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1. INTRODUCTION

(Put the introduction here in the future) By Freed, the moduli space of
polarized Calabi-Yau manifolds is called a projective special Kahler mani-
fold. The results in the previous sections apply to projective special Kéahler
manifolds. Thus we expect that there are parallel results in special Kéahler
manifolds. In this section, we study these results.

2. VARIATION OF HODGE STRUCTURES

Let Z be a compact Kéhler manifold of dimension s. A (1,1) form w is
called a polarization if [w] is the first Chern class of an ample line bundle
over Z. The pair (Z,w) is called a polarized algebraic manifold.

Let H*(X,C) be the k-th cohomology group of Z with C as the coefficient.
Using w, one can define

L:H*Z,C)— H*"%(Z,C), [a]~ [aAw]
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to be the multiplication by w for k = 0, - - - , 2s—2. Let P¥(Z,C) = ker Ls~t+!
for k < 5. The groups P¥(Z,C) are called the k-th primitive cohomology
groups.

By the Hodge decompositon theorem and the two Lefschetz theorems
(cf. [10]), we make the following definitions: let Hy = P*(Z,C)n H*(Z,7)
and HP? = Pk(Z,C) N HP(Z) for p+q = k. Let Hr = Hz ® R and
H = Hz ® C. Suppose that S is the quadratic form on Hyz induced by the
cup product of the cohomology group H¥(X,C). S can be represented by

(2.1) S(p, ) = (_1)k(k1)/2/ b AY AWtk
X

for ¢, € H. Then by the following definition, the triple {Hz, HP4, S}
defines the so-called polarized Hodge structure.

Definition 2.1. A polarized Hodge structure of weight k, which is denoted
by {Hz, HP1 S}, or {Hz, FP, S}, is given by a lattice Hyz, a decomposition
withp+q==Fk and

HPY — Hap,
together with a bilinear form
(2.2) S:Hy@Hy — 1,
which is skew-symmetric if k is odd and symmetric if k is even such that it
satisfies the two Hodge-Riemann relations:

(1) S(HP1, HP) =0 wunless p'=k—p,qd=k—gq;

(2) (V—1)P=1S5(p,¢) > 0 for any nonzero element ¢ € HP1.
Alternatively, the decomposition (2.2) can be described as the filtration {FP}
of H:

0OcFrcFtc...cF'cH,
such that
H =FP @ Fk-ptl — [gP1 = FP N Fa,
In this case, the Hodge-Riemann relations can be written as
(3) S(ijFk?—p-‘rl) f 0 fOT’p = ]-a o 'k;
(4) (vV—=1)P=1S(¢p,¢) > 0 for any nonzero element ¢ € HP1.

Definition 2.2. The dual classifying space D for the polarized Hodge struc-
ture of weight k is the set of all filtrations

0cFtc...cF'cH, FP @ Fk—rtl = H,
or the set of all the decompositions
Y HMM=H,  HMM=H" (pt+q=k)

on which S satisfies the Hodge-Riemann relation 1 or 8 above. The classi-
fying space D is an open set of D defined by the Hodge-Riemann relations
2 or 4 above.
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D and D are dual in the following Lie group theoretic sense: let

(2.3) Gr = {¢§ € Hom(HR, Hg) | S(£¢,80) = S(¢, )}
Then D can also be written as the homogeneous space
(2.4) D=aG)V,

where V' is the compact subgroup of G which leaves a fixed Hodge decom-
position { HP4} invariant. G is a semisimple real Lie group of noncompact
type without compact factors.

Let M be the compact dual of G, and let G¢ be the complexification of
Gpr. Then V C M NGpg and

D=M)V =G¢/B,
where B is some parabolic subgroup of G¢. For details, see [11].

Over the classifying space D we have the holomorphic vector bundles
F* ... F' H whose fibers at each point are F* ... F' H, respectively.
These bundles are called Hodge bundles.

We identify the holomorphic tangent bundle T19(D) as a subbundle of
Hom(H,H):

(2.5) T'°(D) c @Hom(FP, H/FP) = & Hom(HP4, HP~"9%7),
r>0
such that the following compatible condition holds

P —— prl

l !

H/FP —— H/FP-!

Definition 2.3. A subbundle T}, (D) is called the horizontal distribution of
D, if
Th(D) = {5 GTLO(D) | ng C Fp_lvp: ]-a )k}

Definition 2.4. A horizontal slice M of D is a complex integral submanifold
of the distribution Tp(D). A map ¢ : M — D s called horizontal, if its
image is a horizontal slice at the reqular values.

Let U be an open neighborhood of the universal deformation space (Ku-
ranishi space) of Z with fixed polarization. Assume that U is smooth. Then
for each Z’ near Z, we have the isomorphism H*(Z',C) = H*(Z,C). Under
this isomorphism, {HP4(Z') N P¥(Z',C)},1 4=k can be considered as a point
of D. The map

¢:U—D,  Z'w— {HPYZ)NP*Z' C)}piger

is called the period map.

In general, the universal deformation space allows some singularities.
Thus in general, U is not simply connected and the monodromy group is not
trivial. Let I' is the monodromy group of the variation of Hodge structures.
Then the period map is a map from U to I'\D. Let U be the universal
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covering space of U. Then ¢ lifts to ¢ : U — D. We will call both ¢ and ¢
period maps.
The most important property of the period map is the following [9]:

Theorem 2.1 (Griffiths). The period map ¢ : U — T\D or ¢ : U — D
is holomorphic. Furthermore, it is an immersion and ¢(U) is a horizontal
slice of the classifying space at reqular values of ¢.

3. ASYMPTOTIC BEHAVIOR OF THE PERIOD MAP

We don’t know much about the degeneracy of a general given family of
compact Kéahler manifolds. However, the asymptotic behaviors of the corre-
sponding Hodge structures were known to Schmid [19] and Cattani-Kaplan-
Schmid [2] by their beautiful results of nilpotent and SLsy orbit theorems of
one and several variables. These theorems are not only deep, but also very
long. For the full version of the theorems, we refer to the above papers. In
this section, we will only define and discuss what we need for the rest of the
paper. Most of the materials of this section can be found in [19, 1, 2].

We first introduce the nilpotent orbit theorem of several variables. Let
f: X — % be a family of compact polarized Kahler manifolds. In order
to study the degeneration of the variation of the Hodge structure, we let
U = A" x A™, where A, A* are the unit disk and the punctured unit
disk in the complex plane, respectively. Let (z1,-- -, zn, w1, -+ ,wy,) be the
standard coordinate system of %/. Consider the period map

¢ : A x A™ — T\ D,

where I' is the monodromy group. By going to the universal covering U™ X
A™ one can lift ¢ to a map

¢:U"x A™ — D,
where U is the upper half plane. Corresponding to each of the first n vari-
ables, we choose a monodromy transformation 7 € I', so that

¢(Zlv"' s Zj4+1y" " 520, WL, t - 7wm>
= T] O(ZE(Zl,‘ Tty Zn, W1, 7wm)7
holds identically in all variables. T);’s commute with each other. By a theo-
rem of Borel, after passing a finite cover, we may assume that the eigenvalues
of Tj are all 1 (we call such T}’s unipotent), so that we can define N; = logT}.
These Nj’s are nilpotent operators. All N;’s are commute with each other.
Let z = (21, -+ ,2n), and w = (wy, -+ ,wy,). The map

(3.6) Y(z,w) = exp(— Z 2iN;) o ¢(z, W)
j=1

remains invariant under the translation z; — z; + 1,1 < 57 < n. It follows
that ¢ drops to a map

¥ A x A™ — D < D.
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Theorem 3.1 (Nilpotent Orbit Theorem [19]). The map 1 extends holo-
morphically to A™T™. For w € A™, the point

F(w) =9(0,w) e D

is left fized by T;,1 < j < n. For any given number n with 0 <n < 1, there
exist constants o, 3 > 0, such that under the restrictions

Imz; > a,1<j<n and |wj|§7771§]§m’

the point exp(>_7_; zjN;) - F(w) lies in D and satisfies the inequality !

n

d(exp() _ ziN;) - F(w), d(z,w)) < C Y _(Imz;)” exp(—27Im z;),
i=1 j=1

where C' is a constant and d is the G invariant Riemannian distance func-
tion on D. Finally, the mapping

(2, w) = exp() 2 N;) - F(w)
j=1

s horizontal.

O
Using the above theorem, we make the following definition
Definition 3.1. A nilpotent orbit is a map 0 : C"* — D of the form
(3.7) 0(z) = exp(Y_ 2N;) - F,
where R
i.) F e D;
i.) {N;}7_y is a commuting set of nilpotent elements of gr, the Lie algebra
of Ggr;

ii.) 0 is horizontal, that is N;(FP) C FP~1;
iv.) There exists o € R such that 6(z) € D for Im (2;) > o.

Given a nilpotent endomorphism N of a finite dimensional complex vector
space H, we can consider the monodromy weight filtration W = W (N). This
can be defined as the unique increasing filtration (W),),ez satisfying

L) N(Wi) C Wi_g;
ii.) For every [ >0, N': Ger — Gr% is an isomorphism.
Assume that N*¥+1 = 0. Unless otherwise stated, we will use a shifting

Wi(N, k) = Wisk(N).
Note that W;(N, k) = {0} for [ < 0 and W;(N,k) = H for | > 2k.

IThe inequality is a refinement of [19, (4.12)], which was observed by Deligne. See [2,
page 465] for details.
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We have the following abstract Lefschetz decomposition:

arl" = @Nj(PHQj),
Jj=0

where the primitive subspaces P, C GTlW are defined by

P =ker {NFL| Gr}V — Gr'™_,}, if 1 >0,
b = {0}, if 1 <0.

Let F e D, N e go a nilpotent element such that N¥*' = 0 and W an
increasing filtration on H. We shall say that (W, F, N) is a polarized mized
Hodge structure, if

i.) W is the monodromy weight filtration of (IV, k);

ii.) (W, F) is a mixed Hodge structure; that is, for [ > 0, the filtration
induced by F' on Ger is a Hodge structure of weight I;

iii.) N(FP) C FP~!for 0 < p < k;

iv.) For [ > k, the Hodge structure induced by F' on the primitive subspace
P, C GrlV is polarized by the bilinear form S, where Sj(,-) = S(-, N'-),
and S is a nondegenerated bilinear form on H which is symmetric if k
is even and skewsymmetric of k is odd.

A splitting of a mixed Hodge structure (W, F') is a bigrading H = @JP?

such that
W=, =g
pt+q<l r2p

We have

JP = JoP (mod Wi 4—2)
for any splitting of (W, F'). A mixed Hodge structure is called to split over R,
if JP4 = JoP. An (r,r)-morphism X of (W, F) is compatible with {J?¢} if
X (JP4) C JPTTatT | To any mixed Hodge structure (W, F) on H = Hr®gC
we associated the nilpotent algebra

Ly =Ly W F) ={X egi(H) | X(J") c P I}
r<p—1,s<g—1

The following result is from [2, Proposition 2.20]:

Proposition 3.1. Given a mized Hodge structure (W, F), there exists a
unique § € L;%l’*l(l/V, F) such that (W,e™% - F) is a mized Hodge structure
which splits over R. Every morphism of (W, F) commutes with 0; thus, the
morphisms of (W, F) are precisely those morphisms of (W,e™ - F) which
commute with this element.

Now we turn to the several variable cases. Let Ni,---, N, be a com-
mutative set of nilpotent operators coming from the unipotent monodromy
operators 11, --- ,T,. Let

(3.8) C={MN +--+ AN, | Aj>0,1< 5 <n}
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be the cone of the monodromy operators. The basic fact about the above
setting is the following [19, 1, 2]:

Theorem 3.2. Any N € C defines the same monodromy weight filtration.
Moreover, let F' be in (3.7). Then (W, F) defines a mized Hodge structure,
polarized by each N € C.

In the above situation, we also call that the mixed Hodge structure is
polarized by (Ny,- -, Np).

To consider the boundary of the monodromy cone C'in (3.8), we need the
notation of relative weight filtration. We use the settings in [2, pp. 505]. Let
WY be an increasing filtration of H and let N be a nilpotent endomorphism
of H which preserves W. Delinge [4, 1.6.13] has shown that there exists at
most one filtration W = W (N, W?) of H such that

i) N(Wi) C Wi_s;
ii) For each j,1 >0
Nt GrﬁjGr;VO — GTKVlHGr}/VO
is an isomorphism.

For each set of indices I = {i1, - ,i,} C {1,---,n} let C; denote the
cone spanned by N;,---,N; . All elements of C; define the same weight
filtration W (C7) and any T € C; preserves W (Cf).

One can prove (cf. [2, Proposition 4.72]) that given I,J C {1,---,n},
W(Cryyg) is the weight filtration of any T € C relative to W(C7).

In order to establish the results in the next sections, we need the result
in [2] on the asymptotical behavior of the Hodge length. We begin with the
following setting: by (3.6), we have

J)(va) = eXp(Z Zij) : ¢(57W)7

where s; = e*™% and s = (s1, -+ ,8,). Let (W,9(0,0)) be the mixed
Hodge structure, polarized by (Ni,---,Np). By Proposition 3.1, we let
F = exp(—id) - 1(0,0) be the R-split mixed Hodge structure associated to
(W,4(0,0)). Then & = exp(—id) - ¢ : AT — D is holomorphic and
£(0) = F € D. Since the complex orthgonal group G¢ of the flat form S
acts transitively and holomorphically on D, we can write &(s, w) = u(s, w) -
F for a Gg-valued function u(s, w), holomorphic on A™*™ and such that
u(0,0) = 1. We choose a specific lifting of u(s, w) as follows. The R-split
mixed Hodge structure (W, F') determines the bigrading H = ®IP?, and
P = FPNFIN Wp4g, and the corresponding bigrading of the Lie algebra
g = © g’ Because P = @,>,1"%, the Lie algebra of the stabilizer of F
in Go is gr = @p>08”? and has the nilpotent subalgebra v = ©,.0g"? as a
linear complement. A standard argument shows that the map V +— exp V- F
is a holomorphic diffeomorphism from v onto a neighborhood of F' in D. We

can write
5(57 W) = exp V(Sa W) - F
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for a unique holomorphic V' : A" — p. The function v(z, w) = expid -
exp Y zjNj - exp V (s, w) takes values in the unipotent subgroup expv and
we have

(3.9) U(z,w)=~(z,w)-F, zeU",we%,

where € is a small neighborhood of A™ at the origin. Let Cy be the Weil
operator. That is, Cy = (v/—1)P~%on HP?. Let WU = W(Ny, -+, N;) (1 <
J < n) be the weight filtration of (Ny,---, N;). Define

H=aoaVH), V)Y eV oV ).

In 5
We recall the following theorem in [2, Theorem 5.21]:

Theorem 3.3. Let (Ny,---,Ny) be the monodromy logarithms of a vari-
ation of polarized Hodge structure over A* x A™, given with a specific

ordering. If v € [, Wl(jj)’ and GriV (v) # 0, then (and only then)

11/2 l2/2
HUH ~ (10g|81|> v/ <10g|82|> 2/ (*10g|8 |)ln/2
log |s2| log |s3] !

on any region of the form

log |s1]

{(S,W)G(A*)”xAm‘ e---,—log|3n|>6,w€%}

log |s9| ’
for any e >0 and € C A™ compact, where

[0]* = S(Cyy(2z, W) - v,7(2, W) - D).
O

4. THE RATIONALITY OF THE CHERN-WEIL FORMS ON MODULI SPACE

Let M be the moduli space of a polarized Kéhler manifold. By the period
map ¢ defined in Theorem 2.1, the Hodge bundles F* H, and HPY can
be pulled back to holomorphic bundles F*, H and HP? on M, respectively.
These bundles are Hermitian vector bundles with respect to the polarization
S(-,-) and the Weil operator Cy. For the sake of convenience, we still call
them (and the bundles F7¢ defined below) Hodge bundles.

Let p < g. Consider the holomorphic bundle

FPi= FP/FO.

Let 7 4 be the orthogonal projection operator on F7¢. That is, let Q € FP.
Then 7,,0Q € FP and S(T['nqﬂ,ﬁ/) = 0 for any ' € F?. mp,,Q defines
a holomorphic section of the bundle FP/F9 but in general, it is not a

holomorphic section of the bundle FP. By abusing the notations, we will
use mp, 4§2 for the section of both F? and FP/F1.
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Now let Q,€ be local holomorphic sections of FP. Then they define
holomorphic sections of FP4. The Hodge metric 2 of FP4 is defined as

(4.10) (Q,Q) = (V1) 8(m, ,Co, ).
Let M be a quasi-projective submanifold of M. For the sake of sim-
plicity, we use F*, H, HP4, and FP4 for both the bundles on M and their

restrictions on M.
The main result of this section is:

Theorem 4.1. Let M be a quasi-projective subvariety of the moduli space
M of a polarized Kdhler manifold. Let R, , be the curvature tensor of FP4,
with respect to the metric (4.10). Let f,, be an invariant polynomial of
Hom(FP4, FP1) with rational coefficients. Then for any sequence

(pla ql)a ) (pra qT‘)?
of monnegative integers, we have

-1 -1
W) o ) A A S (o ) €@

Remark 4.1. The curvatures of the Hodge bundles blow up at infinity of the
moduli space. Thus the precise meaning of (4.11), at this time, is
V=1

. v—1
il_{]% MpEfPLQI(?RPLQI) ARERNA fmer(?Rpraqr) € Q,

where p = p. is the cut-off function with compact support in M such that
0 < p <1, and p = 1 outside the e-neighborhood of the infinity. However,
after next section, we shall know that the integration converges absolutely
so that the result is independent of the choice of the cut-off functions and
the expression of (4.11) makes sense.

If M were compact, the above result follows trivially because the inte-
grand defines Chern classes. In general, the expression of (4.11) is not even
topological (for example, see the result of Hartman [12]). Unless dim M = 1,
the Hodge metrics are not “good” in the sense of Mumford [18, Section 1]°.
By using the tricks in [17, 5], we proved Theorem 4.1 when the polynomials
fp,q are linear, or dim M < 2. However, in its full generality, we must use
the full power of the SLo-orbit theorem of several variables.

Let M, 4 be the smooth part of M. Then there is a projective manifold M,
called the compactification of M, such that M\ M is a divisor of M of normal
crossings®. In order to study the asymptotic behavior of the curvatures Ry, 4,
we first need to extend the Hodge bundles to the compactification of M.

2The Hodge metric defined here are different from those defined in the next section.
But since both of them are from the variation of the Hodge structures, we use the same
name for convenience.

3See the footnote of page 515 of [2].

A1 may be more accurate to say that, up to a finite covering, M can be chosen to be
a manifold.
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The following lemma is due to Kawamata [13]. For the sake of complete-
ness, we sketch the proof here in our notations. Note that in [17], we proved
it under the notations of Weil-Petersson geometry.

Lemma 4.1. Let Y = M\M. Then there is a finite branched covering M
ofﬁ with branched locus Y such that the monodromy operators along Y in
M are all unipotent.

Proof. Let T be a monodromy operator along certain irreducible compo-
nent of the divisor which is not unipotent. Let T' = 7,7, be the decomposi-
tion of T into its semi-simple part and its unipotent part. By a theorem of
Borel, there is an integer m such that v;* = 1. Let L be an ample line bundle
of M. Let Y =Y D; be the decomposition of the divisor Y into irreducible
components. We assume that the monodromy operator 7T is generated by
U\D;, where U is a neighborhood of D;. Assume that ¢ is large enough
such that the bundle L!(—D;) is very ample. By taking the m-th root of
the sections of L!(—D;) we get a variety M; such that outside a possible
divisor, it is a finite covering space of M. M; may have some singularities.
However, we can always remove those divisors containing singularities to get
a smooth manifold.

Let M’ be an Zariski open set of M; that is a covering space of M minus
of some divisors. The Hodge bundles can be pulled back to the manifold M’.
At any neighborhood of M\ M, the transform of (M, M’) to (M, M) is the
m-branched covering defined by z1 — %/2z1, where z; = 0 is corresponding
to the divisor Dy. Evidently, the monodromy operator T is transformed to
T™ which becomes a unipotent operator.

One can observe that if 7" is a unipotent monodromy operator, then
under the transform (My, M') to (M, M), T' is still unipotent. Since there
are only finitely many irreducible components of Y, there are only finitely
many monodromy operators which are not unipotent.® Thus by finitely
many transforms, we can get a compact complex manifold M on which all
monodromy operators are unipotent.

O

For the rest of the paper, we let D be the divisor of M of normal crossings
such that M\D is a finite covering of M. We also assume that M is covered
by locally finite open coordinate neighborhoods {Uq}a=1,.. ¢, and {1} is
the partition of unity subordinating to the covering.

Using Lemma 4.1 and the nilpotent orbit theorem (Theorem 3.1), the
Hodge bundles FP, HP?, H, and FP? extend to vector bundles over M. We
use the same notations to denote these (extended) bundles.

The following definition is standard to experts. However, we find the
notation quite convenient to use:

5During the process, it is possible that some divisors are added. However, along these
divisors, the monodromy operators are the identity operator.
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Definition 4.1. Let A, A* be the unit disk and the punctured unit disk of C,
respectively. Let U = A* x A™ and let the standard coordinate system of U

be (81, S, Wi, -+ ,Wy). A differential form on U is called of Poincaré
bounded, if it is bounded under the coframe
ds; ds;
Si , = 5 ,dw]’, d@j
siloglsi|”  Silog|s;|
fori=1--- nj=1,--- ,m.

Apparently, if a form is bounded, then it is Poincaré bounded. If ny,n
are Poincaré bounded, so is 11 A 12. Moreover, the notation of Poincaré
boundedness is independent of the choice of coordinates:

Lemma 4.2. Let M be a quasi-projective manifold and let M be its com-
pactification such that M\M is a divisor of normal crossings. Let U,U’ be
two meighborhoods of the divisor such that UNU' # 0. Then a smooth form
n is Poincaré bounded on U N M if and only if it is Poincaré bounded on
U'nM.

Proof. We assume that U ~ A* x A™ and U’ ~ A* x A™. Let

the coordinates of the two neighborhoods be (s1,- -, sp, w1, - ,wy,) and
(81,8l wh, - wl), respectively We further assume that the divisor
is the zero locus of either {sp-- = 0} or {s}---s/, = 0}. Assuming
n < n/, then on U NU’, we can rearrange the order of sj such that

55 =&j 5;‘
for j =1,---,n, where & are smooth nonzero functions. Since

dlogs; = dlogsg- + dlogé;,

ds.: A5 ds’,
T ——2— are bounded under the coframe ——2—
sjlog|sj|?  5jlog|sy] s log|sy|?

we concluded that

7 log\s’| for j =1, --- ,n, and vice vesa. On the other hand, s;- for j > n are

bounded on UNU’'. The lemma is proved.
O
As the first step of the proof of Theorem 4.1. We need to choose the cut-
off function on M carefully. The following definition of the cut-off function
depends on the particular choice of the covering and the partition of unity.
However, the main feature is that the complex Hessian of the function is of
order O(m), a little bit better than O(Z%). More precisely, we have

the following:

Lemma 4.3. For any ¢ > 0, there is a smooth real function p = ps on M
such that

(1) 0<p<1;

6Im fact, they are bounded on any compact subset of U N U’. But that is enough for
our applications.
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(2) Op,dp, and O0p are Poincaré bounded;

(8) The Euclidean measure of supp (9p) goes to zero as e — 0;

(4) In a neighborhood of D, p = 0; and p(p) = 1 if the distance of p € M
to D is greater than 2¢.

Proof. Let Uy,---,Us be an open covering of the divisor D such that
(Usy1 U---UU) N D = (. We further assume that Uy\D = (A*)" x A™Me
and the coordinates of U, \D are (s{,---, s ,w{, - ,wy, ). Suppose D is
the zero locus of

«
na?
« o

818y, =0.

Let 9 : R - R, 0 < ¢ <1 be a smooth decreasing function defined as

0 t>1
¢(t) - { 1 t<0 -
Let
log 1)—1 —
9:(2) = & <(°g)5> ,
€
and let .
¢ (st ysp) = [T = o<(55)).
j=1

Then the function p = p. is defined as

s t
pe=Y hadZ+ Y ta,
a=1 a=s+1

where {1, } is the fixed partition of unity defined before. It is standard to
check that p. satisfies all the assertions in the Lemma.

O

By pulling back the Hodge bundles to M \D, Rp, 4 makes sense as the

Hom (FPi*% | FPi%)-valued (1,1) form on M\D. Since M\D is a finite cov-

ering of M, there is a positive integer u such that (after the next section
that the integrands are proved to be integrable)

V1 V1
/M fph‘h(?Rph‘h) ARERRA fpmqr(?Rpmqr)

VT VT
= M/ fph‘h(TRpl#h) ARRRNA fpr,qr(TRpr,qr)-
M ™ T

Let c{, N Cle be the elementary invariant polynomials on Hom (Cdﬂ' , (Cdj).
Then there are polynomials g; such that
Joja; = gj(civ T aCle)
forj=1,---,r.
The following theorem implies the main result of this section, Theo-
rem 4.1:



WEIL-PETERSSON GEOMETRY ON CALABI-YAU MODULI 13

Theorem 4.2. Using the same assumptions and notations as in Theo-
rem 4.1 and Lemma 4.3, we have

. v—1 v—1
(4.12) lim [ pEfp1,q1(7Rp1,q1) JARERNA fpr,qT(iRpr,qr) €Z,
e—0 M 27T 27T

if the coefficients of the polynomials g; (j =1,--- ,r) are integers.
Let fp].,q]. be the polarization of f, .. That is,
fpj,qj : (Cdedj)nj - C,
where n; is the degree of f,. ;. and d; is the rank of the vector bundle F#7-%,
and fp, 4, satisfies
(1) fpquj(Al, -+, Ap;) is linear with each A4; (1 <1 < ny);
(2) fpquj (Aa e ’A) = fpj7qj (A)

We let
E = @ FPidi,
j=1

Then
Ry a1
R p—
Rpr sqr

is the curvature tensor of £. Let f be an invariant polynomial such that

(1) f(R,-- R)= fpl,ql(Rpl,qu T 7Rp1,q1)/\' ’ '/\fpmqr(Rpmqw o 7Rpr,qr)5
(2) f is linear with each component.

_ Let I'” be a smooth (1,0)-type connection of £ over M and let R =
oI be the curvature tensor. Since the integrand below defines a integral
cohomology class, we have

(4.13) /M f(éfRO, e ,‘éfRO) €.

Using the notations as above, we have

Lemma 4.4. If there is a smooth connection T° on M such that for any j,
5pAf(‘R7 7R7F_F07R07”' )RO)
H-/—/
J
is Poincaré bounded, then Theorem 4.2 is true. Here ' is the connection
operator of the Hodge bundles €.

Proof. By the linearity of the function f and the obvious equation

n+m—1
va'”7R _fRou'”)RO - fR7'”7R75F_FO7R0)"'7R07
( ) — f( ) JZ; ( j ( ) )
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and noting that I' — I'V is globally defined, we have

lim Ps(f(Ra"'7R)_f(RO>"'7RO))
e—0 Jpr

(4.14) B nt+m—1 o o .
= -1l dp: N\ R,--- R, (I'=-1"),R",--- ,R").
gli%/M pe JZ(:) £ ' ( ) )

J

By the assumption, the integrand of the above is Poincaré bounded. Let
&dsy N -+ Ndsp, Adwy A -+ A dw,, be the (n +m,n 4+ m) component of the
integrand on a general neighborhood U = U, where £ is a smooth function
on U. Then there is a constant C' such that

n
1
fg<c] bt
j=1 |S]‘2<10g W)Q
It is elementary to see that that above function is Euclidean integrable.
Since the Euclidean measure of supp (0p:) goes to zero, by the Lebesgue
theorem, the right hand side of (4.14) is zero.
O
Before giving the explicit construction of the connection I'°, we define the
local frame on each U = U, (1 < a < s). Recall (3.9). Let F&% be the
limiting Hodge filtration. Then for any basis {0, ;} of F%,

exp(v—10) exp V (s, w)0p

gives local frame of the bundle FP. In fact, this is the local frame we use
to define the extension of the Hodge bundles. We call such a local frame
defined by the nilpotent orbit theorem. Likewise, if vy, 4 ; is a basis of the
vector space

T
P Fi/FE,
j=1
then
exp(vV—168) exp V (s, w)vp 4.5
gives the local frame of the bundle £, which we also called it defined by the
nilpotent orbit theorem.

Now we construct the connection I'’ explicitly: as before U, N D # ()
if and only if 1 < o < t. On each FP9% if 1 < a < t, let Qmpj,qj,a
where @ = 1,--- ,d; be the local holomorphic frame of the bundle F*i-%
defined by the nilpotent orbit theorem; if a > ¢, let 24 p, 4, be an arbitrary
holomorphic local frame of €. Let

Qo = (Qa,pl,qnl? e 7Qa,p1,q1,d17 T aQa,pr,qr,la T aQoz7pr,qr,dr)-

Then the transition matrices of the vector bundles A,z is a holomorphic
matrix valued functions. Let

Qo = Q,B Ataﬁ
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on Uy,NUg # 0, where {A,p} are transition functions of the bundle £. Then
we define the connection matrix

I =) ¢,040,A,7.
2l

on Uy, where {¢,} is the partition of unity subordinating to the covering

{Ua}-

As a general fact, we have the following result: *

Lemma 4.5. The collection of matriz valued (1,0) forms {I'} defines a

smooth (1,0) connection on the vector bundle € — M.

Proof. The compatibility conditions of the transition matrices are
Aoy = AaﬁAﬂ'y
on Uy, NUz N U, # (. Thus
QACW = 8Aagz4g7 + AagaAg,y.
It follows that
-1 -1 -1 4-1
0AoryAny = 5AaﬁAa5 + AaﬁﬁAmAmAaﬁ.
Thus we have
Lo = 0AagA s + Aapl3A, -
on U, NUg # 0. In particular, {T} defines a smooth connection of £.
O
The problem to verify the assumption in Lemma 4.4 is purely local. So
we will concentrate on a typical neighborhood U = U, and suppress the
subscript « for the sake of simplicity. We assume that U ~ A* x A™.
Also, we will use R, R%,T", TV to represent the curvature and the connection
matrices, respectively, under the local frame defined by the nilpotent orbit
theorem.
In order to study the properties of the smooth connection I', we use the
following notations in [2, §5]°.
We assume that the local coordinate system of U is (s1, -+ , Sp, W1, , W),

and U N D is the zero locus of s1---s, = 0.
We define a cone C in A*" by

C={lsi] <lsa| <--- <lsul [ (s1,---,50) € AT}
Let
I={in},1<iy < -+ <ip <ipy; =n.
Define |I| = r, and

"The result doesn’t depend on the particular choice of the frames.

8We will use the same notations as in [2] as much as possible since it is a large set of
notations. Thus we have to sacrifice the uniqueness of the notations. For example, « is
used in U = U, and also as the subscripts of the set I, etc. It should be clear from the
context.
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ta = Yia /Yina Ha<r, tp =1y,
u‘é = Yj/Yia for in_1 < j < ia,

(4.15) ‘
Xo=Xo(u)=N;, + > ulNj,
ia71<j<ia
where Ny, --- , N, are the nilpotent operators. Let Y, (u) be the semisimple

elements corresponding to X, by the Jacobson-Morozov theorem. Define

1 1
e(y) = e(t,u) = exp(%: 5 10831, Ya(u)) = exp(%: 5108 taYa(u)),
where Yo, =Y 4+ -+ - + Y.
Moreover, let

e o/: analytic functions of u € R’™";

e ¢ Laurent polynomials in {té/ 2} (or {yll C{ 2} with coefficients in &7);

e O: pull back to U™ of the ring of holomorphic germs at 0 in A", via

e % polynomials in {t, Y 2} with coefficients in .o7;

e (O®.Z)b: subring of (0 ® .£) generated by O, £?, and all polyno-
mials of the form sjtzf/g : --tZ;”/Q for j <in,m€Z,l=1,---,p;

e (O®0®.Z)" ring generated by (O ® .£)°, (O ® g)b;

. ‘%?{,L: ring of rational expressions f/g, f,g € (O ® O ® £)°, with g
bounded away from zero on (U ")ﬁ( 1, (defined below).

Viay — (t,u), R" is identified with R", x R}™". For any K << L, let
R jp = {y €R} [ ta > Lla#r+1),1<u), <K},
(4.16) (U”)kL: {ze U'lz=x++V—-1ly,y € (Rﬁ)ﬁ(@},

log s;
AL =1s € (A% L c (UM }
@fer = {se @ | 2B € 0

Remark 4.2. The above definition is slightly different from the one in [2, page
509]. First, we use the notation (A*”)%}L instead of (A*")L in that paper so
that the C*° convergence when L >> K in the asymptotic representation
of Theorem 3.3 is easier to understand. Of course, we do have the C'°
convergence on (A*”)%K = (A*)L.. But the proof is well hidden in the §5
of [2] and more explanations are needed. Second, we introduced an extra
ir+1 = n in order to aviod one more level of math induction in our proof

below.
With the above settings, we have the following combinatoric lemma:
Lemma 4.6. Let
1=K, <K,<K, 1<--<Ky=+4x
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be a sequence such that
Kj > K]T'L+1
forj=1,--- n. Let
. *n\ 1
Aj = U (A™")gn K;

JH1
|I|=3
forj=1,--- n, and let
Ag={s|y; < K{,for 1 <j <n}.

Then we have
U Aj o> C.
=0

Proof. We let

Y1 Yn—1
51:77 "‘7671-12 = 7§n:yn~
Y2 Yn

Consider (n + 1) open intervals
(Knt1, Kn), -+, (K2, K1), (K1, Ko(= +00)).
By the pigeonhole principle, there is an 1 <1 < n + 1 such that
& & (K, K1)
forany 1 < j <mn. Ifl =1, then s € Ay. Otherwise, let

I'={i < - <i, <n}
such that
§ < K for j & I
ijKl,1 fOI‘jEI.
Then we have
:ﬂ:ﬂ...bgfggy
Yia  Yj+1 Yia
Thus we have s € A;_1 and the lemma is proved.

J
uOé

17

O

Let Q = Q, be the local frame of € defined by the nilpotent orbit theorem.
Let C be a fixed cone of U of the form (A*”)kL X €, where € is a compact
subset of A™. In [2, pp. 514], for such a cone, there is a basis of {vc;}
of @_; F&/F% on the typical fiber H flagged according to the “limiting
split” Hodge filtration F', which we call it the basis of the cone. We let
Q¢ the frame of the cone defined by the above basis via the nilpotent orbit
theorem, and let e be the matrix of e = e(y) under the frame Q¢. Then the

following is true (cf. (5.19) of [2]):

Theorem 4.3. Let h be the metric matriz of the Hodge bundle £ under the

basis Q¢, and let
h = e'ke.

Then the matriz k and its inverse matriz are bounded on the cone C.
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O
By the definition of the basis of the cone, there is a constant matrix Ac
such that
Q= QcAL.
Let I'c, Rc be the connection and the curvature operators of the Hodge
metric under the local frame ¢, respectively. Then in Proposition (5.22)
of [2], the following was proved

Theorem 4.4. The coefficients of the forms Ad((e™1)")T'c and Ad((e™')!)R¢c
are Poincaré bounded.

0
The key technical lemma of this section is the following:

Lemma 4.7. Let U’ = U, be an open set such that UNU’ # 0. Let A = Aq..
Then on UNU' # 0,

Ad((e™h)")Ad(AG")(2AAT)
is Poincaré bounded.

Proof. Let ' = Q, be the local frame of U’ defined by the nilpotent
orbit theorem. Let C’ be a fixed cone of U’ and let €, be the frame of the
cone. We assume that C N C’ # (). We just need to prove the assertion of
the lemma on C' N C’ because as C,C’ are running over all the cones, the
whole U N U’ will be covered.

Let €’ be the matrix under the frame Q... Let Acs be the constant matrix

defined as
Q/ — ,C/Atcl.
Then we have
QC - Qlcv/Ath/At(Aal)t.
We let B = AalAAC/ and let h’ be the metric matrix of €,,. Then
h = BW'B".
It follows that
(4.17) ohh™! = 0BB~! + Ad(B)(oh’(h')~1).
By the definition of B, we have
OBB™ = Ad(A;")(0AA™Y).
By Theorem 4.4, from (4.17), we see that in order to prove the lemma, we
need to prove that
Ad((e™")")Ad(B)on’(h')~?
is Poincaré bounded. But this follows from Theorem 4.4 and that
(efl)tB(e/)t
and its inverse are bounded. To prove the boundedness, we observe that if
h = e'ke,
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and if
h' = (e/)'k'¢e,
then
k= (e”!)'B(e/)'K((e"!)'B(e)"),
and the lemma follows from the fact (Theorem 4.3) that k, (k’), and their

inverse matrices are bounded.

O

Corollary 4.1. Let T% = Ad(A;')T° and RY = Ad(A;')RC be the con-
nection and the curvature matrices of the connection T° and the curva-
ture ROunder the frame Qc. Then Ad((e™)')(TY) and Ad((e™1)!)(RY) are
Poincaré bounded.

Proof. We have
Iy = Ad(A Z%@AMAM Z%Ad N(0AayALY).

By the above lemma, for each v, Ad((e™1)")Ad(A;")(0Aa, A ) is Poincaré
bounded. Since {U,} is a locally finite covering, the conclusmn on I'Y, fol-
lows. The result on R, follows from a similar formula:

Ad((e™") )RE =) "0, Ad((e ")) Ad(AL") (0Aary ALD).
Y

Proof of Theorem 4.2. On any cone C, by the invariance of f,
opAf(R,--- ,R,T —T° R ... RY)

:gp/\f(RC7 7R07FC_F007R07"' 7ROC)

=0p A f(Ad((e™"))(Rc), -+, Ad((e™")")(Ro),

Ad((e™!)")(Tc = T), Ad((e™)")(Rg), -, Ad((e™!)")(Re)).
By Theorem 4.4, Ad((e™!)!)(R¢) and Ad((e™1)!)(I'¢) are Poincaré bounded.
On the other side, by Corollary 4.1, Ad((e™!)")(R2) and Ad((e™!)*)(T'%)
are also Poincaré bounded. Thus the left hand side of (4.18) is Poincaré

bounded. By Lemma 4.4, this implies Theorem 4.2 (hence Theorem 4.1).
O

(4.18)

For the moduli space M itself, we have

Corollary 4.2. Using the same notations as in Theorem 4.1, we have

v—1
(4.19) / fphql p1,q1) ARRRA fpr,qr(?Rpr,qr) € Q.

Proof. By the theorem of Viehweg [21], M is a quasi-projective variety.
O
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5. THE GENERALIZED HODGE METRICS

In this section, we shall show that the form in (4.11) is absolutely inte-
grable. The result can be proved using Proposition (5.22) in [2]. However,
we provide a proof which is elementary (avoid using the S Lo-orbit theorem).
More importantly, we give the intrinsic upper bound of the integrals, which
can be regarded as Chern number inequalities on the moduli spaces.

In the first part of this section, we recall some notations and results
from [6].

Let M be a complex manifold of dimensional s (in the last section, s =
n + m). Suppose that M is the parameter space of a family of polarized
compact Kahler manifolds 7 : X — M. By the functorial property, the
Hodge bundles H, {F?}, {HP?}, and FP? on M can be defined as the pull-
back of the Hodge bundles from the classifying space. The bundles can also
be identified to the relative cohomology groups as follows

HPA |y = PRqW*QZ/’)\.’/M’ FPly = HPHIO @ . @ HPY

for p,q > 0, where QF, M is the sheaf of relative holomorphic (p,0) forms on

X. In particular, H = PR*r,(C). For the sake of simplicity, we shall use
HP9 FP to denote HP| s, FP|ar, ete.
Let Z; = n~1(t). The Kodaira-Spencer map T;(M) — H'(Z;,©;) gives a

bundle map
0

o P HM = PRz, (C)/HP1
for k < s by differentiation, where PR, (C) is the primitive part of R*7,(C).
In this way, we have a natural bundle map (compare to (2.5)):
(5.20) THO(M) — @ Hom (HP?, PR, (C)/HP).

pta=k

We make the following definition of the generalized Hodge metrics.

Definition 5.1. Let hpyr be the pull back of the natural Hermitian metric

on the bundle @® Hom(HP? — PRFr.(C)/HPY) to TOO(M) for k < s.
p+q=Fk

Then hpyr 1s semi-positive definite. We use wpyr to denote the corre-

sponding Kdihler forms for k < s.2 According to the Lefschetz decomposition

theorem, we define
(521) Wik :prk +wPHk_2+'” .
We call both wgr and wpgr to be the generalized Hodge metrics.

Remark 5.1. The above construction is a generalization of the Hodge metric
defined by the second author [15]. In fact, it is proved in [16] that

WpHn = WH,

the latter being the Hodge metric.

9That is, if hpyr = (hpgn)zdt: @ di;, then wpgr = 5L (hpgr)dti A dE;.
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Remark 5.2. The Hodge metric on classifying space was studied as early
as [11] (and later by Peters (add reference here!!!). The curvature prop-
erties (with respect to the Hermitian connection) of the Hodge metric were
the key to the famous Nilpotent and S Ly orbit theorems. The contribution
of [15] and [6] is the observation that the generalized Hodge metrics are
Kahlerian. Thus the Levi-Civita connection and the Hodge connection are
the same and the usages of many theorem in Kéahler a geometry, including
the Schwarz Lemma [22], become possible.

Because of the possible degeneration of the action (5.20), the generalized
Hodge metric is only semi-positive definite; hence, it is a pseudo-metric.
Nevertheless, it enjoys similar “curvature” properties of the Hodge met-
ric [14]. We begin with the following result in [6, Proposition 2.8]:

Proposition 5.1. Let ¢1(E) be the Ricci form of a vector bundle E. Then
we have

(5.22) wppe = > per(HPFP).

0<p<k

[5]
(5.23) Wik = Z Z pey (ﬂp,k—2[§]+2z—p)_

1=0 p<k—2[£]+2
for k <s.

Proof. For the sake of completeness, we include the proof here. Fixing
a k < s, we have

f]f e Ek70 @ P @ ﬂpvk_p
forp=0,---,k. Thus for g =k — p,
MM = F

In terms of the curvatures, we have

(5.24) 1 (HPY) = ¢ (FP) — e (F2).
By the Abel summation formula, we have
(5.25) > pa(ET) = a(E) + o+ alE) + alE).
0<p<k

Each ££ is a sub-bundle of the flat bundle Zg = PRFrm,C. Let t1, - ,tm
be the local holomorphic coordinate of M and let the bundle map

0
g L Fp = B/ FR, 1 <i<m
be represented by the matrix
o0
—= = bka,uT;u

oty
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where €2, and T}, are the basis of fﬁ and Eg /]—",f , respectively. Then the

first Chern class can be written as 19
an _ 3
(5.26) c1 (zi) = ? Z bkaubla,udtk A dt;
a,p

for 0 < p < k. (5.22) follows from the definition of wpgr. (5.23) follows from
(5.22) and the Lefschetz decomposition theorem. The proof is completed.
O

Corollary 5.1. Using the above notations, we have
d(.UPHk = dUJHk =0.

In particular, if the generalized Hodge metric is positive definition, then it
defines a Kdahler metric.

O
In what follows, for the sake of simplicity, we assume that H*t272 =
HEPT = M = 2R — g and £ =0, B = O
Fix k <n,p <kand ¢ =k—p. Let {Q,;},i=1,---,h"? be a local
holomorphic frame of HP9.

Definition 5.2. Let (t1,--+ ,t;,) be a holomorphic local coordinate at a point
of M. We define Vo, € HP14FL to be the projection of 0aSp; = %Qm
to HP~149FL with respect to the bilinear form S( , ).

For simplicity, we shall use ( , ) in stead of the bilinear form S. With the
above notation,

(5.27) (gp) = <Qp,i’%> = (\/jl)qu(me@)

ij —
is the Hermitian metric matrix of H?? for p = 0,--- , k. It is thus easy to
see that (cf. [6])

Proposition 5.2. For fized k, the generalized Hodge metric matriz for the
local coordinate system (ti,--- ,ty,) with respect to PH*, defined in Defini-
tion 5.1, 1is
k —
(5.28) hog = Y (V=11 200 (Vo Qi, V),
p=0

where (gg) is the inverse of (gp);;-

O

Now we are prepared to state the following result, which can be viewed

as a degenerated version of Yau’s Schwarz lemma [22]. The result is a slight
generalization of [6, Theorem A.1].

Theorem 5.1. Let 7 = 2£7T17'aﬁdta/\dfﬁ be a Kdahler metric on M such that

10T his is essentially due to [9).
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(1) T is a complete metric;
(2) The Ricci curvature of T has a lower bound.

There there is a constant C, depending only on the dimension of M and the
lower bound of the Ricci curvature of T, such that

Wk S Cr.

Proof. Let £ be the smooth function defined by £ = Taﬁhaﬁ, where 708
is the inverse matrix of {r,5}. Then by the Bochner type formula in [6,

Appendix A], there is a constant C-0, depending only on the dimension of
M and the lower bound of the Ricci curvature of 7, such that

Lo
A526§ - C¢.

Using the generalized maximum principle [3] (double check the refer-
ence!!!), ¢ is a bounded function. This completes the proof.
O

A typical choice of the metric 7 is the so-called Poincaré metric. There
is a Kahler metric wp on M, which is called the Poincaré metric. At any
point p € M\ M, there is a neighborhood U of p such that U N M can be
identified as (A*)™ x A™. The metric wp on (A*)" x A™ is asymptotically
to the Poincaré metric

v—1 < - dt; A dt; sy _
wp ~ — 2714- Z dt; Ndt; | .
2 \ I [ti*(log W)Q i=m+1

See [17, Section 5| for details.

In our terminology, Theorem A.1 of [6] can be written as

Corollary 5.2. The Hodge metrics are Poincaré bounded.
O

We turn to the proof of integrability and Chern number inequalities. We
use the following definition from [20]. We changed it slightly for our needs:

Definition 5.3. A (k,k) current uw on M is said to be positive, if for any
(1,0) differential forms wiy1,- -+ ,ws,
v—1 v—1
UN ——Wy1 NWgg1 N+ ——Ws N Ws
27 27

is a nonnegative volume form.
Let u, v be two currents. Then we use
lu| <wv

to denote that both v — u and v + u are positive currents.

Now we assume that M is quasi-projective, and there is a compact man-
ifold M such that M C M and M\M is a divisor of normal crossings.

We have the following result:
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Theorem 5.2. Let ¢,(gp) be the r-th Chern-Weil form of the Hodge bundle
HP 9 with respect to the metric g,. Then there is a constant C > 0 such that

‘Cr(gp)‘ < CW;DHk'

Proof. Let wy be any Kéhler metric of M. Then for any € > 0, wpgr+ewp
is a Kédhler metric. Suppose (¢, - ,ts) be holomorphic normal coordinate
system at p € M, then the curvature of HP? is given by

(Rp)ijﬁ = (v —D)TP(V i, V4 5) — (\/jl)qip@vgp,ivgvgp,j)

For fixed ~, d, we have
‘R(gp)iﬁﬂ < 24/ hoyhss.

By definition, h,5 < 1. Thus we have

1R(9p)i5,5] < 2-

Thus there is a constant C such that

ler| < Cwh g

O
Apparently, the Ricci curvature of wp is lowerly bounded and (M,wp) is
of finite volume.

Corollary 5.3. There is a contant C > 0 such that
ler(gp)] < Cwp.

Remark 5.3. The result was proved in [2, Corollary 5.23] using the S Ly orbit
theorem in several variables. Here we provide a different proof that using
the Hodge metrics and the Schwarz lemma.

6. CHERN CLASSES ON WEIL-PETERSSON GEOMETRY

For the rest of this paper, we assume that Z is a Calabi-Yau manifold. Let
M be a family of polarized Calabi-Yau manifolds. We assume that M — D
is an immersion. Let F'° be the first Hodge bundle on M. Then F* is a line
bundle because dim H*?(Z) = 1 for Calabi-Yau manifolds. By Griffiths, we
know that

C1 (ES) > 0.
We make the following definition.
Definition 6.1. We call
wwp = c1(F7)
the Weil-Petersson metric of M.
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Remark 6.1. The original definition of the Weil-Petersson metric is as fol-
lows: Let Z € M be a polarized Calabi-Yau manifolds with Ricc flat Kéhler
metric p. Let X, Y € HY(Z,T'YZ). Define the L? inner product as

(X,Y) = /Z (X,Y)dV,,.

Via the Kodaira-Spencer map: Tz M — H'(Z,T"°Z), the above inner prod-
uct defines a metric on M. By a theorem of Tian, the metric happens to be
the Weil-Petersson metric.

We adopt the above definition because from the definition, the Weil-
Petersson metric is automatically Kéhlerian and depending only on the
variation of Hodge structures.

The curvature of the Weil-Petersson metric was given by Strominger
for the moduli space of Calabi-Yau threefolds and by Wang for the n-
dimensional cases;

Theorem 6.1. Let §2 be a local holomorphic section of F°. Then
(Vo V48,V V5Q)
(©,)

RwwP)apys = 90595+ 9as9y5 ~
forany 1 < «,B,7,6 < s.

Remark 6.2. In the case of CY threefolds, Strominger was able to represent
the curvature tensor in terms of the Yukawa coupling:

1 _
R(wwp)agvg = 9089+ t+ 9039+3 — Z (2, Q) gE"FmgF Bon-
&n 2

Note that in general, the Weil-Petersson curvature is only L'. Neverthe-
less, we are able to prove the following result which will lead to the finiteness
of the characteristic classes:

Proposition 6.1. There is a constant C' > 0 such that
|er(wwp)| < Cwy.

Here the above inequality means that for any vy,--- , v, € T M, we have
T
|CT(WWP)(U1) Ce L Up, U, 761”)| < CH |’Ui||27
i=1

where the norm is with respect to the metric wy.
Proof. First we choose a normal coordinate at p € M so that

(6.29) 9;5(p) = b5, dg5(p) =0.
Let ‘ , . _
R} =Y Rl d:*ndZ', where R = ¢PR_;.
kl
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Then the r-th Chern class is given by

-1 i i
630 Crlwwp) = ( ) sgn(T Rﬁ—(l) A A R~T(T),
7" 11 (23

TEST

where S, is the symmetric group on the set {1,2,...,r}.
We define

W5 =0ap+ ) _(VaV,2, V5V, Q).
v

Then (7], B) defines a Kihler metric w’.*!
By Proposition 5.2, we have

W <w H.
Thus in order to prove the proposition, we need only to prove that
ler(wwp| < CW.
Let Ai; = >, (ViViQ, V;ViQ). Since the matrix (4;;) is hermitian, after
suitable unitary change of basis, we can assume
a0 ={ " 553

Since (A;j(p)) is positive-semidefinite, A; > 0, and we have

(6.31) hgg(p) =0;;(14+ N).
Clearly, we have
(6.32) (T4 X)) o (L+Niy) < det
for any 1 < i1 < iy < ... < iq < n, where deth’ = det(h’aﬁ). We assume
that v; = 82 , then by (6 30), we have
ler(wwp) Vi, - 0, T, vr)|<i(7hdax|f§1k ) "f?ZkT;@;SL

For fixed ¢, j, k, [, by the Cauchy-Schwartz inequality, we have

[R| < 1630k + Sudky — (ViVaQ, V; Vi)

< 24/ (ViVi, ViV (V, V1.V, V9

2+ /hhs; <20/ (L4 A)(1+ )

f[(\/ ) (L Agey) )

HThe metric is equivalent to the partial Hodge metric in [16, Section 4]. But we don’t
need this fact here.

IN

So we get

71 s
Jikiks(1) Jrkrkes(r)
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Corollary 6.1. Letr --- ,r > 0 such that Y r; =s. Then
e (wwp) A e (Wwp) ANwip
is integrable.
Proof. Using the same method as above, we have
ler (wwp) A= e (wwp) Awip| < Cwl
Since the Hodge volume is finite by [16, Theorem 5.2], the corollary follows.
O

7. INCOMPLETENESS OF THE WEIL-PETERSSON METRIC

We don’t have examples of Calabi-Yau moduli with complete Weil-Petersson
metric. Thus the main topic of this section is to study the Weil-Petersson
completeness (or incompleteness) at one point. Nevertheless, we have the
following interesting result from the gradient estimate.

Theorem 7.1. If M is the parameter space of a family of polarized Calabi-
Yau manifolds, then there is a constant C such that
wppr < Cwwp
for any k.
Proof. We let
W' = wpyk + ewwp,
where € > 0. Then by, we have
2
R(W/)aaﬂﬁ 2 6R(wWP)aaﬁﬁ + 6a}ba7‘o¢'
We let _
fe =g (h5).
Then since the Ricci curvature of the Weil-Petersson metric is lowerly bounded,
by the Bochner formula, we have

Afe> =Cfe+0f2 + eR(W) yz53
Let € — 0 we get
Afo > ~Cfo+3f3.
The theorem follows from the following generalized maximal principal.
O

Theorem 7.2. Let M be a Kdihler manifold with the Ricci curvature bounded
below. Let ¢ be a nonnegative smooth function on M satisfying

Ap > C19* —Crp—Cs on M,
where o > 1, C7 > 1,C5,C3 > 0 are constants. Then

Cy
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Next, we study the incompleteness of the Weil-Petersson metric. We
will use the same notations as in the previous sections. In particular, B =
(A*)" x A™ and (21, , Znt1s s Zntm) € B are the complex coordinates
of D. We let wyp,wp, and wy be the Weil-Petersson metric, the Poincaré
metric and the Euclidean metric on B, respectively.

We make the following

Definition 7.1. We say the Weil-Petersson metric is complete on B at
o= (0,---,0), if there is a sequence {x,} C B such that

(1) {z,} is a Cahchy sequence of D with respect to wy p;

(2) xy — o0, as r — oo under the FEuclid distance.

If the metric is not incomplete at o, we say that it is complete at 0.

In the case of n = 1 and m = 0, the following result of Wang gave a
satisfactory result of the incompleness of the Weil-Petersson metric.

Theorem 7.3 (Wang). Let n = 1,m = 0. Write the local section 2 of
F* — D as

v—1

Q = exp( 5

log %N)A(z)

T
for an analytic vector-valued function A(z). Then the Weil-Petersson metric
is incomplete if and only if NA(0) = 0.

Sketch of the Proof. By definition, we have
-1 _ _
wwp = ————001og(£2, ).
27
If NA(0) # 0, then
— 1
(2,9) = f(log ) + B(2),
where f(x) is a nonconstant polynomial and
|B(2)| < Cr®

for constant C,b > 0, where r = |z|. Thus there is a constant C; > 0 such

that
vV—=1ldz Ndz
>C——
wwp = L1 r2(log%)2

and thus the metric is complete.

If NA(0) = 0, then by the Nilpotent orbit theorem, we know that exp(g log 1N)A(0) =
A(0) is a Nilpotent orbit. In particular for A(0) € B. Thus we have

(4(0), A(0)) # 0.

A straightforward computation gives

for some ¢ > —2. Thus the Weil-Petersson metric is incomplete.
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Corollary 7.1. For n =1, m = 0, the following statements are equivalent:

(1) The Weil-Petersson metric is incomplete at o;

(2) the period map extends across to o (Wang);

(8) The Hodge length of Q is bounded near o;

(4) There doesn’t exist a constant C > 0 such that wyp > Cwp.

O
In order to state the theorem, we first observe the following fact: let

v —1 1
Q= eXp(Z 2 log ;Ni)A(zla T 7Zn+m)

T
be the holomorphic section of F*® near o € B. Let

v—1 1
Qo = exp(z o log ;Ni)A(Oa ++,0)

(1

be the corresponding Nilpotent orbit. Then we have the following;:

Lemma 7.1. Using the above notations, we have

J-1 _ .
?aﬁlog(ﬁo,ﬁo) >0
for Im z;, (1 < i < n) sufficiently large.

Proof. A straighforward computation gives
—8;0;1og(Q0, Q) = —(Q0, )~ (ViQ0, V;Q),

where L
0, 2
V0 = 8;:Q0 — MQO.
(Q20, )
The map being horizontal, we conclude that
ViQo € H L

By the second Hodge-Riemann relations, we conclude that (€, 9) > 0 and
—(Vifd, V) is a semi-positive matrix. The lemma thus follows.
O

We define
W' = —\/2?8810g((20,(20).
One of the main result of this section is
Theorem 7.4. There is a constant C, depending on B such that
W — Cwy < wwp <w' + Cuwyp.

Corollary 7.2. The Weil-Petersson metric is incomplete at o if and only
if the metric W' + wg is incomplete at o.

Note that for the case n = 1,m = 0, the above corollary follows from the
theorem of Wang. On the other hand, we need the detailed information of
the Nilpotent orbit. Since the proof is complicated, we first state and prove
the following special case.
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Theorem 7.5. Let n = 1. Then the necessay and sufficient condition for
wwp to be incomplete is that N A(0,---,0) =0, where N = Ny in eqref.

Remark 7.1. The above result is equivalen to theorem. By the Nilpotent
orbit theorem, we know that

Proof. Let

1 3
wwp = ?gl;dzz VAN de.
Let W be the set of smooth curves o : [0,1) — B such that

}EE o(t)=o0

under the Euclidean distance. We claim that wyp is incomplete if and
only if there is a curve o € W with finite length with respect to the metric
wwp + wo.

Let 0 = (o! o™t™). Let the length of o under the Weil-Petersson
metric be L(o). Then we have

7601' ool
Y7ot "ot
We observe that

oo 0o’ ntm
>
Yi ot ot = g“ at Zglf ot

This follows from the fact that the matrix
Y919
* 911

is always semi-positive definite. Using the fact, we get

%L(a) > /O 1

8. PARALLEL RESULTS IN SPECIAL KAHLER MANIFOLDS

n+m

— | dt — Z/l 19151

91

Let (M, g) be a Kéhler manifold of dimension s with a Kéhler metric g.

Definition 8.1. A special Kdhler manifold (M, g,V , J) is a Kdhler manifold
with a real flat torsion-free simplectic connection V such that

dvJ =0,
where J s the complex structure on M.

Let F be a holomorphic symmetric cubic tensor defined by

F = —w(@®) or0y e HO(M, Sym3T* M),
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where (1.0 ¢ Q(1.0) (Tt M) is a projection of the complexified tangent space
TeM into the holomorphic tangent space T M. Locally, it can be written
as Fjji, such that it is symmetric in 7, j, k. By [7], we have

(8.33) R(W) 5,5 = =9 FareFpon,

where w is the Kahler form of g. It is clear that the curvature operator of
w is nonnegative.

Define
hoj = ForeFpong” 0geT,
and let
v—1 B

Similar to the cases of Calabi-Yau moduli, we make the following defini-
tion:

Definition 8.2. Suppose the cubic form F' is not identically zero. Then wy,
defines a Kdhler metric on the dense open set

U={p|F(p)#0} c M.
We call it the Hodge metric on M.

Similar to the cases of Hodge metric on Calabi-Yau moduli, we have the
following

Theorem 8.1. The curvatures of wy, satisfy the following properties:
(1) The holomorphic bisectional curvature of wy is nonpositive;
(2) The holomorphic sectional curvature of wy is negative away from
zero;
(3) The Ricci curvature of wy, is negative away from zero.

Proof. We choose a local coordinate around p € M such that gﬁ(p) =
dijs dgij(p) = 0. By equation (8.33) we obtain

R(wn) aBvs Z Facu, vFﬁéu §+2 Z FaéuFﬂvavwF
3% &,V
o Z h® Z Fepa, vanf Z Feng, 6F§nr )
T,E
where Faﬁ%g = 85257

We consider the case when 8 = «,d = . By the Cauchy inequality, we
have

Z agp,y ozS/w Zhﬁ

T,E

Z FenayFeyr | 2 0.

&m

Z FenaqyFene
&m
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From the above inequality, we obtain

2

(8.35) R(wh)amyy = 2 Z Z FagpFrym
SN

In particular, R(wp)aayy > 0. Thus the metric has nonpositive sectional
curvartures. Furthermore, we let a = . Then we have

2

R(Wh)aaaa > 2 Z Z FaﬁuFaun
&n | op

) 2
2 2
> 3 Z |Fagul®| > ;hiav
Iy

222 Z‘Fa§u|2
£ lnu

from which the second assertion follows. Finally, the Ricci curvature esti-
mate follows from the bounds of the bisectional curvatures and the holo-
morphic sectional curvatures.

([
Next we prove a convexity property of the curvature of w.
let r1,---,7 > 0 be integers such that > r; = s. Then we have the
following

Proposition 8.1. There is a constant C' such that
0<(—=1)°cr (W) A+ (w) < Cuwy.

Proof. We use the similar method as in section xxx. Fix a point p € M
and assume that at p, g,5(p) = dap and dg,5(p) = 0. Then by [8], we have

0 < ~R(@)ap5 < Y FaneFasy < \[hywhss.
¢

for any fixed «, 3, and 9.

Since
Vo1 (1) ir(r)
er(wwp) = (27r Z:S Sgn(T)Rilklko-(l) e Rirkrkg(r) dzx N dzZg (K,
o,TES,
where

dzg N\ dEO'(K) = del VAN d?o(l) VAR dzkr A d?ka(r).
Thus there is a constant C > 0 such that

f[ hidz A - dzZ,
=1

(D% (@) A=A (W) <C = Cwp-
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Corollary 8.1. Using the above notations, suppose that M is quasi-projective,
then

‘/ Voer (W) A Ao (w)] < o0

Proof. We let U be in definition 6.2. Since M is quasi projective, so is
U. Suppose that U is a smooth compactification of U such that U \U is a
divisor of normal crossings. Let wp be the global Poincaré metric. Then by
the Schwarz lemma, we know that there is a constant C such that

Wh < C(,Up.

The corollary follows from the above.
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