
H OW B I G I S T H E COM M U TAT OR OF T W O M AT RI CES?

ZHIQIN LU

In the study of random matrices, Böttcher and Wenzel [1] posed the
following conjecture:

Conject ure 1. Let X, Y be two n ! n matrices. Then
||[X, Y ]||2 " 2||X||2||Y ||2,

where the norm is defined as

||X||2 =
nX

i,j=1

x2
ij .

Böttcher and Wenzel proved the following special cases of the conjecture:
if n = 2, or X is of rank 1, or X is normal, then the conjecture is true.
Furthermore, they proved the following weaker version of the conjecture:

||[X, Y ]||2 " 3||X||2||Y ||2.

In this paper, we prove Conjecture 1.
We fix X and assume that ||X|| = 1. Let V = gl(n, R). Define a linear

map
T : V # V, Y $# [XT , [X, Y ]].

Then we have

Lemma 1. T is a semi-positive definite symmetric linear transformation of
V .

Proof. This is a straightforward computation

%Y1, [XT , [X, Y2]]&= %[X, Y1], [X, Y2]&= %[XT , [X, Y1]], Y2&.

Obviously T is semi-positive.
!

The conjecture is equivalent to the statement that the maximum eigen-
value of T is not more than 2.

We let α be the maximum eigenvalue of T . Then α > 0. Let Y be an
eigenvector of T with respect to α. Then we have

T (Y ) = αY.
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A straightforward computation gives

T ([XT , Y T ]) = α[XT , Y T ],

where XT is the transpose of X.
We claim that Y and Y1 = [XT , Y T ] are linearly independent: first,

Y1 '= 0, and second %Y, Y1&= 0. Thus, we have the following conclusion

Proposit ion 1. The multiplicity of the eigenvalue α is at least 2.

!
Let

X = Q1ΛQ2

be the singular decomposition of X, where Q1, Q2 are orthogonal matrices
and Λ is a diagonal matrix. Let

B = Q2Y Q−1
2 , C = Q−1

1 Y Q1.

Then we have
||[X, Y ]||2 = ||ΛB ( CΛ||2.

Let

Λ =




s1

. . .
sn



 .

Without loss of generality, we assume that s1 ) ááá) sn. Since ||X|| = 1,
we have

s2
1 + ááá+ s2

n = 1.

Assume that s2
1 " 1/2. Then we have

(1) ||ΛB ( CΛ||2 =
nX

i,j=1

(sibij ( sjcij)2 "
nX

i,j=1

2(b2
ij + c2

ij)s2
1 " 2.

Thus in this case, the conjecture is trivially true. Now assume that s2
1 >

1/2. By Proposition 1, we can find an eigenvector Y of T such that 1).
||Y || = 1, and 2). b11 = 0.

The conjecture can be proved if we can prove that

||[X, Y ]||2 " 2.

We first have the following equality (because b11 = 0)

||ΛB ( CΛ||2 = c2
11s2

1 +
nX

i=2

(sibi1 ( s1ci1)2 +
nX

j=2

(s1b1j ( sjc1j)2 + ∆1,

where we define

∆ =
nX

i=2

b2
1i +

nX

i=1

c2
i1,
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and

∆1 =
nX

i,j=2

(sibij ( sjcij)2.

Apparently we have

∆1 "
nX

i,j=2

(b2
ij + c2

ij),

because s2
2 " 1/2. Thus we just need to prove that

c2
11s2

1 +
nX

i=2

(sibi1 ( s1ci1)2 +
nX

i=2

(s1b1i ( sjc1i)2 " ∆ +
nX

i=2

b2
i1 +

nX

i=2

c2
1i.

We consider the matrix

P =





∆ ( b12c12 ( b21c21 ááá ( b1nc1n ( bn1cn1

( b12c12 ( b21c21 b2
21 + c2

12
... . . .

( b1nc1n ( bn1cn1 b2
n1 + c2

1n




.

The above inequality is equivalent to that the maximum eigenvalue of the
above matrix is no more than ∆ +

Pn
i=2 b2

i1 +
Pn

i=2 c2
1i. To see this, we let

y = ∆ +
nX

i=2

b2
i1 +

nX

i=2

c2
1i + ε

for ε > 0. We have

det(yI ( P ) =
nY

i=2

(y ( b2
i1 ( c2

1i)

√
y ( ∆ (

nX

i=2

(b1ic1i + bi1ci1)2

y ( b2
i1 ( c2

1i

!
.

Let
β = max(b2

i1 + c2
1i).

Then we have

y ( ∆ (
nX

i=2

(b1ic1i + bi1ci1)2

y ( b2
i1 ( c2

1i

) β + ε ( β
nX

i=2

b2
1i + c2

i1Pn
i=2(b2

1i + c2
i1)

> 0.

The conjecture is proved.
!
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