ON THE MODULI SPACE OF CALABI-YAU
MANIFOLDS

ZHIQIN LU

1. Introduction

Let X be a simply connected compact Kahler manifold with zero first
Chern class, and let L be an ample line bundle over X. The pair
(X,L) is called a polarized Calabi-Yau manifold. By a theorem of
Mumford, the moduli space of the pair (X,L) (CY moduli) exists and
is a complex variety. Locally, up to a finite cover, the moduli space is
smooth (see [39, 40]). The natural Kahler metric ! wp on M, which
is called the Weil-Petersson metric, is a Kahler orbifold metric. In
this paper, we summarize and discuss the di [erential geometry of the
moduli space M with respect to the WP metric.

We will discuss the local, semi-global, and global properties of the mod-
uli space under the WP metric. By Freed [18], the bases of complete
algebraic integrable systems are called special Kahler manifolds, while
the moduli spaces of Calabi-Yau threefolds are called the projective spe-
cial Kahler manifolds. There are parallel results between the special
Kahler manifolds and their projective counterparts. So we also include
discussions of special Kahler manifolds in the last section.
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2. Preliminaries

In this section, we introduce some notations and terminologies that
will be used throughout this paper. Most of the materials are standard.
They can be found in the books [19, 34, 42], and the papers cited below.

2.1 Complex analytic family

A complex analytic family is a triple (X,",B) (or simply X), where
X, B are complex manifolds and

" X1 B

is a holomorphic submersion. We further assume that for any t "
B, " ~1(t) is a compact complex manifold, and we assume that B is
connected.

It is not hard to see that forall t " B, " ~1(t) are di Lerimorphic (cf. [34,
Theorem 4.1]). In other words, the di Lerentiable structure of the family
doesn’t change. Let X =" "1(to) for a fixed to " B. Then the family X
is equivalent to J¢, where J is the family of complex structures on X
parameterized by t " B. From this point of view, we see the following:
since J; " Hom (T X, TX), the infinitesimal deformation

a $Ji

#= — " Hom (TX, TX).
St & (TX. 7

If we work a little harder we shall see that in fact
#" Hom(T%X, T1oX),

:to

and furthermore *
#" HY(X, TYX).
We refer to the book [34] for details.

For the sake of simplicity, from now on, we will use TX to represent
T0X, unless otherwise stated.

From the above construction, we define the Kodaira-Spencer map

€)) %: T,,B ! H(X,TX), %#! #.

The map is linear.

IHere we identify o with its cohomology class.
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A natural question in the theory of deformation is that, given an ele-
ment # in H1(X, TX), can we (locally) find a complex analytic family
(X,",A) such that X = "~1(0) and %;) = #? Here A is the unit
disk of Cand t " A. '

In general, there are obstructions towards the existence of such a family.
However, in the case of CY manifold, the best possible situation occurs.

Recall that a compact Kahler manifold X is called Calabi-Yau, if the
first Chern class of X is zero. Let X be a Calabi-Yau manifold (CY
manifold). Let! o be a Kahler metric of X . Then we have the following
famous theorem [45]:

Theorem 2.1 (Yau). There exists a unique Ricci flat Kahler metric
I' such that ! is in the same cohomology class of ! .

Throughout this paper, we assume that ! ¢ " H?(X,Z). Then it is
standard (cf. [20, page 139]) to show that there is an ample line bundle
L over X such that c,(L), the first Chern class of the line bundle, is
equal to [! o]. The pair (X, L) is called a polarized CY manifold.

We have the following smoothness theorem [39, 40] for a CY manifold:

Theorem 2.2. Let X be a compact CY manifold and let # " H(X,TX).
Then there is a complex analytic family " : X I A such that X =
"71(0), and %) = #.

Using the above theorem, we can find an open neighborhood B of
the original point of the space H1(X, TX) such that there is a complex
analytic family of CY manifolds over B with the given Kodaira-Spencer
map. This is the maximum family of CY manifolds near X. We use
Def to denote this neighborhood, and call it the universal deformation
space or the Kuranishi space.

The moduli space is, by definition, the parameter space of complex
structures over a compact manifold. The Kuranishi space Def serves
as a good moduli space locally.

Unfortunately, it is not possible to define the moduli space globally
using the above way. The set of complex structures defined by deform-
ing X in all possible directions even needs not to be a Hausdor [space
(cf. [2, page 263]). In algebraic geometry, there is a naturally way to
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define the moduli space, for a polarized Kahler manifold (X, L), using
the following setting.

Since L is an ample line bundle over X. X must be algebraic by the
Kodaira embedding theorem [20, =1.4]. That is, X can be embedded
into CPN as a submanifold for N $ 0, and the restriction of the hy-
perplane bundle to X is some power L9 of the line bundle L. We can
define the so-called Hilbert scheme Hilb(X) of X, which is a compact
complex variety parameterized all such submanifolds. The automor-
phism group PGL (N +1, C) acts on Hilb(X) in a natural way, and the
GIT (geometric invariant theory) quotient

M = Hilb(X)//PGL(n+1,C)

is defined to be the moduli space.

We refer to the book of Viehweg [42] for details. One remark is that,
in most cases, the dimension of the Kuranishi space and the dimension
of the moduli space don’t not have to be the same. In the case of
CY manifold. The dimension of the universal deformation space is
dimH(X, TX) but the dimension of the moduli space is the subspace
that keeps the polarization:

HIX, TX )y = {&" HY (X, TX) | "(&IL] = 0}.

For example, the dimension of the universal deformation space of an
algebraic K 3 surface is 20 but the dimension of the moduli space is 19,
leaving one dimension of non-algebraic deformation of the K 3 surface.
We refer to [1] for details.

Finally, even though the deformations of complex structures are un-
obstructed, the possible existence of non-trivial automorphism group
(which must be finite) of some CY manifolds keeps the moduli space
from being smooth. However, the singularities of CY moduli are at
most quotient singularities, and thus M is a complex orbifold.

For the rest of the paper, we will use Def to denote both the Kuranishi
space and the deformation space that keeps the polarization. Using
this terminology, Def is the local uniformization of CY moduli.
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2.2 Variation of Hodge structures

Most definitions and results in this subsection are for general polarized
Kahler manifolds and their moduli spaces, unless otherwise stated.

Recall that for an n-dimensional polarized compact Kahler manifold
X, for any 0 % k % 2n, we have the Hodge decomposition of the
cohomology groups

HK(X,C)= & HPIYX,C).
p+ag=k

By the Lefschetz decomposition theorem, we can further decompose
the groups HPA(X, C) into their primitive parts as follows.

Define p : HK(X,C) ! H**2(X,C) by [#]! [#' '], where! is the
curvature form of the ample line bundle L over X . Define the primitive
cohomology group P¥(X, C) (for k % n) to be the kernel of u"~%*1 on
HK(X,C). Let PHPY = Pk(X,C) ( HPI(X).

The Lefschetz decomposition theorem states that
(2) HPYX)=PHPI& u(PHP M1 & 888& P (PHPH9T),
where r = Min (p, ).

Define
1]

©) Q& &) = X&l' &' 1N

for &,& " HX(X,C). Then Q is a bilinear form on H %X, C), and Q
takes integer values on H¥(X, 2).

The Hodge and the Lefschetz decompositons are compatible, and the
bilinear form Q defines a polarization over the cohomology group.
These facts, together with the Hard Lefeschetz theorem, motivate the
following definition.

Definition 2.1. A polarized Hodge structure of weight k, which is de-
noted by {H,,HP9 S}, or {Hz,FP,S}, is given by a lattice Hz, a
decomposition

Hz) C=H =&HPA
with p+qg =k and
HPA = Hap,
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together with a bilinear form
4) S:Hz) Hz! Z,

which is skew-symmetric if k is odd and symmetric if k is even, satis-
fying the two Hodge-Riemann relations:

(1) S(HPI,HP9) =0 unless p"=k* p,g’=k* q;
(2) ( * 1)P79S((,() > 0 for any nonzero element ( " HPA,

Alternatively, the decomposition (4) can be described as the filtration
{FP} of H:
0, F*, F*¥' a&&, F°, H,
such that
H;) C=H =FP&FKkP* HPI=FP( Faq,

In this case, the Hodge-Riemann relations can be written as

(3) S(FP,F*P*1) =0 for p = 1, &a4k;
(4) ( * 1)P79S((,() > 0 for any nonzero element ( " HPA,

Note that the prototype of HP9 is the primitive cohomology group
PHPd above, and the prototype of S is the bilinear form Q above?.

In order to study the variation of polarized Hodge structures, we need
to put all Hodge structures into a space with good properties. The clas-
sifying space defined below serves this purpose. It is a generalization
of the classical period domain of Riemann surfaces.

Definition 2.2. The dual classifying space D for a polarized Hodge
structure of weight k is the set of all filtrations

0, F*, &4, F', H, FP& Fk-pP*l =H, (0% p %k)
or the set of all the decompositions
1
HP9=H, HPA =Hap, (p+q=k)

on which S satisfies the Hodge-Riemann relation 1 or 3 above. The
classifying space D is an open set of D defined by the Hodge-Riemann
relation 2 or 4 above.

20ne can see here why we need to study the deformation of complex structures
with a polarization. We crucially require the second Hodge-Riemann relation to be
true in many cases.
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D and D are dual in the following Lie group theoretic sense: let

() Gr ={) " Hom(Hgr,Hr) [ SO(,)*) =3S((,*)},
where HR = Hz) R. Then D can also be defined as the homogeneous
space

(6) D =Ggr/V,

where V is the compact subgroup of Gg which leaves a polarized Hodge
structure fixed.

Gr is a simple real Lie group of noncompact type without compact
factors. Let M be the compact dual of Gg, and let G¢ be the com-
plexification of Gg. ThenV , M ( Ggr and

D =M/V =G¢/B,
where B is some parabolic subgroup of G¢. For details, see [21].

Over the classifying space D we have the holomorphic vector bundles
FX &4,F',H whose fibers at each point are F¥, 484, F!,H, respec-
tively. These bundles are called Hodge bundles.

Definition 2.3. A subbundle T, (D) is called the horizontal distribution
of D, if

(D) ={) " T(D) |)F?, F*,p=144,K}.

Definition 2.4. A horizontal slice M of D is a complex integral sub-
manifold of the horizontal distribution To(D). Amap ( : M ! D is
called horizontal, if its image is a horizontal slice at the regular values.

Let U be an open neighborhood of the moduli space. Assume that U is
smooth and let 0" U represents X . Then for each X “near X, we have
the isomorphism HXX5C) = HYX,C). Under this isomorphism,
{HPAXT ( PX(X5C)}p+q=k can be regarded as a point of D. The
map

(:U!l D, X" {HPAXY( P*XTC)}prg=x
is called the period map.

Because of the dilerent choices of dilerdmorphisms between X “and
X, in general, the period map is not globally well-defined, if U is not
simply connected and the monodromy group is not trivial. Let I" be
the monodromy group. Then the period map is a map from U to M D.
Let U be the universal covering space of U. Then ( liftsto(C: U! D.
We call both ( and (" period maps.
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The most important property of the period map is the following [19]:

Theorem 2.3 (Gri [1hd). The period map ( :U! T\D and (: U!
D are holomorphic.

For CY moduli, the period map is an immersion (which is called the
local Torelli Theorem) and ("(U) is a horizontal slice of the classifying
space.

We omit the discussion of degeneration of Hodge structures, which
constitutes the deepest and the most important part of the theory of
variation of Hodge structures. We refer to two important papers [37, 7]
for details.

2.3 The Weil-Petersson metric

Let" : X! B be a complex analytic family of compact Kahler mani-
folds. Let (t,,4aa,t,) be a local coordinate system of B centered at 0.
Let $
%: ToB! HY(X,TX), $—t#! #,

i
be the Kodaira-Spencer map. Since X is a compact Kahler manifold,
H(X,TX) is the space of harmonic TX -valued (0,1) forms by the
Hodge theorem. Let (wq, 884, w,) be a local coordinate system of X.
Under this local coordinate system, let

$ _
# = (#i)%ﬁ) dwb,

and assume that they are harmonic for i = 1,484, m. Let the Kdhler
metric ! be
! = Qyp0Wa ) W,

Then the WP qlig"c is d@led a[s__3|
$ 1 _~dby NaTHENC | N
St ﬁ Oac 9 (#I)b(#J )d :

fori = 1,84, m.

n!

The WP metric is always a Kahler metric. Usually it is very di Lculit to
get the estimate of the metric because it is related to the whole space
of harmonic T X -valued (0, 1) forms. A CY manifold is the best in the

3Because of the definition, it is also called the L, metric. On the physics litera-
ture, it is also called the Zamolodchikov metric.
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sense that the WP metric takes the following simple form by a theorem
of Tian [39]:

Theorem 2.4. Let M be a CY moduli and let Q be a local holomor-
phic section of (n,0) forms. Lett" M which is represented by a CY
manifold X;. Then on the smooth part of the moduli space, the Kahler

form of the WP metric is
+__ 1]
* 1 — —
!WPZ*T$$|09 Q' Q.

Xt

Letx " M be asingular point. Then x must be an orbifold point. Let
U be a neighborhood of x and let U be the uniformization of U. Let
p:U! U be the finite cover. The pull-back of the WP metric on the
smooth part of U to p~*(U ( M ,¢g) extends to U as a Kahler metric.
Thus the WP metric on CY moduli is a Kahler orbifold metric.

2.4 Rigidity

Let G be a simple Lie group of non-compact type and let K be a
maximum subgroup of G. The quotient space G/ K is a (Riemannian)
symmetric space of non-compact type.

Let I" be a discrete subgroup of G. Through the left multiplication, I
acts on G/K naturally. The quotient space N' G/ K is a manifold, if
there is no fixed point for the action.

I" is called co-compact, if '\ G/ K is a compact space; it is called of finite
co-volume, if the volume of N\ G/ K s finite. If " is either co-compact
or of finite co-volume, we call I" a lattice.

It was a surprising result of Margulis [32] that for all symmetric spaces
of rank greater than 1, a lattice completely determines the correspond-
ing symmetric space (and the Lie group). Later Corlette [8] proved that
for quaternionic hyperbolic space and Caylay plane, the same thing is
also true. Their results can be stated as follows:

Theorem 2.5. Let I; (i = 1,2) be lattices of symmetric spaces G;/ K;
(i = 1,2). We assume that the symmetric spaces are the ones of rank
great than 1, or quaternionic hyperbolic space, or Caylay plane. Sup-
pose

B IR I
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is an isomorphism in the sense of abstract groups. Then we have
Gi/ K1 = G,/ K, and there is a I';-equivariant isometry

f: Gl/ Kq! Gz/Kz, f (+X) = '(+)f (X)
for+" 'y and x " G/ Kj.

For a proof of the above result using harmonic maps, see [23, 33].

Another result which is useful to the study of CY moduli is by Frankel [17]
on the structure of compact Kahler manifold of negative Ricci curva-
ture.

Theorem 2.6 (Frankel). Let M be a compact Kahler manifold of neg-
ative Ricci curvature. Then up to a finite cover,

M :Ml' Mz,

where M; is a locally Hermitian symmetric space and M, is a com-
plex manifold whose universal covering space doesn’'t admit a non-zero
holomorphic vector field.

3. Local theory

We shall work on an open neighborhood of the moduli space M in this
section. If the neighborhood is not smooth (with orbifold singularities),
we take the finite cover. Thus for the sake of simplicity, we always
assume that the neighborhood we work on is smooth.

In [6, page 65], it was showed that the curvature of the WP metric is
neither positive nor negative on the 1-dimension moduli space of the
dual quintic 3-folds. This makes it very di Lcult to study di[erential
geometry using the WP metric directly. In [25, 28], | introduced the
Hodge metric as a replacement of the WP metric. Since the Hodge
metric for the moduli space of CY 3-folds is easier to define, we first
assume that M comes from a polarized CY 3-fold.

Definition 3.1. Let ! wp be the Kahler form of the WP metric. Let
m =dim M and let

'y =(M+3)! wp +Ric(! wp).

We call the metric !  the Hodge metric (! 4 is necessarily positive
definite).
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We have the following result [28, Theorem 1.1]:

Theorem 3.1. Using the above notations, we have

(1) The Hodge metric is a Kahler metric, and
2 wp %!y,

(2) The bisectional curvatures of the Hodge metric are nonpositive;

(3) The holomorphic sectional curvatures of the Hodge metric are
bounded from above by a negative constant (with the bound being
( m+12+1)7);

(4) The Ricci curvature of the Hodge metric is bounded above by a
negative constant.

From di Lerential geometric point of view, the Hodge metric is a better
metric than the WP metric. The above local result of the Hodge metric
will be used in the semi-global and global theory of CY moduli.

As the first application of the above result, we have the following intrin-
sic estimate of the derivative of the Yukawa couplings in [27, Theorem
1.2]:

Theorem 3.2. Let (1,84, (m be an orthonormal basis of the coho-
mology group HY(X,TX) for a generic fiber X. Then we have
rI‘:I4
| FI%12  ICillLs.
i=1
Using the above, we have the following estimate of the lower bound of
the scalar curvature of the Hodge metric [27, Theorem 3.4]:

1
0<*, %3mé+144m®  ||(i]l{s.
i=1

Note that by Theorem 3.1, the curvature of the Hodge metric is bounded
from below by (a multiple of) its scalar curvature.

There is another relation between the two metrics. Let T be the so-
called BCOV torsion (to be defined in the next section). Then we have
the following [15, Theorem 1.1]:

Theorem 3.3. Using the a}rbove notations, we have:
*1

hy on $§|09T = 1-—2!WP,
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where - is the Euler characteristic number of a generic fiber X .

As a corollary, if - > 0, we shall see that the moduli space M can’t
be compact, because otherwise integrating on both side of the above
we will get contradiction. Of course, no body believes that the moduli
space would be compact, but the above argument gives a mathematical
proof of the fact.

The formula in Theorem 3.3 is actually known to Bershadsky, Cecotti,
Ooguri, and Vafa [4, &5]. For those who know the Quillen metric of
determinant line bundle, the right hand side of the formula is the cur-
vature of the Quillen metric. What we observed in [15] is that * !  is
the curvature form of the L2 metric.

The Hodge metric for moduli space of CY n-folds is defined quite dif-
ferently. The two definitions in [28, 15] are equivalent, and for the
moduli space of CY 3-folds they are equivalent to Definition 3.1. In
this paper, we use the notations in [15].

In what follows, we make the relative version of the settings in @2.2.
Let X! Def be the maximum family of a polarized CY manifold. The
Hodge bundles PR Q% ;! Def are holomorphic bundles whose
fibers are primitive cohomology groups PHP9. By functorial property,
they descend to vector bundles over the Kdhler orbifold M .

The Kodaira-Spencer map gives a bundle map

$ . n n n
$_ti ' PRY Iﬁ;J(/Def ! PRk ﬂ)/PRq Iﬁ‘)J</Def

for k % n by di Lerkntiation. In this way, we have a natural bundle map
(7 T(Def)! & kHom (PR Q% 5ot PR*" {C)/ PR" % pet)-
p+q=

Definition 3.2. For each t " Def and X = X; with the polarized Ricci
flat metric, using the Hodge-Riemann relations, we define Hermitian
metrics on the bundles PR Q5 o, ! Def. Let hpy« be the pull back
of the natural Hermitian metric on the bundle
& kHom(PRq" () et ! PR*" {(C)/ PR () oer)
p+a=

to T(Def) for k % n. Then hpy« IS semi-positive definite. We use
| b« to denote the corresponding Kahler forms for k % n.* According

“That is, if hppk = (Npk)ijdti) dt, then wp ik = -2 (Np K )ijdti ' di.
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to (2), we define
(8) !Hk:!PHk +!ka"2+éa'é.

We call both ! y«x and ! p4« to be the generalized Hodge metrics. This
local construction descends to the moduli space M by functoriality. We
use the same notations when no confusion occurs.

Remark 3.1. The above construction is a generalization of the Hodge
metric defined by the author [28, Definition 5.1]. In fact, it is proved
in [30, Theorem 6.2] that

Peun =1h,

the latter being the Hodge metric. The Hodge metric on classifying
space was studied as early as [21] (and later by Peters [36]). The curva-
ture properties (with respect to the Hermitian connection) of the Hodge
metric were the key to the famous Nilpotent and SL,-orbit theorems.
We study the restriction of Hodge metrics to the moduli space (which we
also call them Hodge metrics). One of the contribution of [28] and [15]
is the observation that the generalized Hodge metrics are Kahlerian.
Thus the Levi-Civita connection and the Hermitian connection are the
same and the usages of many theorem in Kahler geometry, including
the Schwarz Lemma [44] of Yau, become possible. Another observation
of [28, 15] is that the second fundamental form of the immersion will
not cause trouble in the negativity (nonpositivity) of the curvatures of
the Hodge metrics.

Because of the possible degeneration of the action (7), the general-
ized Hodge metric is only semi-positive definite; hence, it is a pseudo-
metric. Nevertheless, it enjoys similar “curvature” properties of the
Hodge metric. The generalized Hodge metrics are bounded by the
Poincaré metric. See Appendix A of [15] for details.

We have the following relations between the Hodge metric and the WP
metric:

Theorem 3.4. The Hodge metric ! iy defines a Kahler metric. The
bisectional curvature of ! ; is non-positive, and the holomorphic sec-
tional curvature and the Ricci curvature are negative away from zero.
Moreover, we have

(1) If n =2, then ! H=2 wp;

2 Ifn=3, then!y =M+ 3)! wp +Ric(! wp); [28, Theorem
1.1]
(Compare to Definition 3.1)
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B) Ifn=4,then!y =(2m+4)! wp +2Ric(! wp), [30, Theorem
4.3]

where n =dimX and m=dimM .

The counterpart of Theorem 3.3 for CY n-folds is the following

Theorem 3.5. Let ! wp, !y and ! i be the Kahler forms of the WP
metric, the Hodge metric, and the generalized Hodge metrics, respec-

tively. Then
 — T

9) GO Y ——$$logT = ! we,
- 2 12

where - is the Euler characteristic number of X .

We give the explicit formulae for the generalized Hodge metrics in the
following proposition [15]:

Proposition 3.1. Let ¢;(E) be the Ricci form of a vector bundle E.
Then we have

L 1 .
(10) L pye = pC (PR ™" Q% ber)s
0=p=<k
and —1
(11) e = e (R Q% per)-
O0=p=k
for k %n.

4. Semi-global theory

By the semi-global theory of CY moduli, we mean the theory of the
moduli space at infinity.

4.1 The BCOV conjecture

In the theory of topological B-model in the case of g = 1, Bershad-
sky, Cecotti, Ooguri, and Vafa [3, 4] introduced the following so-called
BCOQV torsion: let X be a Qajii:lYau threefold. Let
(12) T= (det Al ) D P,

1<p,g<3
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where A, q is the $-Laplace operator on (p, g) forms on X with respect
to the Ricci-flat metric; ADq represents the non-singular part of A, g;
the determinant is taken in the sense of zeta function regularization.

The BCOV torsion is a real smooth function on the CY moduli. We
use the usual convention in Mirror symmetry: let W- be the mirror
CY 3-folds of the quintic hypersurfaces of CP*4. Then we have the
following result [16, Theorem 8.2]:

Theorem 4.1. Let * = 1 be the conifold point of the moduli space.
The following formula holds as * ! 1:

log(T(*))/ |09(I*5* 1]).

In fact, the above result is also true for the degeneration of a family
of CY 3 folds to a conifold with one ODP (ordinary rational double
point).

Definition 4.1. The mirror map is the holomorphic map from a neigh-
borhood of 0 " P! to a neighborhood of 0" A defined by the following

formula
L1 [ I L 1
g=G)Cep o O L 18 1
' Vo), F 0 G |
where

 d—; 1Y
— (n!)5(5* )5n !

The inverse of the mirror map is denoted by * (Q).

Yo(*) = I*1> 1.
n

Define the multi-valued function F;3(* ) as
[ 1 [el

* 3 (* 5 4 ) qu*

Yo(*) dg’

tOp(* ) —
and

FiX = F5 0 (@)

Using the above notations, we can reformulate the conjectures in [3, 4]
into the following two conjectures:
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Conjecture. (A) Let ny(d) be the genus-g degree-d instanton number °
of a general quintic CP#. Then the following identity holds:

1-:|2ndqnd T 1 o4

d.
* g 09F i P =" Ot @ e gy

(B) Let 141 be the Hermitian metric on the line bundle

(" Ii‘(iW/cpl) ) (T(Cpl)) |:31_JCP1\D

induced from the L2-metric on " Ky, cp2 and from the Weil-Petersson
metric on T(CP?). Then the following identity holds:

L
.scov(W-) = Const. 62(x 5« 1)% (Q-)%) ?;* 3

L1 L1

IR Yo(*) dq
where D is the discriminant locus of the fiberation X ! CP?!, and Q
is the local holomorphic section of the (3,0) forms.

= Const.

ml 1] [

Using [46, Theorem 1.1] and Theorem 4.1, we can prove that

Theorem 4.2. The above conjectures hold.

Proof. By Theorem 1.1 and the equation B.11, Conjecture (A) holds.
Essentially by Theorem 4.1, Conjecture (B) holds.

4.2 Local completeness

In [43], the following very interesting theorem was proved

Theorem 4.3. Let X | AMe a one-parameter family of n-dimensional
compact polarized CY manifolds over the punctured disk A~ Let T be
the monodromy operator of the family. We assume that T is unipotent

5In the original paper [3], Ng(d), the number of genus-g degree-d GW invariant,
was used. However, these numbers do not have independent mathematical meaning,
except being defined using the GW invariants. In the ideal case, the relations
between ng(d) and Ng(d) were given in B.11 of [46]. We thank A. Zinger for
pointing this out to us.
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(all eigenvalues of T are 1). Let N = logT and let F2, be the n-th
component of the limiting Hodge structure. Then the WP metric is
complete if and only if

NF2 2 0.

For notations, we refer to [37]. The interesting part of the theorem
is that the completeness of the WP metric is determined only by the
limiting Hodge structure. In [10], we generalized the above result. The
precise statement is not available at this moment. The raw statement
is as follows: consider a family of polarized CY manifolds over A" -

(AH®. We proved that the completeness of the WP metric is completely
determined by the limiting polarized mixed Hodge structure.

More of this topic will be discussed in & 5.2,

5. Global theory

It is quite di Cculit to get global di[erential geometric properties of CY
moduli because we don’t know whether the Hodge metric is complete
or not. If we only study linear theory of the moduli space, this lack
of completeness can be more or less overcomed by replacing the Lapla-
cian with the Dirichlet Laplacian, which is the minimal extension of
the Laplacian acting on smooth functions with compact support. On
the other hand, nonlinear problems, including the existence of Kahler-
Einstein mertrics on the moduli space, remain widely open.

5.1 Volume and Chern-Weil forms

The volume and the Chern-Weil forms of the WP metric give important
global information of the moduli space. Let’s start with the following
example:

Let the quintic hypersurface in CP* be
X ={Z |25+ &éa+Z;+5 2,882, =0}, CP*

It is a smooth hypersurface if / is not any of the fifth unit roots. To
construct the moduli space, we define

V ={f | f is a homogeneous quintic polynomial of Z,, &4, Z,}.
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We can verify that dimV = 126. Thus forany t " P(V) = CP!? tis
represented by a hypersurface. However, if two hypersurfaces di Led by
an element in Aut(CP#), then they are considered to be the same. Let
D be the divisor in CP!?® characterizing the singular hypersurfaces in
CP*. Then the moduli space of X is

M = CP!®\D/Aut(CP*.
The dimension of the moduli space is 101.

An interesting and important question is to compute the volume of the
moduli space with respect to the WP metric. The physics background
of the question is explained in the paper [9] and the references in that

paper.

The observation is that the volume can be computed via the compu-
tation of the volume in the Hilbert scheme of M , which in this case is
the CP 2%, However, the di [culity we have to overcome is the control
of the WP metric near the discriminant divisor that characterizing the
singular quintic hypersurfaces. Partial result in resolving growth near
the discriminant divisor was obtained (by Douglas and Lu).

On the other hand, in the abstract sense, we have the following general
result [10]:

Theorem 5.1. Let Rywp be the curvature tensor of ! wp. Let R =
Rwp) 1+1) !'wp. Let f be any invariant polynomial of R with
rational coe [ciehts. Then wle:rllave

fF(R)" Q.

M

The above theorem is equivalent to the following: let f,,884,fs be
invariant polynomials of Ry p of degree ki, 884, ks, respectively, with

rational coe LCciehts. IZlﬂen

— B
fiRwe)' 'wp " Q,
M

where m is the complex dimension of M .

Theorem 5.1 implies that the integrals are finite, which follows from
some kind of convexity of the curvature tensor of the WP metric. The
technical di Cculity in proving the rationality is that the WP metric is
not “good” in the sense of Mumford [35]. In [31], this di [Cculty is by-
passed in a special case. In [10], we control the singularities of the WP
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metric at infinity with a specific choice of smooth connection. Thus we
are able to prove the result in its full generality.

One can find applications of the above result in [11, 12, 13]. Note that
some special cases of the above result was proved in [30, 31, 9]. In
particular, in [30, Theorem 5.2], we proved °

Theorem 5.2. The volumes of the WP metric and the Hodge metric
are finite.

One can generalize the above result to prove that all the 2,4, 834, 2m
volumes of the moduli space are finite.

Along this line, we can also get some Chern number inequalities on the
moduli space. Let

Ckl,---,kr = ij (I WP)!

1
where ki = m, and ¢.(! wp) is the k-th Chern-Weil form of the
curvature tensor of the WPljfpetric. Let
§= Ric(we)' W7,
M
Then we have [10]:

Theorem 5.3. Suppose M is the moduli space of a polarized CY 3
fold. Using the above notations, we have
e 1Y o
: -iE
Sk fime MG

5.2 Global completemess

Let’s now turn to the question of global completeness (or incomplete-
ness) of the WP metric. In [26], the following is proved:

Theorem 5.4. Let m = dim M . Assume that the WP metric is com-
plete. Then there is a constant C(m,|), depending only on m, n, such
that

l. 'F|2 % C(m,)),
for any nonnegative integer |.

6Moreover, in [31] and Todorov [41], the volume of the WP metric is proved to
be a rational number.
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Moreover, we have proved that
m(m + 3)
3 )
if the WP metric is complete. Thus, in order to check the completeness,
we just need topfineha point at which is norm of the Yukawa coupling

: : m(m+3)
is bigger than ~ ——5—.

IF| %

For all known examples, the CY moduli are WP incomplete. How-
ever, mathematically proving the incompleteness of the metric is very
important because it is related to the following

Conjecture 1. Let X be a non-rigid primitive ’ Calabi-Yau threefold.
Then it can be degenerated to a singular Calabi-Yau variety with one
ODP.

To see the relations between the above conjecture and the incomplete-
ness of the WP metric, we recall the following fact (Compare with
Theorem 4.3) 8

Theorem 5.5 (Wang). Let X ! A%be a one-parameter family of
smooth Calabi-Yau manifold. Suppose that the center fiber is a variety
with isolated terminal singularities. Then the WP metric is incomplete.

By the above result, we know that Conjecture 1 implies the incom-
pleteness of the WP metric. Thus proving the incompleteness will be
a convincing evidence that Conjecture 1 is true.

5.3 Rigidity and ergodicity of CY moduli

Motivated by the superrigidity of Margulis, it is natural to conjecture
that in some sense, the monodromy group (or the fundamental group)
determines the CY moduli. One of the evidence is the following exam-

ple:

The moduli space of an algebraic K 3 surface is [38, 1, 2]
SO(2,19,2)\ SO(2,19)/ S(O(2) - 0(19)),

’A CY manifold X is called primitive, if H<(X,0) = 0 for 0 < k < dim X.

8from private communication with C.L. Wang. We are also informed by him
that finding the necessary and su [cieht conditions of the WP completeness on a
one-parameter family is related to the minimal model conjecture.
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which is a Hermitian symmetric space of rank 2. For such a space, we
do have the (Margulis) supperrigidity. What is the rigidity theorem in
the case of CY moduli?

To be more precise, we make the following two conjectures:

Conjecture 2. Let (X1,L) and (X,,L,) be two polarized CY mani-
folds and let M ; and M , be the corresponding moduli spaces. Suppose
I, and I, are the monodrmy groups of the two moduli spaces. Suppose
that there is an isomorphism

B I I

in the sense of abstract groups. Then there is a holomorphic isometry
(with respect to the WP metric or the Hodge metric)

f :'\7[1! Mz,

which is ';-equivariant, where M ; and M , are the universal covering
spaces of M 1 and M », respectively.

Conjecture 3. Given a fixed CY moduli space M . We emphasis that
M is connected. If (Xq,L;) and (Xq,L,) are two CY manifolds such
that M is the moduli space of both of them. Then there is a path O;
connecting X; and X, in M .

Both conjectures are di [cullt, because the curvature properties of the
WP and the Hodge metrics are not enough for the existence of harmonic
maps. On the other hand, CY moduli is always quasi-projective [42]
and the volume is always finite (Theorem 5.2). Thus it seems that the
first step toward proving the conjecture is the following result in [29,
Theorem 1.1]:

Theorem 5.6. If a CY moduli is a concave manifold, then the Hodge
metric is intrinsically defined.

Recall that a manifold M is called concave, if there is an exhaustion
function ( on M such that the Hessian of ( has at least two negative
eigenvalues at each point outside some compact set. By a theorem
of Borel [5], locally Hermitian symmetric space with finite volume is
concave.

The theorem is a generalization of [37, (7.24)] and the concavity as-
sumption may not be needed. The nonpositivity of the curvatures (of
the classifying space) play an essential rule.
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We would also like to generalize the theorem of Frankel (Theorem 2.6)
to CY moduli. In this direction, we have the following [29, Theorem
1.2]:

Theorem 5.7. Let M be a CY moduli and let M be its universal
covering space. Let G be the identity component of

G=Aut(M)( Gg,

where Gg is in (5). Suppose that G is semi-simple. Let Ky be a maxi-
mum compact subgroup of &. If G/ Ky is a Hermitian symmetric space
but not a complex ball, then the representation ! G is locally rigid °.

Finally, in [22, ©6], it was conjectured that a generic geodesic line is
ergodic for CY moduli. The conjecture is certainly related to Mostow
rigidity and Margulis superrigidity. At this moment, because of the
lack of negativity of the curvature (of the Hodge metric), this is a
widely open conjecture. On the other hand, one may expect that a
generic geodesic line of the classifying space is ergodic. But this is also
related to the very di [cullt problem of partial compactification of the
classifying space.

6. Special Kahler manifold

In [18], the following definition of special Kahler manifold is given:

Definition 6.1. Let M be a K&hler manifold with Kahler form ! .
A special Kahler structure on M is a real flat torsion-free symplectic
connection . satisfying

d3=0,
where J " QY(M,TM) is the complex structure on M.

All the methods and tools used in the previous sections are useful in
the case of special Kahler manifolds. In fact, there are parallel or dual
results between special Kédhler manifold and CY moduli. We begin
with the following conjecture of Freed [18]:

Conjecture 4 (Freed). There are no compact special Kahler manifolds
except the trivial ones.

9That is, if o is a continuous family of representations of I, then there is a
continuous curve a; in G such that oy = at0pa; 1
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In [24], | established the following inequality:

Theorem 6.1. Let M be an n-dimensional special Kahler manifold.
Let , be the scalar curvature and let A be the Laplacian of M. Then
we have 3

A 3 =2
n

The theorem is closely related to Theorem 3.1 and Theorem 5.4. The
methods used are similar. As a corollary, using the generalized max-
imum principle, we have the following result which confirms the con-
jecture of Freed:

Theorem 6.2. If M is a complete special Kahler manifold, then M
has to be flat *°. In particular, any compact special Kahler manifold
must be flat.

In the other words, a non-trivial special Kahler manifold is not com-
plete. The similar problem in projective special Kahler manifold is
discussed in @4.2 and ©5.2. In [14], we study the di [erkential geometric
properties of special Kahler manifolds. Most of the work are still in
preparation.

Using the same method as in Theorem 5.1, we have the following [14]:

Theorem 6.3. Let M be a quasi-projective special Kahler manifold
and let R be the curvature tensor of the manifold. Let f be invariant
polynomial of the curvatureIEpsor. Then

f(R) < +0 .
M

We even expect the above integration to be a rational number (if the
coe Lciehts of f are rational). However, at this moment, the assumption
of M being quasi-projective is quite artificial and we want to weaken
the assumption. We also study the limiting behavior of the special
Kahler metric near singularities in the same paper.

We end this paper by giving the following table:

Spe. Kahler mnfd | Proj Spe. Kahler mnfd
Completeness Incomplete Unkown
Volume Unknown Finite

loBy flatness we mean that the curvature is zero.
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The method in proving the incompleteness of special Kédhler manifold
and the one in proving the volume finiteness in the projective special
Kahler manifold are similar. Is that a kind of duality?
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