(t) [t=0 = 0,

= m 1(0)=0, ¢}(0)=0,
(0) = 07 24(0) = 0? 7234<0) = 07
= 72(0> =0, 7%(0) =0, v*(0) =0,
¥*4(0) =0, 4°(0) = 0,
ba(z, —i w10 + qwg)gﬁk(t)‘tzo =0

= 0, (dp) [08* (=i w10 + qws) ¢(t)] o0 =0,

(10:03_5(0) + qic,07_1(0) =0,
= Q i010p_1(0) — qic,d4(0) — O34 A 12%5(0)
|+ rgwa A2a(0) =0,
fat,yliﬂ(o) — 0’ at7123(0) — 0’ at71234(0) — 0’
i0p7'(0) — ¢7°(0) =0,
i0,7'*(0) + ¢v**(0) = 0,
i0,7"*4(0) + ¢v***(0) = 0,
10714 (0) — 7457'%(0) = 0,
i0py"(0) — ¢v**(0) + 7454"(0) = 0,

where 4, is the interior product with respect to the tangent vector
dual to ws. It can then be straightforwardly checked that imposing the
above 16 boundary condition equations on the y(t)’s for the general R -
bounded solutions requires that all 16 constant forms ¢! for i =1,...,16
are identically zero. Therefore we conclude that the map W, ¢y, is
injective. q.e.d.
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Likewise, as can be checked by similar arguments, the following is
also true.

Proposition 4.12. For k < n, the following boundary value problem
is self-adjoint and elliptic for any B, \ € P*:

(4.9) AL =X, on M,
L (pB) =0,

The elliptic property of the above two BVPs forms the basis of the
proof of Theorem 4.9.

on OM .

Proof of Theorem 4.9. We first show that P”;'{]_‘/’hD+ is the kernel of the
BVP (4.2). First, it is clear that the kernel of BVP (4.2) lies within
a subset of P?—[i’DJr. Let v € P?—[f“hD+ and also let 8 € PF satisfies
the boundary conditions of (4.2), i.e. both § and 9%/ satisfy the D,
condition. By Green’s formula, we have

0= (6+778+6) + (8:-’77 aj—ﬁ) = (’77 A—i—ﬁ)

By Corollary 4.6, this implies that v must belong to the kernel of the

BVP (4.2). Thus, we conclude that P”;'-lf‘/’hD+ is the kernel of BVP (4.2).

By Lemma 4.4, we can conclude that P”Hi’ D, 18 finite-dimensional and

smooth. Similar arguments using the BVP in (4.9) will give the analo-
gous result that P’Hi Ny is finite-dimensional and smooth.

To prove the Hodge decomposition 2.(i) in Theorem 4.9, we first write

2 pk k k,L

L°P"=PH| p, ® PH ],

where P?—[i’jlr denotes the orthogonal complement. For any 3 € L%PF¥,

let v be its projection to PHﬁ’D+. By Lemma 4.4, there exists a unique

p € H*P* 1 PHY,  that solves the BVP of (4.2), ie. App = A with

A = B —~. Therefore, we can write

B =7+ 0.(0%0) + 0 (01p)

with ~ € P?’-lf“h p, and NpeH 1Pg:1. This proves the decomposition.
The L?-closedness of 04 H 1P]§+ is implied by this decomposition using
standard functional analysis arguments.

The proof for the Hodge decomposition 2.(ii) is analogous to that for
2.(i) but makes use of the BVP (4.9) instead. It remains to prove the
decomposition 2.(iii). Our arguments will be similar to those in [16]
to prove a similar-type decomposition with respect to the Laplace-de
Rham Laplacian Ag.
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By the decompositions of 2.(i) and 2.(ii), we can express any f €
L2P¥ as follows:

B=m+ 0101+ 0101,
B =2+ 012 + 0109,
where v € P’l—[ﬁ7D+,cp1 € Hngzl,al € H'PF ~, € PH$N+,§02 €
H'P*1 and oy € HlP]]f,il. Now, we define p = 8 — 0,91 — 07 02. We
will show that ¢ € P’Hi when 8 € H'P*. This is because
(¢, 04v) = (B — Oy¢1,04v)
= (B—71 —04p1,01v) =0, forve H'PS ',
(p,01v) = (B — 0103,07v)
=(B—72—0702,07v)=0, forve Hlpﬁil,
and H 1P§+ and H 1P]’f,+ are dense in H'P*. Therefore, we obtain
H'P* = PHY @ 0, H'P " @ 0L H'PYT.

Since &rHng*l and 8iH1P]If,+1 are closed in the L2-topology, the L2-
+ +
decom-position then follows by means of a completion argument. q.e.d.

4.2.2. Fourth-order symplectic Laplacians. The fourth-order
Laplacian A4y has the following Hodge decomposition.

Theorem 4.13 (Hodge decomposition for A, ).

1. P/H:L-,D++ and P';'-[’_LMr are finite-dimensional and smooth;
2. The following decompositions hold:

(i) L*P" = PHY p,, ® 0y H'PS ' @ (9,0-) H?P™;
(ii) L*P" = PH y, ® 0y H'P" ' @ (0,0-)"H?PY__;
(iii) L*P" = L*PH} © 0y H'Pp ' @ (040-)"H*PYy__.
Applying this to J S gives the Hodge decomposition for A__.
Theorem 4.14 (Hodge decomposition for A__).

L. PH™ , and PH" y  are finite-dimensional and smooth;
2. The following decompositions hold:

(i) L*P" = PH" , @ (0,0_)H’Pp, & 0" H'P" 1
(i) L2P" = PH" 5 @ (040 )H?P" ® 8 H'PS"";
(iii) L*P" = L*PH" @ (040-)HPp, @ 0" H'PY_".

Similar to the proof of the second-order case, we will introduce two
BVPs to prove Theorem 4.13.



SYMPLECTIC BOUNDARY CONDITIONS AND COHOMOLOGY 303

Proposition 4.15. The following boundary wvalue problem is self-
adjoint and elliptic for any B, € P":

(4.10)  Ayy B =[(010-)"(840-) + (0+07)*] B= A, on M,
6 € D++7
0+(p 01 B) =0, on OM .

0+(p 010,018) =0,

Proof. The self-adjoint property is implied by the Green’s formulas
— Lemma 3.3 and Lemma 3.11 — and the property of the boundary
condition D4, Corollary 3.14. Further, the Laplacian A ., is also
elliptic (see Sec. 2.4). We thus need to proof that the linear map of
condition (2) of Definition 4.1

(4.11) Woe: M= Gy ® Gy ® Gy ®Guy

is bijective for every x € OM and & € T M\{0} orthogonal to dp. Here,
./\/l;' ¢ 1 the space of Ry -bounded solutions of

(4.12) oa, (€~ idph) 6(t) = 0

and G ,®Ga , represents the codomain associated with the D, bound-
ary condition which actually consists of two sets of boundary conditions
as described in Table 7. As will be clear from the calculations below,
dim M . = dim(G1; ® Gop @ G3p ® Gay) = 2dim P*(T; M). Hence
for bijectivity, we just need to show that ¥, . is injective which we will
do so in the following.

Note that the method of proof here is identical to that for Proposi-
tion 4.11. So again, without lost of generality, at the point z € M, we
can work in a local Darboux basis {w;} with metric g;; = J;;, and take
dp = wy. And likewise, by local symplectomorphism, it is sufficient for
the proof of injectivity to just consider the following three cases: (Al)
& =pws for p #0; (A2) £ = pwy + qws for both p # 0 and ¢ # 0; (B)
& = qws for ¢ > 0.

Case (A1l). Let £ = epwsg, with p > 0 and € = 1. We decompose
the primitive n-form ¢, (t) following (3.10):

(4.13) On(t) =wi Ady_1(t) +wa Al () + O12 A b _5(t),

where {¢ | ¢2 |, ¢3 .} are primitive forms without w; and wy com-
ponents.

Using the calculation of the principal symbol of Ay, in (B.2) of
Appendix B, the general R-bounded solution ¢, (t) € Mzgzepw for
oa, (—iwi10; + epwz) ¢n(t) = 0 can be solved straightforwardly and
expressed as

(4.14)  ¢o(t) =wi A (chqy+ 2 qt) e P +wo A(ch_y +cp_1t)e
+ O12 A (02,2 + cg,Qt) e Pt
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where all six ¢’s are constant primitive forms without components in
{wl, ’LUQ}.

To check injectivity, we look at the kernel of the W, ¢— ., map. First,
the D4 boundary condition, expressed explicitly in local coordinates
in Table 7, give us two sets of constraints:

b1 (—i w10; + epw2)pn(0) = 0 = ¢2_1(0) = 0,
— 1 =0,
ba(—i w10y + epws)dn(0) = 0 = —i iy _1(0) — epy,_1(0) =0,
—> Py — Cp = —i€EPCy_y -
The other two boundary conditions in (4.10) impose the following:
b3 (—i w10y +epw2)pr(0) =0

— o, (dp) [0y (~i w10, + epn) 9a(0)] |, = 0,

iy —2(0) = 0,
= 94.a 1 2
Zat¢n—1(0> — €p (bn—l(o) =0,
{ch—Q - 02—2 = 07

1 2 . 3
—an_1+Cn_1+26an_1 :07

ba(—i w10y + epwa)dpn(0) =0
= 09, (dp) [Ua;ma:(—i w10; + epws) ¢n(t)] =0,
{8t (=07 +p%) 65 2|,y =0,
[—i0: (=07 + %) by + 0 (0° = 0F) dni] |,—p = O,

6
C’f’L*Q == 0,
2

- 4
tc,_1 +ec,_1 =0.

Altogether, the six boundary condition equations for {¢1 |, ¢2 |, 63 .}
above requires the vanishing of all six constant c¢’s, and therefore,
W, e—epws 18 Injective.

Case (A2). For this case where { = pwsy + g ws with both p # 0 and
q # 0, the proof of injectivity is given in Appendix C.2.

Case (B). Let £ = qws (for some g > 0). The relevant decomposition
which extracts out the dependence on {w;, wy, w3, w4} has 10 terms:
(4.15)

Gn(t) = w1 Ay (8) + w2 A1 (t) + Ora A (1)
= w1 A [wz Ay o (t) + wa Aypto(t) + Oy A5 (1)]
+wo A [wg AYE2 o (t) + wa ARt () + O A2 (1)]
+ 012 A [wz A2 (1) + wa A 25 () + O34 A2 () + 1 2a(1)]
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where the 10 ~y(¢)’s are forms without components in {w;, wa, w3, w4}
and ©f, is as before the two-form in (4.8). To find the general R -
bounded solution ¢, (t) € ./\/1:75: quy> We write down the system of ordi-
nary differential equations oa, , (—iw10; +qws) ¢, (t) = 0 for the 10 4’s
using the calculation of the principal symbol oa_ , (Ciw1 + Gws + (3w3)
in Appendix B, replacing (¢1,(3,(3) = (—i0,0,q). We express the
general solution of M;&: qus Pelow in terms of 20 constant primitive
forms, labelled by ¢ for I = 1,...,20, that have no components in

{wh w2, W3, ’LU4}I

13 1 2 —qt
Tn—2 = (cn—2 + Cp— t)e ! )
24 3 4 t
Tn—2 = (Cn72 + cn72t)e ! )
1234 _ /.5 6 t
Tn—4 = (Cn 4 + Cn74t)€ 1 ’

134 13¢ 4 342
=3\ _ 7 LY o, 8 0 ¢t o 20q T 20! —qt
< 123) o <0> ¢ s ()T s ey i )€
Yn=3 20 q 20
234 13t |, 3,2
Yoos\ _ oar (1) gt a2 (O) g, 13 20q T 30 —qt
( 124> =c,_3 (0)6 +¢,” 3 ) e "+c, 3 CBit _sig e
Tn—3 20 20

_3it _ 3iy2
14 20q 20 gt
+ Ch—3 Tt it2 e y

20 ¢ 20

Taky 1 -1

2B, = (e ety |1 e (et 1 e
12

fYan 0

5 _ 42 5 4 Bt _ 43
19 5 t t 20 q3+q2 t t
+ Cro —%+t2 e+ —q%—g—t+t3 e "
—it? —it3

For injectivity, the image of the ¥, ¢, map vanishes imposes the
following conditions:

bi(—iw10; + qw3)¢n(t)‘t:0 =0

= ¢2(0) =0,

— 7%%(0) = 0, 74(0) = 0, /**(0) = 0,
ba(—i w10 + qus)$n(t)],_, =0

= 04¢2_1(0) + 24 IT' (qus A 65 _5(0)) = 0,
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8t’Y (0)
= &W (0)
Oy**4(0) + i qvm(O) =0,

+22q7 (0) 0,

b3(—i w10; + qu3)Pn(t)|,_, =0

07"*(0) = 0, 97" (0) = 0, 97" (0) = 0,

iat’yl24(0) 4 q’y234(0) =0,

= {i0y"?(0) + ¢v**(0) =
0y (0) + ¢y (0) =

[10717(0) — +1%°(0) = 0,

ba(—i w18y + qus)dn(t)],_, =0
0002 - L, =
807 — ) 13‘t =0
{2(] 0 — )7 + 4 875(82 - ) 124} ‘t 0="0
— {5@57527134 —1(583 28 123} ‘t 0 =0,
{0} = 3¢20)v"** — (3407 — 34°)7'**} ‘t:O =0,
{0} = Lo = 56200 + (3007 — 3a* "2} |,y = 0,
{2‘1 Ry + qat )+ %(8? - 3q28t)712} ‘t=0 =0

It can then be straightforwardly checked that the above 20 boundary
condition equations on the 10 7’s are only satisfied if the twenty primi-
tive constants, ¢! for I = 1,...,20, of the general R, -bounded solution
all vanish, thus proving that the map W, ¢—g.,, is injective. q.e.d.

By a similar proof, the following is also true.

Proposition 4.16. The following boundary value problem is self-
adjoint and elliptic for any B, \ € P":

(4.16)  Ayy B =[(010-)"(840-) + (0+07)*] B= A, on M,
I (pB)=0,
5 (p 0,018) =0, on OM .
04+0_p e N__,

With the help of the above two BVPs, we can derive the decompo-
sitions in Theorem 4.13 following very similar arguments as that in the
proof of Theorem 4.9. For brevity, we will not write out the details.
The key here is that the BVP in (4.10) implies the first decomposition
and the BVP in (4.16) implies the second one in Theorem 4.13. The
third decomposition follows by combining the first two decompositions.
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4.3. Harmonic fields and boundary value problems. The Hodge
decompositions in Section 4.2 can be applied to solve various boundary
value problems. We begin first with the Poincaré lemmas.

Lemma 4.17 (Poincaré lemma for 0 ). Let (w,J,g) be a compatible
triple on a compact symplectic manifold with boundary. Given a prim-
itive form, A € P¥ with k < n, there exists a solution 8 € P*~! to the
equation

048 = A
if and only if X satisfies the integrability conditions:
(4.17) 04X =0 and (A7) =0 forallvye P’:’iﬁ_w+ .

Proof. For any A € P* with k < n, if \ = 0., then clearly \ satisfies
the integrability conditions of (4.17). For the converse statement, we
make use of the decomposition 2.(ii) of Theorem 4.9 to express

A=+"40,6+0%¢,
for some v € P’Hi,Ny g e P and p € P]’f,j:l . The first integrability
condition 4\ = 0 implies 97 ¢ = 0 since
0=(04A ) = (04019, 0) = (1,01 ) .
The condition (\,7) = 0 for any v € P?—li n, implies that ~" = 0 since

we can just set ¥ = 4/ and this would result in (A7) = (v/,7') = 0.
Therefore, A = 04.0. q.e.d.

Similarly, we have the following Poincaré lemmas for the other symplec-
tic differential operators, which we write down here for completeness.

Lemma 4.18 (Poincaré lemma for 9%). Given a A € P* with k < n,
there exists a solution 8 € P! to the equation

0L B =A
if and only if A obeys the integrability conditions:
FA=0  and  (N\y)=0 foralyePH} . .

Lemma 4.19 (Poincaré lemma for 0_). Given a A\ € P¥ and k < n,
there exists a solution 3 € P**1 to the equation

o_ =X
if and only if A obeys the integrability conditions:
0-A=0 and (A,y) =0 forallvye P’HE,J\L .

Lemma 4.20 (Poincaré lemma for 0*). Given a A € P¥ and k < n,
there exists a solution 8 € P! to the equation

I B =
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if and only if A obeys the integrability conditions:
IAN=0 and (A7) =0 forallye PHF | .

Lemma 4.21 (Poincaré lemma for 0;0_). Given a A € P", there
exists a solution B € P™ to the equation

0+0_pB=2A
if and only if \ obeys the integrability conditions:
0_A=0 and (A7) =0 forallye PH™ 5 .

Lemma 4.22 (Poincaré lemma for (040-)*). Given a A € P", there
exists a solution B € P™ to the equation
(040-)" B = A
if and only if A obeys the integrability conditions:
A=0 and (Av) =0 forallye PHY p, . .

Another application of the Hodge decompositions in Section 4.2 is to
show by studying certain BVPs that the spaces of harmonic fields, P’Hlj_
and PH* , are infinite-dimensional if no boundary condition is imposed.
For simplicity, we will just describe the k < n case below.

Proposition 4.23. Given a pair of primitive forms, A € P* and
W € P*=1 with k < n, there exists a solution 3 € P*~1 of the boundary
value problem

0+ = A on M,
I (pB) = 0+(p¥)  on OM

if and only if A and ¥ obey the integrability conditions:
(4.18)

0+A=0 and (A,7y) = / (04(p),~)dS for ally € PHE .
oM
Moreover, the solution 3 can be chosen to satisfy 0% 3 = 0.

Proof. If there exists a solution S € P*¥~! to the above BVP, then
clearly A and ¢ satisfy the integrability conditions. Conversely, for
k < n, we first decompose A\ by the Hodge decomposition 2.(iii) of
Theorem 4.9 and write

A=v+0,p+0%0,

where v € PHE |, p € Pj]il, and o € P}f,il. The first integrability
condition d; A = 0 gives the condition that 0,07 ¢ = 0, which implies
7o = 0 since

0= (04010,0) = (0, 0,070).
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The second integrability condition with the presence of ¢ does not imply
v = 0. Let us introduce another primitive form ¢ € P¥~! with the
property that

(4.19) 01 (p¥) loar = 04 (p¥) loyy  and 91U =0.

This is possible since by the Hodge decomposition 2.(i) of Theorem 4.9,
we can write

Y =wvy+ 0ypy + 0oy,
where vy, € PHI:I%JF, Yy € Pl’%jrz, and oy € P*. Since Orpy € Dy by

Proposition 3.16, we can simply set J = 1) — 04y which then satisfies
the two conditions in (4.19).

Let A = 041 and again Hodge decompose X as we did above for A:

A=V+ 040,
where 7 € PH and ¢ € szl. We can now define 8 = o+ ¢ — @
which satisfies
8+ﬂ = )\ + ; -V,
Oy (pB) lonmr = 0+ (p) |ons -

The second integrability condition that for any v € PHE , (\,y) =

(048 =V =v),7) = [53/(0+(p¥),~) further implies 7 — v = 0. Hence,
[ is the solution for the boundary value problem. Furthermore, ¢ and
¢ can be chosen to be 07 -closed just as we argued for the existence of

J above. Therefore, 8 can satisfy 973 = 0 as well. q.e.d.

The BVP of Proposition 4.23 can be easily modified to consider the 0_
operator instead of 0, and also, the dual operators 0% and 0* as well.
For instance, the statement for the dual 97 would be as follows:

Corollary 4.24. Given a pair of primitive forms, A € P*1 and
e Pk with 0 < k < n, there exists a solution B € P* of the boundary
value problem

B =A on M,
I (pB) =01 (py)  onOM

if and only if X and v obey the integrability conditions:
(4.20)

IIA=0 and (\y) = / (0% (p),y)dS for all v € P’Hi_l )
oM
Moreover, the solution 8 can be chosen to satisfy 0+8 = 0.

We now use Corollary 4.24 to prove that the space of harmonic fields
without imposing any boundary condition is infinite-dimensional.
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Theorem 4.25. On a compact symplectic manifold (M,w, J, g) with
smooth boundary, the space P”Hi and PHE are infinite-dimensional for
0<k<n.

Proof. For 0 < k < n, let us consider the boundary map
B: PHY — Q57 oy
B — 0i(pB) lom-

By the definition of Ny in Definition 3.8 (see also Remark 3.2), it is
clear that B(8) = 0 if and only if 8 € N, . Therefore, ker B = PH’;NW
which is finite-dimensional as stated in Theorem 4.9.

We now show that the map B 1is surjective to the space
9% (p &% P*TY) |gps. That is, for any ¢ € 05 PFFL, there is a 8 € PHE
such that

0+8=0, 078=0, onM,
8:(08) = D(p), on M.

From Corollary 4.24, such a 3 exists as long as the two integrability
conditions in (4.20) are satisfied. The first trivially holds since we are
only interested in the A = 0 case. The second gives the condition

(421) ()= /8 (0% (pw),) dS = /M@i@b,v) s,

for any v € PHi_l when 0 < k < n. Clearly, this holds as well since
here 1) € 8% P*™! which thus results in a zero on both sides of (4.21).
With the kernel of B being finite-dimensional while 0% (p 0% PE+1) |9),
is infinite-dimensional, we therefore conclude that P”z’-lf“F for0<k<n
must be infinite-dimensional.

Concerning PH*, we can make use of the operator J defined in
Section 2.3. By Lemma 2.7, J maps the conditions of P?-[i into the
conditions of PH” , and hence, it is an isomorphism between the two
spaces. This implies that PH* for 0 < k < n is infinite-dimensional.

q.e.d.

5. Symplectic cohomology

In this section, we study absolute and relative primitive cohomologies
on compact symplectic manifolds with boundary.

5.1. Absolute primitive cohomologies. Recall the symplectic ellip-
tic complex reviewed in Section 2:

oy oy oy oy

0 po pl pn-1 %, pn
(5.1) lma,

O- .. & pr-l <_8* rr
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Tseng and Yau studied the cohomologies of this complex in [23], which
we shall write as follows:

 kerd, N P*(M)

PHY (M) = , fork=0,1,2,...,n—1,
= )
n ker8+8_ﬂP"(M)
PH+(M) = 8+Pn_1(M) ’
ker0_ N P™*(M)
PH" (M) = ,
(M) 04+0_P"(M)
ker 9_ N P¥(M)
k
PH" (M) = g P for k=0,1,2,...,n—1.

On closed manifolds, the ellipticity of the complex (5.1) implies that
the above cohomologies are finite-dimensional. (For their properties in
the closed manifold case, see [20,23].) In fact, the finite-dimensionality
extends to the case of manifolds with boundary as we explained in the
below proposition, where we also give a simple algebraic proof that the
index of the elliptic complex (5.1) is always zero.

Proposition 5.1. On a compact symplectic manifold with boundary,
the corresponding cohomologies of primitive elliptic complex of (5.1) are
finite-dimensional and the index of the complex is zero.

Proof. We recall the following isomorphisms from [20] which hold on
symplectic manifolds with boundary:

(5.2) PHY (M) = coker[L: H*2(M) — H"(M)]

@ ker[L: HF=1(M) — H* ()],
(5.3) PH" (M) = coker[L: H* F=1(M) — H?™*+1(M)]

@ ker[L: H*F(M) — H*F2(M)).
Since the de Rham cohomology H*(M) is finite-dimensional for a man-
ifold with boundary, the kernels and the cokernels of L : H*(M) —
H*(M) are also finite-dimensional. Therefore, the isomorphisms (5.2)—
(5.3) above imply that PHY (M) and PH¥ (M) are both finite-dimen-
sional, for 0 < k < n.

Consider the index of this complex:

index = » (—=1)Fdim PHY (M) = (~1)*dim PH* (M),
k=0 k=0

Since the Lefschetz map is a linear map on H*(M ), we have the linear
relation

5.4 dim coker L|; — dimker L|; = dim H/*? — dim H7 .
( H H
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Together with the isomorphism (5.2) above, this imply
dim PH* = dim coker L| k-2 + dimker L| yx—1
= dim H* — dim H*"2 + dimker L|yt—2» 4 dimker L| u—1.
Note that for k£ = 0, 1, this gives
dim PH} = dim H",
dim PH} = dim H' + dimker L| 0 .

The alternating sum of dim PH fﬁ results in
(5.5) > (~1)Fdim PHY = (=1)" (dim H" + dim ker L| g7n—1)
k=0
+ (=)™ dim H" 1.

Similarly, for PHF | we have
dim PH* = dim coker L|y2n—r-1 4 dim ker L| 2n—x
= dim coker L|gza—r-1 4 dim coker L| z2n—r + dim H*"~*
_ dim f2n—k+2
with
dim PH® = dim H?",
dim PH' = dim H*~! + dim coker L|g2n—2 .

This results in the alternating sum

n
(5.6) Y (~1)*dim PH* = (~1)" (dim coker L|zn-1 + dim H")
k=0
+ (=1)" " 'dim A",
Subtracting (5.6) from (5.5) and then applying again the relation (5.4),
we obtain that the index is zero. q.e.d.

Now for each primitive absolute cohomology, we can identify a unique
harmonic field representative for each cohomology class. This follows
immediately from the following Hodge decompositions for k < n

P* = PHY v @ 0, P* e 01 Py
Pr=pPHF v & 0_Pt e orpyt,

from Theorems 4.9.2.(ii) and 4.10.2.(ii), respectively, and in the case of
k=n,

P"=PH} n, ®O4 P @ (0,0-)" PR,
P =PH" & (040-)P" &0 Pyt
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from Theorems 4.13.2.(ii) and 4.14.2.(ii). These four decompositions im-
mediately gives an isomorphism between absolute primitive cohomology
and the space of harmonic fields with {N;, N_, N__} boundary condi-
tions.

Theorem 5.2. Let (M,w) be a compact symplectic manifold with a
smooth boundary. Let (w,J,g) be a compatible triple on M. Then there
are isomorphisms:

(5.7) PHY(M) = PHY (M), PH"(M)=PH" (M),
for k <n and
(5.8) PH?(M) = PH? 5 (M), PH"(M)=PH" y (M).

Note that Theorem 5.2 also implies the finiteness of the absolute prim-
itive cohomologies since the spaces of harmonic fields on the right hand
side of the isomorphisms in (5.7)—(5.8) are all finite-dimensional follow-
ing Theorems 4.9, 4.10, 4.13, 4.14. More noteworthily, the above isomor-
phisms demonstrate that the dimensions of P’Hf“h n, (M), PH* N_(M),
for k < n, and the dimensions of PHY y (M), PH" y (M) are all
symplectic invariants and independent of the metric needed to define
harmonic fields. In fact, the dimensions of the primitive harmonic fields
with Dirichlet-type boundary conditions are also symplectic invariants.
This follows from Lemmas 2.7 and 3.15 which imply that the operator
J induces the following isomorphisms on harmonic fields:

(5.9 PHE p (M)=PHF v (M), PH*, (M)=PHY (M),
for degree k < n and
(5.10) PHY p (M)=PH" y (M), PH'p (M)=PH} N (M).

Therefore, the space of harmonic fields with symplectic boundary con-
ditions, i.e. Dy, Ny, D, ., and N__, represent symplectic invariants.

5.2. Relative primitive cohomologies. For manifolds with bound-
ary, the de Rham complex can be restricted to forms that satisfy the
Dirichlet boundary condition

d d d
0 Q% QlD Q% —
The cohomology associated with this elliptic complex,
ker d N QF
H*(M,0M) = %, for k=0,1,...,2n,
dQET
D

is called the relative cohomology with respect to the boundary since
(1}, consists of forms that vanish when pulled-back to the boundary
manifold OM.
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For primitive forms with boundary conditions, we can write down the
following differential complex:

(5.11)

0 7] 7] _ 7]
0 —— Py —— P, —— ... —— Pyt —5pp
+ + + ++
|o-0-
0— 0— 0— 0— 0—
0 1, n—1 7
0+— P P} i T e o

By Lemmas 3.16 and 3.17, this complex is well-defined. For instance, 0+
preserves the boundary condition D4, J— preserves D_, and 00— maps
a primitive form with D, condition into one with D_ condition. In
analogy with the relative de Rham complex which imposes the Dirichlet
boundary condition on forms, we call the cohomologies corresponding
to the complex (5.11) relative primitive cohomologies and denote them
by

ker 04 N Pg+ (M)

PH* (M, 0M) = - , fork=0,1,2,...,n—1,
* 04 PN (M)
. keropo0-NPp (M)
PH"(M,0M) = o z\? ;
+ D+ ( )
PH" (M. 0M) kero_ N P (M)
Y - 040-Pp (M)
. ker0_ N Py (M)
PHE(M,0M) = —~ , fork=0,1,2,...,n—1.

0-Ppt (M)

We emphasize that the standard Dirichlet and Neumann boundary con-
ditions are not suitable here since they are not preserved by the differ-
ential operators (04, 0_) in this complex.

Using the decompositions we obtained in Section 4.2, we can immedi-
ately show that the relative cohomologies are isomorphic to the spaces
of harmonic fields with D4, D_, or D44 boundary conditions.

Theorem 5.3. Let (M,w) be a compact symplectic manifold with a
smooth boundary. Let (w,J,g) be a compatible triple on M. We have
the following isomorphisms:

(5.12)
PHY(M,0M) = PHY [, (M), PH*(M,oM)=PH* , (M),

for k <n and

(5.13)
PH}(M,0M) = PH . (M), PH"(M,0M)= PH" ;, (M).
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Proof. The isomorphisms follows directly from the following Hodge
decompositions:

k k k—1 * pk+1
P" = PH}, @0 Py @9 P,
Pk =PHY, @o P @or PR

of Theorem 4.9.2.(i) and Theorem 4.10.2.(i), respectively, in the case of
k <n,and for k=n

Pn — PH:L_7D++® 8+PB:1 fas) (8+8_)*Pn ,
P"=PH" , @ (040-)Pp, @0 P!,
of Theorem 4.13.2.(i) and Theorem 4.14.2.(i) q.e.d.

Interestingly, the relative primitive cohomology is naturally paired
with the absolute primitive cohomology.

Theorem 5.4. On a compact symplectic manifold (M,w) with smooth
boundary OM , we have the following for k=0,1,...,n,

(5.14) PHY(M)= PH"(M,0M),  PH*(M)= PHY(M,0M),
and the corresponding non-degenerate pairings
(5.15) PH%(M)® PH*(M,0M) — R

k(kt1) whk
I e B = T I
(5.16) PH*(M)® PH(M,0M) — R
k(k+1) Wk
Bl ® [A] — (=1)" 2 /M(n—k:)!/\ﬂ/\/\'

Proof. The isomorphisms between absolute and relative primitive
cohomologies are obtained by the following: (i) isomorphisms of the
cohomologies with the corresponding harmonic field spaces given in
Theorems 5.2 and 5.3; (ii) the isomorphisms between the harmonic
fields (5.9)—(5.10).

Regarding the pairing, we shall give the arguments for the first pair-
ing (5.15) as that for the second pairing (5.16) are similar. Let (w, J, g)
be a compatible triple. We recall first the relation for primitive forms
under the action of the Hodge star operator * with respect to the metric
g (see e.g. [23]):

k(1) Wk
= (D s A T ),
where \; € P* and J is the conjugate operator defined in (2.7) with
respect to J. Using this, we can re-write the integral in (5.15) as

k(k+1 n—k
[ Baman= [ aas g0 = (78,
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We show that the pairing (5.15) is well-defined, that is, the integral
only depends on the cohomology classes. Consider first taking 5+ 01
as the representative of PH% (M) with ¢ € P*¥~1. The additional 0,-
exact term has no contribution since

(T4, N) = (TOLT 1T @) N) = (0*(n—k+1)Tp, \)
-k + 1) |70 - [ (T @inas] =0,

oM
where, in the first line, the conjugate relation between 0 and 0* of
Lemma 2.7 was used, and the second line vanishes since A\ € D_ and
also 0_-closed. Alternatively, if we consider instead the representative
A+ 0_o for PH* (M,0M) with o € Pg_rl and k <n,or A+ 0.0 _o for
PH™(M,0M) with o € Pf5,_ , then the additional contribution would
be
(JB,0-0) = (9(TB),0) =0,
or
(TB.040-0) = (9507 (TB),0) =0,

which similarly vanishes since 045 = 0 implies that 0* (7 3) = 0 (again
using Lemma 2.7) and the boundary condition on o. Clearly, the exact
terms do not contribute to the integral, and therefore, the pairing only
depends on the cohomology classes.

To show non-degeneracy, we use the isomorphisms in equations (5.7)—
(5.8) and (5.12)—(5.13) to choose 3 € PHY (M) and A € PHF (M,0M)
to be the harmonic representatives of their respective cohomology
classes, i.e. [ € P’Hi,NJr(M) and A € P?—[’i7D7(M). Further, if we
take A = J 3, then the pairing becomes

BoX— (IB,IB) = |TBI,

which is non-zero as long as § # 0. q.e.d.

5.3. Relative Lefschetz maps. Recall that the kernels and cokernels
of the Lefschetz maps

L:H¥M) — H"2(M)
can be characterized by various primitive cohomologies as in (5.2)—(5.3).
But with OM not vanishing, we can additionally consider studying Lef-
schetz maps on forms with boundary conditions. In fact, Lefschetz maps
on 17,, i.e. forms with the Dirichlet boundary condition, are well-defined
since
L:Qf — Qb2

To see this, suppose n € Q]j‘_i), that is w1 A9 |gpr = 0 where locally
w1 = dp. Then, clearly L(n) =wAn € Q’Bﬁ since

wy AL(n) lor = w A (wy An) lomr =0
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With this property, we can ask whether the short exact sequences of
Lefschetz maps on Q* without any boundary condition in [20]

(5.17)
0 —— Q2 L, ok T, pk 0,
0 —— vt Ly gnil 4
0 pk . q2n—k _L | 2n—k+2 0
for k =0,1,...,n, have analogues when the Dirichlet boundary condi-

tion is imposed. It turns out that most but not all of the exact sequences
above can be extended to the Dirichlet boundary condition case. Let us
first describe when Lefschetz maps on 17, are injective or surjective.

Lemma 5.5. On a symplectic manifold (M?",w) with non-trivial
boundary, the Lefschetz maps have the following properties:

o L: Q’B_z — Q’B is injective for 2 <k <n+1;
o L: Q%T_k — Q%I_k'ﬂ is surjective for 2 <k <mn.

Proof. The injective property follows from the first two exact se-
quences of (5.17) and that L : Q]"’D_Q — Q% is well-defined. For the
surjective property, we need to show that for any 7 € Q%L_kH and
2 <k < n, there is an u € Q%" such that L(u) = 7. But already, the
third sequence of (5.17) gives surjectivity when no boundary condition
is imposed. Hence, we only need to demonstrate surjectivity of the Lef-
schetz map at local neighborhoods of the boundary M with the Dirich-
let boundary condition added. For this near boundary analysis, it suffice
to work in the local Darboux basis {w;} of one-forms from Section 3.2.3.

First note that we can decompose a (2n — k + 2)-form, 7, in the
following way:

(5.18) n=w" 2N (Brog+wA&a),

where fB;_o € PF=2 and &,_4, € QF%. That 5 € Q%“k” imposes the
condition

(5.19) 0=wi An |oar =" " A (w1 A B +w Awr Ade—s) lon -

Let us focus on the wy A fr_2 |sas term in (5.19). We apply the local
decomposition of (3.10) to Sx_o:

(5.20) Bro=wi AB}_s+waABE s+ OB+ Bty
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where the primitive forms 5%’s here do not have any components in w;
or wy. Then

wiABr—2 |om

= (w1 A wg A 5,3_3 +wy A B2 A »31?3_4 +wi A B/ﬁ—z) lom

~ H+1 1 ~
= <w1/\ﬁ,%_2+ |:H—|—2@12+H—|—2w:| /\,513_3

+wy AOqpa A Bi_4> ’8M'

Substituting the above expression into (5.19), implies that 5’,%,3 lom = 0,

since a non-vanishing B,%_?, would lead to terms that can not be cancelled
out by the second term in (5.19) which must contain a wy. Therefore,
if we write

(5.21) w1 A Be—2 lomr = (Pr—1+w A pr_3) lonmr,
where @r_1, pr_3 are primitive forms, then
Pr—1 loar = w1 A By lon,
w A Q-3 lonr = w1 AO12 A By_y lon -
Note that (5.19) imposes no condition on 3{_, along dM, since by prim-
itivity, w™ **2 A ¢,_1 = 0. On the other hand, for 5274, (5.19) implies
(5.22) (wl A©Oia A 52_4 +wAwr A fk_4> ’(‘)M =0.
We can now write down a u € Q%T_k such that L(u) = n. Define
u=w""FA(Br+wA Bz +wr A&_a) ,

where fj_s and &,_4 are those in (5.18) and By € P* is a primitive
k-form with its value on the boundary specified by Bi_o:

Br lorr = (H +2) 0(9+.02)(dp) Br—2 lom
= (H + 2) (w1 Awg A Br—2) |lom
(5.23) = (H+1)O12 A By lou,

where in the second line, we have noted that o (9;+.0% )(dp) Sr—2 = (w1 A
wa A Br—2), and in the third line, we have substituted in the decompo-
sition of (5.20). Clearly,

L(u) = " A (B +w A Brog + w? A &ga)
= w" 2N (Bros + w A &a) = 1.
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Moreover, we can check that w also satisfies the Dirichlet boundary
condition:

w1 AU |8M = wn_k A (w1 /\Bk + wA [w1 /\ﬂk_g] + w2 A w1 /\fk_4) |8M
= w”_k/\(—wl AwABp_y+w
A [w1 ABR_g+wi AO1g ABE_y| w? Awy A §k74> lom
=0
having applied (5.20)—(5.23). q.e.d.

The injectivity and surjectivity of the Lefschetz maps on Q}, can be
incorporated into the following exact sequences.

Proposition 5.6. The following sequences are exact for 0 < k < n:

0 — ok L, o L, pk 5
+
0 — a2 L o Lyprn 50
+7
0 pr o oon —L,oont2
0 L o O I}

Proof. By Proposition 3.19 and Lemma 5.5, these sequences are well-
defined. To see the exactness of the first two set of sequences, we only
need to show that ker IT |Q}B C L(Q%‘2) for k < n. In this case, consider

for any n € Q’f) such that IIn = 0. Then we can write n = w A £ for
some & € Q572 Since 1 € D, this gives the condition
(5.24) w1 AN lop = w A (w1 AE) |apr = 0.

But by (5.17), L is injective when acting on ¥/ for j < n — 1. Hence,
(5.24) implies that w1 A€ |opr =0 or € € QkD_Q :

To see the exactness of the third and the fourth set of sequences, we
only need to show that ker L|Q%n7k C #,(PE ) when k < n. Let now n €

Q%l_k for k < n such that w An = 0. Then by the third exact sequence
of (5.17), there exists an ¢ € P* such that n = . £ = w" % A £, Here,
it is convenient to express the D boundary condition on 7 differentially
as d(pn) |apr = 0 as described in Remark 3.2. This implies

0=d(pn) lonr = d(p[w™ " A&]) lorr =™ Ad(p€) |om
=" A0 (pE) +w A D-(pE)] lam
=W MENO_(p€) lonr = *#r 0 (p€) lom-

Hence, we obtain £ € Pllg_ . q.e.d.
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Remark 5.7. With Proposition 5.6, we have reproduced with bound-
ary conditions the top and the bottom exact sequences of (5.17). How-
ever, for the middle sequence, Lemma 5.5 tells us that

. on—1 n+1
L: Q= Q7 ,
is injective, but not surjective in general. We will see this in the discus-
sion of examples in next section.

That the Lefschetz operator L has a well-defined action on 7, al-
lows us to consider the action of Lefschetz maps on relative de Rham
cohomologies which are defined over €27:

L: HY(M,0M) — H* (M, dM).

These Lefschetz maps turn out to be related to the relative primitive co-
homologies PH*(M,0M) analogous to the absolute case. Immediately,
from the short exact sequences of Proposition 5.6, we can write down
two commutative diagrams:

0 —— Q%%Q%LPI%+—>O

N

and
0 —— P35 —T QF —2 Q32 — 5 0

0 —— PRt O —— O3t —— 0

- d a
la, d d

* — I
0 —— P2 2 I, gn

These two commutat'ive diagrams 'imply two long exact sequences of
cohomologies linking PH% (M, M) with Lefschetz maps on H* (M, M)
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for k < n. However, by Remark 5.7, we are not able to extend the long
exact sequence of cohomologies through PH" (M,0M) with Lefschetz
maps. To relate PHY (M,0M) with Lefschetz maps on H*(M,9M) for
all k =0,1,...,n, we will make use of harmonic fields as in the proof
of the theorem below.

Theorem 5.8. On a symplectic manifold (M?",w) with non-trivial
boundary OM , we have the following isomorphisms:

PHY (M, oM)
> coker[L: H*"2(M,0M) — H*(M,oM)]
@ ker[L: H*"Y(M,0M) — H*Y(M,oM)], k=0,1,...,n,
PH"(M,0M)
>~ coker[L: H* *=1(M,0M) — H* (M, 0M))
@ ker[L: H* K(M,0M) — H>* *2(M,0M)], k=0,1,...,n.
Proof. From (5.14) and (5.2)—(5.3), we have
PHY(M,0M) = PH* (M)
=~ coker[L: H* k=Y (M) — H kL (A1)]
@ ker[L: H"®(M) — H>™*2(M)] ,
PHF(M,0M) = PHY (M)
= coker[L: H*2(M) — H*(M)]
@ ker[L: H*=Y(M) — H* (M) .
Thus, it suffices to show that

(5.25) ker[L: H*(M) — H"*"2(M)]
> coker[L: H*" *2(M,0M) — H*"*(M,0M)]
(5.26) coker[L: H*(M) — H*"?(M)]

= ker[L: H*"*=2(M,0M) — H**(M,0M)]

for all k. To obtain such relations, we recall that by Lefschetz duality,
HM(M) = H*k(M,0M). A way to see this follows from the equiv-
alence of H¥(M) = HX (M) and H¥(M,0M) = H% (M) and that the
map by the Hodge star, * : H5 (M) — ’H%"_k(M), is an isomorphism
(see, for example [16]). There is also a non-degenerate pairing that is
well-defined on cohomology:

(5.27) HY(M) @ H™ (M, 0M) — R

W e [ —>(—1)k/M?7A£'



322 L.-S. TSENG & L. WANG

With * * = (—1)¥ acting on QF(M), we can express this pairing in terms
of the usual inner product

0 wne= [ wneo) =@meo).
M M
And since the adjoint L* = (—1)¥ * L%, we have

(Lo,*&) = (d,% L¢),

where ¢ € QF¥~2(M). Tt is then clear that for every [¢] € ker L ge—2(ar),

there exists a corresponding [¢)] € H?"~*2(M,0M) such that [¢] €
coker L gran—r(pr,90r)- Such a cohomology pair, ([¢], [¢]), is related as

follows: let ¢ € [¢] be the harmonic representative i.e. ¢ € HY2(M),
then * ¢ € HZ " 2(M,0M) and * ¢ = [)]. This gives an isomorphism
between ker L| yx—2(5r) and coker L|gan—k(as,901)-

Likewise, if [¢] € ker L|gan—k—2(p790) and € € [€] is the harmonic
representative, i.e. & € HZD”_k_Q(M, OM), then & € HAT2(M) and
the associated cohomology class [*&] € coker L|yn(ppy . This gives an
isomorphism between ker L|gan—x—2(ps 90y and coker L g ppy.  q.e.d.

6. Examples

We calculate here the absolute and relative primitive cohomologies
for two symplectic manifolds with boundary: (i) an interval times a
five-torus, I x T°; (ii) a three ball times a three-torus, B3 x T3. For
each case, we write down the basis of harmonic fields satisfying certain
specific boundary conditions. These two simple examples will allow us
to make evident some of the differences between primitive cohomology
and de Rham cohomology on symplectic manifolds with boundary.

We note that the two examples we study are both Kéhler. However,
in the case of a non-vanishing boundary, standard properties of closed
Kahler manifolds may no longer hold. For instance, the symplectic
structure need not be in a non-trivial class and the Hard Lefschetz
property may not hold. Interestingly, in example (ii), we demonstrate
clearly the dependence of the absolute and relative cohomologies on
the symplectic structure. In short, different symplectic structures on
a manifold can give different dimensions for the absolute and relative
cohomologies. This is in contrast to the case of closed Kéhler manifold
where it was shown in [20] that the dimension of primitive cohomologies
are invariant under change of the Kéhler class.

6.1. I x T°. Let M = [0,1] x T?, the direct product of the 5-torus
and the interval. To set notation, let us define M by modding out the
following identification from [0, 1] x R?:

(x1,y1,T2,Y2,23,y3) ~ (1,91 + a,22 + b, y2 + ¢, x3 + d, y3 + ),
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with a,b,c,d,e € Z. We choose {dz;,dy;} as the generating basis for
Q*(M). The boundary is given by

OM = {0} x T° U {1} x T° with dp = +dx,,7 = iai,
1
where plus sign is for the {0} xT° boundary and the minus sign for {1} x
T5. We consider the standard symplectic structure and Riemannian
metric with
w= dei ANdy;, Jdx; = dy; .
7
The de Rham cohomology and primitive cohomology can be straightfor-
wardly calculated and expressed in a basis of harmonic fields satisfying
Neumann-type boundary conditions. (For the tables in this section, the
roman indices {i, 7,1} can take any value from 1 to 3 except as indicated,
and we have suppressed the wedge product symbol “A” in all the forms
for notational simplicity.)

k| dim H*(M) Basis in H%, (M)
0 1 1
1 5 dxi, dyj, ) 7é 1
2 10 dxodxs, dr;dy;, dy;dy;, i # 1
3 10 dxodzsdyy, dv;dyjdy;, dyidyadys, i # 1,
4 5 dxgdacgdyjdyl, dxidyldyzdyg, ] 7é 1
9 1 dxgdxgdyldygdyg
6 0 0
k| dim PHE (M) Basis in PHY v (M)
0 1 1
1 5 da;, dy;, i # 1
2 9 drodxs, dxdy;,i # 1,0 # j
dradys — dzsdys, dy;dy
3 10 dxodrsdyy, drodydys, drsdyidys, dyidyadys,

dy1 (dxadys — dxzdys), v1dy: (dradys — dxzdys),
Z‘ldl‘gdaigdyl, l‘ldl‘gdyldy:g, $1dl‘3dy1dy2, J)1dyldy2dy3

k| dim PHF (M) Basis in PH® (M) or PH® (M)
0 0 1]
1 1 dyl
2 5 dyrdx;, dyidy;, i # 1
dzydyy — & (dwodys — dwsdys)
3 9 dzadrsdyr, dredydys, drsdy dys, dy1dy2dys

d])g(dﬂ?ldyl — d$3dy3), dxg(dxldyl — dl‘gdyg),
(dIQdyQ — dl‘gdyg)dyl, (dzldyl — dIgdyg)dyg,
(d(Eldyl — dl’gdyQ)dyg

The absolute primitive cohomology can be most easily calculated by
Lefschetz maps as in (5.2)—(5.3). From the tables above, we find certain
relations between de Rham cohomology and primitive cohomology. For
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instance, notice that the basis for PH _]f_(M ) are exactly the primitive
subset of the basis of H*(M), for k < 3.
For relative cohomology, we find the following:

k| dim H*(M,0M) Basis in H% (M)
0 0 0
1 1 d,Il
2 5 d(Eldl’i, dxldyj
3 10 diCldl‘Qd.%'g, d:vldxidyj, dxldyjdyl
4 10 dxydxodrsdy;, drvidx;dyjdy;, dxidydyadys,
5 ) dwldxgdx;;dyjdyl, dxld:cidyldygdyg
6 1 dxldxgdmgdyldygdyg
k | dim PHY (M, 0M) Basis in PHY , (M) or PHY , (M)
0 0 0
1 1 dxy
2 5 dridz;, dridy;, i # 1

dzidy, — %(dmgdyg — dxsdys)
3 9 dridredxs, dridradys, dridrsdys,

dl’ldygdyg, (diEQdyg — dIgdyg)d$1,
(dwydyy — dxzdys)dxs, (dridy; — dxadys)drs,
(dx1dyy — dxsdys)dys, (dxidyy — dxadys)dys

k| dim PH* (M,0M) Basis in PHF |, (M)
0 1 1
1 5 d(Ej, dy“’é 75 1
2 9 dygdyg, d])idyj,i 75 1,i 7éj
dzjdzy, drodys — dxsdys,
3 10 dxidxodrs, dridradys, dridrsdys, dridysdys,

dxy(drodys — drsdys), v1dx (dradys — drsdys),
Jildﬂildﬂizdxg, JCldl‘ldl‘gdyg,
r1dr1dr3dys, v1dw1dysdys

Here, the relative de Rham cohomology can be obtained by the standard
long exact sequence

...— H¥(M,0M) — H*(M) — H*(0OM) — ...

while the relative primitive cohomology can be calculated using the
Lefschetz map relations in Theorem 5.8.

Clearly, the elements of the absolute cohomology are different from
those of the relative ones. For example, dx; is certainly d-exact and so
is trivial in absolute cohomology. However, it is a non-trivial element
of H'(M,0M) and PHZ(M,dM) since there is no linear function of
x1 that satisfies the Dirichlet condition at both ends of the interval,
z1 = 0 and 21 = 1. Notice also that the results of the above tables
satisfy the pairing isomorphism of Theorem 5.4. The cohomology pairs
~ {PHY(M),PH*(M,0M)} and {PH"* (M), PHX (M,0M)} - are re-
lated by a J-conjugation. Regarding Lefschetz maps on 17, it is clear
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that L: Q71 — Q% is not surjective (as noted in Remark 5.7) as, for
example, the element dxidy,dy.dys € Q‘}) in the table above does not
have a pre-image in Q% under the Lefschetz map.

6.2. B3 x T3. Now consider M = B3 x T3, the direct product of the
unit ball in R? and a three-torus. Again to set notation, we define M
by modding out the following identification from B3 x R3:
($17«T273337y17y2ay3) ~ (x17x27x37y1 +a7y2 + b7y3 —|—c),a, b,C S 7
with 2 + 22 + 22 < 1. The boundary is given by
0

Q232,22 : _ Ay A — i

OM = S*xT° : {z]7+x5+x5=1}, withdp= —;xldmz, n= ;xzaxi.

We consider first the standard symplectic form and Riemannian metric:

w:dei/\dyi, Jdzx; = dy; .

Then Jdp = —> x;dy;. Moreover, the symplectic form here is exact
i
since w = da with o = ) x;dy;. The boundary in this case is said to be
i
of contact type and the Reeb vector field is given by in%.

(2
With w being exact, the Lefschetz map L: H*¥(M) — H**2(M) triv-
ially maps all elements to zero. This leads to the following isomorphisms
for1 <k <n:

PHN (M) = HY(M) @ HY (M),
PH" (M) = H* k(M) o H* (M),

In particular, we find the following for the de Rham and primitive co-
homology in the absolute case:

k| dim H*(M) | Basis in H(M)
0 1 1
1 3 dy1, dyz, dys
3 1 dy1dyz dys
4,5,6 0 0
k[ dim PHY (M) Basis in PHY \ (M)
0 1 1
1 4 dy1, dya, dys, «
2 6 dy;dy;, o dy;
3 4 dy1dy2dys, a dy;dy;
k| dim PH* (M) | Basis in PH* \ (M) or PH? (M)
0,1,2 0 0
3 1 dy1dyadys
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Of note here is the presence of o as a non-trivial element of PH_}_(M ).
Since da = w, « is O1-closed but not d-closed. For relative cohomologies,
we obtain the following:

k| dim H¥(M,0M) | Basis in H},(M)
0,1,2 0 0
3 1 dridxodxs
4 3 dl’ldedw‘gdyj
) 3 dlEldI‘Qd:ngyidyj
6 1 dacldyl dxgdygdxgdyg
k| dim PHY(M,0M) | Basis in PHY , (M) or PH3 |, (M)
0,1,2 0
3 1 dridxodxs
k| dim PHF (M,0M) Basis in PHF , (M)
0 1 1
1 4 dxy1,dxo,dxs, dp
2 6 dz;dxj,dp dx;,
3 4 dridxodrs, dp dr;dr;

Here, the dimension of PHF(M,0M) is greater than that of
H*=k(M,0M), again in contrast to that in the first example.

For closed Kéahler manifold, it is known that the dimension of
PHY (M) is a constant with respect to different Kihler structures [20].
This is due to the existence of the hard Lefschetz property which im-
plies a Lefschetz decomposition of the de Rham cohomology. How-
ever, the hard Lefschetz property do not in general hold when the
boundary is not vanishing. Hence, in the case of manifold with bound-
ary, the dimension of the cohomology PH (M) may vary as the sym-
plectic structure varies. To demonstrate this, let us consider again
MS = B3 x T3 but now with a different symplectic form and complex
structure:

w =dzx1 Ndzo + dy1 A dys + dys N dxs
Jdry = dxy, Jdyi =dys, Jdys = das.

Though this symplectic form is not exact, it still represents a Kéahler

structure. Moreover, j dp = —x1dxo+ xodx1 + x3dys whose correspond-
ing vector is ¥ = —xla%z —i—xga%l —|—:r38%23. Of course, the de Rham coho-

mology and the relative de Rham cohomology being topological remains
unchanged. However, the primitive cohomology and relative primitive
cohomology are now different.
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k| dim PHY (M) Basis in PH% \ (M)
0 1 1
1 3 dy1, dys, dys
2 4 dyrdys, dyadys,
(xodxy — x1dzo 4 223dYs3)dy;, i = 1,2
3 3 (xldxg — xgdxl)(dyldyg — dygdl'g)
+ xgdyg(dxldxg — dyldyQ),
(xldxg — $2d$1)dy3dyi, 7 = 1, 2
dim PHF (M) Basis in PH® . (M)
0,1,2 0
3 1 (d(l?ld.%'g — dyldyg)dyg
k [ dim PHY (M,9M) | Basis in Basis in PHi7D+(M) or P’H3’_7D++(M)
0,1,2 0 0
3 1 (d$1d$2 - dyldyQ)d(EE;
k| dim PHF(M,0M) Basis in PH* |, (M)
0 1 1
1 3 dyy, dys, dz3
2 4 dydxs, dysdxs,
(Z‘ldl‘l + xodxy — 2.133d.133)dyi, 1=1,2
3 3 (l'ldl'g + I'le'l)(dyldyg — dygdfl,'g)
—w3dys(dridrs — dyidys),
(xldxl + $2d$2>dy3dyi, 1=1,2

Clearly, the dimensions of PHY (M) and PH*(M,0M) differ for the
symplectic structure @ as compared to those for w.

7. Discussion

In this paper, we established Hodge theory for primitive cohomolo-
gies on symplectic manifolds with boundary. In order to obtain a unique
harmonic representative in each primitive cohomology class, we are re-
quired to impose on harmonic fields new Dirichlet- and Neumann-type
boundary conditions that are dependent on the symplectic structure.
For those cohomologies associated with fourth-order symplectic Lapla-
cians, the natural boundary conditions additionally involve derivatives.

We associated harmonic fields with Dirichlet-type symplectic bound-
ary conditions with what we have called relative primitive cohomologies.
In differential topology, relative de Rham cohomology is well-defined for
any submanifold N embedded in M. Let i: N < M be the inclusion
map. Then, there is a relative de Rham complex defined by elements
Ok (M, N) = QF(M) @ QF~1(N) with the differential d given by

d(n,§) = (dn,i'n — d§) .
Such a differential squares to zero and results in the relative de Rham
cohomology, which we shall denote here by H&(M, N). (For a reference,



328 L.-S. TSENG & L. WANG

see [3].) In the case of N = OM, it is well-known that
HE(M,0M) = H*(M,dM)

with H¥(M,OM) being the de Rham cohomology defined over Q% (M),
i.e. forms satisfying the Dirichlet boundary conditions.

The isomorphism above begs the question whether the relative prim-
itive cohomologies defined over forms with {D4, Dy, D_} boundary
conditions in Section 5.2 also have a description in terms of a “relative”
complex similar to the de Rham case. To just generalize the relative de
Rham complex by restricting Q* to primitive forms and replacing the
differential with the appropriate symplectic operator from the triplet
(04,0—, 040-) that appear in the primitive elliptic complex of (5.1)
would run into an immediate obstacle: N = 9M is odd-dimensional,
and hence, there is no general notion of a primitive form defined on
OM. (If N happens to be a symplectic submanifold of M, then such a
relative complex would make sense [21].)

To side-step this issue, we propose here considering a relative complex
not with respect to N, but instead with respect to a closed tubular
neighborhood of N which we will label by Np. With the map i : Np —
M be the inclusion, the pullback i*w then defines a symplectic structure
on Np. This would allow us to proceed to define a relative complex
(Pr(M, N7), ) with elements PhL(M, Ny) = PL(M)@ P!~ (Nr). Here,
the vector space P! with 1 = 0,1,2,...,2n+ 1, are just primitive spaces
but sequenced by the order of their appearance in the primitive elliptic
complex in (5.1). Specifically,
1ﬂ_{Pl ifo<li<n,

7.1
(7.1) pHl-l ifp41<1<2n+1,

which following (5.1) is acted upon by the differential operator

(9.;,_ 1f0§l<n—1,
(7.2) 8 =14 -0,0_ ifl=n,
—0.  ifn+l1<j<2n+1.

(The extra minus signs make (P*,d;) coincide with the algebra FP=°
in [20].) The differential 0 acting on the relative element (8,v) €
P%(M , N7) would then be standardly given by

6(1377) = (8l/87 Z*B - al—l’}/) :

We will denote the resulting relative cohomology by PHp (M, N7). In
the case, where N = OM, Ny = (O0M)r would be a closed collar neigh-
borhood of OM. We then expect that PHp (M, (OM)r) is isomorphic
to the relative cohomology PH*(M,0M) defined in Section 5.2.

We emphasize that the above relative primitive cohomology
PH},(M, Nt) can be defined for any embedded submanifold N of M and
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this includes the interesting case where IV is a Lagrangian submanifold.
This is of particular relevance for a system of equations that arose in
physics which constrains six-dimensional, symplectic Calabi-Yau mani-
folds with special Lagrangians playing the role of source charges [19,24].
(Here, we follow the usage of the term “Calabi-Yau” to mean the ex-
istence of an SU(3) holonomy structure with respect to a connection
that may have torsion.). A six-dimensional, symplectic Calabi-Yau can
be labelled by (M, w, ), where Q here is a non-vanishing (3, 0)-form
that defines an almost complex structure on M and w is a symplectic
(1,1)-form. The physical system requires that the (3,0) form € satisfies:

dRe Q =0,
dd*e™2 Tm Q = pp,

with pr being the Poincaré-dual current of a special Lagrangian sub-
manifold L C M and
o2f _ 3iQAQ ‘
4 w3

In [24], the above system was related to a Maxwell type system for
(Re Q). Hence, in analogy with the relationship between Maxwell’s
equations and relative de Rham cohomology, we expect that the relative
primitive cohomology PH%(M , L1) should be relevant for measuring the
source charges of the physical system and in understanding its space of
solutions. It is also an interesting question whether PH},(M, Lt) can be
described by forms with certain prescribed boundary conditions when
asymptotically close to L. (When pr = 0, a geometric flow for this
symplectic system was recently introduced in [9].)

Lastly, primitive forms and their cohomologies are the special (p = 0)
case of the more general p-filtered forms and their filtered cohomolo-
gies described in Tsai-Tseng-Yau [20]. The description here should be
straightforwardly generalizable to the p-filtered case by replacing the
(04,0—, 0+0_ ) operators with the more general (dy,d_, 0;0_ ) opera-
tors defined in [20].

Appendix A. Form decomposition

At times, it is useful to show explicitly a primitive form’s dependence
on certain directional components. For instance, around a neighbor-
hood U C M of a point x € OM, we can choose to work in a local
Darboux basis of one-forms, {w;}, for i =1,...,2n, such that wy = dp.
Then, with respect to this Darboux basis, we can make explicit the de-
pendence on the {wy,ws} components for any B, € P*(U) by means of
the decomposition in (3.10):

(A1) B =wi ABp_ +waABi_1 +O12ABE_o+ BE,
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where §*’s are primitive forms without any components in w; and ws,
and

(A.Q) O10 = w1 ANwg — TH Z’wm 1 A\ wsy; .

The proof of this decomposition, which is algebraic in nature, is given
in [23, Lemma 2.3]. Note that when k = n, the term 8;_  is identically
zero as there is no primitive n-form without a component in either w;
or wa.

The decomposition above can be applied repeatedly. Specifically, we
can further extract out the dependence on the {ws, w4} components for
each 3%s on the right hand side of (A.1). Each ¢ would in general
break up into four terms, and we would end up in all with the following
decomposition of 16 terms:

(A3) Br=wiABL_ +wa ABE [ +O1AB o+ 5}
=wi A [ws A2y + wa Aty + O AMPE + 74 ]

+w2/\[w3/\’71%32+w4/\71%42+@34/\’71%343+7k 1
+ O12 A [ws AEE, + wa A2 + Oy AL + 2]
+ [ws Ay +wa Aoy + Oy Aits +97]

where the 7’s in each of the sixteen terms above are primitive forms
that do not have any components involving {w1, w2, ws,w,}, and also

n
(A4) 934 = w3 N\ wy — Il{zg’wgil N Wy .

=
Here, O, is the analogous object to @12 in (A.2) but in dimension
d = 2n — 2 with {ws, w4} components singled out. Let us further point
out that when k = n — 1, the last term 72 _; in (A.3) is identically zero.
And when k = n, the primitive forms {v2,7} 1,72 1,73 1,72 1,93%,)
are all identically zero in (A.3).

Appendix B. Symbols of symplectic differential operators

For ¢ € T M\{0}, the principal symbols op(()S) for any symplectic
differential operator P discussed in this paper can be computed straight-
forwardly, though the calculations can be rather long and tedious. We
here write down some of the principal symbols that are relevant for
the proof of the ellipticity of BVPs in Propositions 4.11 and 4.15. In
our principal symbols, we will not include any i = y/—1 factors that
are often included in the definition of the principal symbols, as these
imaginary factors do not make a difference in our calculations.

Since calculating the symbol is a point-wise computation, we can
without loss of generality, choose to work in the standard basis {w;}
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with w = w1 Awgs + w3z Awy + ... and g;; = d;;, assuming as we do that
the metric is compatible to w. Of relevance for the proofs of Proposi-
tions 4.11 and 4.15 is calculating the principal symbol when the covector
¢ € T M\{0} takes the form ¢ = (ywy + (owa + (3w3 which will be our
focus here.

Notation: In the expressions for the principal symbols below, the
integer h = n — k, where n = (dim M)/2 and k is the degree of the
primitive form acted upon by the principal symbol. We will use the
notation w;; = w; Aw; to denote the wedge product of two basis 1-forms.
Furthermore, to simplify expressions, we will drop the wedge product
symbol (exterior product between forms will be assumed) and also leave
out the subscript that denotes the degree of the forms {ﬁé_l, e ,Bg}
in (A.1) and the 16 ’s in (A.3).

The symbols of the first order operators {04,0_,07,0" } in terms of
{BY,..., B*}in (A.1) and the 16 v’s in (A.3) can be expressed as follows:

oo, (CLw1 + Gwa + (3ws) By,

= G (w18 + 7760128%) + Ga(waB* — 7470128")

— G(wizy! + wazy? — @12103(}(1,51?)2)712 + 257 — w3r?)

— Gty (w1 ©%,7™ 4+ w205, — 01205,y + 10197
gy o,

oot (Crwi + Qs + G3ws) By,

= —(1 (w2 + B + Co(w1 % — 52)

+ G3(wiy"? + wey® (@12 + 5

+ G (w147 + waay® — Orpway
oo_(Crwr + Qwa + (3ws) By,

= — i1 [ (wn B — 52) + Go(we® + )]

— Gy (wiy ™ + way™?! (912 + 430507 =)

+ G (w13 + wazy® — @1210371234 —w3(v** — 57"),
oo+ (QLwi + Gowa + (3w3) B

= Q(—w2B*+ 7270128 + (w1 B+ 72 h+1 ©125%)

_CS;%H(wlele +w2@34’y _@12@34’7 +ﬁ91273
_(h—l)(h-i—l)@/ )

LY A3

34)7

1234 4 (y

M %H712))’

+ G (w1ay! + w2y —@12w4((,§+1)37 + 57 — we?).

Note that the expressions for the symbols above take a simpler form
when (3 = 0. Proceeding further, we can compose the first-order sym-
bols above to obtain the symbols for the Laplacians and their boundary
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conditions. The calculations below were performed with the aid of the
symbolic computation program Mathematica.

For the second order Laplacian A, = 0,07 + 0704, the principal
symbol can be expressed relatively simply when ¢ = (w1 + (awo.

(B1) o, (Grws + Goua)By = —wi | (G + 75GE) 8" + iy (G162) 87

— we [h%l(ﬁ@)ﬂl + (C% + hLHC%) 52}

- (G +¢) (%91253 + 54) .
More generally, for { = (yw; + (ows + (3w3 we need to use the 16-term
decomposition for 5y in (A.3). The symbol o, (Crwi + Qw2 + (3w3)

acting on the 16 «’s in (A.3) can be separated into four independent
parts:

oa, (Gwr + Qws + (3w3) B
= oa, (Gwr + Gws + Gaws) (70 + w3y’ + ©1205,7'%%)
+ o, (Gw + Qws + (3ws) (wl’Yl + woy? + w474)
+ o, (Gwr + Gws + Gws) (w1057 + O10wsy™* + w0,y
+ O12wey ')
+oa, (Guwr + Gws + Gsws) (wisy'® + wasy® + wiay™ + wazy®
+ 04,73 + 912712)
with the action on each of the four parts given as follows.

oa, (Gwr + Gws + Gsws) (70 + w3y + ©1205,7'%)

=—(F+G+8) [70 + wgyS — %@12@;)471234 ’

w17y
oa, (Gwi + Gws + G3ws) | way?
w47y
G-h-d -4 s !
= - G -G-a@ et wyy®
i it ~t =& - g/ \wn!

The oa, (Ciwi + Gwa + (3w3) matrix acting on

w1 O,y
O12wzy?3
wyOf,y**
O12wyy'?
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is given by
2 h +2  h41,2 ¢i1¢s _C1¢
*Cl*m@*m@ T ht2 h+1
h41 (2 2 2 ¢2¢
—ﬁffi _hiiz(gl"_CQ)_ 3 — 35
_Gi¢e _C2¢3 ,LCQ,CZ,
h+1 h+2 h+151 h+2
____CaC3 0 __Ci¢3
(h+1)(h+2) (h+1)(h+2)

The oa, (Cwr + Gws + (3w3) matrix acting on

h+41

&
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_ ¢2¢3
(h+1)(h+2)
0
¢i1¢3
(ht1)(ht2)
— 1 (G+E) -5

1
w137y 3
24
w4y
14
w14
23
w237y
/I A34
347
12
O127
is given by
R S W 0 0 — g
0 — (G + ) -G — 0
2 h 2 2
0 —(ilﬁ) =G — (G +G) 0
— 05 0 0 G -G -
h ¢a¢ h
(h+21)32 0 0 T (ht1)2 GG
_ [O1€:) ¢2¢3 €1¢3 ¢1¢3
(h+1)(h+2) h+2 h+2 (h+1)(h+2)
¢2¢s __Ca¢s
h+1 (h+1)2
0 G2¢3
(h+1)
[STS
0 s
_¢i¢3 ¢1¢3
h+1 (h+1)2
e e . h24htl ¢2 __hed
1 2 2(h+1)2 3 (h+1)3
¢ h+1 (2 2 h34+4h%4+5h+1 42
) —h2 (G Q) — T G

Concerning the fourth-order Laplacian, A, it acts on the middle-
degree primitive form, f3,. When ¢ = Gw; + (owa, (i.e. {3 = 0), the

symbol can be expressed simply,

(B.2) oa,, (Gwi + GQuwa)Bn = (T + ) [w1B' + waf® + 0125°] .

More generally, we use the decomposition (A.3) for (3, which has
only 10 non-zero « terms. The symbol oa, , ((1w1 + (w2 + (3w3) acting
on the ten terms can be separated into three independent parts.

on, . (Qwr + Qwa + (3ws) By
= oa,, (Gwi + Qs + Gws) (0120547"%%)

+ oa, (Gwr + Gws + Gws) (w1057 + 10w + w0,



334 L.-S. TSENG & L. WANG

+ 1wy
+oa, ., (Gwr + Gus + Gaws) (w1 + wasy™ + wiay' + wazy®®
+0127")
with the action on each of the three parts given as follows.
oa,, (Gwr + Gws + (aws) (©1205,7%)

=1+ G+ G)? (012057,

w1047
O12wsy'?
OA 4 (Clwl + CQU}Q + C3U)3) ;o34 | T i (<12 + C22 + <32») )
w2034y
O12wyy'?
AG+E)+G 3C1G3 0 —3C2C3 w105,y
3C1C3 GG+ ¢ +4¢G 3C2C3 0 O12wzy'
0 3C2(3 4WG+E)+G 3¢1Cs I
—3¢2(3 0 3¢1¢3 G+ ¢ +4c O12wyyt?*
The o, , (Clw + CGws + (3w3) matrix acting on
w13’713
w24’724
w14’yl4
w23’Y23
1272
is given by
(CF+G3)*+5 (4 +C)E+¢3 —365¢3 —5016:G3
—543¢3 (G412 + 5+ G+ —501603
-3¢ -3¢ CH+3CR(AC+¢) +(C3+¢3)?
2016262 2016262 3¢3¢2

—302¢3(¢3+¢3-¢3) —302¢s(C3+C3-¢3) —381¢s(¢3+ 3 —-¢3)

3¢162¢2 —36GBCE+¢E - ¢3)
3616262 —302¢s(C2+ 2 -¢2)
3¢3¢2 —30GE+E -3

GHLGAGHE) + (GG +e3)?
361G+ -¢3)

30162+ 3-¢3)
TG+ +14(G+B)G+¢3
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Appendix C. Injectivity proof of Case (A2) for
Propositions 4.11 and 4.15

For Proposition 4.11 and Proposition 4.15, we here give the proof of
injectivity of the ¥, ¢ map in the (A2) case where { = pws + qws with
both p # 0 and ¢ # 0. As with in Appendix B, the calculations below
were performed with the aid of Mathematica.

C.1. Proposition 4.11. To write out the ordinary differential sys-
tem (4.3), we use the calculation of the principal symbol oa, (Ciw; +
Cowy + (3ws) in Appendix B, substituting {; = —idy, (2 = p and
(3 = q. The general R -bounded solution of o(Ay)(—iw10; + pwy +
qws) ¢r(t) = 0 with both p and ¢ non-zero can be expressed in terms
of 16 constant primitive forms, labelled by ¢ for [ = 1,...,16. Each
! has no components in {wy,ws, w3, ws}. In the solutions below, r =
VP?+¢* > 0 and we also express ¢ (t) in terms of the 16 ~(¢)’s as
in (4.7), which is identical to the decomposition of (A.3).

Wt =cre™™ ) =ciae R =™

1 (2h+1)r .
Vi—1 - —pt q ir
4 . —rt 5 —rt 6 —rt
’7,3_1 = Ck,1 rt (& 4 + ck*l Ofe r + ck*l p e r s
4
Tk—1 qt D 0
e —2(h+ 1)2gr + ¢3t —iq + iqrt
7&2_33 oy iq2+2i(h +1)(h+ 2)r2—iq2rt - s —2(h + 2)r+q2t ot
234 | = Ck-3 e " tcg3 e
Vi3 0 pat
Ty pq?t 0
q ir
—ir _ q _
+ 62—3 X e rt + Cllco—d e 7‘t7
p 0
ht1)r
Vila —;i ;11) t sy —q ir
24, CGRADT i q 0 0
14
Ve—2 11 —irt —rt | 12 0 —rt |, 13 0 —rt | 14 0 —rt
p =c > +c e % > C J
723_2 Cr_o irt e CLo o e +cp_o 0 e +cp_o » e
Vits —phrat 0 p 0
V2o qt P 0 0
2 2
0 Ah(ht1) (2h1) pt ZHADLORERNG 4 (1) pri— pg? )
. 2 2
—ir 2(h+1)(p :(4h+1)r ) 74(h+ 1)prt+pq2t2
+Ci572 b eirt-‘rcigz —2i(p® + (2h + Dr)t —ig°rt® e
0 —2i(g? 4 2h(h + 1)r?)t + ig?rt?
0 ahPqrt — i *t?
0 P2
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For injectivity, we study the kernel of W, ¢—,,+qw; Which imposes the
following conditions:
b (z, —i w1 Op+pwz + qus) Pk (t)],_, =0
{70(0) =0,7°(0) = 0, 7°(0) = 0, 7(0) = 0,
7*(0) =0, ¥*(0) = 0, 7(0) = 0,7*(0) =0,
ba (2, —i w1 i+pw2 + quz)gr(t)|,_, =0

8’7123( ) — 0 8’)/1234( )
i7" (0) — py*(0) — ):
10y 24(0) + q7234(0) =0,
= ¢ i0y"*(0) — py**1(0) — 557" (0) = 0,
i0ry'(0) — py**(0) =0,
i07"*(0) + ¢v**(0) = 0

iy (0) — py**(0) — ¢7**(0) + 7257"%(0) = 0.

It can then be checked that imposing the above 16 boundary condi-
tion equations on the 16 ~+’s at t = 0 requires that all 16 constants
¢, for I = 1,...,16, in the general R -bounded solutions are identi-
cally zero. Therefore, W, ¢—p,4quw, is injective when both p # 0 and

q#0.

C.2. Proposition 4.15. Using the calculation of the principal sym-
bol of A4 in Appendix B, the general R -bounded solution ¢,(t) €
Mfg —pwstqus 10T OAL (—iw10p + pw2 + qws) n(t) = 0 with both
p # 0 and ¢ # 0 can be solved and expressed in terms of the 10
v(t)’s of (4.15), which is identical to the decomposition of (A.3) when

k=n.

1234 _ /.1 2 —rt
Yoy = (Cp_a + cp_at)e
yi34, 1 0 0 0 irt
123
Yo 3 O —vt | a 1 —rt | 5 0 —rt | 6 0 —rt | 7T qt —rt
’Y;%Lflz :cn—S 0 e +Cn73 0 e +Cn73 1 e +Cn73 0 e +Cn73 pt e
e 0 0 0 1 0
qt —2iqt + irqt? drt+ ¢°t?
8 —irt | . o — L8 P | o | 10 | 2iqt —irgt? | iy
+Cn—3 0 € +Cn 3 3pqt2 +Cn—3 0

pt 0 pqt2
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T2 -1 —ir i —irt
Tata 1 0 0
Y, =t eaZat) | 0 e+ p e Hets | pt e
Va2 o 0 0 0
Yo 0 0 0
ir —i+art 2q —2r + 2¢°%t
0 0 0 0
+eld, o e 4+, 0 et clT o et +el8, 0 e Tt
p pt 0 0
0 0 P pqt
W —pg?t? —16pr— 2% (2p*+54%) —3pg2rt? —pgit
—pg>t? —3pg2rt2 — pgtt?
+enls —irg?t? e el , _3ip2q?12 — irgt3 ot
irq3t? 3ip2q2t2 + irgtt3
>t? P13
where all twenty primitive forms ¢ for I =1,...,20 are constant forms

without components in {wy, ws, w3, ws} and r = /p? + ¢% > 0.
For injectivity, the image of the W, ¢— .+ quw; map vanishes imposes
the following conditions:

bl(—’i w10; + pwo +QUJ3)¢n(t) =0

=0

’at71234(0) =0, oy'* =0,
10y (0) —py**(0) = §1%(0) =0,
i0y"**(0) + ¢v***(0) = 0,

—
i07"(0) — py**(0) = 0,
07" (0) + ¢7v**(0) = 0,
[10i7"4(0) = py**(0) + ¢7"* = 0,
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ba(—iw10; + pwa + quz)Pn(t)],_, =0

(9,(02 — r2)71234‘t:0 —0,
{i0F = (0 + )00 = (307 — (3p + 247"
— (& — P+ )}, =0,
{z (p? +2q D)y o213 ipqc‘?w%‘l} ’t:0207
{z v 4 q(07 = 2p% — *)y** + ipgoy "
— ~ %}, =0,
{107 —10) p(af -y}, =0,
(i3 = 0" + D)o = p(3} - p* = G0
+ gq(é’? — = S = 5P — Ly P |, = 0,
{10} = 0% + 361007 + g0} — 2r2)7% + g0}
+ ipgdyy + ipq6t724} l,_o=0.

\

It can then be checked that the above 20 boundary condition equations
are only satisfied if the twenty primitive constants, ¢! for I =1,..., 20,
of the general R -bounded solutions all vanish, thus proving that the
map W, c—puytquws 1S injective when both p # 0 and ¢ # 0.
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