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1. INTRODUCTIONS

A polarized Calabi-Yau manifold is a pair (X,w) of a compact al-
gebraic manifold X with zero first Chern class and a Ké&hler form
w € H*(X,Z). The form w is called a polarization. Let M be the
universal deformation space of (X,w). M is smooth by a theorem of
Tian [5]. By [8], we may assume that each X’ € M is a K&hler-Einstein

manifold. i.e. the associated Kéhler metric (g’ B) is Ricci flat. The

tangent space Tx:M of M at X’ can be identified with H(X', Tx/).,
where

HY X' Tx)o = {¢ € H(X', Tx:)|¢pow = 0}
The Weil-Petersson metric Gpy on M is defined by

af g -0
Gwp(o, ) = / g’ 95050y
X/

where ¢ = q%idzﬁ, = 22 dz® arein HY (X', Tx/)w, ¢ = g;Edzadzﬂ

0z A Pz0
is the Kahler-Einstein metric on X associated with the polarization w.
In this paper, we consider the universal deformation space M of a
simply connected Calabi-Yau threefold. Let wy p be the Kahler form
of the Weil-Petersson metric and set n = dim H'(X,Tx) for some
X € M. We proved

Theorem 1.1. Let wyg = (n+ 3)wwp + Ric(wwp). Then
1. wy is a Kdhler metric on M;

2. The holomorphic bisectional curvature of wy is nonpositive.

Furthermore, Let o = ((v/n+1)>+ 1)t > 0. Then the Ricci
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curvature Ric(wg) < —awy and the holomorphic sectional
curvature is also less than or equal to —av.
3. If Ric(wy) is bounded, then the Riemannian sectional curva-

ture of wy 18 also bounded.

Because of the following theorem, we call wy the Hodge metric of
the universal deformation space. For the definitions, see Section 2 and
Section 3.

Theorem 1.2. Let U be an open neighborhood of M, and let U — D
be the period map to the classifying space D. Then up to a constant,
wpg 18 the pull back of the invariant Hermitian metric of the classifying

space D.

Remark 1.1. In fact, we have proved more. The theorems are also true
on the normal horizontal slices. A normal horizontal slice is a horizontal
slice such that the Weil-Petersson metric can be defined. See Section

3 for details.

The proof of the first theorem is a straightforward computation us-
ing the Strominger’s formula [4]. Using this method, we can find the
optimal upper bound of the Ricci curvature and the holomorphic sec-
tional curvature. The combination of the first and the second theorem
is somewhat unexpected: let’s explain this a little bit more in detail.
By a theorem of Griffiths, we know that the holomorphic sectional cur-
vature on the horizontal directions of the classifying space is negative
away from zero. Using the same method, we know that the holomor-
phic bisectional curvature are nonpositive on certain directions. If D
is a homogeneous Kahler manifold, then by the Gauss theorem, we
should be able to prove that the holomorphic sectional curvature and
the holomorphic bisectional curvature of the horizontal slice are smaller
than the corresponding curvatures on the classifying space. However,
D is not a homogeneous Kéahler manifold in general. Nevertheless, the
theorems tell us that we still have the negativity of the curvatures.

In order to prove the second theorem, we make use of the fact that
D is the dual homogeneous manifold of a Kahler C-space. Write D =
G /V where G is a noncompact semi-simple Lie group without compact
factors and V' is its compact subgroup. Let K be the maximal compact
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subgroup containing V. We write out explicitly the projection G/V —
G/K via local coordinate. Then the metric (n + 3)wwp + Ric(wwp)
and the restriction of the invariant Hermitian metric of D on U can be
identified.

In the last section, we gave an asymptotic estimate of the Weil-
Petersson metric to the degeneration of Calabi-Yau threefolds. Such
an estimate was obtained by Tian [6] in the case that the degenerated
Calabi-Yau threefold has only ordinary double singular points. C-L.
Wang also got such a result using a completely different method.
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D thesis. The author would like to thank his advisor, Professor G.
Tian for his advise and constant encouragement during my four year’s
ph.D study. He also thanks Professor S. T. Yau for his constant en-
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2. THE CLASSIFYING SPACE AND THE HORIZONTAL SLICES

The concepts of the classifying space and the horizontal slice were
introduced by Griffiths [2]. We recall his definitions and notations in
this section.

Suppose X is a simply connected algebraic Calabi-Yau three-fold.
The Hodge decomposition of the cohomology group H = H3(X, C) is

Hg(X, C) — H3,0 D H2,1 ey H1,2 D HO,3
where
HP = HY(X, Q)

and P is the sheaf of the holomorphic p-forms. The quadratic form @)
on X is defined by

Qe = [ €nn

By the Serre duality and the fact that the canonical bundle is triv-
ial, dim H*! = dim H'? = dim HY(X,Tx) = n, and dim H3? =
dim H%% = 1. Thus H3(X,C) = C*"*? is a (2n+2)-dimensional com-
plex vector space.

It is easy to check that () is skew-symmetric. Furthermore, we have
the following two Hodge-Riemannian relations:

1. Q(HPI, H”9)=0unless P =3 —pand ¢ =3 —¢;

2. (vV/=1)P79Q(x), 1)) > 0 for any nonzero element 1) € HP,

We define the Weil operator C': H — H by

O|Hp,q = (\/__1)p—q
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For any collection of { HP7}'s, set
F3 — 30
F2 — H3,0 D H2,1
Fl — H3,0 D H2,1 D HI,Q
Then F!, F2, [® defines a filtration of H
OCF*CF*CcF' cH
Under this terminology, the Hodge-Riemannian relations can be re-
written as
3. Q(F?, F') = 0,Q(F?, F?) = 0;
4. Q(CY,v) > 01if  #0

Now we suppose that {h?9} is a collection of integers such that p+¢q =
3and > hP?=2n+ 2.

Definition 2.1. With the notations as above, the classifying space D
of the Calabi-Yau three-fold is the set of all collection of subspaces
{HP} of H such that

H= @ HM  HP'=Her,  dim H" = b
p+q=3

and on which Q) satisfies the two Hodge-Riemannian relations 1,2.

Set fP = h™0 4 ...+ hP" P Then D is also the set of all filtrations
OCF*CF’CF'CcH, FoFtr=H
with dim FP = fP on which Q) satisfies the bilinear relations 3,4.

D is a homogeneous complex manifold. The horizontal distribution
T,(D) is defined as

Tw(D)={X e T(D)|XF*Cc F*, XF* c F"}

where T'(D) is the holomorphic tangent bundle which can be identified
as a subbundle of the (locally trivial) bundle Hom(H?*(X, C), H*(X,C)).
So X naturally acts on FP.

Definition 2.2. A complex integral submanifold of the horizontal dis-

tribution Ty (D) is called a horizontal slice.
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Suppose U C M is a neighborhood of M at the point X. Then
there is a natural map p : U — D, called the period map, which
sends a Calabi-Yau threefold to its “Hodge Structure”. To be precise,
Let X’ € U. Then there is a natural identification of H*(X’,C) to
H3(X,C) = H. So {HP(X")},14=3 are the subspaces of H satisfying
the Hodge-Riemannian Relations. We define p(X') = {HP4(X")} € D.

3. THE WEIL-PETERSSON METRIC AND THE HODGE METRIC

On the classifying space D, we can define the so called Hodge holo-
morphic bundles F?, F? F' which are the subbundles of the locally
trivial bundle C**™2. The fiber of the bundle C*"™ at X € M is
H3(X,C). The fibers of F°, F? F' at X are H*(X), H>*(X) @
H*Y(X), H3(X)® H*'(X)® H"?(X), respectively. Note that £ is in
fact a line bundle. Let © be a (nonzero) local holomorphic section of F**.
The curvature form of the bundle F? is then ¢ = —@85 log Q(22,Q).

Let U be a horizontal slice, define

w=oly

Proposition 3.1. Let w = ggagdzo‘ A dZP in local coordinate. Then

9.5 = 0 is semi-positive definite.

Proof: Let K = —log Q(Q,9Q). Then
Q0.2 + Ko, 050 + K50)

9oB = — =
’ Q(2,9)

But 0,0 + K,Q € H?*!'. The proposition follows from the second

Hodge-Riemannian Relation. O

Definition 3.1. The horizontal slice is called normal if the form w
s positive definite at any point. In that case, w = wwp is called the

Weil-Petersson metric on the normal horizontal slice.

Remark 3.1. By the theorem of Tian [5], we know that if M is a uni-
versal deformation space, then | is the Weil-Petersson metric defined
in the introduction. Thus the universal deformation space is a normal

horizontal slice.
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Definition 3.2. The cubic form F = Fjj, is a (local) section of the
bundle Sym?(T* M) @ (F*)®? defined by

Fiji = Q(82, 0;0;0,82)

in local coordinates (z1,--- | 2").

Definition 3.3. Let U be a normal horizontal slice. Suppose wp s
the Kdhler form of the invariant Hermitian metric on D, then we call

wplu the Hodge metric on U.

We are going to prove

Theorem 3.1. Suppose wy p is the Kdhler form of the Weil-Petersson

metric. Let
w1 = (n+ 3)wwp + Ric(wwp)
then wy is a constant multiple of the Hodge metric.

Before proving the theorem, we first prove

Proposition 3.2. There is a basis ey, -+ ,ea,10 of H under which Q)

can be represented as
Q=v-1
-1

And if we let

3= span{e; — vV—1lepia}

1P = span{e; — vV —lepio,60 + V—lenis, -, eni1 + V—1leania}
and f' is the hyperplane perpendicular to f3 with respect to Q, then

{ocfPcfPfcflcHYeD

[
The point {3, 2, f'} € D is called the original point of D. Some-
times we write it as eV if D = G/V.
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By the curvature formula of Strominger [4], the Ricci curvature of
the Weil-Petersson metric

Rz} = —(TL + 1)91} + €2Kﬂpqﬁ1jmngpmgqﬁ

where we set wyyp = @ 9;5d2' AdZ in the local coordinates (2', - - -, 2")
and K is the local function: K = —1log Q(Q2, Q).
Let wy = ghijdzi A dz?. Then

hiz = 295 + € FipgFjmng™ 9™
Clearly (h;;) > 0.
Suppose

7. D — Cp*t!

is the projection of D to C'P*"*! by sending (F3, F?, F') to F3. Let U
be a normal horizontal slice. Let 2 be a (nonzero) local section of F3.
Then 0;Q2 + K;{) is not zero because wyy p is positive. Thus

.U — D — Cp™mt!

is an immersion.

Now we consider the result of Bryant and Griffiths [1]. Their results
can be briefly written as follows:

We assume that eV € U. i.e. the normal horizontal slice passes the
original point of D, where the original point is defined as { f3, f?, f!} €
D in the Proposition 3.2. Then according to Bryant and Griffiths, there
is a holomorphic function u defined on a neighborhood of the original

point of C" such if (2!, ---,2") is the local holomorphic coordinate of
U at eV, the original point, then

1 1 1 . 1 1
3.1 Q=(1,—=2" ", —=2"u— —2"Uj, —=U, = Uy,

with F' = Span{(Q)}, F? = span{VQ}, F' 1 F?3 via Q. In particular,
u(0) = —/—1, |Vu(0)| = 0, V2u(0) = /—11I, where I is the unit
matrix.

In order to prove Theorem 3.1, we need only to prove it at the original
point, because any point of the homogeneous space D can be taken as
the original point.

Under these notations, at eV, D;QQ = 0,Q0 + K;Q) = %(eiﬂ +

vV —1leuyite). Thus

V—1Q(2,Q) = -2



and
QYD) 1
5= onm 2
Furthermore, the cubic form Fjj; at eV is
3
Fur = 5 gm0 =~
Thus

—_ 1
his = 295+ € Funn Fipag™g"™ = 855+ i (0) 5 (0)

Now we are going to prove that (h;3) is a constant multiple of the
Hodge metric. Consider the projection

1:D=G/V - G/K

where K is the maximal connected compact subgroup of G containing
V. We have

Lemma 3.1. Let U be a horizontal slice, then  is an isometry between

the Riemannian submanifold U of D and the Riemannian submanifold
m(U) of G/K.

Proof: Note that U is a horizontal slice of D. The lemma follows
from the definition of the invariant Hermitian metric on both manifold.
O
From the above lemma, we know that in order to compute wp|y, we
need only computed the metric of U as a submanifold of G/K, even the
map 7 is not holomorphic(Recall that D is not homogeneous Kéhler,
so the map will not be holomorphic in general). In order to do this, we
write out the projection
m: GV - G/K

explicitly now.

It is easy to prove from linear algebra that the projection 7 send
OCF*cF*cF'cH
to
F3 D H1,2

We have known that G/K = Sp(n+1, R)/U(n+1) is the Hermitian
symmetric space. G/K can be realized as the set of (n + 1) planes P
in the C*"*2 gpace such that —/—1Q(P, P) > 0. Thus G/K can be
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represented as the set of all the symmetric (n+ 1) x (n + 1) matrix Z
satisfying Im Z > 0 where Im Z > 0 means I'm Z is a positive definite
Hermitian matrix.

We write the entries of the matrix Z as functions of D.

Suppose now near the original point, F? is spanned by

(1,2%, a,a")

where 2z, € C",a € C. And suppose F? is spanned by the row vectors

of the matrix
1 2t a o
01 g A

for g € C", A € gl(n,C). Then by the first Hodge-Riemannian relation
Q(F? F*) =0
we know that
0=a— Az, A=A

So locally, we can represented F? by the matrix

(3.2) <(1) th oz—aAz OX) A=A
Let Q = (1,2% a,a'), and let (g) be a local section of F? with © =
(0,1, — Az, A). Set
m=Q(,0)=—-a+a—az+a'z
E=Q(0,0) =-at+a—Az—2)
where m € C, £ € C". 1t is easily checked that

Q(0,6 — éﬁ) =0

m

So © — £0 € F! and since Q and © are in H*!, © — £Q € H'2
The projection 7 can be locally written as

1 2 a a Q B

0 1 a—Az A @—%ﬁ o
1 2t a ot

— 1—% a—Az—a—nf Z—%aﬁ

where the right hand side of the above represents an (n + 1)-plane in
H.

3
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The symmetric (n+1) x (n+1) matrix Z can be obtained as follows:
let

Then as a matrix

L pg(E =2 = (1= S 2

We have

1 2t ! 1—ztB% —2'B
_g & - BE B

m m

where B =1+ u&(z" — 2%). Let

1-2'B% —2'B a  a _( D1 D}
B B a—Az-% A-<Ltgt ]\ Dy Dy

for Dy € C, Dy, D3 € C", Dy € gl(n,C). Then it can be computed

Dy =a— 2'(a — Az) + u(24€)?
(3.3) Dy = D3 = (a —a)ué + B(a — Az)
Dy = A+ pgg'

Then the matrix Z is obtained:

Proposition 3.3. Under the notation as above, the map
m: GV —-G/K

under the local coordinate described as above is
1 2 a al D, D}
1 a—Az A D3 D4

where the D;’s are defined as in equation (3.3).

The Hermitian metric on G/K is —\/—18510gcﬁ ImZ. In par-
ticular, at the original point, it is ) . dZY A dZ, where we set
ZY = 77 if i > j. By Equation 3.1 we see that in order to get
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the map U — G/K, z,a, a A in Equation 3.3 should be replaced by
Lou—> %ziuz, L sV, fuw, respectively. Thus we have

oDy __ oDy __ 0
8tk 0 Oty o D
3.4 Cais,, e
dD4 _ 8(D4)'rs - a7
ot T o umk

By a straightforward computation, we know the restriction of the met-
ric on GG/K on U at the original point is a constant multiple of

1

Thus completes the proof.

4. THE CURVATURE COMPUTATION

In this section we give an optimal estimate of the upper bound of the
holomorphic sectional curvature, bisectional curvature and the Ricci
curvature of a normal horizontal slice.

Let U be a normal horizontal slice. Suppose (g;7) is the Weil-
Petersson metric, (Fj;;) is the cubic form, and K = —logQ(Q, Q).
The Hodge metric (hij> is:

- = 292] + Z zrs pquﬁgsq

rspq
As we have proved, (h;;) is a Kéhler metric. So the curvature tensor
R~ 7 of (hzj) is

ik

2p _

Rr - 9 hij _ pnm ahlm ah”ﬂ

kL 92k 9zk 07

Now we suppose that at point p, the local coordinate for the Weil-

Petersson metric is normal. i.e., at point p, g; = d;; and dg; = 0.

Furthermore, assume K(p) = 0. The curvature tensor R of (g;7)
then is

R = 3291-3
k 0zk07
also we have

Ohim _—
(41) 9.k = Z Ers,kars

where

-Firs,k - ak:ﬂrs + 2Kkﬂrs



12

is the covariant derivative of the cubic form with respect to the Weil-
Petersson metric. By using the Strominger formula at p,
Rz]kl - 5Zj5kl + 6115](2] zkmF’jlm
We get
0*h
8,2’“(9”21 = Ukl -2 Z Rqskl irs JTQ
(4.2) sqr

+ 25kl Z F‘irsm + Z Firs,km

Combining Equation 4.1 and Equation 4.2,we have

Proposition 4.1. If K = 0 at the point p,
Rl]kl 2R’L]k‘l + 25k’l Z ETSF]TS 2 Z RqsklETSFqu

sqr

+ Z -Firs,km - Z(Z Ers,kﬂ)(Z Fjrs,lm)hnm

mn rs

(4.3)

Based on the above proposition, we get

Theorem 4.1. Let ¢(n) = ((v/n+1)2+ 1), then

1
Ric(wy) < ———wpy

c(n)

where R is the superium of the holomorphic sectional curvature. The
constant here is optimal. Furthermore, the bisectional curvature is non-
positive.

Proof: We consider the point p and the normal coordinate at p with
respect to the Weil-Petersson metric. Fixing i, let

Am - Z -Firs,kakm

rsk
for a vector a = (ay,--- ,a,). Then it is easy to see that
Z | Z Fipq kak|2 - Z Z Firs kakars Z Ers kaanrs>hnm
(4 ) mn  rsk rsk

_Z\me,kak Zh"’”A anq|2+22|2ham E
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where we use the fact that hg; = 20;; + EmnF mn ab .
Define a generic vector a* = 8;,,k = 1,--- ,n. Using Equation 4.4,

we have
Z |-Fipq,i|2 - Z hnm(z Ers,iﬂ)Z -Fi'rs,iFm"s) Z 0
Prq mn rs rs

Now using Proposition 4.1, we get

Raﬂ'yéa’ aﬁa’)’aé Rﬁﬁ = 2Rzzzz + 2 Z |FZ7“S 2 Z ngﬁﬂrsm

>4 — 42 |Fm‘2 + QZ | Z quFWJ‘z

Let

sqr

Tr = Z ’Fiir‘Q
Then we have

Z‘Z qip zrq|2 > |Z’EW‘2’2 _

q
Z | ZFqime > Z | Z |qu|2|2 > %(h“ _ 2>2
rp q N 7

So for a,b > 0,a + b =1, we have

b
R——>2—2x+a$ + — (hﬁ_Q)Q

1

1 b
>2—~+ —(h; —2)*
a n
On the other hand, we have
h,za” a? = = h;
Let a = 22;\& and b =1 — a, we have
1 2 2
Rzz> —————h2 = |hiza Tad|

02 i

It is a straightforward computation that the constant here is optimal.

Thus we proved R(a,@,a,@) > ||a]|?. Since a can be any vector by
making a linear transformation of the normal coordinate. We have
already proved the assertion of the theorem about the holomorphic
sectional curvature.
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Now we turn to the bisectional curvature. For any (a',--- ,a™), using
the same inequalities before, we have

R 223 P 24 =4 3|3 P
+ZZ|Z akm ank 2> 2|a’ |2+22|Zquszqra —a"*>0

r qk

This proves the nonpositivity of the bisectional curvature.

Finally we consider the Ricci curvature. Suppose that £ is a unit
vector. Then by the definition of the Ricci curvature and above results,
we have

_RZC(§7 E) Z R(£7 Ea 57 E)
This completes the proof of the theorem.

5. THE BOUNDNESS OF THE SECTIONAL CURVATURE

In this section, we prove that the boundness of the Ricci curvature
implies the boundness of the Riemannian sectional curvature.

Theorem 5.1. Suppose U is a normal horizontal slice. Suppose p € U
is a fized point such that the Ricci curvature has a lower bound C, at

p. That s
Ric(wn)p > =Cpwn )y
Then the Riemannian sectional curvature has a bound
[R(X,Y, X,Y)| < 3+ CplIX| Y]]
where X, Y € T, U and X LY.

We begin by restating Proposition 4.1 in the section 4.

Proposition 5.1. Suppose we have the notations as in the proposi-

tion 4.1, then we have

R = Agi + Bigu

ijk
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where

A = 28 + 208y =43 P +2 Y Fo P g

rs

Bijkz = Z(Firs,k - Z Azkanrshnm) (FjTSJ - Z AjlmFm“Shnm)

+ 2 Z Aikmh”mAﬂmlhmﬁ
mmin

here we define
Aikﬁ = Z Ers,kars
s
Proof: A straightforward computation. O

Lemma 5.1. Suppose that £, € T5""U and define 1€])? = hﬁé“ig,
then

|Rgu€'€ nin'| < (6 + Cy)lIE|PlInlI?

Proof: Note that the holomorphic bisectional curvature of U is non-

positive. We know that the holomorphic sectional curvature is bounded
by C,, i.e.

| R € 7€l < Gyllell*

DD FanpFng€'
pq

nij

= SIS B3 Frnab )P

n 7

<SS Fnt YN B

We have

= 1D Fml P 1D Fingn’
pn i qn J

< IE]P[Inlf?
here we use the fact that

and



DI Fm€ =3 D Finp€ iy < [I€I1

,j pn
Thus

Z Z mp ‘anifknjnl
ijkl mnpq
== Z Z inp anlﬁj Z qkm plmg 77

nij mkl

Z | Z anpF]nq§ n]|2 Z | Z qgkm plmfkn |2
nij pq  mkl

< ||€|| ||77||2

We also have

DD FwEP <Y Q1D Fa P Y IEP) <1l
s ik s ki k
Thus by proposition 5.1, we have
| > Aga€ € nint| < 6l Il
ikl
We also have

> B i <[> By €iEl Y By n it

ijkl ijkl ijkl

Combining the above two inequalities we proved the lemma.
Proof of Theorem 5.1:
Let

E=X—-Vv-1JX
n=Y —v-1JY
Then
~ 1 ~ ~ —
R(X> Y7 X, Y) = g(R@ R(ﬁ?ﬁ?&?ﬁ) - R(€7€7 nvﬁ))
The bisectional curvature is bounded by C,

[R(&.Em.m)| < CylIElP[Inlf?
Thus

[ROXY, X, Y)| < -3+ ClIElPlnll® = (3+ Cp)lIXI[P[[Y]?

1 =
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6. AN ASYMPTOTIC ESTIMATE

In this section, we make use of the results in the previous sections to
prove an asymptotic estimate of the Weil-Petersson metric of the de-
generation of Calabi-Yau threefolds. The motivation for the estimate
is from a result of G. Tian [6]. Although the argument can be gener-
alized to study the Weil-Petersson metric of a normal horizontal slice
near infinity, we restrict ourselves to the degeneration of Calabi-Yau
threefolds.

We say m: X — A is a degeneration of Calabi-Yau threefolds, if X,
A are complex manifolds and 7 is holomorphic, and A is the unit disk
in C. Vt € A, t # 0, 7 !(t) is a smooth Calabi-Yau threefold while
771(0) is a divisor of normal crossing. We also denote A* to be the
punctured unit disk.

Theorem 6.1. Suppose X — A is a degeneration of Calabi-Yau three-
folds. Suppose w be the Weil-Petersson metric on A*. Then if

log w

lim =0

r—0 log %

Then
1
w < V=1C(log =)*™dz A dz
r
where c(n) = ((/n+1)*+1), Cy is a constant and z is the coordinate

of A.

Remark 6.1. wis a Kéhler metric on A*. So there is a function A\(z) > 0

on A* such that
w=vV-1\(2)dz Ndz

The assumption is understood as

log A
1 222
r—0log p

and the conclusion of the theorem is understood as

A(2) < Ciflog )"
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Proof: By a theorem of Tian, there are no obstructions towards
the deformation of a Calabi-Yau three-fold. Suppose M € 7 !(A¥)
is a fiber. Let n = dim H'(M,0) and 7(M) = p. Let M be the
universal deformation space at p. Then there is a neighborhood U of
A* at p such that U C M Suppose z; = z, and suppose U is defined

by zo = --- = 2, = 0 near the point p. Using the notations as in the
previous sections, by the Strominger’s formula, we have
1 -
2
(6-1) Ry = 2911 - (Q’ﬁ)gFllgFllnggn

Here (,Q) = v/—-1Q(Q,Q)

Lemma 6.1. Let A = g7, then
1
(2, )

10551*—11&790&9677

AN ——Fy F
Fiie 11779 (Q Q)
Proof: If g3 = 0 for § # 1, then the inequality is trivially true.
Thus we would like to choose a coordinate such that g,z = 0,5 # 1.

Let A be an (n — 1) X (n — 1) matrix. Let

n
w; = E Aiij
=2

fori=2,--- n. If Aisanonsingular matrix, then (z;,ws, -+ ,w,) will
be local holomorphic coordinate of M at p and A* is again be defined
by wy = --- = w, = 0. Now we choose an A such that
g 0
(5 5%) =0
0z1 0w
for k = 2,---,n. Suppose g, is the matrix under the coordinate

(217w2 e 7wn>7 (gla) - 0 for [} # 1
O
Using the lemma, from Equation 6.1, we have

Rﬁﬁ > 2\ — )‘(hﬁ - 291T) > —Ahyg

Suppose A = a— then the Gauss curvature of A* with respect to A

F)
is
4
K = —XAlogA
On the other hand
1 1
Aloglog - = ————
0BI08 4r2(log )2
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So we have
1 1

where we use the Gauss formula 4R,7;7 < —KM?. The holomorphic
sectional curvature of (hy7) is less than _C(Z)' Thus by the Schwartz
lemma

c(n)

hy < ———%—
1 (rlog 1)2
Thus
A
The rest of the proof is quite elementary: let
A
f == log (1 g %)46(71)
Then
lim / =0
r—0log <

So for any €, there is a § such that r < ¢ implies —f + elog% large
enough. Now

1
A(—f+elog—) <0
r
So the minimum point must be obtained at [r| = . So

1
f—e€log— <) +e€elog2 <2C4
r

for any € small. thus letting e — 0, we have f < 2C', which completes
the proof.

Remark 6.2. In Hayakawa [3], the author claimed a relation between
the degeneration of the Calabi-Yau manifolds and the noncompleteness
of the Weil-Petersson metric. But her proof was incomplete. C-L.
Wang [7] gave a proof of this and studied the Weil-Petersson metric in
great detail. In particular, he proved an asymptotic estimate for the
degeneration of Calabi-Yau manifold which is slightly sharper then our

estimate independently using a different method.
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