PROOF OF THE NORMAL SCALAR CURVATURE
CONJECTURE

ZHIQIN LU

1. INTRODUCTION

Let M™ be an n-dimensional manifold isometrically immersed into the
space form N"™t™(¢) of constant sectional curvature c¢. Define the normalized
scalar curvature p (resp. pt) for the tangent bundle (resp. the normal
bundle) as follows:

9 n
pP=—"FT"" Z R(eivej7ejvei)a

N

(resp.) pt = 2 Z Z <RL(6iv€j)£ﬁ£s>2 )

n(n a 1) 1=i<j 1=r<s

where {e1,--- ,e,} (resp. {&1, -+ ,&n}) is an orthonormal basis of the tan-
gent (resp. normal) bundle, and R (resp. R™*) is the curvature tensor for
the tangent (resp. normal) bundle.

In the study of submanifold theory, De Smet, Dillen, Verstraelen, and
Vrancken [5] made the following normal scalar curvature conjecture':

Conjecture 1. Let h be the second fundamental form, and let H = %traee h
be the mean curvature tensor. Then

p+pt <|HP?+ec

Let x € M be a fixed point and let (h{;) (i,5 =1,--- ,nandr =1,--- ,m)
be the entries of (the traceless part of ) the second fundamental form under
the orthonormal bases of both the tangent bundle and the normal bundle.
Then by [10], or [6], Conjecture 1 can be formulated as an inequality with
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respect to the coefficients (h];) as follows:

SN -n) 2> Y ()

r=11=i<j r=11=i<j
2 1
( ) m n n 2\ 2

A D ol O STARINAY

I=r<sl=i<j \k=1
Suppose that Ay, Ao, -+, Ay, are n X n symmetric real matrices. Let
n
2 2
1AIP = o,
ij=1

where (a;;) are the entries of A, and let
[A,B] = AB — BA

be the commutator. Then the inequality (2), in terms of matrix notations,
can be formulated as

Conjecture 2. For n,m > 2, we have

m
(3) QAP = 203 II[A AP
r=1 r<s

Fixing n, m, we call the above inequality Conjecture P(n, m). Note that
Conjecture 1 is equivalent to Conjecture 2, which is purely linear algebraic.

A weaker version of Conjecture 1, p < |H|? + ¢, was proved in [2]. An
alternate proof is in [9].

The following special cases of Conjecture 2 were known. P(2,m) and
P(n,2) were proved in [5]; P(3, m) was proved in [4]; and P(n, 3) was proved
in [8], the previous version of this paper. In [6], a weaker version of P(n,m)
was proved by using an algebraic inequality in [7] (see also [3]) . In the
same paper, P(n,m) was proved under the addition assumption that the
submanifold is either Lagrangian H-umbilical, or ultra-minimal in C*.

In this paper, we prove the conjecture for any n,m > 1.

2. INVARIANCE

Let Ay,---, Ay be n X n symmetric matrices. Let G = O(n) x O(m).
Then G acts on matrices (Aj,---,Ay,) in the following natural way: let

(p,q) € G, where p, q are n x n and m X m orthogonal matrices, respectively.
Let ¢ = {gi;}. Then

(p7 I) : (A17 e 7Am) = (pAlpilv T 7pAmp71)7
and

(1,q) - (Ar,- -+ Am) = O @Az ) amjAy).
j=1 j=1

It is easy to verify the following
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Proposition 1. Conjecture P(n,m) is G invariant. That is, in order to
prove inequality (3) for (Ai,---,Ap), we just need to prove the inequality
for any v - (A1, -+, Ap) where v € G. Moreover, the expressions of both
sides of (3) are G invariant.

O

Corollary 1. We can prove Conjecture 2 under the following additional
assumptions on the matrices:

(1) Ay is diagonal;

(2) (Ao, Ag) =0 if o # B;
3) Al = -+ = || Am]]-

Note that under the above assumptions, A = 0 if k > %n(n +1).

3. PROOF OF P(n,m).

In this section, we prove Conjecture 2. We first establish some lemmas
which are themselves interesting.

Lemma 1. Suppose ny --- ,n, are real numbers and

Mo =0, ;e =1
Let ri; > 0 be nonnegative numbers for i < j. Then we have
(4) D (= m)riy < iy + Max(ry).

1<j 1<J

Proof. We assume that 1 > --- > n,. Ilf ;3 —n, <1 or n =2, then (4)
is trivial. So we assume n > 2, and
n —nn > 1.

We observe that n; —n; < 1for 2 <¢ < j <n—1. Otherwise, we could have

1
L2 oy 7+ > 5 (0m = 1) + (0 = 0)) > 1,

which is a contradiction.
Using the same reason, if n1 — n,—1 > 1, then we have ny — n, < 1;
and if o — n, > 1, then we have n; — n,—1 < 1. Replacing n1,--- ,n, by

—Mpn - -+, —mn if necessary, we can always assume that no — 1, < 1. Thus
n; —n; < 1if 2 <i < j, and (4) is implied by the following inequality
5 —nj)%ry < M -
(5) 2(771 ;) 1 < Zﬁg + 1<a]x(7’1])
1<j 1<y
Let s; = ryj for j = 2,--- ,n. The the above inequality becomes

(6) > m—ny)%s; <> s+ Max (55)-

1<y 1<y
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In order to prove the above inequality, we define the matrix P as follows

Zsj —89 —3Sn
1<j

p=| %2 52

—Sn Sn

We claim that the maximum eigenvalue of A is no more than r = > ;ST

Max (s;). To see this, we compute the determinant of the matrix

y—Ys s s
1<j

82 Yy — s2

Sn Y — Sn

Using the Cramer’s rule, the answer is

(Y—s2)- - (y—sn) |y—D 55—

1<y 1<y

2
Sj

y—s; |

For any y > r, we have y —s; > > o ,s;. Thus the above expression is
greater than

(—s2)—W—s)y—Y_ s;— O _s) "> s3)>0

1<j 1<j 1<j

Let = (n1,--- ,n)T, we then have

m
2 T
D (m—m)s;=n"Py<r=23 s+Max(s)
1<y 1<y

O

Lemma 2. Let A be an n X n diagonal matriz of norm 1. Let As,--- , A
be symmetric matrices such that

(1) {Aa, Ag) =0 if o # 3;
(2) [[Az2][ = - = || Amll.

Then we have
(7) D A AalIP <D 114Gl + 1142 .
a=2 a=2

Proof. Replacing each A, with its off-diagonal component won’t change
the left hand side of the above inequality, but will decrease the right hand
side of the above. Thus without loss of generality, we assume that each A,
has zero diagonal component. Furthermore, we assume that each A, is not
Zero.
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Let Ay = ((aa)ij), where (aq)i; are the entries for o = 2,--- ,m. Let
m
_ 2
0= 1\;[7,?]?( - (@a)i;-
a=2
Let
m
A=
U
Then by the previous lemma, we have
m m
(8) DA AP < D [ Aal* + 26,
a=2 a=2
Thus it remains to prove that
(9) 26 < || A2

To see this, we identify each A, with the (column) vector A, in Rz D),
Let puq be the norm of the vector. Then we have

1
(10) i2 = 5 lAall?

for « = 2,---,m. Extending the set of vectors {Ay/fta}to<a<m into an

orthonormal basis of Rz™n+1)

AQ/M% to 7Am/Mm7 Amt1y e 7A%n(n+1)+17

we get an orthogonal matrix. Apparently, each row vector of the matrix is

a unit vector. Thus we have
m

Z(Ntx)iz(aa)?j S L.

a=2

Since pg > -+ >y, We get

- 1
> (a2} < w3 < 5|4z 2
a=2

This proves (9).
(I

Remark 1. Let A be a diagonal matrix of unit norm and let B be a symmetric
matrix. Let ||B||oc = Max (|b;;|), where (b;;) are the entries of B. By (8),
we get

1[4, B]II* < [|BII” +2/| BI[%.
Although not used directly in this paper, this is the crucial step of estimate
that makes the whole proof work. Note that in [5] (or by P(n,2)), we have
a much weaker version of the above inequality

114, B]|I* < 2[|B|I*.
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Proof of Conjecture 2. Let a > 0 be the largest positive real number
such that

O 1Al)? = 2a(Y  [1[Aa, AllI?).
a=1

a<fB
Since a is maximum, by the invariance, we can find matrices Ay, -, A;,
such that
m
(11) O 11Aal®)? = 2a() lI[Aa; A5
a=1 a<f

with the following additional properties:
(1) A; is diagonal;

(2) (Ao, Ag) =0if a # 3;
(3) [[Aall = [[A2]| = -+ = || Am]].

We let t? = ||A;]|? and let A’ = A;/|t|. Then (11) becomes a quadratic
expression in terms of t2:

t'—26%(a Y [I[A Al = D 114all®) + O I Aal?)?
a=2

1<« 1<«
—2a( Y [[[Aa; A5l|[*) = 0.
1<a<f

Since the left hand side of the above is non-negative for all #2, we have

a Y I AP = D 11 4all® > 0,

1<« 1<«

AP = a ) IIIA AP = D [14all*.

1<« 1<«

and

By Lemma 2, we have

S ONAL AP <Y 1 Aall? + A2l <)l Aall,
a=2 a=1

1<«
which proves that a > 1.
O

Remark 2. In the study of random matrices, Bottcher and Wenzel [1] posed
the following conjecture: let X, Y be n x n matrices. Then

11X Y12 < 201 X]17 - [|Y].

Note that if one of the matrix is symmetric, then the result follows from
Conjecture 2 2. The results of the above conjecture will appear in our next

paper.

2which is certainly well known.



PROOF OF THE NORMAL SCALAR CURVATURE CONJECTURE 7

REFERENCES

[1] A. Bottcher and D. Wenzel. How big can the commutator of two matrices be and
how big is it typically? Linear Algebra Appl., 403:216-228, 2005.

[2] B.-Y. Chen. Mean curvature and shape operator of isometric immersions in real-
space-forms. Glasgow Math. J., 38(1):87-97, 1996.

[3] Q. Chen and S. L. Xu. Rigidity of compact minimal submanifolds in a unit sphere.
Geom. Dedicata, 45(1):83-88, 1993.

[4] T. Choi and Z. Lu. On the DDVV Conjecture and the Comass in Calibrated Geometry
(I). DG/0610709, 2006.

[5] P. J. De Smet, F. Dillen, L. Verstraelen, and L. Vrancken. A pointwise inequality in
submanifold theory. Arch. Math. (Brno), 35(2):115-128, 1999.

[6] F.Dillen, J. Fastenakels, and J. Veken. Remarks on an inequality involving the normal
scalar curvature. DG /0610721, 2006.

[7] A.-M. Li and J. Li. An intrinsic rigidity theorem for minimal submanifolds in a sphere.
Arch. Math. (Basel), 58(6):582-594, 1992.

[8] Z. Lu. On the DDVV Conjecture and the Comass in Calibrated Geometry (II).
arXiv:0708.2921, version 1, 2007.

[9] B. Suceavi. Some remarks on B. Y. Chen’s inequality involving classical invariants.
An. Stiing. Univ. Al. I. Cuza Iagi. Mat. (N.S.), 45(2):405-412 (2000), 1999.

[10] B. D. Suceava. DDVV conjecture. preprint.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, IRVINE, IRVINE, CA
92697
E-mail address, Zhiqin Lu: zlu@math.uci.edu



