NORMAL SCALAR CURVATURE CONJECTURE AND ITS
APPLICATIONS

ZHIQIN LU

ABSTRACT. In this paper, we proved the Normal Scalar Curvature Con-
jecture and the Boéttcher-Wenzel Conjecture. We developed a new Bochner
formula and it becomes useful with the first conjecture we proved. Us-
ing the results, we established some new pinching theorems for minimal
submanifolds in spheres.
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1. INTRODUCTION

Let M™ be an n-dimensional manifold isometrically immersed into the
space form N™t™(c) of constant sectional curvature c. The normalized
scalar curvature p is defined as follows:

n

2
(1) P:m Z'R(ei,ej,ej,e,-),
1=i<y
where {ej,---,e,} is a local orthonormal frame of the tangent bundle, and

R is the curvature tensor for the tangent bundle.
The (normalized) scalar curvature of the normal bundle is defined as:

1
pr=——I|R",
n(n —1)
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where R is the curvature tensor of the normal bundle. More precisely, let

&1, ,&m be a local orthonormal frame of the normal bundle. Then
2 n m 2
2 L= Rl 1y €5)SrySs 2
( ) p n(n o 1) 1zzz<j IZZT.<8< (8 761)5 76 >

Unlike the normalized scalar curvature, p* is always nonnegative.
In the study of submanifold theory, De Smet, Dillen, Verstraelen, and
Vrancken [7] proposed the following Normal Scalar Curvature Conjecture':

Conjecture 1. Let h be the second fundamental form, and let H = %traee h
be the mean curvature tensor. Then

(3) p+pt <|HP +c.

In the first part of this paper, we proved the above conjecture.

Let € M be a fixed point and let (h;-"j) (i,j=1,--- ,nandr=1,--- ,m)
be the entries of (the traceless part of) the second fundamental form under
the orthonormal frames of both the tangent bundle and the normal bundle.

Then by [8, 17], Conjecture 1 can be formulated as an inequality with respect
to the entries (hj;) as follows:

SN h—npP 2 > (hy)?

r=11=i<j r=1 1=i<j

m n n 2
> 2n Z Z (Z( ki — hik §k)>

I=r<s1l=i<j \k=1

(4)

N

Let A be an n X n matrix. Let

1Al =

n
2
Z aij

1,j=1

be its Hilbert-Schmidt norm, where (a;;) are the entries of A. Let
[A,B] = AB — BA

be the commutator of two n X n matrices. Suppose that Ay, Ag,--- , A
are n X n symmetric real matrices. Then inequality (4), in terms of matrix
notations, can be formulated as

Conjecture 2. For n,m > 2, we have

() QAP 2 203 IIAr, AP
r=1

r<s

1 Also known as the DDVV conjecture.
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Fixing n,m, we call the above inequality Conjecture P(n,m). Conjec-
ture 1 is equivalent to Conjecture P(n, m) for any positive numbers n, m.

A weaker version of Conjecture 1, p < |H|? + ¢, was proved in [2]. An
alternate proof is in [16].

The following special cases of Conjecture 1 were known. P(n,2) was
proved in [4]; P(2,m) was proved in [7]; P(3,m) was proved in [5]; and
P(n,3) was proved in [11]. In [8], a weaker version of P(n,m) was proved
by using an algebraic inequality in [10] (see also [3]) . In the same paper,
P(n,m) was proved under the addition assumption that the submanifold is
either Lagrangian H-umbilical, or ultra-minimal in C*. Finally, in [9], an
independent (and different) proof of Conjecture 1 was given.

The Proofs of Conjecture 1 and 3 were also given in [12], the previous
version of this paper.

It should be pointed out that the classification of the submanifolds when
the equality in (3) holds is a very difficult problem. An easy and special
case was done in [5]. More systematically, the problem was treated in the
recent preprint of Dajczer and Tojeiro [6].

In the second part of this paper, we used the method in proving Conjec-
ture 1 to sharpen the pinching theorems of Simons type [15]. The inequality
of Simons was improved by many people (for an incomplete list, [4, 10, 3]).
By their works, it is well known that for an n-dimensional manifold M min-
imally immersed into S we have: 1). If m = 1 and 0 < ||o|]? < n,
then ||o||> =n and M = M,,_; 2). If m > 1, and 0 < ||o||?> < %n, then
||o||?> = 2n and M has to be the Veronese surface®.

In the past, people studied the Laplacian of the norm of the second funda-
mental form. However, more accurate results will be obtained by studying
the Laplacian of the norm of the second fundamental form on each normal
direction. We established new Simons-type formula (32) for the above idea.
The key linear algebraic inequality (12) in proving Conjecture 1 is just the
right tool to make the formula useful.

We got a new pinching theorem (Theorem 6). The theorem unified and
sharpened the previous pinching theorems, and may become the starting
point of the gap theorem of Peng-Terng [13] type in high codimensions (see
Conjecture 4).

In the last part of this paper, we proved the conjecture of Bottcher and
Wenzel [1]. The conjecture was from the theory of random matrices and is
purely linear algebraic in nature.

Conjecture 3 (Bottcher-Wenzel Conjecture). Let X,Y be two n x n ma-
trices. Then

(6) 11, Y17 < 211X [P Y]2.
In [1], the following weaker version of the conjecture was proved.

1Y < 8l XY ]2,

2For the definition of M, »—r and the Veronese surface, see § 5.
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To get an idea of the proofs of Conjecture 1 and 3, we first observe the
following theorem [4, Lemma 1], which proves P(n,2):

Theorem 1. Let A, B be n x n symmetric matrices. Then
(7) 1[4, BIII* < 21|48

Proof. Without loss of generality, we assume that A is a diagonal matrix.
Let
A1
A=
An

Let B = (b”) Then

(8) 114, B]||* = 22(& = )0

The theorem follows from the fact that
(A= A)* <2007 +A) <23 A7
k

O
The above result can be viewed as a baby version of both Conjecture 1
and 3. In fact, from the above inequality, we get

> NAL AP < 2014 P Y [1ARIP)
k=2 k=2

for any symmetric matrices A1,---, As. The key step in proving Conjec-
ture 1 is a refinement of the above inequality into the following version:

S S

DAL AP < [TAPO 11 ARl +2 Max || Ag][).

k=2 k=2 =h=?
The inequality is new even when s = 2. See Remark 1 for more details.

In addition to the above, a trick in proving Conjecture 3 is as follows: if
we let
ad (A) B = [A, B,

and if A is diagonalized. Then the eigenvalues of the operator ad(A), acting
on the space n X n matrices, have multiplicity at least 2. In fact, let 0 #
B = (b;j) be a symmetric matrix such that

ad (4) B = AB.

Define B’ = (b;), where b; = b;; for i > j and b; = —b;; for i < j. Then
B’ is also an eigenvector of the same eigenvalue.

If A is not a symmetric matrix. We found that B’ = [AT, BT] serves the
same purpose. This is one of the crucial step in the proof.
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Finally, we can generalize (6) into the following infinite dimensional ver-
sion®, which can be proved by operator approximation by matrices.

Theorem 2. Let H be a separable Hilbert space and let A, B be linear op-
erators with finite Hilbert-Schmidt norms. Then we have

114, BIII” < 2[|A]1* - || B>

O

Acknowledgement. The author thanks Professor Chuu-Lian Terng for

the helps in many aspects during the preparation of this paper. He also

thanks Bogdan Suceava for his bringing the Normal Scalar Curvature Con-
jecture into his attention, without which the paper is not possible.

2. INVARIANCE

Let Ay, -+, Ap be n X n symmetric matrices. Let G = O(n) x O(m).
Then G acts on matrices (Aq,---,Ay,) in the following natural way: let

(p,q) € G, where p, g are n x n and m x m orthogonal matrices, respectively.
Let ¢ = {g;;}. Then

(p> I) : (Alv' v 7Am) = (pAlp_17 to 7pAmp_1)7

and
(Lq) - (A1, Am) = O A5, ) ami4y).
j=1 j=1

It is easy to verify the following

Proposition 1. Conjecture P(n,m) is G invariant. That is, in order to
prove inequality (5) for (Ai, -, Anm), we just need to prove the inequality
for any v - (A1,---,Ap) where v € G. Moreover, the expressions of both
sides of (5) are G invariant.

O
Corollary 1. We can prove Conjecture 2 under the following additional

assumptions on the matrices:

(1) Ay is diagonal;

(2) (Aa, Ag) =0 if o 7 3;
B3) [[Axl[ = - = || Aml]-

Note that under the above assumptions, A, = 0 if k > %n(n +1).

3We thank Timur Oikhberg for the help in the infinite dimensional setting. There is
an infinite dimensional version also for the Normal Scalar Curvature Conjecture in terms
of linear algebraic inequalities.
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3. PROOF OF THE NORMAL SCALAR CURVATURE CONJECTURE

In this section, we prove Conjecture 2. We first establish some lemmas
which are themselves interesting.

Lemma 1. Suppose n1,--- ,n, are real numbers and
M+ =0, 4+ =1
Let rij > 0 be nonnegative numbers for i < j. Then we have
(9) D (i —my)Prig <D rij + Max(rij).
i<j 1<j
If m > -+ > ny, and ryj are not simultaneously zero, then the equality in (9)
holds in one of the following three cases:

(1) Tij = 0 unless (Z’]) = (17n)7 (”717' e a"?n) = (1/\/570? -0, _1/\/5);

(2) Tij:Oif2§i<j, 7’12:--':7“1”750, and
(7’1"" :ﬁn):(\/ma—l/v”(”_l)a"' 5_1/\/ n(n_l));
(3) TijZOifi<j<n, Tln:"':T(n—l)n#O; and

(771"" »ﬁn) = (1/\/ n(n_ 1)?"' ,1/\/71(71— 1),—\/(7”&— 1)/”);

Proof. We assume that 1 > --- >n,. lf ;)3 —n, <1 or n =2, then (9)
is trivial. So we assume n > 2, and

M — Nn > L.
We observe that n; —n; < 1for 2 <¢ < j <n—1. Otherwise, we could have

1
L=t g 0 07 = 5 (0= m)® + (0 = m5)*) > 1,

which is a contradiction.

Using the same reason, if 173 — n,—1 > 1, then we have 1y — 1, < 1
and if 7o — n, > 1, then we have n; — n,—1 < 1. Replacing n1,--- ,n, by
—Mp - -+, —mn1 if necessary, we can always assume that no — 1, < 1. Thus
n; —n; < 1if 2 <i < j, and (9) is implied by the following inequality

(10) Z(m n;)’ry; < Zrlj + Max(rlj)

1<j 1<y
Let s; = ryj for j = 2,--- ,n. Then the above inequality becomes
11 i < M
(11) Z( Zs] + 1<ajx (55)-
1<j 1<y

In order to prove (11), we define the matrix P as follows
YoS;j —S2 -+ —Sp
1<y
pP=| %2 52

—Sn Sn
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We claim that the maximum eigenvalue of P is no more than r =}, s; +
Max (s;). To see this, we compute the determinant of the matrix

y_ZS] S9 Sn
1<j

52 Yy — 52

Sn Y — Sn

for y > r. Using the Cramer’s rule, the answer is

(Y—s2) - (—sn) Y= D 55—

1<j 1<j

2
Sj

Y =5

We have y — si, > 22?22 sj for any 1 < k < n. Thus the above expression is
greater than

(—s2)—W—s)y—Y_ 55— _s)" "> s3)>0.

1<j 1<j 1<j

Let n = (1, -+ ,mn)T, we then have
n
Z(Ul —ny)?sj=n"Pp<r= Z s; + Max (s;).

/ ! 1<y
1<y 1<y

We assume that n > 2. If the equality in (9) holds, then we must have

N1 — Np > 1. Otherwise

> i —m)rig < ry

i<j i<j
and all {r;;}’s have to be zero. Since n; —n, > 1, then 1, —n; < 1 for
2<i<j<mn Thus r; =0 for 2 <i < j < n. Moreover, the equality
of (11) must hold. From the proof of (11), we conclude that either at
most one of s;’s can be nonzero, or all s;’s are the same. Translating this
fact to 7;;, we conclude that if ry, # 0, then either r1; = 0 for j < n,
or rig = --- = ri, # 0. In the first case, there are two possibilities: either
Tin =" =T(n_1)n # 0, Or T2 = - -+ = 1r(;,_1),, = 0. Putting the information
together, we conclude that only in the three cases in the lemma the equality
holds. This completes the proof.

O

Lemma 2. Let A be an n X n diagonal matriz of norm 1. Let As,--- , A
be symmetric matrices such that

(1) {Aa, Ag) =0 if o # 3;
(2) [A2][ = -~ = || Am]|.

Then we have

(12) D A Aall? <D AP + 1142
a=2 a=2
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The equality in (12) holds if and only if, after an orthonormal base change
and up to a sign, we have

(1) A3 =---=A,, =0, and
1 1
N 0 7
0 —% - 0
V2 vz
(13) A= 0 , As=c 0 :
0 0

where ¢ is any constant, or
(2) For two real numbers A = 1/v/n(n — 1) and u, we have

n—1
-1
(14) A=A ] ,
-1

and A s b times the matriz whose only nonzero entries are 1 at
the (1,a) and (o, 1) places, where av =2, ,n.

Proof. We assume that each A, is not zero. Let Ay, = ((aq)ij), where

(aq)i; are the entries for o = 2,--- ,m. Let
m
_ 2
0= %?j?‘ - (aa)i;-
a=2
Let
m
A=
U

Then by the previous lemma, we have

(15) D A Aalll? <7 11 Aall? + 26,
a=2 a=2

Thus it remains to prove that
(16) 20 < || A%
To see this, we identify each A, with the (column) vector [fa in RzMn+1)
as follows:
1 1 T
AOé = (a127 Q1,023,000 ,A2n, " 0 7a(n71)n7 ﬁallv Tty ﬁann)
Let pq be the norm of the vector A,. Then we have

1
(17) i2 = 5 l1Aall?
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for a« = 2,---,m. Extending the set of vectors {ga/ua}ggagm into an

orthonormal basis of Ra"(+1)

AQ/N% e 7Am/:um7 Am+1> e 7A%n(n+1)+17

we get an orthogonal matrix. Apparently, each row vector of the matrix is
a unit vector. Thus we have

m

Z(Ma)iQ(aa)sz S 1

a=2
for fixed i < j. Since po > -+ > iy, We get

m

1
S (@)l < id < 5llAsl P

a=2

This proves (16). Finally, when equality holds, according to Lemma 1, there
are three cases. The first case corresponds to the first case in Lemma 2. The
second and the third cases in Lemma 1 are equivalent by the permutation

(m,-+,nm) = (=Mn,---,—n1). Translating to the notations in Lemma 2,
A; is in the form of (14). Moreover, we have

(@a)ij =0
fora = 2,--- ,n,and 1 < ¢ < j. Since A is invariant under the similar

transformation A; — QA1QT, where Q is of the form

(o)

and @)1 is an orthogonal matrix. Up to an orthonormal base change and up
to a sign, As,--- , A, can be represented as in the second case of Lemma 2.
This completes the proof.

O

Remark 1. Let A be a diagonal matrix of unit norm and let B be a symmetric
matrix. Let ||B|oo = Max (|b;;|), where (b;;) are the entries of B. By (15),
we get

1[4, B|I” < [|BI” + 2| Bl|%.
Although not directly used in this paper, this is a sharper estimate. Note

that Theorem 1 is a much weaker version of the above inequality. This shows
that, even in the case of m = 2, Lemma 2 is a refinement of previous results.

Proof of Conjecture 2. Let a > 0 be the largest positive real number
such that

O 114al®)? = 2a(  1I[Aa, A5l
a=1

a<f(
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Since a is maximum, by Corollary 1, we can find matrices Ay, --- , Ay, such
that
(18) O 114all)? = 2a(d I[Aas AgllP)

a=1 a<f

with the following additional properties:
(1) A; is diagonal;

(2) (A, Ag) =0 if a # S;
(3) 07 [[Aa]| = [[A2]| = - -+ = [|Aml]-

We let t? = ||A;]|? and let A’ = A;/|t|. Then (18) becomes a quadratic
expression in terms of t2:

t'—26%(a Y [I[A Al = D 14all®) + QI Aal?)?
a=2

1<a 1<a
—2a( Y [|[Aa; A5]|[*) = 0.
1<a<f

Since the left hand side of the above is non-negative for all 2, we have

a Y [I[A Al = D 11 4all® > 0,

1I<a 1<«

AP = a ) IIIA Aall? = > 11 Aal1%.

1I<a 1<«

and

By Lemma 2, we have

S OIAL AP <Y A6l + [JA2]? <l AalP,
a=2 a=1

1<«

which proves that a > 1.

O
4. THE OPTIMAL INEQUALITY
Let Ay,---, Ap, be n X n symmetric matrices. Assume that ||A1]| = =
[|Am|| = 1. Let
2
oij = [|[Ai, Aj]ll
fori,j=1,---,m.
From (5), we get the following result
Proposition 2. Let x1,--- , 2y, > 0 be nonnegative real numbers. Then we
have
m m
Z 04§ LiLj E (Z :Ei)2.
ij=1 i=1

We make the following definition:
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Definition 1. A symmetric m x m matric P = (pi;) is called pseudo-
positive, if for any nonnegative real numbers x1,- -+ , Ty > 0,
m
Z DijXi 4 > 0.
ij=1

A symmetric matrix has property K, if for any negative eigenvalue of
the matrix, the components of the corresponding eigenvector are neither all
nonpositive nor all nonnegative. Using the Lagrange’s multiplier’s method,
we can characterize the pseudo-positiveness as follows:

Proposition 3. A is a pseudo-positive matriz if and only if any principal
submatriz of A has property K.

Using the above notations, we can reformulate Proposition 2 as follows:

Proposition 4. Let ¥ = (0;;) and let S be the m x m matriz whose entries
are all 1. Then S — X' is a pseudo-positive matriz.

O
The main result of this section is to show that the Normal Scalar Curva-
ture Conjecture implies the following result in [10, pp 585, equation (5)] 4

Theorem 3. Let x1,--- , 2z, > 0 be nonnegative real numbers. Then
m 3 m m
(19) Z aijxiwj S 5(2 l‘i)Q — Zl‘g
i,j=1 i=1 i=1

Proof. We use math induction. Assume that the inequality (19) is true
for m — 1. Let 1 be the largest number among z1,--- ,x,,. Then we can
rewrite equation (19) as follows:

1 m m 3 m m m
(20) §$%+$1(32$J‘*2ZO’1]’1‘]’)+§(Z l‘j)Z*Z LE?* Z 035 TiT; 2> 0.
=2 =2 =2 =2 ij=2

If
m m
3Z$]’ - 220’1]'1‘]' > 0,
Jj=2 j=2

then (20) is true by the inductive assumption. Otherwise, the left hand side
of (20) attains its minimal when

m

m
.CL'1:2 E aljxj—S E .’Ej.
j=2

j=2
Since o1; < 2 by Theorem 1, we have

m m

T §4§:afj —3Z$j :Zaﬁj.
j=2

J=2 Jj=2

4The proof of [3] is more geometric.
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Since x1 is the largest number among nonnegative numbers x1, - -+ , Ty, We

have
m m
Sars iy et
j=1 j=1

N

By Proposition 4, we have
m

m
Z Oij ;T < (ij)Q <

i.j=1 j=1

m

(Z x)? — Z z?.
i=1

=1

[\VR V]

5. PINCHING THEOREMS

Let M be an n-dimensional compact minimal submanifold in the unit
sphere S™*™ of dimension n + m. Following [4], we make the following
convention on the range of indices:

1§A7B7C77§n+m7 1§Z7]7k77§n7
n+1§a,ﬁ,7,~-~,§n+m.

Let w1, ,wnt+m be an orthonormal frame of the cotangent bundle of
S™nt™_ Then we have
dwp = —wap N\ wp,
(21)

1
deB==—wAcAu%B-F§KMBCchAa@,

where w4 p are the connection forms and K4gcp is the curvature tensor of
the sphere

(22) Kapcp = 04cdBp — daDdBC-
Let wy,- - ,w, be an orthonormal frame of TM and let wyy1, -+ ,Wnim
be an orthonormal frame of T-M. Then we have
dw; = —Wwij N\ wj,
(23) 1
dw;j = —wii A Wk; + iRijklwk N wy,

where R;jz; is the curvature tensor of M. We have the similar equations for
the normal bundle:

1

(24) dwag = —Way N\ wyg + §Raﬁkzlwk A wy,
where R,gy; is the curvature tensor of the normal bundle.

Comparing (21), (23), we have
(25) Rijin = Kiji + highg, — hijhy,,
where

Wai = h%w]'.

Comparing (21) and (24), we have

(26) Ramd::KQﬁM‘Fh%hg'_ 3hﬁ-
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By (22) from (26), (19), we have
Rijki = 0ikji — 0udjk + hiphfy — hihfy,
Ropr = h?‘khﬁ - ?lhz'ﬁk'

Define the covariant derivative of hf; by

(27) hegwi = dhSs — hwyy — hiiwii + hjwags.
Then we have
(28) ik = Niky-

Define the second covariant derivative of hj; by
Then
hik — hijie = PipRpjrt + by Rpikt — h’ijagkz-
Thus we have
(29) bijk = Ny + hipRoijk + Wi Rykji — By R
Define Ahg; = hi,.. Then by (28), (29), and the minimality of M, we

have
Ahij = kp((sm"sik — Opkdij + hgjhfk — hgkhfj)

+ hf;“i((n - 1)5pj - hgkh?k) - hgi(hgjhgk - hgkhgj)

= nhg + 2hgph§j o — gphfkhfj - h;‘ihf)khfk - hfih;‘jhgk.

Let A% be the matrix of h% Then in terms of matrix notations, we have
(30) AA® =nA® — (A% APYAP — [AP AP, AY]).

Before stating the theorems, we make the following definitions (from [4]).
For 1 < r <n, the submanifold M,.,,—, is defined as

Mr’n_rzsr<\/?>><5n_r< n—r>’
n n

which is immersed in S™*! in a natural way. Since S™*! is a totally geodesic
submanifold of S"*™, M, ,,_, is regarded as a minimal submanifold of S™*™
as well. The Veronese surface is defined as follows: let (x,y, z) be the natural
coordinate system in R? and (u', u?, u?, u*, u®) the natural coordinate system
in R®. We consider the mapping defined by

ul = iyz, u? = L 2z, ud = L:J:y, ut = L(acz — y2),

V3 V3 2V/3

1
u’ = 6(;1:2 + 9?2 — 227).

This defines an isometric immersion of S2(y/3) into S*. Since S* is naturally
totoally geodesic in S%*™, the Veronese surface is a minimal surface of S2™,
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Let ||o||> be the square of the length of the second fundamental form.
Through the works of Simons [15], Chern-do Carmo-Kobayashi [4], Yau [19],
Shen [14], and Wu-Song [18], and finally by Li-Li [10], Chen-Xu [3], we get
the following pinching theorem:

Theorem 4. Let M be an n-dimensional compact minimal submanifold in

srtmom > 2. If ||o||* < 2n everywhere on M, then M is either a totally
geodesic submanifold or a Veronese surface in S>t™.5

The proof is based on the following Simons-type formula which can easily
be derived from (30):

1 «
(31) §AH0H2 = > () +alloll? =D [1[Aa, Agll]> = Y 1{Aa, Ag)[*-
a,l a,B

,7,k,a
Using Theorem 3 and the maximal principle, we get ;) = 0, and l|o||? =
%n. Using [4, page 70|, we conclude that M has to be either totally geodesic,
or a Veronese surface.

The codimensional 1 case was studied in [4]:

Theorem 5. Let M be a minimal hypersurface in S™T' such that 0 <
llo||* < n. Then M is either totally geodesic, or one of My ;.

In this section, we sharpen the above results. Before stating the theorem,
we make the following definition:

Definition 2. The fundamental matriz S of M is an m X m matriz-valued
function defined as S = (aqp), where
aap = (A%, AP).

We let A1 > --- > A\ be the set of eigenvalues of the matrix. In particular,
A1 is the largest eigenvalue and Ao is the second largest eigenvalue of the
matrix S.

Using the above notation, ||o||? is the trace of the fundamental matrix:
llo]|? = A1+ -+ - + An. We have the following

Theorem 6. Let
0< |||+ X2 < n.
Then M s totally geodesic, or is one of Myp—r (1 <1 <mn)in S™™ oris
a Veronese surface in S*t™.
Remark 2. Since )
%o < gl
The theorem generalizes the above two theorems.

5There is a misprint in [10, Theorem 3]. In fact, for any immersion M — S* — §*+™
for m > 2, ||o|? = 4/3.
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Proof. For each integer p > 2, we define the smooth function ¢
fy = Tr (7).

Let © € M be a fixed point. Let (x1,---,z,) be the local coordinates
of x. We assume that at x, the fundamental matrix is diagonalized. A
straightforward computation using (30) gives that, at x € M,

Z PRIV (Daaaﬁ) +Z AU (R

(32) 2 timp-zhan igk
+nfy = forn — Y I[[A%, A% P[1 AP,
B#a
where

D a_@aa5+w ia—i—w ia
% af = o T\ Dy B By dxy )

is the covariant derivative.
We assume that at =z,

M= = A > A1 = 2 A

Then we have

Infy> -1 a2 (Daaw) +QZ MY (hg)?
p k,a %k 1,5,k
2(nfy — fpr1 — O II[A7, A PATY).
B#a

Using Lemma 2 and the above inequality, we get”

1
Z;Afp _1 Z/\p 2<D 9 aao‘) +22 /\p IZ Z]k
(33) ks ik
m
2(r|[ AP (n — [|AM]2 = 3|42 = A2)) — 6mnAE,
a=2
We have
2
34 Vil*=p ND 5 aga | -
( ) | fp| b ;(2{; gka )

Using the Cauchy inequality, we get

2
(35) V1P <pPfp ) A2 (D > a(m> .

oz,
k,a

6At one point, f, = > AP. However, it is in general not possible to find a smooth local
frame such that the fundamental matrix is diagonalized on an open set. This is one of the
technical difficulty of the theorem.

I r = m, we define A" = 0.
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Let g, = (fp)% Then at f, # 0, using (33) and (35), we have

1,1~ 1,1 1o
Agy=-f7 A POV
9p pfp fo+ p(p Dfg IV

(36) 20 3 (S (e

« 1,5,k

1 4 m
+2f7 (r|| AP (n — [[AM]P = DO AP = Ao) — 3mnd, ).
a=2

By (34), we have
IVgp| < Cllal]

for some constant C'. Thus we have

/ Ag, = 0.
M

Using this fact, from (36), we get

/pr;lz )‘plz Uk

7.])

L
b A A = DDA~ da) — 8mng ) <0

a=2

Since AP +1/fp — 0 almost everywhere when p — oo, from the above in-
equality, we get

/ZZ 002 + (AT 20 — [| A2 = 3 [149]2 = A) <0
a=2

1,5,k a<r

Thus A2 + ||o]|? = n, hiy, = 0 for a <7, and we have

ZHAl AP = 114N (Z\IAa!|2+||Azll2)-

a=2

By Lemma 2, there are four cases.
Case 1. All A" are zero, then M is totally geodesic.

Case 2. A% = ... = A™ = (. In this case, ||o]||?> = n. Using (31), we
shall get
ik =0
for any ¢,5,k =1,--- ,nand a =n—+1,--- ;n+ m. Now we can use the
techniques similar to those in [4]. With the suitable choice of local frame,

we can assume that h”Jr1 =0 if i # j. For any i, j such that h"Jr1 # h”“,
by (27), we have
0= dhi™ = (A — B wy,
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and thus w;; = 0. From the structure equations, we get

1
§Rijklwk Nw; = dwij + wik A wi; = 0.

Using formula (25) for R;ji;, we get
(R R+ Dw; Aw; = 0.

In particular, {h""'} can take at most two different values A1, Ag such that
AMA2+1=0.
Let 7 be the number of A\;’s. Then from r\; + (n — 7)A2 = 0 and rA? +

(n —7)A% = n, we have \; = /2= and Ay = —,/-"—. We claim that

n—r’'
M = M, ,,—, for some 1 < r <n. In fact, for any a > n + 1, from (27), we
have
0 =dhfj = hiM wani1

for any 7, j. Thus wan+1 = 0. As a consequence, we have

dwap = — Z Way N\ wyg
y>n+1
for any a, 8 > n + 1. Thus locally we can change the frame of the normal
bundle such that w,3 = 0 for o, 3 > n + 1. Evidently, M has to be in some
of the totally geodesic submanifold S"*!. By using [4, page 68], we conclude
that M = M,.,,_, for some 7.

Case 3. If A2 =... = A™ =0 and A', A% are
1 1
il LG
0o —-L <0
V2 V2
(37) A=A 0 , As=p 0 ,
0 0
A # 0, and
ik =0
for a =n+1,n+ 2. From (27), we have

1
V2
Thus A is a constant. Similarly, by computing dh?; 2 we know that u is
also a constant. Without loss of generality, we assume that A? > p?. Let
n > 2,7 > 3. Then from 0 = dh?;rl = h’ffrlwlj we conclude wy; = 0 if j > 3.
Similarly, wp; = 0 for j > 3. Thus by the structure equations, we have

d\ = dn';t = 0.

0 = dwij = w1 A\ wj,

a contradiction if n > 2. Thus n = 2. By computing dh}y L and dhy; 2
using (27), we get 2 w12 + piwn+1,n4+2 = 0 and 2pw12 + Awp41,n4+2 = 0. Thus
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A2 = u? = 2/3. Since ||o||?> = 4/3, by [10, 3], we conclude that M is a
Veronese surface.

Case 4. We assume that n > 3 and Ap # 0. Otherwise, we are back
to Case 2 or Case 3. We will prove that M doesn’t exist. Using (2) of
Lemma 2, we have

(38) wWnt1,1 = (n— 1)Aws;
(39) Wnt1y = —Awj, 2<j<m
(40) Wal = MWa—n, @ >n+1;
(41) Waj = 0ja—npwi, a>n-+1,7>2.
Furthermore, we have
ikt = 0.

A, i are presumably local functions, however, since
1
d\ = dn{ =0,
A must be a constant. On the other hand, by
(42) n(n — DX+ 2np? = ||o]]> + o = n,

1 is also a constant.
By differentiating (39) using the structure equations, we have

(43) —Wn+1,1 NWij — an—i-l,k N wgj — Z Wntl,a N\ Wa,j = —)\dwj.
k>2 a>n+1
However, by (39), we have
- anJrLk Nwgj = Z Awjk A wy = —Adw;.
k>2 k>2

Thus from (43) we conclude

fwny1ntg — (0 — 1)Awij = ajwy
for local smooth functions a;. Let j > 2, from
(44) 0= dh?;'_l = n)\wlj — HWn41,n+7,
we conclude that
(45) w15 = bjwl,

where bj = a;/\. Let j # a —n and j > 2, > n+ 1. Then from (41), we
have

0= dwaj = —Wq1 NW1j — Zwak NWgj — Wan+1 N Wntl,j — Z Wap N\ wg;.
k>2 B>n+1

Thus for k # j, k,7 > 2, using (40), (41), (44), (45),we have

n 2
ubjwk Nwyp — Tbkw]' A w1 + pwr N (wa - wn+k,n+j) = 0.
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The third term of the above equation is skew-symmetric with respect to k, j.
Thus we have

nA\?
(46) nw— 7 (bkqu A w1+ bjwk A w1> =0.

If o — ”T)‘Q = 0, using (40), (41), and (44), we have
,udwl = dwnﬂ,j = 0.
Since dwi = —w1j Awj = —bjwi Awj, we have wy; = 0. If p1 — ”T’\Q # 0, then
we also have wy; = 0 by (46). Using the structure equations, we have
1
0=dwy; = ileklws ANwg=(1—-(n-— 1))\2 — u2)w1 A wj.
Thus
1—(n—1DN—p2=0.
Combining with (42) we get u = 0, a contradiction.

The theorem is proved.

O

Corollary 2. Let & be a unit normal vector of M and let AS be the second
fundamental form in the & direction. If m > 2 and

0 < ||o]|? + max ||A%]|]? < n,
then M has to be the Veronese surface.

O
The quantity ||o||? + A2 might be the right object to study pinching theo-
rems. To justify this, we end this section by making the following conjecture:

Conjecture 4. Let M be an n-dimensional minimal submanifold in S™T™.
If ||o||? + A2 is a constant and if

HO’H2 + Ay > n,
then there is a constant e(n,m) > 0 such that
lo]* + A2 > n + (n,m).

If m = 1, this conjecture was proved in [13].

6. PROOF OF THE BOTTCHER-WENZEL CONJECTURE

In this section, we prove Conjecture 3.
We fix X and assume that || X|| = 1. Let V = gl(n,R). Define a linear
map

T:V-V, Y—[XT[XY],

where X7 is the transpose of X. Then we have

Lemma 3. T is a semi-positive definite symmetric linear transformation of

V.
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Proof. This is a straightforward computation
(1, [XT,[X, Va])) = ([X, ), [X, Va)) = ([X7, [X, Y]], Ya).
Obviously T is semi-positive.
O
The conjecture is equivalent to the statement that the maximum eigen-
value of T' is not more than 2.
Let a be the maximum eigenvalue of 7. Then o > 0. Let Y be an
eigenvector of T" with respect to a. Then we have
T(Y)=aY.
A straightforward computation gives
(X", YT]) = a[X",Y"].
We claim that Y and Y7 = [X7T, Y] are linearly independent: in fact, we

have Y1 # 0, and (Y,Y;) = 0. Obviously [X7,Y?] # 0. Thus, we have the
following conclusion

Proposition 5. The multiplicity of eigenvalue o is at least 2.

Let 8
X = Q1AQ:
be the singular decomposition of X, where @1, Q)2 are orthogonal matrices
and A is a diagonal matrix. Let

B=Q@:YQ,', C=Q;'YQ.
Then we have
I[X, Y]||> = ||AB — CA|.

Let
S1
A =
Sn
Without loss of generality, we assume that s3 > --- > s2. Since || X|| = 1,
we have
3% N 531 —

Assume that s2 < 1/2. Then we have

(47)  ||JAB = CA|?> = Z(szbm — s5;¢ij)? < Z 2003 + cf)st < 2|2,
i,j=1 i,j=1

where B = (b;;) and C = (¢;;). Thus in this case, the conjecture is true.

Now assume that s3 > 1/2. By Proposition 5, we can find an eigenvector

Y of T such that 1). ||Y|| = 1; 2). The corresponding b1; = 0; and 3).

T(Y)=aY.

8The method of singular decomposition was first used in [1].
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Conjecture 3 follows from the inequality:
(48) XY <2,

where Y is the particular eigenvector chosen above.
Since b11 = 0, we have

n n
|[AB — CA|)? = 3,s% + Z(Sibil —s1c1)? + Z(slblj - Sjclj)2 + A,
=2 j=2

where
n

Al = Z (Sibij — Sjcij)z.

i.j=2

Since s3 < 1/2, we have

A1<Zb2+c
1,J=2

Thus (48) is implied by the following inequality

n n n n
(49) st + > (sibin —s1c0)>+ D _(s1bij—sje1;)” <A+ Wi+ el
i=2 j=2 i=2 j=2
where
n n
A=) b+ it
i=2 =2

We consider the matrix

A —bigcio — barca1 -+ —bipcin — buicnm
2 2
—biac12 — ba1cay b3, + c19
P = .
2 2
—binCin — bnicnt bnl + cip

Inequality (49) is equivalent to that the maximum eigenvalue of the above
matrix is no more than A + Y 0, b3 + >°7 =2 2 ;- To prove the fact, we let

y—A+Zb +chj+5
for € > 0. We have

(bric1i + birci 2
det(yl — P) = [ — b4 — &) (y A— Z 1 —1b2 _1021) ) .
; Al

10

Let
B = 1\2./I>31X (b7, + ;).
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Then we have

1 ':Q(b%i + 6121)

bzcl+bzcz . b2i+612
N Z 1ic1 1021) Zﬁ+5—ﬂzznl L <o
=2 L

The ConJecture is proved.
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