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Abstract: In this paper, we proved that the Weil-Petersson volume of Calabi-Yau moduli
is a rational number. We also proved that the integrations of the invariants of the Ricci
curvature of the Weli-Petersson metric with respect to the Weil-Petersson volume form
are all rational numbers.
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1. Introduction

In this paper, we continue our study of the Weil-Petersson geometry as in the previous
paper [10], in which we have proved the boundedness of the Weil-Petersson volume,
among the other results. The main results of this paper are that the volume and the inte-
grations of Ricci curvature of the Weil-Petersson metric on the moduli space are rational
numbers. In particular, the Ricci curvature defines the first Chern class of the moduli
space in the sense of Mumford [11].

It was a classical result of Mumford [11] that for a noncompact Kahler manifold M
with M being a smooth compactification of M and M\ M being a divisor D of normal
crossings, and for any Hermitian bundle (E, &) over M, one can define the Chern clas-
ses ¢ (E) provided the metric 4 is “good” defined by Mumford [11, Sect.1]. Roughly
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speaking, a metric is “good” if the metric matrix has log bound, and the local connection
form and the curvature have Poincaré type growth. It was verified that the natural bundles
over locally Hermitian symmetric spaces are “good” (cf. [11]). For the moduli space of
curves of genus greater than or equal to 2, the metric induced by the Weil-Petersson met-
ric on the determinant bundle of the log extension of the cotangent bundle is good [19].
However, for the moduli space of polarized Calabi-Yau manifolds, it is not clear that the
Weil-Petersson metric or the volume form of the Weil-Petersson metric is “good”. By
[1], the Weil-Petersson potential is related to the analytic torsion of the moduli space.
While the Hessian of the torsion is known to be related to the Weil-Petersson metric and
the generalized Hodge metric([3]), it is not easy to find the asymptotic behavior of the
BCOV torsion itself. Thus we can not use the theorem of Mumford directly to prove that
the integrations are rational numbers.

In this paper, we avoided using the BCOV torsion by the careful analysis of the
asymptotic behavior of the Hodge bundles at infinity. Using the Nilpotent Orbit theorem
of Schmid [12], we can give another explicit (local) representation of the Weil-Petersson
potential. The potential has the following properties: first, as a potential of a Kdhler met-
ric, it must be plur-subharmonic. Next, by the Strominger formula, the Ricci curvature of
the Weil-Petersson metric is lower bounded. Thus the volume form of the Weil-Petersson
metric is also plur-subharmonic. Our analysis relies heavily on the above two properties
of the potential of the Weil-Petersson metric.

For the noncompact manifold M defined above, we can define a Kdhler metric, called
the Poincaré metric on M such that on each Euclidean neighborhood of D, the metric is
asymptotically Poincaré (see §3 for the precise definition). The metric is not canonically
chosen so it doesn’t reflect the geometry of the manifold M. However, it is complete
and the volume is finite, and its curvatures are bounded. In practice, we use the Poincaré
metric to bound the other intrinsically defined metrics.

Let M be a Weil-Petersson variety (see §2 for the definition). It is not clear whether we
can construct a Kéhler metric with nonpositive sectional curvature on the Weil-Petersson
variety. However, if we only require the nonpositivity of the bisectional curvature, then
in [8 and 9], the first author defined such a metric, which we called the Hodge metric.
In addition to the nonpositivity of the bisectional curvature of the Hodge metric, the
holomorphic sectional curvature and the Ricci curvature of Hodge metric are negative
and bounded away from zero. By the Schwarz-Yau [22] lemma, the Hodge metric is
bounded by the Poincaré metric defined above.

Using the comparison of the Hodge and the Poincaré metrics, in the previous paper
[10], we have proved that the Weil-Petersson volume and the Hodge volume are all finite.
By the definition of the Weil-Petersson metric and the Hodge metric, if a Weil-Petersson
variety were compact, then the volume with respect to the Weil-Petersson metric and the
Hodge metric could have been rational numbers because of the Gauss-Bonnet Theorem.
We thus conjectured that the volume of both metrics are in fact rational numbers, even
though the Weil-Petersson varieties are more likely to be noncompact.

In this paper, we verified the conjecture by controlling the growth of the potential of
the Weil-Petersson metric at infinity. In order to get the estimates we need, we have to de-
fine a special kind of cut-off functions. In general, if a cut-off function is 1 at the origin and
if it is supported within a ball of radius r, then its second derivatives are of the order 1/r2.
We can do a little bit better for the Hessian of the cut-off function on RZ, because R? is an
example of parabolic manifold defined by P. Li [7]. In fact, the order of the Hessian of the
cut-off function is of the order W. This observation is important in our proof. By

using the cut-off function and the convexity of the Weil-Petersson potential, we can prove
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Theorem 1.1. Let (M, wwp) be a Weil-Petersson variety of dimension m. Then its

volume
m
/ @w p
M

The volume form of the Weil-Petersson metric has its own convexity by the formula
of Strominger. However, in this case, the (local) volume forms are not integrable with
respect to the Poincaré metric. Special care must be taken in order to get the similar
result as in the volume case. In order to do that, we defined the degeneration order of the
volume form along each hypersurface of the divisor M\ M and then twisted the extension
of the anti-canonical bundle of M (see Definition 6.1 for details). Using this, we can
prove

is a rational number.

Theorem 1.2. Let X C M be a subvariety of dimension q. Then for non-negative inte-
gerskandl withk +1 =g,

/X(Ric(wwp))k Ay p

are rational numbers.

Obviously, Theorem 1.2 implies Theorem 1.1. On the other side, if X, M in Theorem
1.2 are smooth, then we have

Corollary 1.1. Using the above notations, we have
——1 — .
@®Ex+ it ne ) = [ (Ric@w ) Aoy,
X

where F"' and f;l are the Hodge extensions of the Hodge bundles F" and the anti-
canonical bundle K;l of X; Y. Y; =Y is the divisor X — X; Y; are irreducible com-
ponents of Y; and ; are the degeneration orders of the Weil-Petersson metric along
Y.

Remark 1.1. In the above corollary, the righthand side is intrinsically defined. Thus one
will get some information of the divisors once the topology of the compact manifold
X is known. In particular, by using this we can get the information of the monodromy
group assuming the moduli space is C P! minus three points. Such a moduli space is of
interest in Mirror Symmetry (cf. Doran-Morgan [2]).

Two important papers in the direction of this paper have drawn our attention. One is
the recent survey paper of Todorov [17], which gives a complete summary of the recent
progress in the subject. The other one is by Schumacher [13], in which the author com-
puted the curvature of the Weil-Petersson metric of Kédhler-Einstein manifolds, using the
idea of Siu [14] of horizontal liftings.

We are interested in the volume and the integrations of the curvature because it defines
some kind of invariants and using that, we wish to classify polarized Calabi-Yau man-
ifolds and tell the monodromy of the moduli space of Calabi-Yau manifolds !. These

In fact, our proof strongly hints the relations between the monodromy operators and the rational
numbers we defined. In the case that the moduli space is one-dimensional, an explicit formula can be
written down.
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questions are very important in Mirror Symmetry and we shall study them in a subsequent
paper.

The organization of this paper is as follows: in §2, we give the definition of the Weil-
Petersson geometry and some basic estimates; in §3, we define the Poincaré metric and
the cut-off function we need for the rest of the paper; in §4, we write out the preferred
extension of the Hodge bundles defined by the Nilpotent Orbit Theorem explicitly. The
main part of the paper is §5 and §6, where we prove Theorem 1.1 and Theorem 1.2.

After finishing this paper, we were informed by A. Todorov that in [16], he proved
the rationality of the volume of the moduli space independently.

2. Preliminaries

In this section, we give the definition of the Weil-Petersson geometry and Weil-Petersson
variety, which first appeared in [10]. Examples of Weil-Petersson varieties are the moduli
spaces of polarized Calabi-Yau manifolds.

Definition 2.1. A Weil-Petersson variety is a Kihler orbifold M with the orbifold metric
ww p such that:

(1) The universal covering space M is a smooth manifold. There is a natural immer-

sion M — D from M to the classifying space D (cf. [4]) such that the image of
M is a horizontal slice of D. The Hodge bundles F* C --- C F° are defined as
the pull-back of the tautological bundles of D. Furthermore, we have the natural
identification TM = F"~'/F", where TM is the holomorphic tangent bundle of
M:;

(2) wwp is the curvature of the bundle F". It is positive definite and thus defines a
Kdihler metric on M and is called the Weil-Petersson metric;

(3) M is quasi-projective and F" extends to an ample line bundle over the compactifi-
cation M of M ;

(4) After passing to a finite covering and after desingularization, in a neighborhood of
the infinity, M can be written as

An—k X (A*)k,

where A is the unit disk and A* is the punctured unit disk. Let Q be a local section
of F? in the neighborhood, then locally, Q2 can be written as

V—=1(Nilog - +-+Ny log L
Q= VIl Nelos sy o)z,
where N1, -- -, Ny are nilpotent operators and A is a vector-valued holomorphic
function of 71, - - - , zy. Furthermore, all the local sections of all FP, p =1,--- ,n

satisfy the properties in the Nilpotent Orbit theorem of Schmid [12].

A Weil-Petersson subvariety M is itself a Weil-Petersson variety. Moreover, it is a sub-
variety of a Weil-Petersson variety M such that if M is a compactification of M, then
My, the closure of My in M gives a compactification of M as a projective variety.

The Weil-Petersson geometry is the geometry of the pair (M, ww p).

Remark 2.1. Moduli spaces of polarized Calabi-Yau manifolds are examples of Weil-
Petersson varieties. In fact, for moduli spaces of polarized Calabi-Yau manifolds, the first
property of the above definition is the transversality property of Griffiths’ [4] variations
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of Hodge structure. The second property is a theorem of Tian [15] (see also Todorov
[18]). The third one is the compactification theorem of Viehweg [20] and the fourth
property can be verified by the Nilpotent Orbit theorem of Schmid [12].

When we study the boundary behavior of the Weil-Petersson metric on the moduli
spaces, we need to analyze the potential (€2, Q), where (, ) is the polarization of the
Hodge structures. We recall here the result of the potential of the Weil-Petersson metric
on a one dimensional slice of moduli spaces.

Let A* be a one dimensional parameter space of a family of polarized Calabi-Yau
manifolds. Let €2 be a section of the first Hodge bundle F”. Then by the Nilpotent Orbit
theorem of Schmid [12], after a possible base change, we have

J=1 1
Q== Nz p(p),

where N is the nilpotent operator, N"*! = 0 for n being the dimension of the Calabi-Yau
manifolds, and

A@@) = Ao+ Az + - 2.1)
is a vector-valued convergent power series with the convergent radius 6 > 0. Let
k 1y
Jr1(z) = 2" (log Z) ,

for any k, I > 0. Then we can write €2 as the convergent series

Q= ZAM (log = >’ ZAszkz (2.2)

Define deg fi ;1 = k — .. Then we have the following lemma (Lemma 7.1 of [10]):

-H

Lemma 2.1. The convergence of (2.2) is in the C* sense. Furthermore, we have

_ 1
1= > Awflles = Cro=dog )", (2.3)
deg fi1<p
where r = |z|, ko, lo are the unique pair of nonnegative integers such that lo <n,
ko — nlﬁ > w and for any pair of integers k', I with k' — —— > 11 we have k' — +1 >
ko — n+1 C is a constant depending only on ko, ly, i and SZ

In order to estimate the volume form and the Chern classes of the Weil-Petersson
metric, we also need the following Strominger’s formula (Theorem 3.1 of [10]).

Theorem 2.1. Let (gl-j)mxm be the Weil-Petersson metric and let DjD;$2 be the pro-
Jection of 0;0; 2 onto H n=22 Then the curvature tensor of the Weil-Petersson metric is
given by
(D D2, DiD; )

(Q.9Q)

Rijir = 878 + 8it8kj —
forl <i,j k1 <m.

In order to bound the Weil-Petersson metric and its curvature, we need the Hodge
metric, which was defined in [8].
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Theorem 2.2. Let D be the classifying space. The invariant Hermitian metric of D
restricts to M is a Kdhler metric called the Hodge metric. Let wy be its Kdhler form.
Then we have

(1) The bisectional curvature of wy is nonpositive;

(2) Ric(wy) < awy < 0 for some negative constant o which only depends on the
dimension;

(3) The holomorphic sectional curvature of wy is bounded above by o,

4) 20owp < wy and —wy < Ric(wowp) < wH.

The Hodge metric is useful because it gives us the convexity of the volume form
of the Weil-Petersson metric. Furthermore, using the Hodge metric together with the
Schwarz-Yau Lemma, we can control the volume of the Weil-Petersson metric and the
Hodge metric.

Theorem 2.3. Let M be the moduli space of polarized Calabi-Yau n-folds. Then the
volume of Weil-Petersson subvariety M| of M equipped with the Weil-Petersson metric
or the Hodge metric is finite.

3. Cut-Off Functions

The main result of this section is to prove the existence of the “good” cut-off functions
so that our estimates can go through.

We assume that M is an m-dimensional compact Kihler manifold of dimension m
and D be a divisor of M with normal crossing so that M = M\ D. We are going to
prove that there is a complete Kihler metric on M such that it is asymptotical to the
Poincaré metric near infinity. We call this metric the global Poincaré metric or simply
the Poincaré metric. We use wp to denote its Kihler form.

The result is well known, for example, in [5]. For the sake of completeness and for
the setting of notations, we sketch the proof in Lemma 3.1.

Welet M = Uy U---UU,--- U U be covered by local coordinate charts where
1 <t < s. Without loss generality, we assume that (U, U ---U U) N D = @. For
each 1 < o < t, we assume that there is an /, such that each U,\D = (A*)l« x A"l
and on each Uy, D is defined by

o o
zy -z, =0.

Let {4 }1<a<s be the partition of the unity subordinated to the cover {Uy }1<q¢<s. Let @
be a Kihler metric of M and let C be a large constant. Define

t I}
_ « 1
wp=Cw — —100 loglog ——
P ;x/ ‘/’ajz_} g g|Z?|2

Then we have

Lemma 3.1. For C large enough, wp defines a complete metric on M with finite volume
and bounded curvature. Furthermore, there is a constant Cy such that

—wf <wp < C1of
Cy
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forany 1 < o <t, where a)g‘ is the local Poincaré metric, defined by

I
« 1

of =Y Nlo———df ndTF + Z V=1dz% A d7e.
i=1

rflog ) i=l+1
Proof. This follows from a straightforward computation. O
The main result of this section is the following:

Theorem 3.1. Let ¢ > 0. Then there is a function p, such that

MHO0=<pe =L o

(2) For any open neighborhood V of D in M, there is ¢ > 0 such that supp(l —pg) C V;
(3) For each € > O, there is a neighborhood V| of D such that pg|y, = 0;

(4) per = pe fore' <e;

(5) There is a constant C, independent of € such that

—Cwp < \/—185,08 < Cwp.

Proof. The key observation can be explained as follows. For the unit ball in R”, if we
construct a smooth function which is 0 on B¢ (0) and 1 outside By, (0), then the second
derivative of the function is in general of order 1/¢%. However, in the two dimensional
case, if we consider the Laplacian of the function, then it is possible to lower the order
of the second derivative.

Define a decreasing smooth function ¢ : R — R, 0 < ¢ < 1 as follows:

0 r>1
<p(t)={1 10 (3.1)

and assume that |¢’| + |¢”| < 10. Define a function ¢, on the unit ball of the complex

plane as
(log )" —¢
Pe(z) =9 <+ ;

where r is the Euclidean norm of the complex variable z. Then we have the following:
1
z(log ;)%
R SR UV
42" r2(log 1) 2 r2(log 1)

/

0,0e = 2_90

Thus we have

Lemma 3.2. Using the same notation as above, we have

0 <

—10+/—1 5 ————dzANd7 < A/ — 88<p8 < 104/ — dz/\dz,
r (10g )? g;)
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where the norm is with respect to the Euclidean metric on C. Furthermore, we have

e €

supp(d¢e) C Bf% —B 1.
e £
O

For 1 <« <t and ¢ > 0 small enough, let

GAEY. 28 = T (1= ge(c))

on Uy. Then using Lemma 3.2, we have

|a¢8|<CZ

im1 r‘,(lOg )
—Cof <~-— 33(,0‘E < Cwg 3.2)

for some constant C.
We define

t
Pszl_Z‘/fa(Pg~
o

We can verify that p, satisfies all the properties in Theorem 3.1 by a straightforward
computation. 0O

We finish this section by stating the Schwarz-Yau Lemma [22] in our context. The
result will be used repeatedly in the rest of this paper:

Proposition 3.1. Let M be a smooth Weil-Petersson variety whose compactification M
is also smooth. Let D = M — M be a divisor of normal crossings. Let w be a Kdhler
metric of M such that its holomorphic sectional curvature is less than a constant —§ for
8 > 0. Then there is a constant C such that

w < Cwp,

where wp is the global Poincaré metric.

4. Extension of the Hodge Bundles

Let M be a Weil-Petersson variety and M be its smooth compactiﬁcation We assume
that Y = M — M is the divisor of normal crossings. Then it is known from [12, , P-
235] that the Hodge bundles F", , FO can be extended to coherent sheaves over M.
Furthermore, if we assume that every element of the monodromy group is unipotent,
then the coherent sheaves are in fact vector bundles over M.

The particular extension of the bundles over M is defined by the Nilpotent Orbit
theorem of Schmid. In §5 and §6, we show that such an extension is the one by which
we can control the growth of the Weil-Petersson metric and its curvatures at infinity. 2
Thus although we know the extension exists by the Nilpotent Orbit theorem, we must
write out explicitly the local transition functions.

The first result of this section is the following lemma which is essentially due to
Kawamata [6]. We formulate it in the language of Weil-Petersson geometry.

2 In fact, in the case of the moduli space of Riemann surfaces, there is only one extension of the bundles

that is “good” in the sense of Mumford [11, Sect. 1](cf. [19]). In our case, even if the extension may not
be “good”, it is the best possible extension we can get.
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Lemma 4.1. Let M be a Weil-Petersson variety with M being its compactification. We
assume that M is smooth, projective and Y = M — M is a divisor of normal crossings.
Then there is a divisor Y1 of M of normal crossings such that there is a finite covering
M of the variety M — Y1 with the following properties:

(1) My is a Weil-Petersson manifold;
(2) The elements of the monodromy group of M1 are unipotent.

Proof. We first observe that if we remove any divisor Y7 from M, then M — Y is still
a Weil-Petersson variety. For this reason, without loss of generality, we can assume that
the Weil-Petersson variety M is actually a Weil-Petersson manifold.

Now we use the idea of Kawamata [6]. Let T be a monodromy operator which is
not unipotent. Let T = y;y, be the decomposition of 7T into its semi-simple part and its
unipotent part. By the theorem of Borel, there is an integer m such that " = 1. Let L
be an ample line bundle of M. Let Y + ¥} = 3_ D; be the decomposition of the divisor
Y 4 Y into irreducible pieces, where Y7 is the divisor containing the singular locus of
M. We assume that the monodromy operator 7 is generated by U\ Dj, where U is a
neighborhood of Dj. Assume that s is large enough such that the bundle L*(—Dy) is
very ample. By taking the m™ root of the sections of L*(—D1) we get a variety M such
that outside a possible divisor, it is a finite covering space of M. M| may have some
singularities. However, we can always remove those divisors containing singularities to
get a smooth manifold. The explicit construction of M is as follows: let Sy be a generic
section of the line bundle L*(—Dy). Sp is generic in the sense that on D; with i # 1,
So is not identically zero and d Sy # O generically on Dj. We can extend Sy to a basis
So, -+, S; of HO9(L*(—Dy)) such that the basis defines an embedding

O’:M%CPI, xf—)[S(),Sl,"',S[].

We consider the map & : CP! — CP! by [Zg, -+, Z/] (Zg', Z1,--- ,Z;). Itisa
holomorphic m-branched covering map. Let Z be the pre-image of M under . Then Z
is a projective variety. Let Zc, be the smooth points of Z. Define M’ = Zee N{Zp = 0}

and let Z be the desingularization of Z along the divisors Z\M’.

The Hodge bundles can be pulled back to the manifold M’. At any neighborhood
(A*)l x Akl of M\M, the transform of (M, M) to (M, Z) is the m-branched covering
defined by z; — 2/z1, where z; = 0 is corresponding to the divisor D;. Evidently, the
monodromy operator 7 is transformed to 7", which becomes a unipotent operator.

One can observe that if 7’ is a unipotent monodromy operator, then under the trans-
form (M, M) — (M’, Z), T' is still unipotent. Since there are only finitely many irre-
ducible components of D, there are only finitely many monodromy operators which are
not unipotent. Thus by finitely many transforms, we can get a Weil-Petersson manifold
M7 on which all monodromy operators are unipotent. O

Remark 4.1. In general, a Weil-Petersson variety M may have orbifold singularities.
However, we let M’ be the regular part of M. Then M’ is a manifold that has a smooth
compactification M. By Lemma 4.1, up to a finite covering, we can assume that the
elements of the monodromy group are unipotent. Let M” — M’ be the finite covering
defined by Lemma 4.1, then there is an integer s such that

vol(M") = s vol(M")
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and

k / k i
/ ci(wwp)" A wwp :s/ ci(wwp)” A wyp.
M// M/

Thus from now on, we will prove our results under the additional assumptions that all
monodromy operators are unipotent, M, M are smooth, and the divisor ¥ = M \ M is
of normal crossings.

We write out explicitly the extension of the Hodge bundles in terms of the local
coordinates.

A bundle F? over M is equivalent to an open cover {V,} of M with transition func-
tions gqp : Vo NVg — GL(s, C) withs = rank F¥. We assume that {V, } is a countable,
locally finite cover. Let ¢ : M — '\ D be the period map, where I is the monodromy
group. Since ¥ C M is compact, we can take a finite cover {Ua} _; of Y in M such that

(1) Each Uy, is bi-holomorphic to A™, the polydisc on C™.

2) Uf1 U, contains S, where S is a neighbhood of Y in M.

(3) On each U, with local coordinates z‘f, -+, 2y, the divisor Y N Uy is given by
z‘fmzf; =0 forsomel, € {1, ---,m}.

Since U{Uy} U {V,} is an open cover of ‘M, we can take a finite subcover. After
refinement, we can take Vi, --- , V, € {V,} such that

D UjUaUUj Va =M
Q) VynY=0@forl <a=<r.

Now, for each U, = A", let U} = Uy \ Y = (Al x AM—le We cut U} into open
conical parts such that each conical part is a product of discs and open sectors with small
angles. We write U = | Uy.;, where each Uy ; is a conical domain. 3

For each U}, the universal covering space of ﬁ; is U' x A" where U is the
upper half-plane and [ = [,. The natural projection p : 17;‘ — UY is given by
p(wi, - wp, - wy) = (€FFW P e wy,). Let M be the uni-
versal covering space of M. Then we always have the lifting ¢ : M — D. Locally, it is
given by the map @ : U} — D corresponding to ¢y : UF — T'\D, and we have the
following commutative diagram

gr —— D
Uy, —— I'\D
Furthermore, ¢, and ¢g are compatible if U, N Ug # .

By the Nilpotent Orbit theorem of Schmid, foreach j =1, - - - , [, there is a monodr-
omy transform 7; such that

a&(wla"'awj+la"' wm) 'O(pa(wla awm)-
3 For example, we can define each Ug,itobe Uy ;i = {(z,--- . 2y) € Uslargzd € (a;, bi), 1 <i <

1y}, where |b; — a;| is small.
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We have T; T = T} T; for 1 < j, k <. By Lemma 4.1, we assume that the semisimple
part of each T is 1. Let

~ l
VoW, - wp) = e~ Z1WNIG (wy, - wy),

where N; = log T} are the nilpotent operators. Clearly IZQ is invariant under the trans-
form w; = w; + 1for j = 1,---,1. So ¥, descends to a map v, from U(;" to the

complex dual D of D. By the Nilpotent Orbit theorem, ¥, can be holomorphically
extended to U,. o _

Since the neighbhood S of Y in M satisfies the condition that S N Vg = @ for each
Vg, and for each Uy, there is a 0, > 0 such that Uljf’zl AT x---x Ajf(ao,) X oo X A;"a X
A"l = § N U,, we know that (A7 x -+ x A’/‘.(oa) X eee X AZ x A™~la) 0 V=10
forany 1 < j <ly and V. Let Uy o = (A*(0g))' x A"l If diam U, — 0, then we
can assume that ¥ C (J Uqy,0 and Uy, o N Vg = @.

Now, {Uq,0} U{Uq,i} U{Vg} give an open cover of M. Clearly, on each U,.; and each
Vg, the Hodge bundles are trivial. For each 0 < p < n, let s = rank F'”. We will extend
FP to M using the cover {Uqg,0} U{Uq,i} U {Vp} of M. Since F? over each simply con-

e S Y log LN
nected set of U} are trivialized by e ™ % "y, we know that 8UqiUa; = I, where

o]

I = I is the identity matrix of rank s. Since F7 is trivial over U, ; and Vg, we know
that the transition functions 8uy;.vs and glaﬁ = 8,5, A€ given. Since Uy,0NVg = 0,

to extend F” to M, we only need to define g, 1+ 80, ,and g*

. 0:Up.j = 8uy0.Up0
We define 8Uola; = I. Since Uy \ Y C |JUy.i, we know that for each g €
Uq0 N Ug, j, there is a Uy ; such that g € Uy ;. So naturally we define 8Uy0p,; ON
Ua,0 NUg,j N Uy,; to be the restriction of 8uyi0p,; OD UgoNUg,j NUg,;.
Let Uy,ir N Uqyi NUg j N Uy o # @. Then since vy, = 1, we have 80y ip; =
8u, s.us,; ON Ug,it N Uq,i NUp j N Uso- Thus g, ., are well-defined.

Up.j
It is more difficult to define g#. For each ¢ € U, o N Ug,0,if p ¢ Y, then there
exist i and j such that ¢ € Uy; N Ug, ;. We define g% (q) = g?jﬁ(q) = gUa,—,Uﬂj'AS

long as these transition functions are well-defined, it is trivial to check the compatibility
conditions. Thus we need to prove

Claim 1. Using the above notations, we have

(1) g% are well-defined on UwoNUpgo\Y.
(2) g*P can be extended to Uq,0 N Ug 0.

Remark 4.2. Fixing a pair of charts Uy o and Ug o such that their intersection is non-
empty, we can choose compatible coordinates on Uy o and Ug o. Assume Yy5 = Uy0 N

Ug,0 N'Y is of codimension r and is given by z{ ---z¥ = 0 and Z/IS . 'Zf = 0on Ugyo

and Ug o, respectively. Since these two equations define the same variety Y5, we can
identify the variables pairwisely in the following way: for eachi = 1, - - - , r, choose a
point ¢ € Yug such that z{(¢) = 0 and z?‘ (g) # 0 for j # i. Clearly there is a ¢ with

1 <t < r such that zf (g) = 0and zf (g) # 0 for u # t. Without loss of generality, we
B

assume that# = i. Thus % isnon-zero for 1 <i < r.Furthermore, by slightly shrinking

1
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Uq,0 and Ug o we can assume that z;‘ and zf are bounded and are bounded away from
OonUyoNUgoforr+1=<j<l,.

Let D be the classifying space. By definition, this means that D is the space of decom-
positions of a fixed vector space H satisfying the Hodge-Riemann relations. To prove the
first assertion of Claim 1, we fixag € (Uy,0 N Ug,o) \ Y. Assume thatg € Uy ; NUg ;.
Let vy, - - - , v, be a fixed basis of H. Using this basis, we can identify a map p to the
classifying space (or to its compact dual) with a sequence of matrices. Letw,op € FP.
Then 7, o p can be represented by a b x s matrix-valued function, where s = dim F?
as above.

. ¥ log =g . L
Since e Wa gives local trivialization of F? over U,,; and
— !
g Zlﬁ log %ﬂN J
e i g gives local trivialization of F? over Ug_ j, both of them can be

represer}vted by 2 x s matrices. Fix a lift and lift ¢, and @g to the universal covering
spaces Uy and U ; respectively. We have that, as matrices
5()4(“)?’"'1“)?”):5;3(“)/13»"' ﬁ)g,ﬂ(wl,"ww,’i)-
For each 1 <i < r, let T; be the monodromy transformation such that
aa(w(f,"' ’w:?‘+1’... ’w;";) Z’Ti(ﬁa(w?a"‘ ’w;‘”... ’wl‘;‘l)
and
aﬁ(w/f’... ’wf_k]’... ,wrﬁ)zﬂaﬁ(wf,... ,wf,... wh).

This is true since T; is corresponding to the same simple loop of (Uy,0 N Upgp) \ Y.
Combining the above three formulae, we have

Y}O@'ﬁ(wf,-~-,wf,~-- ﬂ)g,ﬁ(wl,"',wf-l—l,"',w,ﬁ)
=$ﬁ(wf,~-,w?+l,m, )glﬁ(wl,...,wf+1,...,wr/i)
= Ga W, w1, w?)
=7}O¢‘a(w?v""w?"" wi)
=7}O§3,3(w/13,~--,wf,--- ﬂ)g,ﬂ(wl,"',wf,"ww,ﬁ),

which implies

glajﬁ(u)‘fv 7w:S+17 ﬂ) _glﬂ(wls 1wf7 7wnﬂ1)
So gf;.ﬁ is invariant under the deck transformations of the universal covering of Uy 0 N

Ug,o \ Y which implies that it descends to a function on Uy o N Up g \ Y. This proved

that g?jﬂ is well-defined.

Now we prove the second assertion of Claim 1. As stated in Remark 4.2, if we let

p
& = i—;, we know that &; is bounded and bounded away from O for 1 <i < r. Since

V=1 B 1
Z log -1 a 7 21 log jsNz
1 Yo =e T el @.1)
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on Uy,0 N Ug,o, we have

1 !
= (za log & Nj+3. log 5 Ny

V=1 ol )
e’ et (4.2)

1
r1108 w Ni
1 a = €

By the definition of £; and by Remark 4.2 we know that log zl“ forr+1<i <ly,log iﬂ
i <;

forr+1 <1i <lgandlog SL for 1 <i < r are bounded. By the Nilpotent Orbit theorem
J

we know that v/, and g can be holomorphically extended to Uy, ¢ and Ug ( respectively

and the image of v, and Vg restricted to Y lie in the complex dual of D. So we can find

a non-singular r x r minor A, of . Denote the corresponding minor of /g by Ag.

By (4.2), since N; are fixed nilpotent operators, we know that g?}ﬂ =C AO,AEI, where

1
G L log g Ni— Yt Milog N R jlog N .
C=e ! % isinvertible. Since Ag is also
bounded, we know that g?}ﬂ is bounded away from 0. The same argument works for
(g?j’3 y~1. So g?jﬂ is also bounded. This implies that gf;ﬁ can be extended to Uy,o N Ug o
which finishes the construction of the extensions of the Hodge bundles.

Remark 4.3. The tangent bundle of M can be identified with F"~!/F”". Since all the
Hodge bundles can be extended in the above canonical way, the tangent bundle is also
canonically extended.

5. Volume of the Moduli Space

In this section we prove that the volume of the Weil-Petersson metric is a rational num-
ber. Let A, be the disk of radius r and A¥ be the punctured disk of radius r in C. Let
VE=(AH% x A"k for1 <k <m.

Assume that a chart of M near the boundary is Vlk and the Weil-Petersson metric
on VF is defined as wwp = —/—193 log($2, Q), where (22, 2) > 0 on VF. We also

Y=L 5k pjoe L V=L 5k p oo L
assume that @ = ¢ 7 21 Vil 5 A(z)andQp =e 7~ 21 Nilog 3 Ag, where Ag = A(0).
The following lemma is one of the key parts in the proof of Theorem 1.1.

Lemma 5.1. There exists a universal constant § > 0 which only depends on 2 such that
log($2, 2) is integrable on ng with respect to the standard Poincaré metric wp on Vlk.

Proof. The proof depends on the convexity of log(£2, Q). Without loss of generality we
can assume the convergence radius of A(z) is 1. Obviously, we have the upper bound

— 1
log(2, Q) < ¢+ logIT5_, (log —)", (5.1)

rj
where r; is the Euclidean norm of z;. Clearly the right hand side of the above formula
is integrable with respect to the Poincaré metric wp which implies that we only need to

check that the integration of log(2, ) has a lower bound. Let 0 ; be the argument of z;
and set

2 2 _
p(ris -+ rm) =/ / log(2, Q) db; - - - db,,. (5.2)
0 0
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Since —+/—183 log(2, Q) > 0 we have —127 + rigl Oforeach 1 < j < m whichis

equivalent to

8(r]a )
(5.3)
Brj
In order to prove log(£2, Q) el! (Vak, wp) we just need to check that
B 8
rk 1 PR r
f / p(ri, - rm) 1’; A dry - dry > =00, (5.4)
0 0 ri(log ;) - - r(log )

We prove this using mathematical induction on m. If the dimension m of the moduli
space is 1, then k must be 1. By a theorem of Wang [21], we know that the leading
term in (2, 5) is c(log %)l with [ > 1 if the Weil-Petersson metric is complete at 0
where c is a positive constant. So there is a constant § > 0 such that when r < 4,
(Q,Q) > 5(log %)l which implies that p(r1) > 27 log 5 + 27/ log log % So

é log log%

3
1 c 1
p(r))——— = dr1 > 2n log—/ - dn +2nlf ——dny
/o ri(log ;)2 2Jo riflog )? 0 ridog;;)?

2mlogs 2wl (log1 1 Y
———= — ——(loglog - > —00.
logs  logs £ 8%

8

If the Weil-Petersson metric is incomplete at 0, the leading term of (€2, Q) is a positive
constant c. So we can find § > 0 such that p(r1) > ¢ for some constant ¢c; when r < é.
This implies

/6 ) ———dry = /6 L = s
piry)———— 5 arr =z €1 — 5 ary = > —0Q.
0 ri(log 1-)? o rilog)? log 5

Now we assume that whenm < s — 1l and 1 <k < s — 1, the inequality (5.4) hold. Let
2 22)

m = s. We first fix rp, - - -, rp,. From (5.3) we have (; 1'1 < 0 which implies r| ;’7”1

decreases as r; increases. Like the argument above, the leading term of p in r is either

logc + I loglog % or log ¢, where c is a positive function of rp, --- ,r, and [ > lisa

positive integer. In either case we have lim,, .o r{ g% = 0. So we know that r| ;% <0
when r1; > 0 which implies p is decreasing as rq is increasing. So for any §; > 0 small
enough, we have

81 81 (s
/ p(r11 lirm) d}"lZ/ p( 1772» - vrm) d}"l
o ri(log;)? 0 ri(log ;)2

P(51772»"' 9rm)- (55)

log 61

Now we go back to (Q,Q).Wefixaz; =w e A*. Let Q = Q(w, 22, - - , Zm). Then
—/=133 log(ﬁ, fi) gives the Weil-Petersson metric on the slice U :_{w} x (AF)F—1 %
A™ K If k > 1, by the induction assumption, we know that log(§~2, Q) is integrable on
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U with respect to the Poincaré metric for some 8 > 0 and the integration depends on w
continuously. This clearly implies

2” _~
f / log(2, Q! do) > —oo. (5.6)
0 J@apktxaprt

Thus we have

) )
1 Tk+1 " Tm
o | m PG, ) dry---dr
,/0 /0 log &1 " r1(log %)2 - ri(log rLk)z mn
> —00

5.7

So log(£2, Q) is integrable over Vsk for some § > O with respect to the Poincaré metric.

Ifk=1,thenU = {w} x Amfl_and log(SNZ, E) is smooth on U. Clearly (5.6), (5.7) still
hold for some § > 0. So log(£2, 2) is integrable with respect to the Poincaré metric. O

Proof of Theorem 1.1. By the Nilpotent Orbit theorem we know that the Hodge bundle
F" over M can be extended to M smoothly. We denoted the extended bundle by E”.
Now we put a Hermitian metric g on E”. Take an open cover of M like we did in §3. On
each Uy, let g, be a representation of g. The local potential of the Weil-Petersson metric
on Uy is given by hy = (Q, Q). Let f = ;’—Z. It is clear that f is a global function on M
although g, and h, are only locally defined. Let @ be the curvature form of the metric
g. Then wwp = —%85 log f + @. Since we know that @ is the first Chern class of
the line bundle E" over the Kéhler manifold ‘M, we know that

o] o
M M

is an integer. We need to prove that |’ y " = / v @y p- Using Schwarz-Yau lemma
(Proposition 3.1) like we did in [10] we know that ww p < cwp, where wp is the asymp-
totic Poincaré metric we constructed in Sect. 3. Since @ is the Ricci form of a line bundle
over the compact manifold M, it is bounded. Thus we can find a constant ¢ such that
—cowp <o < cwp.

We check the integrability of log f on M with respect to the asymptotic metric wp.
Let v, be a partition of unity subordinated to the cover {Uy}. For a chart Uy, of M,
if Uy " M\ M = (J, then ¥, log f is bounded on U,. So '/Ua Vo log f 'y is finite.
If Uy "M\ M # @, we know that Y, log f = ¥, log(R2, Q) — ¥ log go. Clearly
Yy log gy is bounded on U,. By Lemma 5.1 we know that fUa Yy log($2, Q) o'p is also
finite. This implies log f is integrable.

Pick an ¢ > 0 small. Let p, be the cut-off function we constructed in Sect. 3. We
have

m—1
[ 0 —natip) =3 [ 0 nely NG —own). 69
j=0
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Foreach0 < j <m — 1, we have

/pg@wa;’;;f‘lA(a)—pr)=/ el AT A 99 10g f
M M

= /M log f33ps A& A w'vr",;j_l

j—1

= / log f3dpe A& Ay, (5.9)
supp(1—pe)

=Z/ t/falogfagpg/\cbj/\wrv"',}j_l,
o supp(1—ps)NUq

where the sum over « is a finite sum. Also, on each U,, log f is bounded above by a
positive function ¢ + Zlf’ loglog ri which is integrable with respect to the local Poin-
J

caré metric. By Theorem 3.1 and the fact that ® + wwp < cwp (Which follows from
Proposition 3.1), we know that

/ Yo log f39pe A AWl
supp(1—pe)U

l

o 1 _ ) .
/ wa(logf—i-c—}-Zloglog —)00pe A& Ay
supp(1—ps)NUy 1 ry

< -1

1

" (5.10)

I}
« 1 - . i
/ wa(c+§ loglog —)30p: A &' A wyy
supp(1—pe)NU, 1 Tj

l

- 1
/ VYo(og f+c+ Z loglog —)w'p
supp(1—p¢)NUy 1 rj

=c

lo

1
+e1 / VYalc+ ) loglog —)a}
supp(1—pe)NUx 1 rj

The above expression converges to 0 as ¢ — 0, because wp has finite volume and
the measure of supp(1 — p.) goes to 0 as ¢ — 0 and both log f + ¢ + Zlf‘ loglog %

and ¢ + le‘* log log % are non-negative and integrable with respect to the metric wp.
Combining (5.8), (5.9) and (5.10) we have

lim [ (pe®" — pewyyp) =0.
e—=0Jm

Thus
/ (@™ — oy p) = lim/ (0@ — pely p) = 0.
M e—=0Jp

This finishes the proof. In general, if the Nilpotent operators {N; } are not unipotent, then
by Lemma 4.1, we know that the volume is at least a rational number. 0O
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6. First Chern Class

Let M be a Weil-Petersson variety of dimension m and let wyw p be the Kéhler form of the
Weil-Petersson metric. Like in the previous sections, we let M be the compactification
of M such that Y = M\M is a divisor of normal crossings.

The main result of this section is the following

Theorem 6.1. Let X C M be a subvariety of dimension q. Let X = X N\ M. Then

fx (Ric(wwp))* A wlyp € Q

for k 4+ 1 = q, where the integration is on the smooth part of the variety X.

Proof. Without loss generality, we assume thatg =m and X = M. Let Ly = K;,,l be
the anti-canonical line bundle of M. By Lemma 4.1, we assume that all elements of the
monodromy group are unipotent. By the remark in §4 we know that the tangent bundle
of M, as a quotient of the Hodge bundles, can be extended to the compactification M.
This implies the L( can be extended to Ly over M.

Now let Y = M \ M be the divisor of M of normal crossings. Let L ;j be the line
bundle corresponding to ¥ for j =1, -- -, p. We write down the transition functions of
L ; explicitly. Recall that in Sect. 4, we constructed an open cover {Uq 0} U{Ug, i} U{Vp}
of M. Denote this cover by 1I. We knew that there is a neighborhood S of Y in M such
that S C J Uq.0- Let Ua i =Uy,j \S Then {Uy,0} U{Uq,i} U{Vg} is also an open cover
of M, denoted by 11. For each j=1,---,p,let I; be the index set such that & € I;
if and only if Uy o NY; # ¥. From §4 we can assume that for each @ € I}, Uy o has
coordinates z{, -, z% and Y; N Uy g is given by z§ = 0. _

Now we define the transition functions. By reordering the elements in 1, we assume
that I = {Ualaer; U{Wy}, where Uy NY; # @and W, NY; = (. When o, B € I; and

Uq,0 N Up,0 # ¥, the transition functions are defined to be g, Vo = Z—}; Fora € I},
o,V B Zl

define g, =z for each W, € Il with Uy N W, # @. Finally, for Wy, Ws € Il
with W), 0 Ws # {, define g, ,, = 1. One can easily check that these transition
functions define the line bundle L ;.

Now we define the degeneration order of the volume form of the Weil-Petersson
metric along each hypersurface Y;. We will need the following lemma which is proven

in [10]. For completeness, we include the proof here. In the following, we use 8 = 9,
and 0 = 9;.

Lemma 6.1. Let f : C — R be adegree k homogeneous polynomial of 7 and 7. Assume
that f(z,7) > 0and is not identically 0. If there is a constant c; > 0 such that for every
zwith f(z,7) # 0, we have

C1 C1

_— —9dlo _
T 200g 2 T eSS A og 12

where r = |z|, then k = 21 is an even integer and f(z,z) = cr¥, where c is a positive
constant.
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Proof. Let 6 be the argument of z. Since f is a homogeneous polynomial which is not
identically 0, we can easily see that the set {z € S! | f(z,Z) = 0} is a O-dimensional
real analytic variety and thus is a discrete set of S'. So there are only finite many rays
from the origin where f vanishes.

If k is odd, since each term of f has the form plek_l

, we know that
2 . .
f?, e %y do =0,
0

which contradicts the fact that f > 0 and f (¢, %) vanish only for finitely many 6.
So k has to be an even integer.
We have

Afof — foof
S
Clearly if 3f3 f — f90 f is not identically 0, then it is a degree 2k — 2 homogeneous

polynomial. Consequently, —3d log f is of order rLZ which contradicts to the assumption.
Thus we have

—ddlog f

Afdf — faaf =0. (6.1)

It is also clear that for a homogeneous polynomial of z and Z, if it is identically 0,
then all of its coefficients are 0. Now we use induction on /. When [ = 1, we have
f= aoz: + a1zz + agiz. From (6.1) we know that aga; = apar = ajap = 0. If either
ap # 0 or ay # 0 we know that the rest of the coefficients are 0 which implies that f is
not real. So agp = a» = 0. Since f is real and non-negative, we know that a; > 0. The
lemma holds. Assuming that the lemma holds when / < p — 1, we consider the case
[ = p.Assume that f = apzf + a1z 12+ -+ + aZF, where k = 2p. If ap # 0, then

we assume i = Igﬁn#)j. Consider the term z2*~=17/=1in 9f3 f — f30 f. We have
Jj>0,a;

kiaga; — i(k — i)aga; = 0 which implies a; = 0 since ag # 0. This means f = apz*
which contradicts the fact that f is real. So ap = 0. Similarly we can prove that a; = 0.
So f = zZ fo, where fj is a homogenous polynomial of z, 7 of degree k — 2. fj satisfies
the conditions of the lemma. By the assumption, fo = cz?~'z”~!.So f = czPz? = cr*.
O

Pick a point ¢ € Y; and assume g € U = Uy with the local coordinates z =
(21, Zm) = za = (2], -+, z5) on U. Let g;5 be the Weil-Petersson metric. In the

following, we will use r; and 6; to denote the Euclidean norm and argument of z/. We
assumeq € Y;\J kj Yk-Roughly speaking, the degenerate order of o'y p along Y; mea-
sures the rate of the blow-up or degeneration of the volume form of the Weil-Petersson
metric. We need to analyze the asymptotic behavior of wy, , whenz — g € Y.

Lemma 6.2. Assume Y; N U is given by z1 = 0O and g € Y; \ Uk# Y. Then when
we expand (2, 5)2’" det(gl.j), the leading term in zq has form Ap(Z, ?)r{c_z(log riz)l,

1
where 2 = (22, , Zm)

Proof. Near g, we know that the local holomorphic section €2 of the first Hodge bun-

n . “éle log L . .
dle F" can be written as Q = e 27 2t A(z1, -+, Zm), Where A is a holomorphic
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function. Let 7/ = (z2, - - - , ;). We can expand A as a power series of zj, - - -, z; and

assume that the convergent radius is 1. Let g = det(gr). Foreachi = 1,--- ,m, let
—

Q= e Mg A and let &) = 1@ — 1 N, Q. Let

(D gu —(521 @, Q) — (@, Q)(91 Q)
Q) &5 = (@1, (R, Q) — (Q, (D), Q)) for2 < j <m;

€) g,-1 = (2. Q. &) — (. D, Q) for2 <i < m;
@ &7 = (2, D(Q, Q) — (Q, (2, Q) for2 <i, j <m.

Let g = det(gl%). We have g = — 2g Since g > 0 we know that g > 0.

(Q, Q)z
We expand A with respect to z; so that the coefﬁment of each term zj is an analytic
function of z’ and 7. By the monodromy theorem, Ni”'l = 0, where N; is the nil-
potent operator. Also, since Nj is nilpotent, we know that each term in g has the form
As,t,lziﬁt (log iz)l where A, ; = Ay (z/,7)) and! < mn. Define the degree of such a

termby s+7— .Assume the lowest degree of terms in the expansion of g is k —

mn+]
havmgtheformzY 0 As k- A1Z1z1k *(log 1)1

mn+]

Collect all the terms of degree k — - + —_—

Let f(z1,21) = Zf:o A~;,k_s,lzlz 1°~%. We know that, except for a set of lower dunen-

sion, f(z1,z1) # 0 and f(z1,z1) is a homogeneous polynomial of z; and z; whose

coefficients are functions of z’ and z/ . For each fixed z’ with f(z1,z1) # O, since

f(z1,71)(log lz)l is the leading term in the expansion of g, we know that f(z;,z1) >0
81

because g > 0. We call a point z’ a generic point in the first direction if for this z’, we
have f(z1,z1) > 0. For a generic point 7/, we know that ¢ = f(z1, z1)(log riz)l + go,
1

where each term in go has degree higher than k — #ﬂ Finally we have

/—1 _ J—1 _ —
—~—90logq = ———09 log(r} (2, 2)*"g)
2 2

/1 _ _ J=1 -
= —2m——00log(2, Q) — ——ddlogg
21 2

=2mowwp + Ric(wwp).
By Strominger’s formula we know that there is a positive constant ¢ such that
—cwp < Ric(wwp) < cwp,
where wp is the Kéhler form of the Poincaré metric. Finally by using Hodge metric and
Schwarz-Yau lemma (Proposition 3.1) we proved in [10] that there is a constant ¢ such
that

0 < wowp =< cwp.

Combining all these formulae we know that there is a constant ¢ such that

/1 _
—cwp < —2—8310gg < cwp,
b1
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which implies

C C
— < —8181 logg < ——.
ri(log ;) ri(log ;)
Since
— . 018018 —5010:18
—910; log g = — =

and the leading term in the numerator is (3; £3; f — 9191 f)(log r%)zz , the leading term
1

in the denominator is f2(log - Pl 12, we know that, for generic z’ we have

< —0; 81 log f <

C
riog )2 ~ ri(log ;)2

Using Ilemma 6.1, we have that for a generic point 7’ in the first direction, f(z1,2z1) =
A, 7 )r{‘ . This implies that, except for a lower dimensional set of 7/, the leading term
in the expansion of (2, 2)*" det(g,7) is Ax (2, Z)r} *(log %), O

1

Definition 6.1. The degeneration order of wy, p along Y is t; = (k—2)/2 = ., which
is an integer by Lemma 6.1.

Lemma 6.3. The degeneration order is well-defined and is constant except for a lower
dimensional set.

Proof. Assume there is another chart Ug with U, N Ug N'Y; # @. We can also assume

that Ug N Y is given by z’f = 0. From the definition we can see that the degeneration
order 7; is the smallest number 7 such that, for a generic point 7' in the first direction,

liminf,, o 7f (R, 2)*" det(g;7) > 0. Since

oy p = (—)’"m' det((ga)”)dzl A a’zl -dz% A dz%

is a global form and we can choose the same 2 on U, N Ug, we have

2
() det((gp);7).

(rf)" det f—r?rdtazﬁS
r]) e((ga)ij)_(r_ﬁ) e(@)

1

det( )

J
we choose Ug = U, but with a dlfferent coordinate system, the above argument implies

the degeneration order is independent of the choice of local coordinates. For general U,
and Ug, this implies that the order is constant along Y; except for a lower dimensional
set. O

However, we know that (4; > is bounded and bounded below from 0. When
sl
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Now we prove that [, (Ric(owp))® A o}, € Q. We first extend the first Hodge

bundle F" to the compactification M in the way described in §4. We put a smooth Her-
mitian metric /4 on this extended bundle and denote its Kihler form by w. Recall that
we use Lo to denote the anti-canonical bundle of M and use Lo to denote the preferred
extension of Lo to M. We put a smooth Hermitian metric /¢ on Lo. Finally for each line
bundle L ; corresponding to the hypersurface Y;, we put a smooth Hermitian metric /4 ;
on it and denote its curvature form by w;.

We first check that, forall 1 <s <m, fM(Ric(pr))S Ay p € Qis equivalent to
/ (Ric(wwp) + 2mowp)* Awyp €Q (6.2)
M

forall 1 <s < m.Clearly we know (Ric(a)wp) +2mowp)’ A a)'v"‘,}gY is an integer linear
combination of terms like (Ric(wwp))’ A a)WP and wi, p. Also, (Ric(wwp))® A a)WP

is an integer linear combination of terms like (Ric(wwp) + 2mowp)! A a)W P and
o'y p. Since the Weil-Petersson volume is an integer, it is clear that the above argument
1S true.

The reason we use the expression in (6.2) is that Ric(ww p)+2mww p is anonnegative
form.

Realizing that the Ricci curvature of the Weil-Petersson metric is bounded above and
below by a constant multiple of the asymptotic Poincaré metric, we can use the same
proof in Sect. 5 to derive that

/ (Ric(wwp) + 2mowp)* A wyp _/ (Ric(wwp) + 2mowp)* Awy ", (6.3)
M

where wy is the curvature form of the line bundle L.
Recall that we use i ; to denote the degeneration order of wy;, , along the hypersurface

Y. Letw = —3dlogho + Zle njw; + 2mwwp. Then

=cLo® L' @ ---®L, ®(F"H™). (6.4)

For each line bundle L j, on a chart Uy at Y, we assume the metric & is given by hf.
|2

From the transition functions that define L ; we can see that h“ |z§1“ is a global function

on M. Denote f; = = (h‘;.‘ |z§ |2)4i . By reordering coordinates, we know that

> wrv'{/P
6.5
f= hofi - fp (©3)

is a global function on M. Also, from §5, if we use 4% to denote the smooth Hermitian
(Q’ﬁ)Zm

metric 4 on F" on a chart Uy, we know that f = ()

is also a global function. We
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have

/M pe(Ric(wwp) + 2mowp)® A wy —/M,Oaw Aoyt

= Z /M pe(Ric(owp) 4+ 2mowp — @) A (Ric(owp)

j—1 ~5—j m—s
+2mwwp) ) A W

N
=) / pe(=09 log f — ddlog fi) A (Ric(wwp)
i— M
+2mwwp) VAT T AT (6.6)

N
= Z /M pe(—8d1og ) A (Ric(wwp) + 2mowp)’ "' A& ™ A wf ™,

where f = f /1 is a global positive function on M. Taking the integral by part we have
/M pe(3d10g f) A (Ric(wwp) + 2mowp) "' A& ™ A wf ™S

=/ log £(33pe) A (Ric(owp) + 2mowp) ' AT Aol 5. (6.7)
M

Like in the case of §5, we need to prove that log f is locally integrable. We use the same
notation as we did in the beginning of §5.

Consider a chart U at the divisor Y. Assume U = (A*)K x A™~* From our decom-
position ¥ = (J ¥; we can assume that Y N U = Ul;zl(Yj no).

Lemma 6.4. There is a constant § > 0 such that log f is integrable on Us with respect
to the standard Poincaré metric on U.

Proof. The proof of this lemma is similar to the proof of Lemma 5.1 using convexity.
On U, we have

PR @@ det(g)(Q, Q™ 1
~hofioofpy BE k(PR (il 2D gy - fph®m
1
= 80 = 8081, (6.8)
hoh{ - figr - fph?"
det (g;7)(,2)*" 1 .
where g W and g; = AT . Clearly g is a bounded func-

tion and is bounded away from 0. Since the Pomcare metric on U has finite volume, we
know that log g1 is locally integrable with respect to the Poincaré metric. Since

VT

—2—a§1<>gf = Ric(wwp) + 2mowwp —® > —cwp
T
and —99 log g1 is bounded we have

VT

— V=1 = VA
———ddloggo = ———addlog f + ——ddlogg) > —cwp. (6.9)
2 2 2
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From the definition of the degeneration order we know that the leading term of g

with respect to z; for 1 < j < kis Aj(z’,?)(log rlz)li with [; < mn and 7 =
j

mn
(210 2j—12 2j41s - + Zm). This implies that go < c<1‘[’f log r%) which is inte-
j

grable with respect to the Poincaré metric. So we only need to prove that

/ log go w’p > —o0. (6.10)
U
Set
2 2
p(r1,~-~,rm)=/ / log go dOy - - - dB,. 6.11)
0 0

From (6.9) we can easily see that for 1 < j <k,

ap
Arjg:) c
<

orj = rj(log)?

(6.12)

Now, for generic 7/, since the leading term of gg is A j Z, ?) (log riz)lf ,where A (Z, ?) >
0, we know that !

lim rj—— = 0. (6.13)

Now integrate both sides of (6.12) from O to r;; using (6.13), we have

r,-;—fj < 1ogci' (6.14)
rj
Fix a § > 0 to be chosen, we have that, for generic z’
pri, - rj—1,8,rjq1, - s rm) = p(ri, -+, Tm)
=< /rj p l(fgrljdrj = loglogrij - loglogé
which implies
P, ) = PO 1, 8 F il o s )
-Hoglog% —loglogri_. (6.15)

J

From (6.10) we only need to show that

m 8 s Pl Im
logngP: pri, -+ s rm) 12 12dr1"'drm
U 0 0 rl(log;) -~-rk(loga)
> —00.

(6.16)
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We prove (6.16) using induction on k. If k = 0, then p is bounded which implies (6.16)
is true. Assume that for k </ the argument is true, consider k =/ + 1. From (6.15) we

know that for generic 7’ = (z2, -+ , Zm), We have
[(SP(H Tm) kel dry
0 ri(log ;)2 - - r(log )

8
Tk+1"""Tm
2 p(87r29"'sr ) drl (617)
/o "ri(log )%+ ri(log )2

J 1 1
+/ (loglogg — loglog —) Tkt T 1.
0

dr
1y2 1y2
riri(log 7)% - - - ri(log 7-)
The second term in the above formula is integrable with respect to rp,---, 7, on
[0, 8]"~! by direct computation. To estimate the first term, we can choose a generic
6 and working on the lower dimensional piece {|z1| = 6} N U. By induction assumption,
the first term is also integrable with respectto r,, - - - , 1, on [0, 811 This finishes the
proof. O

Now we go back to the proof of the main theorem. From the above lemma we know
that log f is integrable with respect to the Poincaré metric on each chart that touches the
divisor Y. On those charts which do not touch Y, log f is bounded. Using a partition of
unity, we can easily see that log f € L'(M, wp), where wp is the (global) asymptotic
Poincaré metric on M. From (6.7) we have

V=1 _ L
/ log f(z—aapg) A (Ric(owp) + 2mowp) "'V A&/ Aoyt
M T

/[—1 _ )
= / log f(2_88108) A (Ric(wowp)
supp(1—p¢) T
+2mowp) VAT AW (6.18)

/—1 _ )
=2 / Y log £ (< —09pe) A (Ric(wwp)
o supp(1—p¢)NUgy T

m—s

J=L A o5
+2mwwp) N Nwy T,
where the sum over « is a finite sum. Since on each Uy, log f is bounded above by

c Zlf‘ loglog % and both Ric(ww p) + 2mww p and @ are bounded above and below by

a constant multiple of the Poincaré metric, using the same technique as in (5.10), since
the measure of supp(l — p¢) goes to 0 as ¢ — 0, we conclude that

=1 — . —_ _
/ log f(2—38,08) A (Ric(wwp) + 2mowp) "V A& A wy ' =0
M T
which implies

/M pe(Ric(wwp) + 2mowp)’ Awy ™ = /M pe@’ Ay . (6.19)
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Again, since —cwp < Ric(owp) + 2mowp < cwp and —cwp < @ < cwp, by the
dominant convergence theorem, let ¢ — 0 in (6.19) and we have

/ (Ric(wwp) + 2mowp)’ ANwy ™ = / o' Aoy (6.20)
M M

/ & Al = /jﬁ Aol
M M

and @* A wy ~* is a characteristic class on ‘M, we know that / y @ Aoy € Z which
implies that f y(Ric(owp))® A w";’,;,s € Z, if the nilpotent operators are unipotent. In

general, by Lemma 4.1, the integral is a rational number. O

Since

We end this paper by the obvious possible generalization of this paper:

Conjecture. Let c;(ww p) be the k™ elementary polynomial of the curvature tensor of
the Weil-Petersson metric. Let X be any Weil-Petersson subvariety of dimension g of a
Weil-Petersson variety M. Then

l
/ ck(wwp) A Wy p
X

is a rational number, where k + 1 = q.
It would be interesting to see if this is true in the category of Weil-Petersson geometry.
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