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1. INTRODUCTION

This paper is the continuation of the paper [6] of our study of the Moduli
space of polarized Calabi-Yau threefold.

A polarized Calabi-Yau manifold is a pair (X,w) of a compact algebraic
manifold X with zero first Chern class and a Kihler form w € H*(X, Z).
The form w is called a polarization. Let U be the universal deformation
space of (X,w). U is smooth by a theorem of Tian [12]. By [15], we may
assume that each X’ € U is a Kahler-Einstein manifold. i.e. the associated
Kéhler metric (g'a B) is Ricci flat. The tangent space Tx/U of U at X' can

be identified with H'(X', Tx/),, where
HY X', Tx)w = {¢ € HY(X', Tx:)|¢pow = 0}
The Weil-Petersson metric Gpy on U is defined by
Gwr(o0) = [ 9" g0 %iavy
X/
where ¢ = d%%d?ﬁ, ¢ =2 Dsdze € HY(X', Txr),, and ¢’ = g;deo‘dEB

is the Kéhler-Einstein metric on X associated to the polarization w.
Let n = dimU. As showed in [6], we defined the Hodge metric wy by

wg = (n+3)wwp + Ric(wwp)

where wyy p is the Kéahler form of the Weil-Petersson metric.
The main result of [6] is the following

Theorem 1.1. Let wy = (n+ 3)wwp + Ric(wwp). Then
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1. wy is a Kahler metric on U;

2. The holomorphic bisectional curvature of wgy is nonpositive. Fur-
thermore, Let a = ((y/n+1)24+1)"1 > 0. Then the Ricci curvature
Ric(wp) < —awpg and the holomorphic sectional curvature is also
less than or equal to —au.

3. If Ric(wg) is bounded, then the Riemannian sectional curvature of
wh 18 also bounded.

The main result of this paper builds on the above theorem:

Theorem 1.2. Let X be a Calabi- Yau threefold. Let p1,--- ,p, be the or-
thonormal harmonic basis of H (X, Tx),. Then there is a constant C, de-
pending only on n, such that the L* norm of the sectional curvature |R|
satisfies

Rl <C lleillta

i=1

Remark 1.1. The crucial part of this theorem is that the curvature has an
upper bound which only depends on the L* norm of the harmonic basis,
rather than depends on the derivative of the harmonic basis. Upper bound
of the sectional curvature of the Hodge metric is very important in the
compactification of the moduli space (cf. [5]).

In order to prove the theorem, we need to estimate the covariant derivative
of the Yukawa coupling with respect to the Weil-Petersson metric. As a by-
product, we proved the following theorem (for definitions, see §2):

Theorem 1.3. Let F' = (Fjj;) be the Yukawa coupling. Let
Fijer = OFiji — Ui Fyjke — U5 Fimk — Ui Figm + 2K Fij
Then Fiij = Fijl,k-

Remark 1.2. The moduli space of a Calabi-Yau threefold is a projective spe-
cial Kéhler manifold in the sense of D. Freed [2]. In [4], the Yakuwa coupling
of special Kahler manifolds is discussed.

The motivation behind this paper and the paper [6] is that we want to
give a differential geometric proof of the theorem of Viehweg [13] in the case
of the moduli space of Calabi-Yau threefolds. Viehweg’s theorem states
that moduli spaces of polarized algebraic varieties are quasi-projective. The
boundedness of the curvature of the Hodge metric is very important because
of the work of Mok [7], Mok-Zhong [8] and Yeung [16]. By their theorems,
if a complete Kéhler manifold of finite volume has negative Ricci curvature
and bounded sectional curvature, then it must be quasi-projective. In the
case of the moduli space of Calabi-Yau threefolds, the Ricci curvature is
negative (Theorem 1.1), and the condition on the boundedness of the sec-
tional curvatures can be weakened, thus it is very important to get various
upper bound estimates of the sectional curvatures.
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In the last section, we give an extra restriction on the limit of Hodge
structures for a one dimensional degeneration of a family of Calabi-Yau
threefolds.

Acknowledgment. The author thanks Professor Tian for his constant
encouragement and discussion during the preparation of this paper. He also
thanks C. L. Wong for a lot of useful conversations.

2. THE COVARIANT DERIVATIVES OF THE YUKAWA COUPLING

Suppose m : X — U is the total space over the (local) universal defor-
mation space U of a Calabi-Yau threefold X. Thus for any point X' € U,
7~1(X') is a Calabi-Yau threefold. The Hodge bundle F* = Twx/u 18 the
holomorphic line bundle over U where wy iy is the relative canonical bundle
of X.

There is a natural Hermitian metric on F® defined by the Ricci flat metric
on each fiber of m. Such a metric can be written out explicitly as follows:
since for any X’ € U, 7~ 1(X’) is differmorphic to 771(0) = X, there is a
natural identification of H3(X’,C) — H3(X,C). Suppose ¢, € H3(X,C).
Define the cup product

Q(Wb)——/XwAw

Let Q be a local holomorphic section of F2. Thus for each X’ € U, Q
at X' is a holomorphic (3,0) form on H3°(X’) ¢ H3(X’,C) and under the
identification H3(X’,C) — H3(X,C), Q(X') € H3(X, O).

The Hermitian metric on F? is defined by setting ||Q||? = v—1Q(2, Q).

The technical heart of this paper is to compute the covariant deriva-
tive of the Yukawa coupling with respect to the Weil-Petersson metric and
the Hermitian metric on the bundle F3. Recall that by definition(see[l],
for example), the Yukawa coupling is the (local) section F' of the bun-
dle Sym?((RL(Tx/rr))*) ® (E*)®? over U such that for any o1, 92,93 €
HY (X', Tx/) and Q € H3°(X"),

F(p1,p2,¢3) :/ (01 A2 A p3 Q) A Q
X/

Here T,y is the relative tangent sheaf of X — U.

The basic property of the Yukawa coupling is that it is a holomorphic
section. In fact, Let t!,--- ,¢" be the local holomorphic coordinate system
of U. Let Q be a local nonzero section of the holomorphic bundle F, We
have

0 0 0 .
where p : TxU — H'(X,Tyx) is the Kodaira-Spencer map.
Let Ffj be the Christoffel symbols of the Kahler metric 9;7 and let K; =

—0;log ||Q||? be the connection of the Hermitian bundle F? with respect to
the local section 2. We make the following definition:
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Definition 2.1. For 1 < i4,j,k < n, the covariant derivative of Fijp is
defined as

Fijky = O Fji — U Fsje — U)Fisk — U Fijs + 2F350. K

In this section, we are going to compute Fj;; at a point X € U in terms
of the information of the fixed Calabi-Yau threefold X.

We use the method developed by Siu[11], Nannicini[9] and Schumacher[10].
By Kéhler geometry, there is a holomorphic coordinate (¢!, --- , ") of U such
that at X, Ffj =0, 1< 1i,j,k < n. Furthermore, if the local section Q of F>
is carefully chosen, then K; =0,1 <[ <n at X.

Consider the Kodaira-Spencer map p : Tx:U — H*(X',Tx/). Let ¢; =
p(at]) 1 < j < n. Suppose @;’s are harmonic T’x/-valued (0, 1) forms. These
@;’s can be realized by the canonical lift in the sense of Siu [11] (See also
Nannicini [9] and Schumacher [10]): suppose (z!, 22, 2%) is the holomorphic

coordinate on X. Then for each 777, there is a vector vj, called the canonical

lift of a‘?], on % which locally can be represented as v; = % + ”UJQ‘% such
that p; = 811] 5. is a harmonic T'x/-valued (0,1) form.
It should be noted that v; is a Vector field on X but neither is % nor

: . a 0
Ch 82"‘ alone. In fact, the component at] in the expression v; = ém + 05 5z

1s different from it is as the vector field on U. It is also easy to check
that the real part of the vector field v; defines differmorphisms between
the fibers. Using these differmorphisms, tensor fields of the nearby fibers
can be identified as tensor fields on X. By Nannicini [9] or Siu [11], the
Lie derivative L,,- is defined as the usual atl after pulling back via the
differmorphisms.

Now let’s analyze the conditions K; = 0 and Fé-k =0forl1<1,5,k1<n
at X. We have

Propositlon 2.1. We use the notations as above. In particular, suppose

(%, ’8tn) and § are chosen such that sz =0and K;=0at X €U.
Then we have
1. (L, Q)30 =0;

2. (Lyypi) is a O -boundary.

Proof: The key point is to identify the derivatives with respect to co-
homological classes and the derivatives with respect to forms. Suppose for
fixed I, v; = 71 ++/—17o where 71 and 7o are real vector fields. Let o1(s) and
o2(s) be the flows defined by 71 and 7o, respectively. Consider the 3-forms
0i(s)*Q, i = 1,2. Suppose

0i(s)"Q = pi(s) + dgi(s)

be the Hodge decomposition of ¢;(s)*Q in H3(X, ). Then we have

0= 08 = L oco(pi(5) + v Tpa(s))



by the definition of §;Q2. This is equivalent to

d — — d
75 ls=0(01(8)" 2+ V=102(8)"Q) — d—-|s—0(a1(s) + V' =1g2(s)) = 0
Or in other word

L,Q—do=0

for o = d%|s=0(<]1 +v—1¢2).
Using this, we have

1

/Q/\Lvlﬁzo
X

On the other hand, K; = 0 implies
0=0,Q(2,0) = / Ly, Q /\§+/ QA L,Q
X X

So the first part of the proposition follows from the following:
Claim. 0L, =0.

Proof of the Claim: This follows from a straightforward computation.
Let € be represented as
Q= adz' ANdz? A d23

where the functions a, z',22, 23 are holomorphic on each fiber and have
parameter t. Suppose p(%) =p= @%GQdEﬁ is a harmonic T'x-valued (0, 1)
form. We have

5(2%(dz1/\dz2/\dz3ﬁ
— 821 9 3 _ 1 82’2 5 _ ) , 833
(2.1) —8d—at ANdz® Ndz® + 0(dz /\d—(?t Adz”)+ 0(dz" Ndz /\dﬁ)
_azl 9 3 1 —822 5 ) ) —823
_ — B d
99 ot Adz" Adz" +dz Aaa—at Ndz® —dz Ndz /\aa_at

= (—31<p% — 02@% — 8390%)(&1 Adz? Adz® A d2P
By the harmonicity of ¢, we have
(2.2) (%go% + nggo% =0
where the notation ng is the connection of X which is different from the

connection F;- ;. on the universal deformation space U.

From the theory of deformation of complex structures, we know that O—ty
defines the d-operator on the nearby fibers. Thus we have

(2.3) 5%:%Mwﬁ

Using Equation (2.1), (2.2) and (2.3), we have



59 _ 79 1 2 3, 50 .1 2 3
88tQ—88tdz Ndz" Ndz +a86t(dz Adz® A\ dz”)

= (cp%(%q — anggo%)d?B ANdzt A d2? A d2B
So 5%9 = 0 follows from the fact
al'y., = ad, log |a|? = ad, loga = d,a

and the claim is proved.
The second part of the proposition is implied in [9]. We prove it for the
sake of completeness. We assume at X, (2!, 22, 23) are normal coordinates.

By definition,
Ly, pi = (ak(‘pl)% - ((Pi)%avvg)aadzﬁ

Thus
(2.4) 8 Lo, pi = (0500(20)5 — (90505070880
We are going to prove 5*ka p; = 0. By the harmonicity of ¢;, we have
BiB( .\
g (()OZ)B761 - 0
or

9795, (0)3 + Ty, (1)) = 0
Taking derivative with respect to Jy gives

(25) g0, (00)5 + Okg™ 705, (00)5 + 09 7TG,5,) (01) 7 = O

Since Ly, w = 0 (See Nannicini [9], for example), we have
0= kagﬁﬁldzﬁ Adz% = (8kgﬁﬁl + dpupt)d2P A dZ*
So we have
(2.6) kg5, = —0svy"
We also have
(2.7) (9™ TG, 5,) = OT%5, = Okl sap, = Oudp,9pa = —0p, 055
In addition, we have
(2. 003 (91)S = 03 Ok 90)2 — 93,010, (90)2
Using Equation (2.6), (2.7) and (2.8), from Equation (2.4) and (2.5), we

get E*kagoi =0.
By [9], we see that

O:Fijk:L(<ka¢i7¢j>

So the harmonic part of L, ¢; is zero. Thus L,, ¢; is a 5*—boundary by
the Hodge decomposition.
O
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The condition that (%, e 78%) is an orthonormal basis implies that
01, ,on € HY(X, Tx) is a set of orthnormal basis of harmonic Tx-valued

forms. Let © be the local nonzero section of F3. We make the following
definition:

Definition 2.2.

)#

ajr = (5 N op)™ = ©; A @2

is an (1,2) form for 1 < j,k <n. Here

o 9
4 — (X Y —B A =0
vi ek = (9)5(00)5 5.0 N g5 @47 N dz

If Q = adz! N dz? Adz3. Then aji can be represented as
(2.9) aji, = al))5(pr)3sgn (€, a,7)dz* A dz’ A dz°
Lemma 2.1. For1<jk<n,

0" ajr =0

Proof: Since X is a Kihler manifold, we have * = /—1[A,d]. First

we have gajk = 0. Next, suppose (2!, 22, 23) is a normal coordinate system.

Then
Aaji, = Malp;)5(r)Lsgn(a, v, €)d=* A dz7 A d20)
= a(p))§(er)ysgn(a, v, B)dz" — alp;)5(pr)isgn(a, v, 8)dz"
However, the fact that ¢;w = 0 and ¢, w = 0 implies (gpj)% = ((pj)g,

and (gok)g = (4,0;@)557 So Aaji = 0 and the lemma is proved.
O

Definition 2.3. The Hodge *-operator on X 1is defined as
x 1 APT — A"TPTT (p,)dV = p A xtp
for p,p € AP(X).
Lemma 2.2. For1<jk<n
*ajkp = Ajk
Proof: By Equation (2.9),
ajr = a(goj)%(gok)gsgn(a,’y, f)dzf AdzZP A dZ°
We have
vag = 3 alp,)5(p0 sgn(c, 7. E)sgn(€, m. m)sgn(B. 6. m)d=" A d=" A d="

m<n

= a(goj)%(gok)gdio‘ A dZ7sgn(B,9,n)dz" = ajj,

Here we again use the fact ¢; w = 0 and ¢pw = 0.
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Lemma 2.3. For1<jk<n,
O(Ly, 0k Q) = Dajy,
Proof: In Nannicini [9], it is proved that
0Ly, 1 = Di (g5 A o)
where
Di(g; A ox) = 0a(()3(01) 10505 A d2°
The lemma follows from Equation (2.9).

Now we are going to prove the main theorem of this section.

Theorem 2.1. Let G be the Green’s operator on differential forms of X.
Suppose o1, -+ ,ppn are the orthnormal basis of H (X, Tx). Then

Fijkg = / (Gaa”,ﬁajk)dVJr/ (G&alj,aaik)dVJr/ (Gaalk,aalj)dv
X X X
where a;;’s are defined in Definition 2.2.
It should be noted that the notation of the inner product is defined as

(a,a) = ||a]|*>. So (a,a) is not the norm of a.

Proof: Since we choose the local coordinate (t1,--- ,tn) and the local
section €) such that F}k = K; = 0, we have Fjjp; = 0,F;;;,. By Proposi-
tion 2.1,

O Fiji = 31/ (0i N pj A pr)a2) AN Q= / (Lo i N pj A pra§2) A S
X X

+/ («PiALvlwAwaQ)AQJr/ (@i A pj A Ly o) AQ
X X

Thus we need only to prove that
/X((ngoi) N@i N prpaQ) ANQ = /X(Gaali,aTjk)dV
Let Ly, p; = by;. Recall that 2 = adz' A dz? A dz3. Then
(2.10) (b Q) = (—1)%a(by)2, dz! Ao - dzer - A d23 A dz™
By Equation (2.9) we see that
(b A agi) = (=1 (0i)g, (07)5 (pr)3,dz" Ao dze o Ade® A dz™
sgn(B,7, €)dz* A dz% A dzn
= (b, (95)5 (o), sgnla, B,7)sgn(an, B, )
dz' A d2? A dZP A dEH A dEE A dE
= —(bii A\ pj A pra§2) A Q



By Lemma 2.2 and the above equation, we have
(2 11) (bli A\ ©j A (pk_IQ) ANQ = —(bli_lQ A ajk)
’ = (b QA *ayr) = (b Q, aji)dV

By Lemma 2.3 and Proposition 2.1, we have
O(Luy i) = 8" 0(Luy i Q) + 90" (Luypi o)
= 9 0ay; + 0((9" Luypi) o) = 8 day;
Since Ly, p; is a @ -boundary (Proposition 2.1), we know
(2.12) Ly, 0iaQ = GO Oy

where G is the Green operator of the Laplacian 0. Thus by Equation (2.11)
and (2.12),

/ ((Loyspi) A g N o a) AN Q2 = / (b2, @jk)dV
X X

_ / (GT day, TF) = / (GO, daz)dV
X X

Corollary 2.1 (Theorem 1.3). For 1 <4,j,k,l <n,

Fijkg = Fijik

3. THE ESTIMATES

In this section, we give an upper bound of the curvature tensor of the
Hodge metric. We use the same notations as in the previous section.

Suppose (z!,- -, 2") is the normal holomorphic coordinate system at p €
U with respect to the Weil-Petersson metric wy p = J—_lgigdzi AdZ.

We further assume that Q(£2,Q) = 1. In [6] we have proved that

Theorem 3.1. If(z!,---,2") is the normal coordinate system of wy p, then
the curvature tensor Rz’jki of wg = v—lhijdzZ ANdZ? at p is

Ria = A + Bigu

where
Az]k:l - 25@]5kl + 25115k] - 42 szs jls +2 Z Fqkm plmEon]nq
mnpq
ijl Z Fzrs k rs,l - Z Z Fzrs kaTS Z jrs lFm"s hnm

mn rs

Here Fijy is the Yukawa coupling and Fjj; 1s its covariant derivative with
respect to the Weil-Petersson metric and the connection on F°3.
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It is proved in [6] that in order to bound the curvature tensor, we need
only to bound the scalar curvature. By definition, the scalar curvature p is

P = —hijthRiij - _hijthAijki - hi;thBiij

Lemma 3.1. Suppose that the dimension of the universal deformation space
U isn. Then

’hﬁhszzEkZ’ < 3n6

Proof: Under the local coordinate (z!,--- ,2"), we proved in [6] that
mn

Suppose further that

Z F‘imnF‘jmn = /\Z(Sz]

Then
hi; = (2 + /\1)5@'

In particular, for fixed i, m,n

| Fymn| < VA

So
Z hijhkl Z FqkmeZmEonjnq
ijkl mnpq
1 1 - N
= ' Z 2+ )\z : qukmekmFioninq
ikmnpq

1 1
< e Aen?
—%:2+)\i SIS WAL

In [6], we have proved that hﬁhszim > 0. Thus

o 4 1 1
h”hklA-—- | < 2 _ A 1< 3 6
| ka1|—;(2+)\¢)(2+/\1€)+ ;24-/\1’ 24+ Ag K=

O

Now we consider hﬁhszijki' It is easy to see that

(31) 0< hwhleZ;kj < Z hijhleirs,ijrs,l < Z ‘Ejk,lP
ijklrs igkl
Lemma 3.2. Using the notations in Theorem 2.1 , we have

[Fijal < 3(Ilillza + llesllza + llorllza + llrl[74)
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Proof: Since the Green operator is a positive operator, we have

|/ (GO, Oajr)| < \// (Gaaliyaali)\// (GOajy, Oajy,)
X X X

However, for fixed [,i, by Lemma 2.1, we have

GO*0a;; = GOay; = a; — H(ay)

where H(ay;) is the harmonic part in the Hodge decomposition of a;;. Thus

| / (GOay, daz)| < | / (GO dass, ais)| < / a2 < / ol + il
X X X X
So by Theorem 2.1,

| Figal < 3(l @il I + llesllza + llerl 74 + Nl 74)
O

Theorem 3.2 (Theorem 1.2). The scalar curvature p of the Hodge metric
satisfies

0< —p<3n8+144n > |lill3a

)

Proof: p < 0 follows from [6]. The upper bound is from Lemma 3.1 and
Lemma 3.2. O

4. A REMARK ON THE THEOREM OF C-L WANG

In his paper [14], C-L. Wong gave a necessary and sufficient condition
for the Weil-Petersson metric to be incomplete for a family of Calabi-Yau
manifolds over a punctured disk. The main theorem of him is (for the precise
definitions and notations, see Wong [14]):

Theorem 4.1 (C-L Wong [14]). Let A* be the parameter space of a family
of Calabi-Yau manifolds. Let F7 be the limit of F™ in the sense of Hodge
theory and N is the associated nilpotent operator. Then the necessary and

sufficient condition for the Weil-Petersson metric to be incomplete is that
NF? =0.

In this section, we are going to prove, even if the Weil-Petersson metric
is complete, we still have some restrictions on F2. for n = 3.

The classical Weil-Petersson metric is defined by giving a natural Hermit-
ian metric on H'(X,Tx) induced by the Ricci flat Kihler metric for each
Calabi-Yau manifold. However, by the theorem of Tian [12], We can look
at the Weil-Petersson metric in a different way.

Recall that the Hodge bundle F™ over the classifying space D is the
tautological bundle of the filtration

OcF'cF*'!c...cF'cH
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The natural Hermitian metric on F" is the polarization (). Suppose w is the
curvature form of the Hermitian metric @, then w is an closed (1,1) form of
D. Suppose M is a horizontal slice of D (see Griffiths [3], for example), then
w restricts to a semi-positive form on M. However, if M is the universal
deformation space of a Calabi-Yau manifold, then by Tian’s theorem [12],
w|pr must be positive definite and is the Weil-Petersson metric.

Thus there are some restrictions for a horizontal slice on which the w is
positive definite. The following theorem gives one of the restrictions on the
limiting Hodge structure.

Theorem 4.2. We use the notations in the above theorem and in [14]. If
n =3, then
Q(F3,N3F3 —3N?*F3 —2NF3)=0
Proof: Let
1

Q = 7T N A ()

where A(z) is a vector valued holomorphic function of z € A*, the punctured
unit disk. Let

Fro = (92,0.0,0:Q)
It is easy to check that
lim PF,., =Q(FS,N*F3 —3N?F2 —2NF2)
So we need only to prove that
lim 2PF... =0

Let p € A*. Then since p represents a Calabi-Yau threefold, we have a

map f from a neighborhood of p in A* to the universal deformation space U.

Suppose in local coordinates, the map f is z — (2!,---,2"). Let Z' = %—i.

Then from [6], we see that the Hodge metric on A* can be written as
h=hz2'Z" = (295 + 9" 9" FimpFijng) 2' 7’
where 9i7 and hﬁ are the Weil-Petersson metric and the Hodge metric, re-
spectively. Since 95 < hﬁ, we have
h > W WP Ey,, Fing Z' 7’
By the Cauchy inequality, we see that
(W™ WPy Fing ZZ° V0% > |Fiju 20 27 252
So we have
W > |FyjpZ' 2 25 = |Fze|?

In [6], it is proved that the curvature of h is negative away from zero. So
the Schwartz lemma gives,
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C
h< —
~ 72(log ;)

Then

76

6 2
F <C————0
T | zzz‘ = ’/"6(10g %)6 —

The theorem is proved.
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