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Abstract In the paper, we describe derivations of some classes of Leibniz algebras. It
is shown that any derivation of a simple Leibniz algebra can be written as a combination
of three derivations. Two of these ingredients are Lie algebra derivations and the third
one can be explicitly described. Then we show that the similar description can be
found as well as for a subclass of semisimple Leibniz algebras.
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1 Introduction

As is well known, derivations of algebras are very important subject. The interest in
study derivations of algebras goes back to a paper by N. Jacobson [5]. There using
the nilpotency property of derivations, an important class of Lie algebras called char-
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acteristically nilpotent was introduced by Jacobson. Since then the characteristically
nilpotent class of Lie algebras has been intensively and extensively treated by many
authors. Motivated by the progress made in [17], T.S. Ravisankar extended the con-
cept of being characteristically nilpotent to other classes of algebras. This approach
has been used for the study of Malcev algebras, as well as for associative algebras
and their deformation theory [11]. In 1939 N. Jacobson proved that the exceptional
complex simple Lie algebra G, of dimension 14 can be represented as the algebra
of derivations of the Cayley algebra (see [6]). This result increased the interest in
analyzing the derivations of Lie algebras. Two years earlier, E. V. Schenkman had
published his derivation tower theorem for centerless Lie algebras, which described
in a nice manner the derivation algebras (see [18]). This theory was not applicable
to nilpotent algebras, as the adjoint representation is not faithful. This fact led to
the assumption that the structure of derivations for nilpotent Lie algebras is much
more difficult than for classical algebras. In semisimple Lie algebras case the use
of derivations sheds a light on their structure. A Lie algebra derivation defined by
right multiplication operator is said to be inner. All other derivations are called outer.
It was proved that any derivation of finite-dimensional semisimple Lie algebra over
a field of characteristic zero is inner (see [7]). The outer derivations can be inter-
preted as elements of the first (co)homology group considering the algebra as a mod-
ule over itself. Here the derivations are 1-(co)cycles and the inner derivations play
the role of 1-(co)boundaries. Note that it was proved that any nilpotent Lie alge-
bra has an outer derivation, i.e., there exists at least one derivation which is not the
adjoint operator for a vector of the algebra. We remind also the fact that any Lie
algebra over a field of characteristic zero which has non-degenerate derivations is
nilpotent [19]. The description of central extensions H>(L, F) of a Lie algebra L
over prime characteristic field F also can be given by means of derivations and skew
derivations. Derivations have been used in the geometric study of different classes
of algebras (see the review paper [1] and the papers [8,13] among others). Simi-
lar to the Lie algebras case the derivations play an important role in studying of
structural properties of Leibniz algebras. Indeed, the nilpotency of a Leibniz alge-
bra is characterized by admitting a non-singular Leibniz-derivation [4]. Moreover,
existence of non-singular derivation in a Leibniz algebra implies its nilpotency (the
converse is not true, in general). The derivations of filiform Leibniz algebras have
been treated in [10,12,14-16] and others. Recall, that filiform Leibniz algebras are
characterized as two-generated algebras which have the most greater index of nilpo-
tency. The overview of the above mentioned results shows that the space of derivations
of nilpotent Leibniz algebras is larger than semisimple case. Therefore, for the latter,
the description of derivations is comparatively easy than for nilpotent and solvable
cases. In this paper we deal with the problem of description of derivations of semi-
simple Leibniz algebras. The problem in general setting is still open and waiting for
its solution.

The article is organized as follows. There is a preliminary section where we give
some subsidiary results used in the paper. The main results of the paper are in Sect. 3
which comprises two parts. In the first part we study derivations of a specific class
of simple Leibniz algebras, while the second part is devoted to the description of
derivations of a subclass of semisimple Leibniz algebras.
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2 Preliminaries
In this section we give some necessary definitions and preliminary results.

Definition 2.1 An algebra (L, [-, -]) over a field F is called a Leibniz algebra if it is
defined by the identity

[x, [y, z]]1 = [[x, y],z] = [[x, z], ¥], forallx,y € L.

The identity is said to be Leibniz identity. It is a generalization of the Jacobi identity
since under the condition of anti-symmetricity of the product “[-, -]” this identity
changes to the Jacobi identity. In fact, the definition above expresses the right Leibniz
algebra. The descriptor “right” indicates that any right multiplication operator is a
derivation of the algebra. In the paper, the term “Leibniz algebra” will always mean
the “right Leibniz algebra”. The left Leibniz algebra is characterized by the property
that any left multiplication operator is a derivation.

Let L be a Leibniz algebra and [ be the ideal generated by squares in L : [ =
id < [x,x]|x € L >. The quotient L/ is said to be the associated Lie algebra of
the Leibniz algebra L. The natural epimorphism ¢ : L — L/I is a homomorphism
of Leibniz algebras. The ideal [ is the minimal ideal with respect to the property that
the quotient algebra is a Lie algebra. It is easy to see that the ideal I coincides with the
subspace of L spanned by the squares and L is the left annihilatorof 1, i.e., [L, I] = 0.

Definition 2.2 A Leibniz algebra L is called simple if its ideals are only {0}, /, L and
[L,L]# 1.

This definition agrees with that of simple Lie algebra, where I = {0}.
For a given Leibniz algebra L we define the derived sequence as follows:

L'=pr, p*U =k Ik >,

Definition 2.3 A Leibniz algebra L is called solvable, if there exists s € N such that
LI =o.

Since the sum of two solvable ideals of a Leibniz algebra L is also solvable, there
exists a maximal solvable ideal called solvable radical of L.

Definition 2.4 A Leibniz algebra L is said to be semisimple if its solvable radical is
equal to 7.

Clearly, this definition agrees with the definition of semisimplicity of Lie algebras.
Note that a simple Leibniz algebra and a direct sum of simple Leibniz algebras are
examples of semisimple Leibniz algebras.

The concept of derivation for a Leibniz algebra L is defined as follows.
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Definition 2.5 A linear transformation d of a Leibniz algebra L is said to be a deriva-
tion if for any x, y € L one has

d([x,y]) =[dx), y] + [x,d(y)].

Let z be an element of a Leibniz algebra L. Consider the operator of right multi-
plication R, : L — L, defined by R;(x) = [x, z]. Remind that the Leibniz algebra
is characterized by the property that any such a right multiplication operator R; is a
derivation of L.

The following theorem recently proved by D. Barnes [2] is an analog of Levi-
Malcev’s theorem for Leibniz algebras which will be used in the paper.

Theorem 2.6 Let L be a finite-dimensional Leibniz algebra over a field of character-
istic zero and R be its solvable radical. Then there exists a semisimple Lie subalgebra
S of L, such that L = S+R.

The theorem above applied to a simple Leibniz algebra L gives

Corollary 2.7 Let L be a simple Leibniz algebra over a field of characteristic zero
and I be the ideal generated by squares in L, then there exists a simple Lie algebra
G such that I is an irreducible module over G and L = G+1.

Starting here we assume that all algebras considered are over the field of complex
numbers C.

We mention a few more results used in the paper. The first of them is the well-known
Schur’s lemma given as follows.

Theorem 2.8 Let G be a complex Lie algebra, U and V be irreducible G-modules.
Then

(i) Any G-module homomorphism 0 : U — V is either trivial or an isomorphism;
(ii) A linear map 6 : 'V — V is a G-module homomorphism if and only if 0 = MAid,
for some )\ € C.

Here is the theorem on structure of modules over semisimple Lie algebras.

Theorem 2.9 Let G be a semisimple Lie algebra over a field of characteristic zero.
Then every finite-dimensional module over G is completely reducible.

One of the subclasses of Leibniz algebras considered in the paper is specified by
the following conditions:

() L/I = sl ®si3

(b) I = I1;1 ® I, 2 such that Iy, I 2 are irreducible slé-modules and diml; | =
diml »;

© 1 =5h1®h® ... D Iz mt1 such that I ; are irreducible sl%-modules with
l<k<m+1.

There is the following classification result on the subclass of Leibniz algebras
mentioned above (see [3]).
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Theorem 2.10 Any 2(m + 4)-dimensional semisimple Leibniz algebra L satisfying
the conditions (a)—(c) admits a basis {e1, f1, h1, ez, f2, ha, xé, xll, x%, s x,l,l, xé, xlz,
x%, e xi} such that the table of multiplication of L in this basis is represented as

follows:

[ [ei, hil = —[hi, ei] = 2e;,
lei, fil = —Lfi, eil = hi,
[xi, hi] = (m — 2k)xi, 0<k<m,
[xp> fil = xp s 0<k=<m-—1,
[xp.etl=—k(m+1—-kx,_;, 1 <k <m,
[x], e2] = [x7, ha] = 7,

| [xj. ho] =[x}, fol = —x},

~
12

withl <i <2and0 < j <m.

Note that {e;, fi, h;} is the canonical basis of slé and {xé, xi, ..., x},}1s abasis of
11,,' fori = 1, 2.
3 Main Result

This section contains the main results of the paper on description of derivations of two
big classes of Leibniz algebras.

3.1 Derivations of Simple Leibniz algebras

Let us first consider the following example.

Example 3.1 Let L be a complex (m + 4)-dimensional (m > 2) Leibniz algebra with
the basis {e, f, h, x0, X1, ..., X»n} such that non-zero products of the basis vectors in
L are represented as follows:

[xp,el=—k(m+1—Kxp_1, k=1,...,m.

[xk, 1= Xky1, k=0,...,m—1,

[xk, h] = (m — 2k)xy k=0,...,m,

le, h] = 2e, [h, f1=2f, le, f1=nh,
[h, e] = —2e, [f, h] = =2, [f, el =—h.

It is easy to see that the algebra L is a simple Leibniz algebra and the quotient
algebra L /I is isomorphic to the simple Lie algebra s/,. Let d be a derivation of the
Leibniz algebra L. A straightforward calculation shows thatd = R, +« + A, where

ac<e, fLh>, a(<e, f,h>)=0, a(xp) =ix, 0<k<m, LeC
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and

form £2: A(xr) =0, Ale) = A(f) = A(h) =0,
form =2: A(xp) =0, Ale) =2uxg, A(Sf) = uxa, Ah) =2ux;, nueC.

This example motivates to state and prove the following theorem.

Theorem 3.2 Let L be a simple complex Leibniz algebra. Then any derivation d of L
can be represented asd = R, +a + A, whereae G, a: I — I, A: G — I, and
a([x, y]) = [a(x), y]l forall x, y € L. Moreover, the « is either zero or a(I) = I.

Proof Due to Theorem 2.6 we have L = G-+1, i.e., L is a semidirect sum of simple
Lie algebra G and the ideal /. For L we put Lo := G, Ly :=1and L; = 0fori > 1

ori < 0. Then we get the Z-graded algebra L = @, 5 L;. This gradation induces a
Z-gradation on Der (L) as follows (see [9,12]):

Der(L) = @ Der(L);

i€Z

where Der(L); ={d € Der(L) |d : Lj+~ Ljy;}.
Clearly, Der(L); = 0fori < —2 and i > 2. Therefore, we get

Der(L) = Der(L)_1 @ Der(L)o @ Der(L);.
Thus, forad € Der(L) wehaved =d_| +do + d;.

Since d_1([x, x]) = [x,d_1(x)] + [d—1(x), x] € I we conclude that d_(I) C I.
At the same time by the definition d_ (/) € G. Consequently, d_; = 0. Therefore,
Der(L) = Der(L)o @ Der(L);.

Let x, y € G. Then

do([x, y]) +di([x, y]) = d([x, y]) = [d(x), y] + [x,d(y)]
= [do(x), y1 + [x, do)] + [di(x), y] + [x, d1 ()]

This gives
do([x, y]) = [do(x), y] + [x, do(»)].
Letnow x € G, y € I. Then
di([x, yD) = [di(x), y] = [x,di(y)] =0, i€ {0,1}.
Therefore,

do([x, y]) = [do(x), y] + [x, do()].
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Letx € I, y € G. Then we have

di([x,y]) = [di(x), y] = [x,d1(y)] =0,
do([x, y]) = d([x, y]) = [d(x), y] + [x,d(y)] = [do(x), y] + [x, do(¥)].

Thus, dg is a derlvatlon of the algebra L. Consequently, d; is also a derivation.

Let us consider d = do); - Then d is a derivation of the Lie algebra G. Since for
simple Lie algebras any derivation is inner there exists an element a € G such that
d= R,. Hence, we have dy(x) = d(x) Ry(x) forx € G.

Denoting by « = dy — R, we have

0 xegG,
@(x) = do(x) = Ra(x) = [ sy
Note that «(I) € I € Ann,(L) = {x € L|[y, x] = 0} and « is a derivation being
a difference of two derivations. Therefore,

a([x,y]) =[ax),y], x,y € L. e

This implies that «(7) is an ideal of L. Denoting A = d; we complete the proof of
the theorem. m|

Note that the decompositiond = R, +« + A of Theorem 3.2 is true for semisimple
Leibniz algebras as well.
The following proposition shows that « is a scalar map.

Proposition 3.3 Let L be a complex simple Leibniz algebra. Then any derivation d
of L can be represented asd = R, + o + A, wherea € G,A : G — I, a = Aid),
for some X € C.

Proof The decomposition d = R, + o + A follows from Theorem 3.2. Due to the
simplicity of L, the ideal [ is an irreducible right G-module. The property (1) shows
that the « : I — [ is G-module homomorphism. Now applying Schur’s lemma

(Theorem 2.8) we derive that « = Aid), for some A € C. O
Let {e1,...,eu, X1,..., Xy} be abasis of L such that {x{, ..., x;,} is a basis of 1
and {eq, ..., ey} is abasis of G which generates a simple Lie subalgebra. The theorem

below describes the map A.

Theorem 3.4 Let L be a complex simple Leibniz algebra. Then any derivation d of
L can be represented asd = R, +a + A, wherea € G, A : G — I, o = Aid,, for
some )\ € C. In addition, if n # m, then A = 0. If n = m, then either A(G) = I or
A(G) = 0.
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Proof Let

n
lei,ejl =D chier, 1<i#j<n,

k=1

m
Ale)) =D visxe, 1<i<n.

s=1

Since A(e;) € I € Ann, (L) from
A(lei, ej]) = [Alei), ej] + [ei, Aej)]

we have

Zc{-‘jA(ek) = [A(e), ¢j]. 2
k=1

Let us consider the subspace A of I generated by the vectors A(ey), A(ez), ...,
Aley) @ A = spanc{A(er), Alea), ..., Aley)}. Thanks to (2), the subspace A is
a right G-module. Since in the case of simple Leibniz algebras the ideal  is an
irreducible G-module we conclude that either A = I or A = {0}. Clearly, if n # m,
then A = {0}, ie.,y;; =0with1 <i <n,1 < j < m, whereas if n = m we have
either A = {0} or A = I. O

3.2 Derivations of Some Semisimple Leibniz Algebras

Let L be a semisimple Leibniz algebra. Then Theorem 2.6 implies that L can be
written as a semidirect sum of semisimple Lie algebra G and the ideal / generated by
squares: L = G-+1. Unfortunately, the decomposition of a semisimple Leibniz algebra
into direct sum of simple ideals is not true (as an example one can take the algebra
from Theorem 2.10). However, that class of semisimple Leibniz algebras which can
be written as the direct sum of simple Leibniz algebras is of great interest. Therefore,
now we consider semisimple Leibniz algebras which are decomposed into the direct
sum of simple Leibniz algebras: L = €;_, L;. One has the following

Theorem 3.5 Any derivationd of the semisimple Leibniz algebra L = @;_, L; given
s
above is represented as a sum of derivations of L;, i.e., d = 3, d;, where each d; has

i=1
the form in Theorem 3.2.

Proof For L; we have L; = G;+1I;. Applying Theorem 3.2 as G = @;_, G; and
I = @;_, I; we derive that any derivation d of the semisimple Leibniz algebra L can
be represented as follows:

d=R,+a+ A,

wherea € G, o : [ — I, A: G — I, and a([x, y]) = [a(x), y]forall x,y € L.
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Letajj = aly 2 I; — Ij. Thena = 37} @ ;. It is obvious that &; j = 0 for
i # j since

o ;j(1;), Gjl = [a(l}), Gjl = a([l;, G;]) =0.

N
Hence, o« = > ;.
i=1
Moreover, each of /; is anirreducible G j-module since o ; ([x, y]) = [« j (x), ¥],

x elj, yeGj. Then applying Schur’s lemma we get «j ; = Ajid|;;, 1 < j <
for some A ; e(C
Now we deal with A = Zf,j:1 A j, where A; j = Alg, : Gi — I;. Due to

[Ai,j(Gi), Gjl =[A(G)), Gjl1 =[AG), Gjl1+[Gi, AG)H] = A(G;, G;j) =0
S

we have A; j = 0 fori # j. Therefore, A = > A; ;. ]
i=1

Let us now consider the semisimple Leibniz algebra L = (sI3 @ s13)+(11,1 ® 11 2)
from Theorem 2.10. Remind that as has been mentioned above this algebra is an
example of semisimple Leibniz algebra which does not admit a decomposition into
direct sum of simple ideals.

Proposition 3.6 Any derivation d of the algebra L is represented as d = R, + «,
where a € sl% @sl%, o =y +ajpwithey; @ L1y = L, 0 = 1,2 and
a1 = Aid|y,, a2 = hid|,, & €C.

Proof Since L is semisimple, we have already proved that for a derivation d of L one
has the decomposition:

d=R,+ o+ A,

whereae G, A:G—> I, a: 1 —> 1, anda([x yv]) = [a(x), y]forall x, y € L.
Introducing the notation A; ; = = Algi sl — Iy ; we have A = zl =1 D

Since [Ag,l(slz), sll] C I,1 and [Az,z(slz), sl! »] € 11> the equality below

[Az,l (sl%) ,slzl] + [Az,z (sl%) ,slé] = [A (sl%) ,slé]
=[a(s83) 5]+ [s8. 2 (s13) | = & ([s3.s13]) = 0.
shows that Ay 1 = Ay = 0.

Therefore, A = A1 + Aq 2.
On the other hand, we have

[Al,l (slzl) ,sl%] + [ALQ (sl%) ,sl%] = [A (sl%) ,sl%] + [slzl, A (sl%)]

=A ([sl%, sl%]) =
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That means
[A11(x) + A12(x),y]1 =0, xesly, yesi3. A3)

Let us introduce the following notations:

Ay (er) = Zﬁl Lxp, Ari(hy) = Zﬂl Lag, Ai(f) = Zﬂlflkxll

k=0 k=0 k=0
Ay o(er) —Zﬁ”x,%, Apa(hy) —Zﬁzkx,%, A1 (f1) —Zﬂz P
k=0 k=0 k=0

Then thanks to [x,!, er] = x,% and [x,%, e2] = 0 along with (3) we derive
:31k—:321<—:31k—:32k—ﬂlk—52k=0 I <k=m.
As aresult we get A1 = A1 = 0 which gives A = 0. Therefore,
d=R, + .

Leta; ; = Oé|1],l. :h;— L j.Thena = a1 +ar12+azy +azo.
Consider

o (51) 2] [ (u1) 2] = o (1) 2] = ([t 2]
— o (F) mana () + ez ().

Since [x,f, er] =0, we have

s () ] = () 0 ().
Then due to [x,l, er] = x,% we get [oq)l(x,i), ey] € I1 2 and ozggl(x,%) € Iy 1. Therefore,

1 2
[011,1 (xk) , 6’2] =) (xk) , a1 =0.

Similarly, owing to

s (). ] = o (). ] ¢ [ ) )= (). ]
([ ]) = () = o () e 1)

along with [x,?, fl= —x,i we obtain [ozz,z(x,%), f2lel.
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Hence, o1 2 = 0 and

[012,2 (xlf) ; fz] =—ay (xli) . 4)

Thus, we conclude that
o =0a1]+o).
Applying Schur’s lemma for the irreducible le1 -modules /1,1 and > > we get
ay1 = Aid|y,, a2 = Aidlp,, *,reC. 5)

Now substituting (5) into (4) we derive A, = A1, which completes the proof. O

Theorem 3.7 Let L be a complex semisimple Leibniz algebra whose quotient algebra
L/I is isomorphic to a simple Lie algebra G. Then any derivation d of L can be
represented as d = R, + o + A, wherea € G, « : I — I, A : G — [ and
a([x, y]) = [a(x), y] forall x,y € L. Moreover, the module I is written as a direct
sum of irreducible G-modules I;, i = 1,2,...,s and o = Zf,j=1 a; j, where a; j :
Ii — I, 1 <i,j<s,witha;; =Xidy, 1 <i=<s.

Proof The decompositiond = R, -+« -+ A is obtained in the similar way as in the proof
of Theorem 3.2. Since G is a simple Lie algebra then due to Theorem 2.9 we conclude
that the G-module [ is decomposed into direct sum of irreducible G-submodules.
We set I = @f-:] I;, where I; is irreducible G-module and ; ; = afy; : I; —
Ij, 1<i,j<s.
Then o = Zf,j:l «;,j and (1) implies that

D lei j(x), ¥l =D i j(lx,y), x €L, ye G, 1<j<s, 6)

i=1 i=1

If j = i then (6) gives [« ;(x), y] = a;;([x,y]) forany x € I;, y € G. Then
applying Schur’s lemma we get o; ; = A;id|;;, 1 <i <s.Theothere; ;, 1 <i # j,
are maps subjected to the conditions (6). O
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