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Normal Returns
http://demonstrations.wolfram.com/KellyPortfolioAnalysis

• Assumptions
– Trade continuously 
in any size, long or 
short, with no bid‐
ask spread

– Known, normal, 
distribution

• Results
– ܴ௧

ఊ~ܰሺݎఊݐ, ்ߛ ⋅ Σ ⋅ γݐሻ
– ఊݎ ൌ ଴ݎ ൅ ்ߛ ⋅ ߤ െ ଴1ݎ െ భ

మߛ
் ⋅ Σ ⋅ γ

– ఊଶߪ ൌ ்ߛ ⋅ Σ ⋅ γ
– ௜ߤ ൌ ௜ݎ ൅ భ

మΣ௜௜
– ∗ߛ ൌ Σିଵ ⋅ ሺߤ െ ଴1ሻݎ
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Stable Distribution
Univariate
https://en.wikipedia.org/wiki/Stable_distribution
ܺ~ܵሺߙ, ,ߚ ,ߤ ܿሻmeans its log characteristic function is 
߰ ݇ ൌ ߤ݇݅ െ ݇ܿ ఈሾ1 െ ߚ݅ sign ݇ tanሺαഏమሻሿ.

Multivariate
https://en.wikipedia.org/wiki/Multivariate_stable_distribution
ܺ~ܵሺߙ, ,ߤ Γሻmeans
߰ ݇ ൌ
்݅݇ ⋅ ߤ െ ׬ ሾ ்݇ ⋅ ݏ ఈ െ ݅ sign ்݇ ⋅ ݏ tanሺαഏమሻሿ݀Γሺݏሻ௦∈ॺ .

Further, ்ߛ ⋅ ܺ ∼ ܵሺߙ, ,ఊߚ ,ఊߤ ܿఊሻ where 
ܿఊఈ ൌ ׬ ்ߛ ⋅ ݏ ఈ

௦∈ॺ ݀Γሺݏሻ, 

ఊߚ ൌ ׬ ்ߛ ⋅ ݏ ఈsignሺ்ߛ ⋅ ሻ௦∈ॺݏ ݀Γሺݏሻ ܿఊఈൗ , 

ఊߤ ൌ ்ߛ ⋅ .ߤ

Infinite variance when ߙ ൏ 2; infinite mean when ߙ ൏ 1.
Generalized Central Limit Theorem

Levy Measure
ܨ݀ ݔ ൌ ݀Γ ݏ ఈାଵݎ/ݎ݀ where ݎ ൌ ݔ and ݏ ൌ .ݎ/ݔ
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Empirically, Returns have Fat Tails
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Tail Skew Drift [/yr] Vol [/yr^0.5] Begin
Stocks 1.87 ‐1 10.0% 17.0% 12/31/75
Bonds 1.68 0 7.2% 8.9% 12/31/75
Commodities 1.87 ‐0.7 1.6% 17.0% 12/31/90

* 12/31/15 end data and monthly frequency for all



Markets Price Fat Tails
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Symmetric Stable Returns (1 Asset)
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Symmetric Stable Kelly Criterion
(1 Asset)
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THE MATH
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Levy‐Khitchine

• The pdf of a random variable is the Fourier 
transform of its characteristic function.

• A semi‐martingale process is defined by its 
characteristic triplet  (and a truncation 
function  ).

• The log characteristic function is given by the 
Levy‐Khitchine formula:
߰ ݇ ≡ ்݅݇ ⋅ ܾ െ ଵ

ଶ݇
் ⋅ c ⋅ ݇ ൅ නሺexp ்݅݇ ⋅ ݔ െ 1 െ ்݅݇ ⋅ ݄ሺݔሻሻ݀ܨሺݔሻ
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Ito’s Lemma
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Stochastic Exponential
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Kallsen’s Kelly Criterion
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Normal Returns
• Given ሺΩ, ࣠, ॲ, ܲሻ, satisfying the usual conditions. ܲ is the physical (“real 

world”) measure.
• ܵ௧ ൌ ܵ଴expሺܴ௧ሻ where ܴ௧ ∼ ܰሺݐݎ, Σݐሻ. That is, ॻሺܴ|ܲሻ ൌ ሺݎ, Σ, 0ሻ.
• ܵ௧ ൌ ܵ଴ࣟሺ തܴ௧ሻ. That is, ॻሺ തܴ|ܲሻ ൌ ሺߤ, Σ, 0ሻ where ߤ௜ ൌ ௜ݎ ൅ భ

మΣ௜௜ and തܴ௧ ∼ ܰሺݐߤ, Σݐሻ. 
• An asset’s Sharpe ratio is ሺݎ௜ െ ଴ሻݎ ⁄௜ߪ where ߪ௜ଶ ൌ Σ௜௜, and its market 

price of risk is ሺߤ௜ െ ଴ሻݎ ⁄௜ߪ . If ߤ௜ ൌ  ଴, then the market price of risk is zeroݎ
and the Sharp ratio is ‐0.5.

• ௧ܸ ൌ ଴ܸࣟሺ തܴ௧
ఊሻ where ݀ തܴ௧

ఊ ൌ 1 െ ்ߛ ⋅ 1 ݐ଴݀ݎ ൅ ்ߛ ⋅ ݀ തܴ௧. That is, 
ॻሺ തܴఊ|ܲሻ ൌ ሺݎ଴ ൅ ்ߛ ⋅ ሺߤ െ ,଴1ሻݎ ்ߛ ⋅ ߑ ⋅ ,ߛ 0ሻ. 

• ௧ܸ ൌ ଴ܸexpሺܴ௧
ఊሻ. That is, ॻሺܴఊหܲሻ ൌ ሺݎఊ, ,ఊଶߪ 0ሻ and ܴ௧

ఊ~ܰሺݎఊݐ, ሻݐఊଶߪ
where ݎఊ ൌ ଴ݎ ൅ ்ߛ ⋅ ߤ െ ଴1ݎ െ భ

మߛ
் ⋅ Σ ⋅ γ and ߪఊଶ ൌ ்ߛ ⋅ Σ ⋅ γ.

• The Kelly criterion is ߛ∗ ൌ Σିଵ ⋅ ሺߤ െ .଴1ሻݎ
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Alpha Stable Returns (1 Asset)
• Given ሺΩ, ࣠, ॲ, ܲሻ, satisfying the usual conditions. ܲ is the physical (“real world”) measure.
• ܵ௧ ൌ ܵ଴expሺܴ௧ሻ where ܴ௧ ∼ ܵሺߙ, ,ߚ ,ݐݎ ሺభమఙమ௧ሻ

ଵ/ఈሻ and 1 ൏ ߙ ൏ 2. (Note that risk now scales as ݐଵ/ఈ, not 
ଵ/ଶ.) That is, ॻሺܴ|ܲሻݐ ൌ ሺݎ ൅ ,௔ݎ 0, ݂ሻ relative to ݄ ݔ where ݂ ݔ ൌ ܿି1 ିஶ,଴ ݔ ൅ ܿା1 ଴,ஶ ݔ /
ݔ ଵାఈ, ܿേ ൌ െభ

మሺ1 േ ߪሻభమߚ
ଶΓሺെߙሻ/cosሺߙഏ

మሻ, and ݎ௔ ൌ ׬ ሾ݄ ݔ െ ஶݔሻ݀ݔሿ݂ሺݔ
ିஶ . If, for example, ݄ ݔ ൌ

1ݔ ିଵ,ଵ ሺݔሻ, then ݎ௔ ൌ െሺܿା െ ܿିሻ/ሺߙ െ 1ሻ.
• ܵ௧ ൌ ܵ଴ࣟሺ തܴ௧ሻ. That is, ॻሺ തܴหܲሻ ൌ ሺݎ ൅ ௔ݎ ൅ ,௕ݎ 0, ݂ሻ̅ relative to  ത݄ ݔ where ݂̅ ݔ ൌ ݂ሺlogሺ1 ൅ ሻሻ/ሺ1ݔ ൅ ሻݔ

for ݔ ൐ െ1 and  ݎ௕ ൌ ׬ ሾത݄ ݁௫ െ 1 െ ݄ሺݔሻሿ݂ሺݔሻ݀ݔஶ
ିஶ .  തܴ௧ has an unnamed distribution.

• ௧ܸ ൌ ଴ܸࣟሺ തܴ௧
ఊሻ where ݀ തܴ௧

ఊ ൌ 1 െ ߛ ݐ଴݀ݎ ൅ ݀ߛ തܴ௧. Per Ito’s lemma, 
ॻሺ തܴఊหܲሻ ൌ ሺሺ1 െ ଴ݎሻߛ ൅ ݎሺߛ ൅ ௔ݎ ൅ ௕ሻݎ ൅ ,ሻߛ௖ሺݎ 0, ݂̅ఊሻ relative to  ത݄ఊ ݔ where ݂̅ఊ ݔ ൌ ݂ሺ̅ݔ ⁄ߛ ሻ/ ߛ for 
ݔ ߛ ൐ െ1⁄ and ݎ௖ሺߛሻ ൌ ׬ ሾത݄ఊሺߛሺ݁௫ െ 1ሻሻ െ ߛ ത݄ሺ݁௫ െ 1ሻሿ݂ሺݔሻ݀ݔஶ

ିஶ . 

• The portfolio hazard rate is ߣ ൌ ׬ ݂̅ఊሺݔሻ݀ିݔଵ
ିஶ . If ߛ ൏ 0, then ߣ ൌ ܿାlogሺሺߛ െ 1ሻ ⁄ߛ ሻିఈ ⁄ߙ ; if ߛ ൐ 1, then 

ߣ ൌ ܿିlogሺߛ ሺߛ െ 1ሻ⁄ ሻିఈ ⁄ߙ .
• If 0 ൑ ߛ ൑ 1, then ߣ ൌ 0 and  ௧ܸ ൌ ଴ܸexpሺܴ௧

ఊሻwhere 
ॻሺܴఊ|ܲሻ ൌ ሺሺ1 െ ଴ݎሻߛ ൅ ݎሺߛ ൅ ௔ݎ ൅ ௕ሻݎ ൅ ሻߛ௖ሺݎ ൅ ,ሻߛௗሺݎ 0, ݂ఊሻ relative to ݄ఊ ݔ , ݂ఊ ݔ ൌ ݂̅ఊ ݁௫ െ 1 ݁௫
for ݔ ൐ logሺ1 െ ௗݎ ሻ, andߛ ൌ ׬ ሾ݄ఊሺlogሺ1 ൅ ሺ݁௫ߛ െ 1ሻሻሻ െ ത݄ఊሺߛሺ݁௫ െ 1ሻሻሿ݂ሺݔሻ݀ݔஶ

ିஶ . ܴ௧
ఊ has an unnamed 

distribution, but ܧ௉ሺܴ௧
ఊሻ ⁄ݐ ൌ 1 െ ߛ ଴ݎ ൅ ߛ ݎ ൅ ௔ݎ ൅ ௕ݎ ൅ ௖ݎ ߛ ൅ ௗݎ ߛ ൅ ሻߛ௘ሺݎ where ݎ௘ሺߛሻ ൌ

׬ ሾݔ െ ݄ఊ logሺ1 ൅ ߛ ݁௫ െ 1 ሻ ሿ݂ሺݔሻ݀ݔஶ
ିஶ . The portfolio expected return is ܧ௉ሺܴ௧

ఊሻ ⁄ݐ ൌ 1 െ ߛ ଴ݎ ൅ ݎߛ ൅
׬ ሾlogሺ1 ൅ ߛ ݁௫ െ 1 ሻሿ݂ ݔ ஶݔ݀
ିஶ .

• The Kelly criterion is ܫ ∗ߛ ൌ ሺݎ െ ଴ሻݎ ⁄ଶߪ where ܫ ߛ ൌ ׬ ݁௫ െ 1 1 ൅ ߛ ݁௫ െ 1⁄ ݂ ݔ ଶஶߪ/ݔ݀
ିஶ for 

0 ൑ ߛ ൑ 1.
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TBD: Alpha Stable Returns (N Assets)

• Given ሺΩ, ࣠, ॲ, ܲሻ, satisfying the usual conditions. ܲ is the physical (“real 
world”) measure.

• ܵ௧ ൌ ܵ଴expሺܴ௧ሻ where ܴ௧ ∼ ܵሺݐݎ, Γݐሻ and 1 ൏ ߙ ൏ 2. That is, 
ॻሺܴ|ܲሻ ൌ ሺݎ ൅ ,௔ݎ 0, ሻܨ relative to ݄ ݔ ൌ :1ሼ௫ݔ ௫ ஸଵሽሺݔሻ where 
ܨ݀ ݔ ൌ ݀Γሺsሻ݀ݎ/ ݎ ଵାఈ, ݎ ൌ ݔ , and ݏ ൌ ݎ/ݔ and 
௔ݎ ൌ ׬ ሾ݄ ݔ െ ሻԹݔሺܨሿ݀ݔ .

• ܵ௧ ൌ ܵ଴ࣟሺ തܴ௧ሻ. That is, ॻሺ തܴ|ܲሻ ൌ ݎሺݐ ൅ ௔ݎ ൅ ,௕ݎ 0, തሻܨ where ݎ௕ ൌ? and 
തܨ݀ ݔ ൌ?.
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