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The base space of an algebraically completely integrable Hamiltonian sys-
tem acquires a rather special differential-geometric structure which plays an
important role in modern physical theories such as Seiberg-Witten theory.
This structure was formalised by D. Freed [1] as aSpecial K̈ahler manifold.
In that paper he conjectured that there are no compact special Kähler man-
ifolds other than flat ones. In this paper, we prove that there are no nonflat
complete special K̈ahler manifolds, thus verifying the conjecture.

Definition 1. Let M be a K̈ahler manifold with K̈ahler formω. A special
Kähler structure onM is a real flat torsionfree symplectic connection∇
satisfying

d∇I = 0
whereI ∈ Ω1(M, TM) is the complex structure onM .

The following property is true for any special Kähler manifold.

Theorem 1. Any special K̈ahler manifold has nonnegative Ricci curvature.
Moreover, if the scalar curvature is identically zero, then the curvature tensor
itself vanishes.

Proof. We take(z1, · · · , zn) to be a special coordinate system. Under this
coordinate system, the Kähler form can be represented as

ω =
√−1

2
hijdzi ∧ dzj =

√−1
2

Im uijdzi ∧ dzj
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whereu is a local holomorphic function [1, page 5] anduij is defined as
∂2u

∂zi∂zj . Moreover, we defineui1···in to be ∂nu
∂z1···∂zn .

It is then a straightforward computation that

Rijkl = −1
4
hmnuikmujln

where our definition for the curvature tensor is

Rijkl =
∂2hij

∂zk∂zl
− hmn

∂hmj

∂zl

∂hin

∂zk

Let F be the cubic form defined as

F = −ω(π(1,0),∇π(1,0))

whereπ(1,0) ∈ Ω1,0(TCM) is the projection onto the(1, 0) part of the
complexified tangent bundle.F is a global section of the bundleSym3T ∗M .
Locally Fijk = uijk. Thus we have

Rijkl = −1
4
hmnFikmFjln(1)

We remark that the above identity is valid for any local holomorphic
coordinate system, because both sides are tensors. From (1) we see that the
Ricci curvature is nonnegative. Furthermore, if the scalar curvatureρ

ρ =
1
4
hii1hjj1hkk1FijkFi1j1k1(2)

is identically zero, then the curvature tensor vanishes. 2

Theorem 2. If (M, ω) is a complete special K̈ahler manifold, then the cur-
vature tensor vanishes.

Proof.Define

Fijk,l = ∂lFijk − Γm
il Fmjk − Γm

jl Fimk − Γm
kl Fijm(3)

to be the covariant derivative ofFijk. By the Bochner formula

∆ρ =
1
4
hii1hjj1hkk1hll1Fijk,lFi1j1k1,l1

+
3
4
hm1i1himhjj1hkk1Rm1mFijkFi1j1k1

whereRm1m = −hαβRαβm1m is the Ricci tensor. In particular, we have

∆ρ ≥ 3hm1i1himRii1
Rm1m ≥ 3

n
ρ2(4)

We use the version of the generalized maximal principle in [2, page 582,
Lemma 1.1]. The original statement in [2] is quite general. We rewrite it in
the following (simplified) way:
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Proposition 1. LetM be a complete K̈ahler manifold of nonnegative Ricci
curvature. Letϕ be a nonnegative function satisfying

∆ϕ ≥ C1ϕ
α − C2ϕ − C3

whereα > 1, C1 > 0, C2, C3 ≥ 0 are constants. Then

sup ϕ ≤ Max{1,

(
C2 + C3

C1

)1/α

}

For any positive numbera, from (4) we see that∆(aρ) ≥ 3
na(aρ)2.

By the above proposition we see thataρ ≤ 1. Lettinga → ∞ we see that
ρ ≡ 0. The theorem thus follows from Theorem 1. 2
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