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1. INTRODUCTIONS

Let (X, w) be a polarized simply connected Calabi-Yau manifold. That is,
X is an n-dimensional compact Kéahler manifold with zero first Chern class
and [w] € H?(X,Z) is a Kihler metric. By the famous theorem of Yau [12],
there is a Kéhler metric on X in the same cohomological class of [w] such
that its Ricci curvature is zero.

Let © be the holomorphic tangent bundle of X. In [9], Tian proved
that the universal deformation space of the complex structure is smooth.
The complex dimension of the universal deformation space is dim H' (X, ©).
In other words, there are no obstructions towards the deformation of the
complex structure of Calabi-Yau manifold. A good reference for the proof
is in [3].

Take n = 3 for example. A natural question is that to what extent the
Hodge structure, namely, the decomposition of H3(X,C), into the sum of
HP?s (p+q=3), determines a Calabi-Yau threefold. Let’s recall the concept
of classifying space in [4], which is a generalization of classical period domain.
In the case of Calabi-Yau threefold, the classifying space D is defined as the
set of the filtrations of H = H3(X,C) by

OCF3cF*cF'cH
with dim F® = 1, dimF? = n = dim H(X,0), dimF! = 2n + 1, and

HP = FP O F! H = FP @ F4-P (p+q=3) together with a quadratic form
Q) such that
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1. iQ(z,Z) <0if 0 # z € H3O
2. iQ(x,T) > 0if 0 #£ 2 € H>!

where i = /—1.

There is a natural map from the universal deformation space into the
classifying space. Intuitively, this is because D is just the set of all the
possible “Hodge decompositions”. Such a map is called a period map. In
the case of Calabi-Yau, the map is a holomorphic immersion. Thus in that
case, the infinitesmal Torelli theorem is valid [4].

It can be seen that D fibers over a symmetric space D;. But such a sym-
metric space needs not to be Hermitian. Even D; is Hermitian symmetric,
D still needs not fiber holomorphically over D;. Although in that case, there
is a complex structure on D such that D becomes homogeneous Kéhler [8].

Griffiths introduced the concept of horizontal distribution in [4]. He
proved that the image of the universal deformation space, via the period
map to the classifying space, is an integral submanifold of the horizontal
distribution. A horizontal slice is an integral complex submanifold of the
horizontal distribution. In this terminology, the universal deformation space
is a horizontal slice of the classifying space. The horizontal distribution is a
highly nonintegrable system.

Because of the above results of Griffiths, it is interesting to study hori-
zontal slices of a classifying space. The local properties of horizontal slices
have been studied in [5] and [6].

In [5], we introduced a new Kéhler metric on a horizontal slice U. We call
such a metric the Hodge metric. The main result in [5] is that (see also [6]
for the case n = 3)

Theorem. Let U — D be a horizontal slice. Then the restriction of the
natural invariant Hermitian metric of D to U is actually Kahlerian. We call
such a Kahler metric the Hodge metric of U. The holomorphic bisectional
curvature of the Hodge metric is nonpositive. The Ricci curvature of the
Hodge metric is negative away from zero.

In this paper, we study some global rigidity properties of horizontal slices.
In order to do that, we observe that the universal deformation space U
carries less global information than the moduli space M, which is essentially
the quotient of the universal deformation space by a discrete subgroup I' of
Aut(U). The group T is called the monodromy group of the moduli space.
The volume of the space I'\U is finite with respect to the Hodge metric. This
is the consequence of the theorem of Viehweg [11], the theorem of Tian [10]
and the above theorem.

For a horizontal slice U of D, if I' is a discrete subgroup of U such that
the volume of T'\U is finite, then a general conjecture is that whether T’
completely determines the space I'\U. In the case where n = 2, this is
correct by the superrigidity theorem of Margulis [7]. In general, this is a
very difficult problem.
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We consider the following weaker rigidity problem: to what extent the
complex structure of the moduli space determines the metrics on the moduli
space and the monodromy representation? To this problem, we have the
following two results in this paper.

First, we proved that, if I'\U is a complete concave manifold, then the
complex structure of I'\U completely determines the Hodge metric of I'\U.
More precisely, we proved that if for some discrete group I' of Aut(U), T'\U
is a concave complete complex manifold, then the Hodge metric defined on U
is intrinsic. In other words, the Hodge metric doesn’t depend on the choice
of the holomorphic immersion U — D from which it becomes a horizontal
slice. Moreover, in the case that D is the classifying space of a Calabi-Yau
threefold, we proved that the Weil-Petersson is also intrinsically defined.

Theorem 1.1. If the moduli space T\U is a concave manifold. Then the
Hodge metric is intrinsically defined. Furthermore, in the case of dimension
3, the Weil-Petersson metric is also intrinsically defined.

The second main result of this paper is the local rigidity of the monodromy
representation. The result is in Theorem 5.1. We combine the superrigidity
theorem of Margulis [7] together with some ideas of Frankel [2] in the proof
of the theorem.

The motivation behind the above results is that in the case of K-3 sur-
faces, the moduli space is a local symmetric space of rank 2. But even in the
case of Calabi-Yau threefold, little has been known about the moduli space.
We wish to involve certain kinds of metrics (Weil-Petersson metric, Hodge
metric, etc) in the study of the moduli space of Calabi-Yau manifolds. The
metrics have applications in Mirror Symmetry of Calabi-Yau manifolds [13].

Acknowledgment. The author thanks Professor G. Tian for his help
and encouragement during the preparation of this paper.

2. PRELIMINARIES

In this section, we give some definitions and notations which will be used
throughout this paper. Unless otherwise stated, the materials in this section
are from the book of Griffiths [4].

Let X be a compact Kahler manifold. A C° form on X decomposes
into (p,q)-components according to the number of dz’s and dz's. Denot-
ing the C* n-forms and the C*°(p, ¢) forms on X by A"(X) and AP4(X)
respectively, we have the decomposition

ANX)= @ API(X)
pt+q=n

The cohomology group is defined as
HP(X) ={closed(p, q) — forms}/{exact(p,q) — forms}
={¢ € AP!(X)|d¢ = 0}/dA"(X) N API(X)

The following theorem is well known:
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Theorem (Hodge Decomposition Theorem). Let X be a compact Kdihler
manifold of dimension n. Then the n-th complex de Rham cohomology group
of X can be written as a direct sum

Hpr(X,Z) ® C= Hpp(X,C)= @& HP(X)
pF+q=n

such that HP4(X) = H3P(X).
Remark 2.1. We can define a filtration of H},,(X,C) by
OCF'cF"'c...Fl=H=H},(X,C)
such that
HP(X)=FPnF*

So the set {HP?(X)} and {FP} are equivalent in defining the Hodge de-
composition. In the remaining of this paper, we will use both notations
interchangeably.

Definition 2.1. A Hodge structure of weight j, denoted by {Hz, HP1}, is
given by a lattice Hy of finite rank together with a decomposition on its
complexification H = Hz; ® C

p+q=j

such that
Hp’q = H‘Lp

A polarized algebraic manifold is a pair (X, w) consisting of an algebraic

manifold X together with a Kihler form w € H?(X,Z). Let
L:H(X,C) — H'(X,C)
be the multiplication by w, we recall below two fundamental theorems of
Lefschetz:
Theorem (Hard Lefschetz Theorem). On a polarized algebraic manifold (X, w)
of dimension n,
LF: H"*(X,C) —» H"F (X, C)

is an isomorphism for every positive integer k < n.

From the theorem above, we know that
L7 H(X,C) —» H*"(X,C)

is an isomorphism for j > 0. The primitive cohomology PI(X,C) is defined
to be the kernel of L"~7*! on HJ(X,C).

Theorem (Lefschetz Decomposition Theorem). On a polarized algebraic man-
ifold (X,w), we have for any integer j the following decomposition

(5]

HI(X,C)= & LFPI~*(X,C)
k=0
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It follows that the primitive cohomology groups determine completely the
full complex cohomology.

In this paper we are only interested in the cohomology group Hp (X, C).
Define

H; = P"(X,C)NH"(X,Z)
and
HPY = P"(X,C) N HP(X)

Suppose that @ is the quadric form on H},(X,C) induced by the cup
product of the cohomology group. () can be represented by

Q6,) = (~1)nD/2 / oA

Q@ is a nondegenerated form, and is skewsymmetric if n is odd and is
symmetric if n is even. It satisfies the two Hodge-Riemannian relations

1. Q(HP4, HV) =0 wunless p'=n—-p,¢ =n-g
2. (V=1)P1Q(¢,®) > 0 for any nonzero element ¢ € HP9.

Let Hz be a fixed lattice, n an integer, () a bilinear form on Hz, which
is symmetric if n is even and skewsymmetric if n is odd. And let {hP?} be
a collection of integers such that p+ ¢ = n and > hP? = rank Hy. Let
H=H;®C.

Definition 2.2. A polarized Hodge structure of weight n, denoted by
{Hz,FP,Q}, is given by a filtration of H=Hz ® C
OcF'cF"'c...cF'cH
such that
H=rof "
together with a bilinear form

Q- H;®H; -7

which is skewsymmetric if n is odd and symmetric if n is even such that it
satisfies the two Hodge-Riemannian relations:

1. Q(FP, Fr—ptl) =0 wunless p'=n-p,qd=n—gq;

2. (V-1)P"1Q(¢,¢) >0 if ¢ € HP? and ¢ # 0
where HP? is defined by

HPY = FP O F?
Definition 2.3. With the notations as above, the classifying space D for
the polarized Hodge structure is the set of all the filtration
OCF*C..-c F' c H,dimFP = fP

with fP = ™0 + ... + K™ P on which Q satisfies the Hodge-Riemannian
relations as above.



D is a complex homogeneous space. Moreover, D can be written as
D = G/V where G is a noncompact semisimple Lie group and V is its
compact subgroup. In general, D is not a homogeneous Kéahler manifold.

3. THE CANONICAL MAP AND THE HORIZONTAL DISTRIBUTION

In this section we study some elementary properties of classifying space
and horizontal slice.

Suppose D = G/V is a classifying space. We fix a point of D, say p,
which can be represented by the subvector spaces of H

OCF'cF"'c...F'lcH
or the set
{H"|p + q=n}
described in the previous section. We define the subspaces of H:
HY =g™ + H"2% 4 ...
H- = gnbl o gn=33 4 ...

Suppose K is the subgroup of G such that K leaves HT invariant. Then
we have

Lemma 3.1. The identity component Ko of K is the maximal connected
compact subgroup of G containing V. In particular, V itself is a compact
subgroup.

Proof: Recall that V C G € Hom(Hpg, Hg) is a real subgroup, where
Hp = Hz ® R. Without losing generality, we assume V fixes p. Then we
have

VFP C FP
where p = 1,--- ,n. This implies that
VFicCF1
forg=1,---,n. So
VHPY =V(FPNF1) C VFPNVF1= HP1

Thus V leaves H' invariant and thus V C K.

In order to prove that Ky is a compact subgroup, we fix some HT, H~ C
H. Note that if 0 # x € HT, then from the second Hodge-Riemannian
relation

(V=-1D)"Q(z,7) >0

So for any norm on H™, there is a ¢ > 0 such that

Yl > (VD) Q) 2 elal?



For the same reason, we have
1 _
EH%‘II2 > —(V-1)"Q(z,7) > c[|z||?

forx e H™.
Let g € Ky. For any x, let # = ™ + 2~ be the decomposition of x into
H™ and H~ parts. Then
1 _
lgz*I* < £=(V=1)" Q(g2™, gF)
1 — 1
= £-(V=1)"Q(a*,z%) < S la*|?
c c
Thus
gl <C

So the norm of the element of Ky is uniformly bounded. Consequently,
Ky is a compact subgroup.

Suppose that K’ D Kj is a compact connected subgroup. Suppose ¢ is
the Lie algebra of K’, then if K| is not maximal, there is a £ € ¢ such that
€ ¢ fo for the Lie algebra fo of K.

Suppose £ = &1 + & is the decomposition for which

&S:HY - H" H — H™
&:HT" - H H — HT
Then we have
Lemma 3.2. &1,& € gr for the Lie algebra gr of G.
Proof: First we observe that
QHT,HY)=QH ,H ) =0, n  odd
QHT" H )=Q(H ,H") =0, n even

by the type consideration. Since @ is invariant under the action of G by
definition, we have

Qz,y) + Q(z,&y) =0
Thus
Q(é-lm, y) + Q(l‘aély) + Q(é-Q:E?y) + Q(x7£2y) =0
If nisodd thenifx € H",y € H" orx € H ,y € H™ then
Q(&z,y) + Q(x,&1y) =0
so in this case
Q(£2$7y) + Q(fU,ng) =0
andifr € H ,y€ H- orx € H,y € H" then we have

Q(&2x,y) + Q(z,&y) =0
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automatically. Thus we concluded

Q(&x,y) + Q(z,&y) =0

for any z,y € H. So & € gr and thus & € gg.
The same is true if n is even.

We define the Weil operator
C:HPY — HPY  Clypa = (\/__1)19—11
Then we have
Clgr =(V-1)",  Clg- =-(V=-1)"
Let
Q1(z,y) = Q(Cx,Y)

Then we have
Lemma 3.3. ()1 is an Hermitian inner product.
Proof: Let
T =x1+ X9
be the decomposition of z such that ;1 € H' and 2o € H™.
If n is odd, then T3 € H'. So Q(z1,T3) = 0; if n is even, then T3 € H ™.
So Q(le,fr_z) =0.
If  # 0 we have
Q1(w,z) = Q1(x1,71) + Q1(x2, 22) + Q1(71, 72) + Q1(22,71)
= Q1(z1,21) + Q1(x2, 22)
= (V-1)"(Q(z1,71) — Q(z2,73)) >0

Thus Q1 (+,-) is a Hermitian product on H. Furthermore, it defines an
inner product on Hgp = Hz ® R.
O
Now back to the proof of Lemma 3.1, we have

Q1(Sex,y) = Q(C&2, ) = —Q(&Cr,7) = Q(Cx, L&7) = Q1(x, L2y)

Thus & is a Hermitian metrics under the metric Q1. Since K’ is a compact
group, there is a constant C' such that

llexp (t&2)|| < C < +o0
for all ¢ € R which implies & = 0.

Lemma 3.4. Let
Dy ={H"® + H"*?* 4+ ...|{H"} € D}

Then the group G acts on D1 transitively with the stable subgroup Ky, and
D1 is a symmetric space.
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Proof: For z,y € Dy, let HY'?, H)? be the corresponding points in D.
Since D is homogeneous, we have a g € GG such that
oLy = Hy

So gx = y. This proves that G acts on D; transitively. By definition, Kq
fixes the H™ of the fixed point p € D. By Lemma 3.1, D; is a symmetric
space.

Definition 3.1. We call the map p
p: GV — G/Ky, {HP7Q},_>HTL,0_+_HTL*2’2+...
the natural projection of the classifying space.

There are universal holomorphic bundles F",--- , F', H over D, namely
we assign any point p of D the linear space

OCF'c..-.cF'cH

or in other words, assign every point of D the space H = Hz ® C, with the
Hodge decomposition
H = Z HP4

It is well known that the holomorphic tangent bundle 7'(D) can be realized
by

T(D) C ®Hom(F?, H/FP) = @& Hom(HP HP~"ItT)
r>0

such that the following compatible condition holds

P prl

l !

H/FP  H/FP)
We define a subbundle T}, (D) called the horizontal bundle of D, by
Ti(D) = {¢ € T(D)|¢FP € FP~'}

Tr(D) is called the horizontal distribution of D. The properties of the
horizontal bundle or the horizontal distribution play an important role in
the theory of moduli space.

Let gr be the Lie algebra of G. Suppose

gr = fo + po
is the Cartan decomposition of gr into the compact and noncompact part.
Lemma 3.5. If we identify To(G) with the Lie algebra gr. Then
E Cpo
where E is the fiber of Tp(D) at the original point.



10

Proof: Suppose
{ocfrcfmtc...flcH} or {nPY
is the set of subspace representing the point eV of D = G/V. Suppose
X € E. Then X € E if
X ff— it
Let X = Xj 4+ X3 be the Cartan decomposition with X; € fo, and X5 € po.
Let
h+ — hn,O + hn—2,2 4.
h™ = hn—l,l + hn—3,3 4o
be the subspaces of H.
By definition X; € fo, we see that
X :ht = ht, h™ — h™
Since X maps f* to f¥~1, so does X1. So X; must leave f* invariant because
X1 sends h™ to b, and h~ to h™.

From the above argument we see that X; € v, the Lie algebra of V. Thus
the action X on the classifying space is the same as Xo. But Xo € pg. This
completes the proof.

O

On the other hand, Vh € V, X € E, we have Ad(h)X € E. So there is a
representation

p:V — Aut(E), h— Ad(h)
Suppose T” is the homogeneous bundle
T'=Gxy E
whose local section can be represented as C°° functions
f:G—FE
which is V' equivariant
f(ga) = Ad(a™")f(g)
for a € V,g € G. Our next lemma is
Lemma 3.6.
T’ =Ty(D)
Proof: What we are going to prove is that both vector bundles will be
coincided as subbundles of T'(D).

Suppose § € Ty, for g € G where T}, is the fiber of 7" at gV. Then ¢
can be represented as

£=1(9.6&1) for &L €EE
So the 1-jet in the & direction is (g + £g&1)V for € small. Such a point is

(9+eg€){fP} = (1 + egbrg " ){FP}
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where {FP} = g{fP}.

Suppose & = g€1g !, then

&FP c Frt
Thus & € (Th)gV(D) and

Tov C (Th)gv (D)

Thus

T C Th(D)

and 7" is the subbundle of Ty (D). But since they coincides at the origin,
they are equal.

Corollary 3.1. Suppose T, (D) is the distribution of the tangent vectors of
the fibers of the natural projection

p: D—G/K
then
T,(D) N Ty(D) = {0}
Proof:
Ty(D) =G xy vy

where fo = v + v; and v; is the orthonormal complement of the Lie algebra
v of V.
O

Definition 3.2. Let U be a complex manifold. If U C D is a complex
submanifold such that T(U) C Ty (D)|y. Then we say that U is a horizontal
slice. If

f:U—D

is an immersion and f(U) is a horizontal slice, then we say that (U, f) or
U is a horizontal slice. In a word, a horizontal slice U of D is a complex
integral submanifold of the distribution Ty (D).

Because to become a horizontal slice is a local property, we make the
following definition:

Definition 3.3. Suppose I' is a discrete subgroup of U and suppose I' C G
for D =G/V. Then if U — D is a horizontal slice, we also say that T'\U
is a horizontal slice.

Corollary 3.2. If f : U — D s a horizontal slice, then
p:UCD— G/Ky

is an tmmersion, where p : D — G /Ky is the natural projection in Defini-
tion 3.1.

O
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4. A METRIC RIGIDITY THEOREM

In this section, we prove that, for concave horizontal slices, the Hodge
metric is intrinsically defined. That is, the Hodge metric does not depend
on the immersion to the classifying space. The Weil-Petersson metric has
the similar property in dimension 3.

To be precise, suppose I'\U — TI'\D is a horizontal slice. Then we can
define the Hodge metric and the Weil-Petersson metric on T'\U. But as
a complex manifold, the horizontal immersion I'\U — I'\D may not be
unique. If a metric defined on I'\U is independent of the choice of the
immersion, we say such a metric is defined intrinsically.

For the moduli space of a Calabi-Yau threefold, the Hodge metric is de-
fined intrinsically by the main result in [6]. It is interesting to ask if the
property is true for general horizontal slices.

Definition 4.1. The classifying space D, as a homogeneous complex man-
ifold, has a natural invariant Kdahler form wg. In general, dwg # 0. How-
ever, if U — D s a horizontal slice, then dwg = 0 (cf. [5]). The metric
wi|u is called the Hodge metric.

Definition 4.2. Let F™ — D be the natural Hermitian line bundle over
D (page 9). Its curvature form wwp is a closed (1,1) form on D. By [9],
wwp|u is positive definite. This form defines a metric on U and is called
the Weil-Petersson metric on U.

Definition 4.3. We say a complex manifold M is concave, if there is an
exhaustion function ¢ on M such that the Hessian of ¢ has at least two
negative eigenvalues at each point outside some compact set.

Suppose f; : U — D, i = 1,2 are two horizontal slices. Suppose we have
I' e Aut(U), Ty € Aut D and we have the group homomorphism

p:I'— T,
such that
filye) = p(V) fi(x), i=1,2, yeTl,zeU

where the action p(7y) on D is the left translation.
The main results of this section are the following two theorems:

Theorem 4.1. With the notations as above, suppose that T\U has no non-
constant plurisubharmonic functions. Then there is an isometry f : f1(U) —

f2(U) such that f o fi = fa.

Theorem 4.2. With the notations as above, assume I'\U is a concave man-
ifold, then the Hodge metric is intrinsically defined. Furthermore, in the case
of dimension 3, the Weil-Petersson metric is also intrinsically defined.

Proof of Theorem 4.1: Let D, = G/Ky be~the symmetric space defined
in Lemma 3.4. We denote f; : U — G/Ky and fo : U — G/Kj to be the two
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natural projections, that is f, = po f; where p is defined in Definition 3.1.
By Corollary 3.2, both maps are immersions. Let

9:U—=R,  g(x)=d(fi(z), fa(z))

where d(-, -) is the distance function of G/Ky. Thus since G/K is a Cartan-
Hardamad manifold, g(z) is smooth if g(x) # 0.

Let pe U and X € T,U. Let X1 = (f1)wpX, X2 = (f2)xpX. Let o be the
geodesic ray starting at p with vector X. i.e.

a’(t) =0
{ o(0) =p,0’(0) = X

Suppose the smooth function o(s,t) is defined as follows: for fixed s,
o(s,t) is the geodesic in G/K connecting fi(o(s)) and fo(o(s)). Further-
more, we assume that ¢(0,¢) is normal. i.e. ¢ is the arc length. define

X(s) o(s,t)

ds|,_g

be the Jacobi field of the variation. In particular

{ X(0) =X,

X(1) = Xs

where | = g(z). Suppose T is the tangent vector of ¢(0,t), we have the
second variation formula

XX(9)lp =< Vx, X2, T > - < Vx, X1, T >
l
+/ Ve X|? - R(T,X,T,X)— (T < X,T >)?
0

where V is the connection operator on G/ Ky and R(-,-,-,-) is the curvature
tensor.
We also have the first variation formula

Xg=<(f2):X,T>—<(f1):X,T >

By [5, Theorem 1.1], we know f;(i = 1,2) are pluriharmonic. That is, we
have the following

v(ﬁ)*x(ﬁl)*X + v(f})*JX(]?i)*JX + (fi)«J[X, JX] =0

fori=1,2.
Define

DX, X)=XXg+ (JX)(JX)g+ J[X,JX]g
Using the fact that J is V-parallel, we see

l ~ ~ ~
DX, X)g= [ [P~ ROLXT.5) - (7 < 2.7 57
0

l —_—— ——— ——~—
+/ JX'2— R(T,JX,T,JX) — (T < JX,T >)?
0
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where JX is the Jacobi connecting fi(Jo(t)) and fo(Jo(t)).
Claim: If g(x) # 0, then Hessian of g at x is semipositive.

Proof: Let (%, e ,a%) be the holomorphic normal frame at p € U.

In order to prove g is plurisubharmonic, it suffices to prove that af?g; > 0.
But

0%g 0% 0% o 0
Yomom a2 oz~ o 05?

Let X = % in the second variation formula. Since the curvature of the
symmetric space is nonpositive,

l —_———— ——
(g, ai )g > / X2 — (T < X, T>)?+|JX 2= (T < JX,T >)?
) ) 0

because the curvature operator is nonpositive. On the other hand

W) X2 (T<X,T>?=|X'-<X'T>T]?>0
4.1 o S
IX'2— (T < JX,T>)?2=JX - <JX,T>T2>0

Thus ¢ is plurisubharmonic if g(z) # 0.

g%(z) is a smooth function on U. It is easy to see that g2 is a plurisub-
harmonic function. But ¢? is also I'-invariant so it descends to a function
on I'\U. Thus ¢g? and g must be constant.

Since g is a constant, by Equation (4.1) and the second variational for-
mula, we have

X—-<X' T>T=0
R(T,X,T,X) =0

Moreover, by the first variational formula,
<X, T>(0)=<X,T> ()

Since X is a Jacobi field, X" = 0. Furthermore, by the above equations, we
have X’ = 0.
This proves that there is an isometry

FhU) = RU),  filz) = fa)

which sends fi(x) to fo(z) and thus we have fo f; = fo.
The theorem follows from the fact that f;(U) and f;(U) are isometric for
i=1,2.
O
In what follows we give a sufficient condition for a manifold with no
nonconstant (sub)solutions of certain elliptic equations.

Definition 4.4. Suppose I'\U is a concave manifold with the erhaustion
function ¢. A real analytic function f satisfies the Hopf condition, if it is a
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constant or if there are constants c1,ca, -+ , ¢; — 400 for each z; € {p < ¢;}
with

f(zi) = &gﬁf (2)

then we have V f(z;) # 0.

Proposition 4.1. Suppose T'\U is concave with the exhaustion function .
Then for any real analytic function f satisfying the Hopf condition, f is a
constant.

Proof: Assuming f is not a constant. We know that the set

A= {cp(x) = ¢, Vp(zr) = 0}

is of zero measure. So we can choose a ¢ ¢ A and sufficiently large enough
such that

V = {zfp(z) < c}

is compact and OV is smooth and the Hessian of ¢ on has two negative
eigenvalues.
Let zp € V such that f(z) = M[?:U f(z). Then we have zyp € OV, other-

wise V f(z9) = 0, a contradiction.

Now suppose zg € OV. Then for any z € V, the inner of V', f(2) < f(z0).
Thus we can define

and 1(z) > 0on V.

Claim: Let P be a neighborhood of zg in V. Then % is upper bounded
on PNU.

Proof: By the Hopf assumption V f(zp) # 0. Then in a neighborhood of
20, Vf # 0. Let y be the point on 0V such that dist(z,0U) = dist(z,y).
Then there is a € > 0 such that

f(z0) = f(2) = f(y) — [(2) > edist(y, z)
Thus

P(z) <

|

(p(e0) — 9(2))dist(y, 2) = = (oly) — @(=)) dist(y,z) < C

Now go back to the proof of the proposition. Let
F(2) = f(z0) + ai(z" — =) + bi(2* — z)
+cij (2" = 20) (27 = ) + dig (=" — 20)(+9 = %)

+eij (21— 20) (27 — ) + O(|2 — z0])
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Since f(z) is a real function, we have

a; = bi
Cij = Cij.
dij = Ujj

Thus we have

F(2) = f(20) + 2Re(ai(=" — 2) +¢ij (=" — ) (= — )
+dij (2 — 2) (2 — 2) + O]z — 20*)

Now Vf(z9) #0. So

S : ai(zi — zé) + cij(zi — zé)(zj — zé) =0

(4.2)

is a complex submanifold of codimension 1. By Equation (4.2), there is a
constant C7 such that

f(2) > f(z0) — C1lz — zo|*

for all z € S.
By the claim and the above inequality, we know

Crlz — 0 > () = F(2) > G(plz0) —9(z)  z€ 8NP
Thus
©(z) > p(z0) — CCh|z — =|? zeSNP

Let ¢(2) = p(2) + €|z — 20/2. Then B(2) > @(z0), forz € SN P and for
sufficiently small |z — zo|. Thus 85@(20)|T205 > 0. So 85@(20)\TZOS > —e—
0.

On the other hand, 9dp(z9) has two negative eigenvalues. So on S,
00¢(z) should have at least 1 negative eigenvalue. This is a contradic-
tion.

O

Suppose I'\U is a concave manifold. Then a plurisubharmonic function
f satisfies the Hopf condition. Thus f is a constant on a concave manifold.

In order to prove that the Weil-Petersson metric is also intrinsically de-
fined in the dimension 3, we need the following version of the Hopf lemma:

Lemma 4.1. Let M be a Kdhler manifold. Suppose on an open set V-C M
we have

det(g;5 + 9,9, f) = e’ det(g,5)

with (g;5) > 0, (95 + 9:0;f) > 0. Suppose further that OV is smooth.
Suppose zg € V such that

f(0) = Max

Then if f is not a constant, V f(zy) # 0.
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Proof: Without losing generality, we assume that f(zp) > 0. Otherwise
we can define f; = —f and then f; satisfies

det((g;5 + fi7) + (f1)i7) = el det(g;5 + f;3)

and fi(z9) > 0.
Now we see that zy € JV, otherwise by the maximum principle f(zg) < 0.
Since AV is smooth, JV satisfies the local inner ball condition. Suppose
Bpr(z) satisfies Br(z) C V, 29 € 0Br(z) and 0Bgr(x) N0V = {zp}. Fur-
thermore, we assume that R is so small that z € Bg(z) implies f(z) > 0.
Define

haz) = f(z0) = fle™ G — =)

Then on 0BRr(x), we have hg(z) > f(2).

Claim: hg(z) > f(z) on BR(a:)\Bg (x) for sufficiently small 5 > 0.

Proof: If 3 is small, then hg(z) > f(z) on OBRg(x) U@Bg(x). If hg— fis
not nonnegative on Br(z) — B L;( x), then there is a minimum point 2’ inside
the ball Br(x). At 2/, we have 00h(z") > 00 f(z'), Thus

ef#) det(g;7) = det(g;5 + f;7) < det(g;; + hy3)
Letting 6 — 0, we have a sequence z’ﬁ such that %111% f (z’ﬁ) < 0. A contra-

diction.
Now the proof of the theorem is straightforward: suppose v is the inner-
ward vector at zp, then since f(z) < hg(z), we have

Vf(z0) v <Vh(z)-7<0

In particular, V f(zg) # 0.
O

Proof of Theorem 4.2: First, a plurisubharmonic function on a concave
manifold is a constant, because it satisfies the Hopf condition. This proves
the first part of Theorem 4.2.

Suppose on I'\U, we have defined two Weil-Petersson metrics w; and wo
by different embedding f; and fo, we know the corresponding Hodge metric
is unique by Theorem 4.1. So by the theorems in [6, Theorem 1.1, Theorem
1.2], we have

(n+ 3)wi + Ric(w1) = (n + 3)wa + Ric(ws)
Let f =log % Then f is a smooth function on I'\U and

(n+3)wi = (n+ 3)wa + g@gf

V-1

Let wp = ¥5 gﬁdzi A dzj. Then in the local coordinate

ff
det(g,; + - +J3) =ef det(g;7)

By Proposition 4.1 and Lemma 4.1 we see that wy = ws.
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5. LocAaL RIGIDITY OF THE GROUP REPRESENTATION

In this section we study the monodromy group representation on a hori-
zontal slice.

We assume that U is a horizontal slice. Let I' C Aut(U) be a discrete
group. Suppose I'\U is of finite volume with respect to the Hodge metric.

For the sake of simplicity, we assume that I" is also the subgroup of the
left translation of D = G/V/, the classifying space. There is a natural map
MU — I'N\G/Ky where G/Kj is the symmetric space of D = G/V as in
Definition 3.1. Let

G ={a€Glae Aut(U)}

Let Gy be the identity component of G.
The main theorem of this section is

Theorem 5.1. Let T\U be of finite Hodge volume. Suppose further that
Go is semisimple and Go/Ko is a Hermitian symmetric space but is not a
complex ball, where ICg is the maximum compact subgroup of Go. Then the
representation I' — G 1is locally rigid.

By local rigidity we mean that if p, : ' — G is a continuous set of
representations for ¢ € (—¢,€), then there is an a; for any |t| < e such that
pt = Ad(a)po-

Before proving the rigidity theorem, we make the following assumption.
We postpone the proof of the assumption to the end of this section.

Assumption 5.1. Let Ky be a maximal compact subgroup of Go. Suppose
' =T NGy. We assume that T1\Go/Ko has finite volume with respect to
the standard Hermitian metric on Go/Kg. In this case, we will call T'y has
finite covolume.

We prove a series of lemmas.

Let
G1=T+Go
be the group generated by I and Gy in G.
Let
I'n=I'nNgo

Lemma 5.1. Let m : U — T'\U be the projection. Then for any x € U,

the projection of the Gy orbit w(Gox) is a closed, locally connected, properly
embedded smooth submanifold of T\U.

Proof(cf, [2]): Goz is a closed properly embedded, locally connected
smooth submanifold of U, we claim:

Claim: 77! (7(Gox)) = Gi.

Proof: We know that G C N(Gp), the normalizer of Gy in G. So V¢ €
Go,b € I', there is a n € Gg such that b¢ = nb. Thus Vg € Gy, g = g1g2 where
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g1 € I and g9 € Gy. So
7(gx) = m(g1g2x) = 7(g2x) € w(Gox)

Thus gz € 7 7 (Goz).

On the other hand, if y € 7~ '7(Gox), then 7(y) € 7(Gox), thus by defini-
tion, y € Gix.

Since Gix is a properly embedded, locally connected smooth submanifold
of U and Giz is ' invariant. The lemma is proved by observing 7 (Gix) =
m(Gox).

O

In order to prove Theorem 5.1, we use the following famous theorem of
Margulis [7] about the superrigidity of symmetric spaces:

Theorem (Margulis). Suppose that Gy is defined as above. IfT'y is of finite
covolume, then for any homomorphism

p: 'y =TI
there is a unique extension

G0 — Go
of group homomorphism.

The following lemma is a straightforward consequence of the above theo-
rem of Margulis.

Lemma 5.2. If x € Gy such that

Ty = yx
for ally € 'y, then x = e.

Proof: Let ¢ : I'1 — I'y by y — xyz~!. Then ¢ has an extension
@ : Go — Go. This extension is unique. So we must have @(y) = zyz~! = y.

Since Gy is semisimple, we have = = e. O

Lemma 5.3. Let 'y =T'N Gy, then
Out(T'y)/Inn(T)
is a finite group.

Here Out(I';) denotes the group of isomorphisms of I'y and Inn(T';) de-
notes the group of conjugations of I';.

Proof: Let ¢ : 'y — I'; be an element in Out(T';). Since I'y has finite
covolume, we know there is a unique extension ¢ : Gy — Gy.

Thus ¢ € Out(Gp). Since Out(Gy) = Inn(Gp) because Gy is semisimple,
there is a b € Go such that @(x) = bwb~!. Define

@ :Go/Ko — Go/Ko ako — baky

It is a I'-equivariant holomorphic map. The lemma then follows from the
following proposition.
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Proposition 5.1. Suppose I'\G/K s of finite volume, then Aut(I'\G/K)
is a finite group.

Proof: Since I'\G/K is a Hermitian symmetric space, we know Aut(I'\G/K)
is the same as Iso(I'\G/K).

Suppose Iso(I'\G/K) is not finite. Then we have a sequence of isometries
f1, f2,-++. Let p € I'\G/K be a fixed point and let V' be a normal coordinate
neighborhood of p. The we know that {f;(p)} must be bounded, otherwise
there is a subsequence of f; such that f;(U) will be mutually disjoint. This
will contradict to the fact that I'\G/K has finite volume, because

vol(T\G/K) =Y " vol(fi(U)) = 400

A contradiction. Let ¢ = lim f;(p). For any = € I'\G/K, if i is large enough
such that d(fi(p),q) < 1, then

d(fi(z),q) < d(fi(z), fi(p)) + 1 =d(z,p) +1

By Ascoli theorem, there is a subsequence of f; such that f; converges to
an f € Iso(I'\G/K). Thus Iso(I'\G/K) is not discrete. So there is a
holomorphic vector field X on I'\G/K. o

Suppose X = X* 821' in local coordinate, and || X||? = GﬁXin. Suppose
the local coordinate is normal, then
(5.1) 0D X2 = Rz X' X + 9p X O X7
where ngi is the curvature tensor of the symmetric space. Thus in partic-
ular 99||X||? > 0.

By the theorem of [1], ['\G/K is a concave manifold. Thus || X|? is a
constant. On the other hand, from equation (5.1), we have

Al X|]? = Ric(X) + [VX|?
So Ric(X) = 0 and thus X = 0. This is a contradiction.

O
From the above proposition, there is an integer n such that o™ = e for all
a € Out(T'y)/Inn(Ty)
Let T be the subgroup of G; generated by I'; and a™ where a € I'. Then
we have an exact sequence

(5.2) 1-T), =T —-B—1

where B is the quotient I'/T;. For any b € I'/T; with b € T, we have
bI'1b~t C Ty. So b € Out(I'y). But by the definition of I, b is a trivial ele-
ment in Out(I'1)/Inn(I'1). So there is a ¢ € T'; such that be is commutative
to I'1. So there is a homomorphism

n:B—T, b be
We can thus define a homomorphism

§:F1xf/F1—>f
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such that

&(a,b) = an(b)
which is an isomorphism. In other words, the exact sequence (5.2) splits.

Lemma 5.4. Let G, =T + Gy. Then
G =Gox B
Proof: We have
I'=ryxB
Define
v : Gy X B—>g~1, v(a,b) = ab

Then ¢ is an isomorphism.
O
Thus we know a family of representation of I splits to the representation
to the discrete group B and Lie group Gy respectively.

Lemma 5.5. If the representation I — G is locally rigid, then the repre-
sentation I' — G is also locally rigid.

Proof: Let ¢, : ' — G be a local family of representations, t € (—¢,€).
Then we see that ¢; restricts to a trivial family of representations on T.
That is, there are a; € G; C G with ag = e such that or(x) = atgpo(az)a;l for
z eT. Let & = Ad(a; ')@s. Then we know & (z) = @o(z) for all z € . Now
if z € I, then 2" € T. So we have (&(z))" = (wo(z))™ and &y(x) = @o(x).
Thus & (x) = @o().

O

In the rest of this section, we prove Assumption 5.1.

Lemma 5.6. G is a closed subgroup of G.

Proof: We know that Gy C G. Let x,, € Gy such that z,, — x for x € G.
Then = € Aut(M) so x € G. Thus for sufficient large m, x,, and = are in
the same component. In particular, we have = € G;. O

Lemma 5.7. Let p € U, we have

inf d(gp,Gop) >0
q€G1\Go

Proof: Suppose the assertion is not true, then we have {¢,,} € G; and
gm € Go such that

d(gmp, gmp) — 0, m — +o00
or
d(gi gmp,p) — 0, m — 400

It is easy to check that Gyp is a homogeneous manifold, with compact
stable group.
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Thus, there are k,, € Ky, a compact subgroup of Gy such that
g;LIkam — €
So by passing a subsequence if necessary, we know
I Gm — 9 € Ko C Go
This contradicts the fact that Gy is open.
Let z,y € U. Let
L1 = Go, Ly = Goy
be the two Gy orbits. We can define
f(p) = d(p, L2)
be the distance of a point p € L1 to Lo.

Lemma 5.8. f(p) is a constant.
Proof: Let p,q € Li. Then there is a g € Gy such that ¢ = gp. We have

d(q, Ly) < d(q,€) = d(gp,€) = d(p, g~ "¢)
This proves

d(q7 L2) < d(p, L2)

On the other hand, we also have

d(q7 LQ) < d(p7 L2)
Thus d(q, L2) = d(p, L2) and f(p) is a constant.
Define the distance between two orbits Li, Lo by d(Li,L2) = f(p). If
14 7& Lo, d(Ll,LQ) > 0.
Let @ € G1/Gp. Then aL defines another orbit. So we have a map
gl/go — R, a d(aL, L)
We know that d(aL, L) > 0 for @ # 0. Furthermore we have

Lemma 5.9.
e=infd(@L,L) >0
a£0

Proof: This is a consequence of the previous two lemmas.
O

For any orbit Gop, I'\Gop is a closed, properly embedded submanifolds
(Lemma 5.1). We fix one of them, say L.

Let

€
W = Uld(xz, L —
{z € Uld(z, L) < 155}

where ¢ is defined in the previous lemma. Then for any a € G1\Gy, aUNU =
(. In particular

T\W =T\W
in T\U.
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Now that

vol (T\U) > vol(T\W) = vol(T'1\W)

For any p € T'1\U, there is a unique g € L such that

d(p,q) = d(p, L)

Now we can prove the following proposition which implies the assumption:

Proposition 5.2. If vol(T'\U) < +o0, then

vol(T'\L) < +0o0

Proof: Let f(p) = d(p,L). Then by the coarea formula

vol (T \U) = /os(ézcﬁ)dc

But |V f] <1. So

vol(T'1\U) > /0E vol(f = ¢)dc

so at least there is a ¢ s.t.

vol(f =¢) < >

Note that dim {f = ¢} = dimU — 1. The proposition then follows from the
induction.
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