
 

Artmpoents
New idea Go to IN nonst extension of IN
In language for this extension have symbol

for IN so can say
IN K EXEIN y IN x y so

INK EIN y IN x y so

IN IN.VN

IN C IN so can add elementsof IN to

elements of IN Also if α ETNIN
then C INFIN so 22 2

For αE IN βE IN define

a β if for every AEIN we have

EA βE A



Def EIN is Impotent if at α

Suppose there is a a idempotent α

Suppose AEIN and α e A
Then α αE A
So XEHN XE A a αE A
i FIXEN XEA nx αE A call it xo
XotαE A Xotα αE A since

YEIN XotYEA
F FXE.TN XEAnX 2E AnX.txE

AnXotxE AnxoXo
1 ELN X EA X αE A XotX EA

XotX αE A XP Xo

Keep going Sps have xocxk cx.ms.t
for all F 0 in 1 setting XF Er Xi
have FEA XFtαE A
Then Xp at aE A so can find Xn Xn I



s t Xet XnEA F 0 n 1 F even

X et Xn α c A Keep going

Def A c IN is a FSset if there is

Xn new from A st FEA FEIN finite

Prop If α ETN is u idempotent and α EA
then A is a FS set

The a idempotent elements of IN exist
Come back to this

Cos Hindmarsh If IN Aw war is a
finite coloring of IN then some Ai is a FSset

So why do a idempotent exist

Ultrafilter Define them on any sets



If ses thenget pancipalultrafilter Us
If 26 5 still get an ultrafilter Ua AES αe A

Say α β Uα Uβ A S αe A βEA

βS set of ultrafitters a compact space with
base given by UA UEβS AEU

exercise Assume suffsat αHUα S βS onto s PS

Truppors has a semigroupytn.fi
section

Define on BS by
A 202 SES 5 AEV EU HESHere s A TES S.tt A BayIA

for

Note UsoUt Us t for sites
What about Uα0Up for α pets
AEUa0Uβ SES S AEUp EU

αE SES 51 AEUβ
Now st.AEUp BETA

s.pe A



So αE SES s t.AEUp αE SES s BEA
α.peASoAEUaOUpα.BE AEAEUa p

So V20Up Ua β

i α E'S is u idemp iffa.tn a

iff Ux Ua
iff V20UseUa

i αe S is u idemp if Ua is idempotent

Tha Idempotent ultrafilter on S exist
PE BS 0 is a compact semito semigroup
meaning UH V02 is cts VEβS
A theorem of Ellis says any compact semi semi
has an idempotent

nonempty

If TE BS is a closed subsemigroup then

T also has an idempotent



Def TE'S is a Usubsenigny if
a BET 8ET sit α β 8

so image of T in βS is a subsemigroup

Cos If TAS is a closed nonempty a subsemi

then T contains a u idempotent

Many applications of these ideas Here's one more

Hales Jewetttheorem

L finite set L variable

We Law words Wax Lu Wa

For WEWax 9th w a eWL WE W

w concatenation WeWax semigroups

Def wa sequence ofvariable words
Wn we who who an I L
partial subsemigod increasing indices

Wn w same with too tu EL some tix



OIL

H fItge www.x there is

Wr fromWax s t Wn we and Wn wax

are both monochromatic

Powerful Canderive finitary HJ vdW Gallai

lemmel There are a idempotents WE Wax and

WE Wh s.t.IQ w V 2 w Nw and

WE 2 aEL

lemmad Sps AcWu BCWax are s t
VE A WEB Then there is un fromWix
sit Wn WL EA CWM wax C B
IHJ follows immediately from lemma 2

Irmma2from6mmal Set C AUB



If aEL then w a VE B C while

WE WE A C

Also if a be Lux then
V UNVE A faith

W a w b w we B if act b x
W 2 NW E B if a X bet

Wr W WEB if a b x

So
F WE WA a beLu w aJEC w aJ w bTEC

So WOEWL HabELulx wolaJECrw.la w bJÉ
Second condition WE w b WE C

So get Witwo s t for all a b CELulx
W a E C Wo law b EC

Wola W b WE etc

keep going

Pfoftemmal L dan.am By recursion define

6 idempotent we won of Wax and 2in um ol We

sit for 1 i j m

Wj ai Vj



J J

Wj Wj Vi Vi Wj
Then w Wm and V 2m work

Start with wo any a idemp in Wax

Set vi Wo aid
Note 2 V1 WoCa wola r wo a

wola V1

So 2 is a idempotent

Take P E Wix st won pi
Then p Ca Wola V Vi Vi

p V work work up
ultrafilter justifications

let T ZEWix 2 Cairn 2 2 2

Then p ET so T 0

If 2,22 ET then 25 22 fail 2 a 22cal
v N V1

21 22 2,1 22 4 v2 22

2 22 is to something in T



Also T is a closed

2 aid means zaise A wherever 2 EA
so ZÉ p e Wix Pai EA

Similar for 2 2 z

there is a widemp BET
Take W Wax st.si β n Wi

Then we w N β
n

u β
β β

V2 β since β idempt

Wi so we u

idemp.usfail y v2

W 2 2 β V w β W

N w u u β nut β Nw

So hold

The inductive step is similar Have wi Ui for kickam

Nut WeCartif Nati Vi 2in Net Nett

Pete We Nutt Same as Twith put
put fail Van Ki kH



p

T zE WLx zainen z i 2 ki kH

nonempty closed u subsemigroup so contains

a idemp But
Take Wati Uti Butt


