HOW BIG ISTHE COMMUTATOR OF TWO MATRICES?

ZHIQIN LU

In the study of random matrices, Bottcher and Wenzel [1] posed the
following conjecture:

Conjecture 1. Let X,Y be two n! n matrices. Then
I YIP 2 XIPIY I,

where the norm is defined as
5 |‘:2I
[1X11* = Xij-
ij=1
Bottcher and Wenzel proved the following special cases of the conjecture:
if n = 2, or X is of rank 1, or X is normal, then the conjecture is true.
Furthermore, they proved the following weaker version of the conjecture:

XY™ BIXIPIY I,

In this paper, we prove Conjecture 1.
We fix X and assume that ||X|| = 1. Let V = gl(n,R). Define a linear
map
T:V#V, Y$#X,[XYI

Then we have

Lemma 1. T is a semi-positive definite symmetric linear transformation of
V.

Proof. This is a straightforward computation
%1, [X T, [X, Y2Il&= %X, Y1l [X, Y2]&= %X, [X, Y1]], Yo&

Obviously T is semi-positive.
!
The conjecture is equivalent to the statement that the maximum eigen-
value of T is not more than 2.
We let a be the maximum eigenvalue of T. Then o > 0. Let Y be an
eigenvector of T with respect to a. Then we have

T(Y) = ay.
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A straightforward computation gives
TAXT, YD =aX", Y],

where XT is the transpose of X.
We claim that Y and Y; = [XT,YT] are linearly independent: first,
Y1 =0, and second %, Y1:&= 0. Thus, we have the following conclusion

Proposition 1. The multiplicity of the eigenvalue a is at least 2.

Let
X = Q1NQ2

be the singular decomposition of X, where Q1, Q» are orthogonal matrices
and A is a diagonal matrix. Let

B=QYQ;', C=Q;'YQi.
Then we have
IDX, YTII> = [IAB ( CAI>.

Let 1 1
S1
r=H-  H
Sn

Without loss of generality, we assume that s; ) 44&) sn. Since |[X]| = 1,
we have

s2 + g4t s2 = 1.
Assume that s? " 1/2. Then we have

1 1
(L)  IAB( CAIP= (sibij ( sjcij)®" 2(bf; +c)si " 2.
ij=1 =1
Thus in this case, the conjecture is trivially true. Now assume that s? >
1/2. By Proposition 1, we can find an eigenvector Y of T such that 1).
[IY || =1, and 2). by =0.
The conjecture can be proved if we can prove that

X, YR 2.
We first have the following equality (because by; = 0)
) o 1 ) 1 )

[IAB ( CAJ[* =cfisT+  (Sibin ( s1Cin)*+  (Sabgj ( sjC1j)” + A,

i=2 j=2

where we define
r 1 1
A= bhi+  cp,
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and
1

A= (sibij ( sjcij)’.
ij=2
Apparently we have

|‘:2| )
AV (b5 + Cij).

ij=2
because s5 " 1/2. Thus we just need to prove that
2 2 1 2 1 2 I‘ 2 1B 2 !
cf1ST+  (Sibis ( siCin)+  (Sibui ( sjcn) " A+ b+ .
We cops.td_bizr the matrix
A ( b12€12 ( b21C21 &8 ( b1nCin ( bnilni
o= {HhoC12 ( b21C21 b3, +ci,
( binCin ( bnitnt bﬁl + C%n

The above inequality is equivalentrte-that thg-maximum eigenvalue of the
above matrix is no more than A+ [ bZ + 1, c2. To see this, we let

| 17T 1
y=A+ B+ Gite
i=2 i=2
for € > 0. We have -

1
det(yl ( P)= (v ( bfy( cfi) y( A(
i=2 i=2

1
L brd; + biscir)?

y (b3 ( cfs

Let
B = max(bf; + c;).
Then we have

yoa( Omhbaen?y o g ety

= YOO G -

The conjecture is proved.
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