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1. INTRODUCTION

A polarized Calabi-Yau manifold is a pair (X, w) of a compact algebraic manifold
X with zero first Chern class and a Kéhler form w € H?(X, Z). The form w is
called a polarization. Let M be the universal deformation space of (X,w). M is
smooth by the theorem of Tian [8]. By [9], we may assume that each X' € M is
a Kahler-Einstein manifold. i.e. the associated Kéhler metric (¢'-) is Ricci flat.

af
The tangent space Tx'M of M at X' can be identified with H' (X', Tx/),, where

HY(X', Txr)y = {p € H' (X', Txr)|pow = 0}.

The Weil-Petersson metric Gpy on M is defined by
ai —0
Gwr(p,v) :/ g ﬂ9§3¢%¢ad‘@'a
XI

where ¢ = gp%%dzﬂ, ¢ = ¢YSL:dz® are in H' (X', Tx)y, ¢’ = g;EdzadEﬂ is the
Kéahler-Einstein metric on X’ associated with the polarization w.
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A natural question on M is that whether the Weil-Petersson metric is complete.
In [4], the author proved that there are no non-trivial complete special Kahler
manifolds. If dim M = 3, then M is a projective special Kéhler manifold [2]. The
corresponding conjecture in this case would be:

Conjecture. If the moduli space M of a Calabi-Yau threefold is complete with
respect to the Weil-Petersson metric, then it is locally symmetric.

Remark 1. We don’t have examples of Calabi-Yau threefolds whose moduli spaces
are locally symmetric . But locally symmetric moduli space is the best we can
expect. Our results in this paper can easily be extended to horizontal slices. In the
last section, we will construct a horizontal slice which is locally symmetric (and
complete).

In the rest of this paper, we will concentrate on moduli space of Calabi-Yau
threefolds. General moduli space will be considered elsewhere [5].

In the three dimensional case, associated to the Weil-Petersson metric is the
Yukawa coupling. It can be defined as

Fle.wn6)= [ envnes,
where Q is a (3,0) form on X'. Since X’ is Calabi-Yau, (3,0) forms on X' differ
by constants.

Note that the Yukawa coupling depends not only on ¢, 1, £ but depends on €2
as well. In fact, one can prove [3] that F' is a holomorphic section of the bundle
Sym?*(T*M) ® (F*)®2, where F? is the first Hodge bundle on M (cf. [3]).

One of the fundamental properties of the Weil-Petersson metric and the Yukawa
coupling is that they can be defined “extrinsically” in the sense that they can be

defined only using the fact that the moduli space is a horizontal slice. In fact, let
Q(,Q) be defined in (3). We have

wwp = —d0 log Q(Q, ﬁ)a

(cf. [8]), where wyp = 2£7r1hi3dzi A dZ; is the Kéhler form of the Weil-Petersson

metric, and
Fijr = Q(0:0;0,82, Q).
One can contract the Yukawa coupling to get the following (1, 1) tensor

e , s 4 .
P=—"—"——P:dz' NdZ’ = ——hPIh Fp, Fjgsdz’ N d7Z’. (1)
o2r Y 2m

This tensor is important because of the following theorem [6]:
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Theorem 1. Let wy = 2wwp + P, and let n = dim M. Then

(1) wy is a Kdhler metric on M;

(2) The holomorphic bisectional curvature of wy is nonpositive. Furthermore,
Let o = ((y/n+1)24+1)"' > 0. Then the Ricci curvature Ric(wy) < —awg
and the holomorphic sectional curvature is also less than or equal to —a.

(3) If Ric(wgy) is bounded, then the Riemannian sectional curvature of wy is
also bounded.

We call wg the Hodge metric on M.

In this paper, we give a necessary and sufficient condition for the Weil-Petersson
metric to be complete. It is easy to prove one side of the theorem. That is, if the
Yukawa coupling is bounded, then the Weil-Petersson metric and the Hodge metric

are equivalent. The other side of the theorem is the main result of this paper:

Theorem 2. Assume that the Weil-Petersson metric is complete. Then there is a

constant Cy(m,n), depending only on m,n, such that
|[V™F|? < Cy(m,n),

for any nonnegative integer m, where V is the Hermitian connection of the bundle
Sym?(T*M) ® (F*)®? and n is the complex dimension of the moduli space M.

Acknowledgment. This paper is a refinement of the talk the author gave at the
workshop “Special Geometric Structures and String Theory” at Universitat Bonn in
September 2001. The author thanks the organizers Dmitri V. Alekseevsky, Vicente
Cortés, Chand Devchand and Antoine Van Proeyen for the invitation and helpful

conversations during the workshop.

2. ON THE COMPLETE WEIL-PETERSSON METRIC

In this section, we use the method of gradient estimate to prove Theorem 2, the

main result of this paper. We first prove the following weak version of Theorem 2.

Theorem 3. Suppose M is the moduli space of a Calabi-Yau threefold. If the
Weil Petersson metric on M is complete, then the normal of the Yukawa coupling
with respect to the Weil-Petersson metric is bounded. On the other hand, if the
Yukawa coupling with respect to the Weil-Petersson metric is bounded, then the

Weil-Petersson metric is equivalent to the Hodge metric.

Proof: Let wy be the Hodge metric, then by definition

C()HZQWWP+P, (2)
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where P is defined in (1) and wwp = ‘é;_rlhﬁdzi/\dij is the Kéhler form of the Weil-
Petersson metric. The trace of the tensor P is the normal of the Yukawa coupling.
Thus the Hodge metric and the Weil-Petersson metric are mutually equivalent if
the Yukawa coupling is bounded.

On the other side, let

— \F|2 — eQKFijkmhiahﬁth,

where K = —logv/—1Q(9,9), and

Q(0,0) :/ QAL (3)
X/
We have
f& — 262KKaﬂjkmhiahj5th
+ eZKﬂjkmhiahjgth + GQKEjkm&a(hiahjgth)
fora=1,---,n. Thus we have

Af = €K |0, F 5 + 2K o Fyjp|* + 20| F|? + €5 Fyji Frype0a0a (R h° ),
where A is the complex Laplacian of the Weil-Petersson metric. Under the normal
coordinates,
e Fij Fupe0a0o (W h*) = 3e*X Fj Fojr R
where R ; is the Ricci curvature of the Weil-Petersson metric. Thus
Af > 2n|F|* + 3e*  Fjy Fojn Ry

It is known in [7] that

R; = —(n+1)8,; + e FynFimn- (4)
Thus
Af > 2m|FP=3(n+ )|FP+3e" Y | FiypFul®
a,i 7.k
> —(n+3)|F”+ 3¢ > (O |Fyul*)’
% i,k
> —(n+3)|FI> + =" (> [Fiysl?)?

1,5,k
= 2P -+ 3)].

We now recall a version of the maximum principle from [8].
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Proposition 1. Suppose that (M, g) is a complete Kihler manifold. If the Ricci

curvature of g is bounded from below and ¢ is a nonnegative function satisfying
Ap > c19” — cap — c3,

where o > 1,¢1 > 0, ¢o,c3 > 0 are constants. then
C2 + C3
4]

)a).

By equation (4) we know that the Ricci curvature is bounded from below. Thus

sup ¢ < Maz(1,(

using Proposition 1, we have

n(n + 3)
f=y—5—

O

Remark 2. We can also get similar estimates on moduli spaces with incomplete
Weil-Petersson metric. In that case, a different version of Maximum principle
should be set up.

Proof of Theorem 2. We define

fm = V™ F? (5)

for m = 0,1,2,---. The inequality is true for m = 0 by Theorem 3. Assume that
the inequality is also true for all 0 < 7 < m — 1. That is, we have a constant
Cy(m,n) such that

\ViF 2 < Ci(m,n) (6)
for any 0 < i < m — 1. We are going to prove that |V™F| is bounded. First we

have the following lemma:
Lemma 1. With the above assumption, there is a constant Cy depending only on
m,n such that
Afm 2 fms1 — Ca(m,n)(fm + 1).
Proof. By (5), we have
Afy =|V™F]? 4+ |0V"F?
o - —— (7)
+ < WV, V,V"F,VmEF > + < V"F, W'V;V,VmF >
Changing the order of the covariant derivative, we get
_ 0 0 _
V.VV"F = R(—,—)V"F +V,;V,V"F. 8
J (azz 323) + J ( )

By the Strominger’s formula [7] of the curvature of the Weil-Petersson metric

Ry = highyg + hyhyg — e WP Fyy Fg, (9)
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and by the assumption (6), we see that
V™Rl < Co|VTF| + Cs
for some constants Cy and C3 depending only on m,n. Thus by (8)

WV VN F| + [hIVV;V"F| < Cyfr + Cs

(10)

(11)

for constants Cy and C5 depending only on m,n. By (7) and (11), there is a

constant Cy(m,n) such that
Afm > fme1 — Ca(m,n)(fm + 1).
In particular, using (6), we have
Afi > fiy1 — Cu

for 0 <¢ < m —1, and the constant C, depending only on m, n.

Continuation of the proof of Theorem 2. It is not hard to see that

|me‘ S 2\/ fm+1fm-

Let
9m = fm(A + fm—l)a

where constant A is to be determined. Then using Lemma 1 and (12),
(13), we have

Agm 2 Afm+1 + fr2n - 05(A)fm - CG(A) - C?fm V fm—Ha

(12)

(13)

(14)

where C5(A), Cs(A) are constants depending only on m,n and A and C7 is the

constant depending only on m,n. We choose that A = C2. Then

1
Afm-l-l + Zfr%z 2 C?fm\/ fm+1'

Thus there are constants § > 0 and Cjy, depending only on m,n, such that

Agm > 693, — Cs.
Using the maximal principal Proposition 1,
9m < Cg/d + 1.
Since we may have chosen A > 1, we have
fm < gm < Cg/d +1,

and the theorem is proved.

(15)
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3. AN EXAMPLE

In this section, we give an example of locally symmetric horizontal slice.

We first introduce the notion of classifying space by recalling the definitions and
notations in [3].

Suppose X is a simply connected algebraic Calabi-Yau three-fold. The Hodge
decomposition of the cohomology group H = H3(X, C) is

H3(X, C) — H3,0 @ H2,1 @ H1,2 @ H0’3,
where
HP = HI(X,QP),

and 2 is the sheaf of the holomorphic p-forms. The quadratic form ) on X is
defined by

Q(f,n)=—/X£An.

By the Serre duality and the fact that the canonical bundle is trivial, dim H*>! =
dim H'? = dim H'(X,Tx) = n, and dim H*? = dim H%? = 1. Thus H3*(X,C) =
C?*2 is a (2n+2)-dimensional complex vector space.

It is easy to check that () is skew-symmetric. Furthermore, we have the following
two Hodge-Riemannian relations:

1. QHP, H”")=0unless P =3 —pand ¢ =3 —¢;

2. (vV=1)P~Q(x),v) > 0 for any nonzero element ¢ € HP?.

We define the Weil operator C' : H — H by

Clapa = (V—1)P71,
For any collection of { HP}’s, set
F3 = H3.
F2 = H3 g H2'.
Fl = g3 g H>' @ B2,
Then F!, F2 F3 defines a filtration of H
0CFCF’CF'CH.

Under this terminology, the Hodge-Riemannian relations can be re-written as
3. QUF*, F') = 0,Q(F?, F?) = 0;
4. Q(Cx,1p) > 0 if ¥ # 0.
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Now we suppose that {hP?} is a collection of integers such that p + ¢ = 3 and
S hPT = 2n + 2.

Definition 1. With the notations as above, the classifying space D of the Calabi-
Yau three-fold is the set of all collection of subspaces {HP} of H such that

H= ¢ HPY HPY — W’ dim HPY = P,
p+q=3
and on which @) satisfies the two Hodge-Riemannian relations 1,2.
Set fP=h"0 + ...+ hP" P Then D is also the set of all filtrations

0C F?c F?Cc F' C H, FPp FiPr=H

with dim FP = fP on which Q) satisfies the bilinear relations 3,4.

D is a homogeneous complex manifold. The horizontal distribution 7,(D) is
defined as

Tw(D) ={X e T(D)|XF®c F?, XF? C F'},

where T'(D) is the holomorphic tangent bundle which can be identified as a sub-
bundle of the (locally trivial) bundle Hom(H?(X,C), H}(X,C)). So X naturally

acts on FP.

Definition 2. A complex integral submanifold of the horizontal distribution Ty, (D)

18 called a horizontal slice.

Suppose U C M is a neighborhood of M at the point X. Then there is a natural
map p : U — D, called the period map, which sends a Calabi-Yau threefold
to its “Hodge Structure”. To be precise, Let X’ € U. Then there is a natural
identification of H3(X',C) to H*(X,C) = H. So {H?Y(X")},14=3 are the subspaces
of H satisfying the Hodge-Riemannian Relations. We define p(X') = {H?(X")} €
D. Tt is proved in [3] that p(U) is a horizontal slice.

Now we introduce a result of Bryant and Griffiths [1]. Their results can be briefly
written as follows:

We assume that eV € U. i.e. the horizontal slice passes the original point of D,
where the original point is defined as {f3, f2, f'} € D as follows: there is a basis

€1, ,eanro of H under which ) can be represented as

Q:\/—_l(_l 1).
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If we let

f? = span{er — V—lenia},
f2 = span{e; — V—1lepio,€2 + vV —lepi3,- - ,€nt1 +V—legia},

and f!is the hyperplane perpendicular to f? with respect to ), then
{ocfPcffcftcH}eD.

According to Bryant and Griffiths, there is a holomorphic function v with «(0) =
—v/—=1, Vu(0) = 0 and V?u(0) = /=11 (I is the identity matrix) defined on a
neighborhood of the original point of C* such if (2!, - - - , 2") is the local holomorphic
coordinate of U at eV, the original point, then the horizontal slice passing through
eV can be represented by
1 1

1 1 1 ) (16)
—=21," ", —=Zn, U — ~ZiUjy —=U1, "+, —=Up),
AT T g g

F? = span(1,

and F?=VF3, F' 1 F3 via Q.
Example 1. With the above notations, we choose
1 )
we—vT+ _sz
Then we can define the horizontal slice with F? being given by
1 1 v—1 v—1
F3: (17—217"' y T =Rny; —V _17—'217"' 7—Z7l)‘
V2 V2 V2 V2
The Yukawa coupling of the above example is identically zero. Thus by (9), the

curvature tensor is

Rz = highyg + hihyg,

which is parallel. In order to see that the horizontal slice we defined is complete,
we first observed that since the Yukawa coupling is zero, the Hodge metric is two
times the Weil-Petersson metric because P = 0 in (1). Using [6, Lemma 3.8], we
can isometrically embed the horizontal slice to the Siegal manifold H,,,,, where
H, 1 is the set of all (n+1) x (n+ 1) matrices of the form X + /1Y with X,V

symmetric and Y positive. By [6], the embedding can be represented by the matrix

1 %zl %Zn —v-1 %Zl %ZW
0 L 0 _v-1
V2 V2

1 vl

0 7 0 TV
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Since the Siegal manifold is complete and since the above set is closed in H,,;1, the
horizontal slice is complete with respect to the Weil-Petersson metric.
O
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