Math. Ann. 313, 711-713 (1999) Mathematische

Annalen

(© Springer-Verlag 1999

A note on special K&hler manifolds

Zhiqin Lu

Department of Mathematics, Columbia University, New York, NY 10027, USA
(e-mail: lu@cpw.math.columbia.edu)

Received: 26 March 1998 / in revised form: 12 December 1998

Mathematics Subject Classification (19938G03, 35J05

The base space of an algebraically completely integrable Hamiltonian sys-
tem acquires a rather special differential-geometric structure which plays an
important role in modern physical theories such as Seiberg-Witten theory.
This structure was formalised by D. Freed [1] &8ecial Kihler manifold

In that paper he conjectured that there are no compact speitidd Kman-
ifolds other than flat ones. In this paper, we prove that there are no nonflat
complete special Ehler manifolds, thus verifying the conjecture.

Definition 1. Let M be a Kahler manifold with Khler formw. A special
Kahler structure onM is a real flat torsionfree symplectic connecti®h
satisfying
dyl =0
wherel € 21(M,TM) is the complex structure ah/.
The following property is true for any speciabller manifold.

Theorem 1. Any special Khler manifold has nonnegative Ricci curvature.
Moreover, ifthe scalar curvature is identically zero, then the curvature tensor
itself vanishes.

Proof. We take(z!,- - -, 2") to be a special coordinate system. Under this
coordinate system, thedfler form can be represented as

e
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wherew is a local holomorphic function [1, page 5] ang is defined as

a2u . . . O™ u
57957 Moreover, we define;,...;, tobe 51 —5-.

Itis then a straightforward computation that

mn, —_—
Z h UikmUjin

where our definition for the curvature tensor is
82hi3 i O O
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Let £ be the cubic form defined as
F = —w(nM9) va0)

wherer(10) ¢ QLY(TM) is the projection onto thél,0) part of the
complexified tangent bund|€ is a global section of the bundfgym?>T* M.
Locally Fj;,. = u;;,. Thus we have

Rz‘jki =

1
1) R = = 0" Fiom Ejin

We remark that the above identity is valid for any local holomorphic
coordinate system, because both sides are tensors. From (1) we see that the
Ricci curvature is nonnegative. Furthermore, if the scalar curvature

1 = = = .
(2) p= Zhulh]hhkleiijiljlkl
is identically zero, then the curvature tensor vanishes. O

Theorem 2. If (M, w) is a complete speciald&hler manifold, then the cur-
vature tensor vanishes.

Proof. Define
®3) Fijit = OiFijk = I Fonjre = T Fink — T Fijm
to be the covariant derivative @f;;. By the Bochner formula
1 = = = = S
Ap = Zhul RIT1 R hlllFijk,lFilﬁkLh
3 mﬁl m ]3 k'El . .
+Zh h*"hII1h lemFiijhhk’l

whereR,, m = —hoBR

afmim

is the Ricci tensor. In particular, we have
= — 3
“) Ap = BR™ T Ry Ry > —p

We use the version of the generalized maximal principle in [2, page 582,
Lemma 1.1]. The original statement in [2] is quite general. We rewrite it in
the following (simplified) way:
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Proposition 1. Let M be a complete Ehler manifold of nonnegative Ricci
curvature. Letp be a nonnegative function satisfying

Ap > Cr19* — Cap — Cs
wherea > 1, C; > 0, Cy, C3 > 0 are constants. Then

C C 1/04
supp < Maz{1, <2+3> }
C1
For any positive numbet, from (4) we see that\(ap) > -2 (ap)>.
By the above proposition we see that < 1. Lettinga — oo we see that
p = 0. The theorem thus follows from Theorem 1. O
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