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Then Atb is pie syndt.ie

It Sps AEIN ΔnlA max
A Iint III n

BDCAI Gmo ΔnlA exists byFelate's lemma

It On A

exercise If N IN then
BDLAl max st II I EIN int II N

Def Sps AEIN A is thick if A contains
arb long intervals

exercise A thick iff A contains an inf interval
exercise A thickiff BD A 1



Def A is pieawisesyndet i.tt IN finite
sit Atf thick

lemme A is p.ir syndetic there is infint I
s t A has only finite gaps on I
Pf Atomcontains an inf interval I

the assumption implies that me NS.t

all gaps of A on I are of size m

This implies that I A Em m so

At E min thick

Rmd A is see if INIA notthick
ie KE NS.t A has gaps of size k on N

A is p.lu synd if FLEIN sit on arb long interrate

A has gaps of size k

Jin's theorem looks similar to



steinhausthm lfGDC.to I are set
C D 0 then CTD contains an interval

Both are instances of a general phenomenon

Def A cut is an initial segment VEIN
St UTU EU

exercise No proper cut is internal

get
If NIN then UN EIN 03

Fix cut VEIN Sps U ETO N
For x y EIN write x uyifflx

yleU.EY.EE

evncass
To O N O N U quotientmep



110 I 9
I get linear order and topology

Can push forward Loeb measure

example Fix NIN f O N 10,1

F st surjection

f x fly iff x y so get
f O N UN 0,1 bijection of 1inordealsets

exercise via f Loeb measure on O N un

becomes Lebesgue measure

Del AE O N is Unowheredense if
ITO A is nowhere dense in O N IV

given
a b in ON with b as U there is

c d c Ca b with d Csu Gd ECON IA

internalB
YA B 9 total B

have positive Loeb measure ie f A fB 0,1

have positive leb measure By Steinhaus



ha ps 3151
fat FCB contains an interval

In particular AEB is Un somewhere dense

additionmodN

5
182 IE ana

A BE O N are internal sets with positive
Loebmeasure Then ADNB is U somewhere dense

exercise Deduce Steinhaus from Jin
Recall that Loebmeasure sets can be approximated

by internal sets

Ppfjfa.tt fbbBf sso
Fix NSIN By above exercise have yeYN
s.t.IM ENlner CYAN Ines
C A x D B y 0,2N
MCC µ D µ Loebmess on 0,2N



µ 2 µ 2 µ 1

By 2ⁿᵈ Jan applied to U N
Caan D D is IN somewhere dense

So there is a b 0,2N b ask
sit all gaps of CTD in a b belong to IN

i e are finite By overflow there is

MEIN sit all gaps of C D on a b

have spe Em so C D 2 a b To m

i A B 2 Xty Ta b 101m

i A B has only finite gaps on a b

A B
i ATB is p.w synd

pfol2ndversin spsfalse.frU
If H 0 and A BE To H are internal

say A B is Head if

MH A UH B 0 yet A HB is 0 n wid

r Sup µ A H U FB C To H sit

A B is H V bad



i

r O by assumption
Fix 970 TBD
S Sup MH B

A B is H V bad for

some H U some AEToit MCA are

Then so 0

By symm r s

Claims state go
res

and res
at

Pt Sps state Can find HIM CH U bad

A B s t µ A µ B

i Forany e o H have An x HB

both have measure 1 whence AQHB.TO H Y

Fix 8 0 TBD andtake HSU H V bad

A B s t MH A r e MH B 5 8

Goal Find Ksu KU bad A B s t

MK A r e µK B1 5 8 will I defols

K



Claims EB there is Kso with 0

and hyp int I J C To H ol lengthk sit

st I
or a st 1B star

PE Write I a atk J b btk

A AnI a B BMJ b

MK A r E MK B Std

A HB U nwid CANI H BMJ Un.w.de

A HB AAI H BM atb have

A HB U n wd

A 2kB since K H O

But A'OKB is the union of two4widase
subsets of 10 k so also U n w dense

i A B K V bad

For KEV Aen BOH E k k ACHBCHEK

B U n w dance UH BOH Fk 63 s



i.IR HEStEVKEU
U external K U K H O sit

IBOHEMIESTE

This k will work

J ik in K 0 i 1

portal o H 1 into intervals of lengthk
negligible tail
ie to 1 ik in K nB 0

claims
1

Pf Sps TAC s

If i X ik it K x iktj je 0,4 1
there is LEO K 1 sit iktle B

X iktl j l E BOH EK K
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IBOHE K K ExK 11K
H 3K

BEEN 35

But 1314143 Stf Y if e dsmall

J ik CH k i X

Claims FI JET missing in book

St IAF are St IIIsstd.PE

Do J Sps no J exists Then

5 8 Ert y Eg
Balik k

detily

EEEIH.IE
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Std

If 8 5 get Y


