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Abstract

The existence of discrete spectrum below the essential spectrum is deduced for the Dirichlet Laplacian on
tubular neighborhoods (or layers) about hypersurfaces in Rt with various geometric conditions imposed.
This is a generalization of the results of Duclos, Exner, and Krejc¢ifik (2001) in the case of a surface in R3.
The key to the generalization is the notion of parabolic manifolds. An interesting case in R3—that of the
layer over a convex surface—is also investigated.
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1. Introduction

In their study of the spectrum of quantum layers [6], Duclos, Exner, and Krejcitik proved
the existence of bound states for certain quantum layers.> Part of their motivations to study the
quantum layers is from mesoscopic physics. From the mathematical point of view, a quantum
layer is a noncompact noncomplete manifold. For such a manifold, the spectrum of the Laplacian
(with Dirichlet or Neumann boundary condition) is less understood. Nevertheless, from [6] and
this paper, we shall see that the spectrum of a quantum layer has very interesting properties not
only from the point of view of physics but also from the point of view of mathematics.

Mathematicians are interested in the spectrum of two kinds of manifolds: compact mani-
folds (with or without boundary), and noncompact complete manifolds. For these two kinds of
manifolds, one can prove [13,14] that the Laplacians can be uniquely extended as self-adjoint
operators from operators on smooth functions with compact support. For a compact manifold, by
the Hodge theorem, we can prove that the spectrum of the Laplacian is composed of only discrete
spectrum. On the other hand, the spectrum of Laplacian of a noncompact complete manifold is
rather complicated. In general it has both discrete and essential spectrum.

In general, it is rather difficult to prove the existence of discrete spectrum for a noncompact
manifold, because the existence of an L? eigenfunction is a highly nontrivial fact. However, in
the following special case, the discrete spectrum does exist.

We define the following two quantities:

Definition 1.1. Let M be a manifold whose Laplacian A can be extended to a self-adjoint oper-
ator. Let

_ . _fM fAf
ao_fecl?"f(M) Suf? (a-h
Oegs = SUP inf M (1.2)

K feCM\K) [y 2
where K is running over all compact subsets of M.

We have oy is the lower bound of the spectrum and oy is the lower bound of the essential
spectrum. In general, g < 0egs. If 09 < 0egs, then the set of discrete spectrum must be nonempty.
In particular, since the spectrum of a self-adjoint operator is a closed subset of the real line, there
is an L? smooth function f of M such that

Af =—oyf.

(00, f) is called the ground state of the Laplacian. In mathematical physics, points in the discrete
spectrum are called bound states. Thus the ground state is the lowest bound state.

We do not expect o < 0egs to be true in general. It seems that more often we would get the
opposite result oy = oess. For example, by a theorem of Li and Wang [27, Theorem 1.4], we
know that if the volume growth of a complete manifold is sub-exponential and if the volume is

3 Quantum layers were studied by many authors. An incomplete list of the works are [1,2,5,7-12,21-23].
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infinite, then oess = 0. Thus in that case, op = gess = 0 and we do not know a general way to
prove the existence of ground state.

Let X be an oriented n-manifold and 7 : ¥ — R"*! be an immersion. Let N be the unit
normal vector field of X', we can define the following map

p: X x(—a,a) > R (x,u) > x+uN,

where a is a small positive number such that the map p is an immersion.

The quantum layer §2 built over ¥, as a differentiable manifold, is very simple: 2 = X' x
(—a, a). The Riemannian metric on 2 is defined by p* (ds%), where dslzg is the Euclidean metric
of R"*!. The number « is called the depth of the layer.

Remark 1.1. The setting above is a little bit more general than in the paper [6], where the authors
require that both X' and §2 are embedded. In particular, they assume that the quantum layers are
not self-intersecting. There are some advantages of our treatment: first, all the theorems still
remain true in the immersed case, and second, it is possible to estimate the range of the depth
a using the upper bound of the second fundamental form in the case of immersion, while in the
embedded case, global conditions of (X, w) must be imposed in order to keep the layers from
self-intersecting.

The aim of this paper is to study the ground state of the noncompact noncomplete Riemannian
manifold (£2, p*(ds%)), where we assume the Dirichlet boundary condition for the Laplacian.
Our work is clearly motivated by the work of [6].

The first main result of this paper is the existence of the ground state of layer over convex

surface in R3. We are motivated by the following result in [6].
Theorem (Duclos, Exner, and KrejCirik). Let $2 be a layer of depth a over a surface of revolution
whose Gauss curvature is integrable. Suppose S2 is not self-intersecting, and suppose a| Al <
Co < 1, where ||A|| is the norm of the second fundamental form and Cy is a constant. If the
surface is not totally geodesic, then oy < 72/ (4a?).

Overlapping with the above result, we proved the following

Theorem 1.1. Let X be a convex surface in R® which can be represented by the graph of a
convex function z = f(x,y). Suppose 0 is the minimum point of the function and suppose that
at 0, f is strictly convex. Furthermore suppose that the second fundamental form goes to zero
at infinity. Let C be the supremum of the second fundamental form of X. Let Ca < 1. Then the
ground state of the quantum layer S2 exists.

Remark 1.2. We let X' to be the surface defined by the function
For ) =x7 457
A straightforward computation gives the mean curvature of X':
| _ 2628

T 1467 HY)

VI+4GZ+y2)

H=4.
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Thus H and then the second fundamental form goes to zero at infinity. By the above theorem,
the quantum layer built from the above surface has a ground state.

The second main result of this paper is motivated by the following
Theorem (Duclos, Exner, and Krejciiik). Let ¥ be a C?-smooth complete simply connected
noncompact surface with a pole embedded in R3. Let the layer 2 built over the surface be not
self-intersecting. If the surface is not a plane but it is asymptotically planar, and if the Gauss
curvature is integrable and the total Gauss curvature is nonpositive, then the ground state exists.

In a more recent paper [2], Carron, Exner, and Krej¢ifik observed that the assumptions of
simply-connectedness and the existence of a pole on ¥ can be removed. Hence X is allowed to
have a rather complicated topology.

By a theorem of Huber [20], X is conformally equivalent to a compact Riemann surface with
finitely many points removed. In particular, we have

/K <2me(X),
X

where e(X) is the Euler characteristic number of X'. The deficit of the above inequality can be

represented by isoperimetric constants. Let Eq, ..., Eg be the ends of the surface X'. For each E;
we define
Ai(r
Ai = lim ’(2), (1.3)
r—>00 Tr

where A;(r) is the area of the ball B(r) N E;. We have the following

Theorem. (Hartman [19].) Using the above notations, we have
! / K =e(X) Z A
— =e — ;.
2 !
x

We have the following*

Theorem 1.2. Suppose that X is a complete immersed surface of R such that the second fun-
damental form A — 0. Suppose that the Gauss curvature is integrable and suppose that

e(X) =) % <0, (1.4)
where A; is the isoperimetric constant at each end defined in (1.3). Let a be a positive number

such that a||A|| < Co < 1. If X is not totally geodesic, then the ground state of the quantum layer
$2 exists. In particular, if e(X) < 0, then the ground state exists.

4 There is an overlap of this result with the one in [2]. The proofs are similar but not identical. In particular, we use the
result of Hartman instead of the Kohn—Vossen inequality.
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More generally, one of the key observation of our paper is that in order to generalize the
results in [6] to higher dimensions, we must assume the parabolicity of the hypersurface X.
The parabolicity of complete manifold was introduced by Li and Tam [26] (see also the survey
papers [24,25]). A surface with a pole and L' Gauss curvature is parabolic. Thus the following
result is a high-dimensional generalization of the above result of Duclos, Exner, and Krejcitik.

Theorem 1.3 (Main theorem). Let n > 2 be a natural number. Suppose ¥ C R"*1 is a com-
plete immersed parabolic hypersurface such that the second fundamental form A — 0 at infinity.
Moreover, we assume that

[n/2] [n/2]
Z U2k Tr(Rk) is integrable and / Z U2k Tr(Rk) dX <0, (1.5)
k=1 ) k=1

where o > 0 for k > 1 are coefficients defined in Lemma 5.1, [n/2] is the integer part of n/2,
and Tr(R¥) is defined in (5.22). Let a be a positive real number such that a||A|| < Co < 1 for a
constant Cy. If X' is not totally geodesic, then the ground state of the quantum layer S2 exists.

Corollary 1.1. Let p be the scalar curvature of X. If n = 3, then the main conditions (1.5) in
Theorem 1.3 become:

(1) p is integrable;
2) fz pdX <0.

If n = 4, and if the sectional curvature of X is positive outside a compact set of X, then the
conditions (1.5) become:

(1) p is integrable;
2) [5pdE +16(% —1)aPe(X) <0,

where e(X) is the Euler characteristic number of X.

The organization of the paper is as follows: in Section 2, we define the quantum layers and
give their basic properties; in Section 3, we give the lower bound of the essential spectrum of a
quantum layer; in Section 4, the parabolicity of a submanifold of R"+1 is introduced; in Section 53,
Theorem 1.2, the main theorem (Theorem 1.3), and Corollary 1.1 are proved; finally, in Section 6,
Theorem 1.1 is proved.

We end this section by posing the following question:

Let X' be a noncompact complete Riemannian manifold of dimension n. Then what do we have
to assume on X so that when X — R"™ 1 is an asymptotically flat but not totally geodesic
immersion, the layer $2 built over X has ground state? In particular, if n = 2, the works of [2,
6] suggest that the quantum layer §2 should have ground state when the Gauss curvature is
integrable.’

5 This part of the question was implied in [6]. By [6] and this paper, we just need to show that for layers built over
simply-connected surfaces with positive total Gauss curvature, the ground state exists.
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2. Geometry of quantum layers

Let n > 1 be an integer and let X be an immersed (oriented) hypersurface of R"*!. Let a > 0
be a real number. Heuristically speaking, the quantum layer §2 is obtained by fattening X by a
thickness of a in the directions of N and — N, respectively, where N is the unit normal vector
field. As a differentiable manifold, 2 is just X' x (—a, a). We impose the following assumptions
on X and £2:

Al. Let A be the second fundamental form of X'. We regard A as a linear operators on 7, X for
every x € X. We assume that there is a constant Cq such that a||A|[(x) < Cp < 1.

A2. ||A|(x) = 0 as d(x,xp) — 0o, where xg € X is a fixed point.

. %, %) is a

local frame of £2, where u € (—a, a). Such a local coordinate system of 2 is referred-to as a

standard coordinate system of £2 in this paper.

Definition 2.1. Let xy, ..., x, be a local coordinate system of X. Then (%, .

We consider the map
p:Xx (—a,a) > R (x,u)> x+uN.
Let y1, ..., yut1 be the Euclidean coordinates of R+ Let
dsl%: =dy12+-~~+dy,2,+l
be the Euclidean metric of R"t!, Let Gij (i,j=1,...,n+1) be defined by
n n n

Y Gijdxidxj+ Y Gipprdxidu+ ) Guyridudxi + Guii g1 dudu = p*(dsg).

i,j=1 i=1 i=1
If p is nonsingular at a point, then the matrix G;; is positive definite at that point. In order to
express G;; in term of the geometry of X, we introduce the following notations.

Let (h;;) (i, j =1, ..., n) be the matrix representation of the second fundamental form A with

respect to the local frame (%, e, %). Let gijdx;dx; = p*(dsi-) be the Riemannian metric

of X. Let h‘; = g"i hij. Then a straightforward computation gives (cf. [6]):

(87 — uh?)(85 —uhf)gpj. 1<i,j<n,
G,‘jz 0, iorj=n+1, 2.1
1, i=j=n+1.

In particular, we have

det(Gij) = (det(1 — uA))* det(gi;), and 2.2)
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det(/ —ud) =] [(1 —un)
i=1

n n
=1—u) di+urd akj—ud D Midih 4+ D" [ [ 23)
i=1 i=1

i<j i<j<l
where A1, ..., A, are the eigenvalues, or the principal curvatures of the second fundamental

form A. In a more intrinsic way, let cx(A) be the kth elementary polynomial of A. Then we
have

det(/ —uA) =Y (= Dfukcr(A), (2.4)
i=0

where we define co(A) = 1.
The following lemma is elementary but important.

Lemma 2.1. Using the above notations and under assumption Al, we have
(1= ful - A" < |det(Z — ud)] < (1 + ful - | All)".
The proof is elementary and is omitted.

Corollary 2.1. We adopt the above notations and assumption Al. Then the map p is an immer-
sion. In that case, p*(dsi-) is a Riemannian metric on §2. Let dS2 be the measure defined by the
metric and let du d X be the product measure on §2. Then we have

(1= [ulllAl)" dud 2 <d2 < (1 + [ull|All)" dudX. (2.5)

Proof. By assumption Al, (2.2) and Lemma 2.1, we know that det(G;;) > 0. Thus p is nonsin-
gular. (2.5) follows from Lemma 2.1 directly. O

Definition 2.2. We define the quantum layer to be the Riemannian manifold (£2, p*(d s%)), where
d s% is the standard Euclidean metric of R”*!. The real numbers a and d = 2a are called the depth

and the width of the quantum layer, respectively.

The Laplacian A = A can be written as

(Gifw/det(sz)%> : ! (vdet(le)i), (2.6)
J

1 29
Jdet(Gyy) P ax; Jdet(Gy;) ou ou

where (x1, ..., x,, un) is the local coordinates defined in Definition 2.1. We have

(AF,G)=(F,AG) VF,GeCF ), 2.7)
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where (-,-) is the L? inner product

(F,G):/FGd.Q. (2.8)
2

The norm || F|| is defined as +/(F, F). If F, G are differentiable, we define

n

J0F 0G  0F oG

VF,VG) = GY——+ ——)ds2. 2.9

( ) /(”Z_l 0x; 0x; + ou 8u> (2.9)
Q \bI=

Also, we define |[VF|| = /(VF, VF).

In the case of a compact manifold or noncompact complete manifold, the self-adjointness of
the Laplacians is classical [13,14]. A quantum layer is a noncompact noncomplete manifold. For
such a manifold, we still have

Proposition 2.1. A can be extended as a self-adjoint operator.

Proof. According to [28], we define the Hilbert space H to be the closure of the space Cgo (£2)

under the norm
IFlla, =/ IFIZ+IVFI?.

We define the sesquilinear form
Q(F,G)=(VF,VG),

for functions F, G € H;. By [28, Theorem VIII.15], Q is the quadratic form of a unique self-
adjoint operator. Such an operator is an extension of A, which we still denote as A. Furthermore,
by the relation of A with the quadratic form, we can verify that o and oegs in (1.1), (1.2) are the
infimum of the spectrum and the essential spectrum of A, respectively. 0O

3. Lower bound of the essential spectrum

The boundaries of §2 are X' x {£a}, which are smooth manifolds. It is not hard to see that (1.2)
can be written as

Oess = lim inf
i—00

where {xo} C K1 C K, C --- is any compact exhaustion of §2. For example, we can take

—a(i—1) a@— 1)“

\fecg%sz\m)},

K,-:{x—l—uN‘xeBxﬂ(i)CE,MG[
1 l

To establish our estimate we need to obtain a lower bound for the Rayleigh quotient
JIVF2/[ fAVf e C8(£2\ K;) for alarge enough i € N.
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We use the standard coordinate system (xi,...,x,,u) of Definition 2.1. Let f; = %
J
(i=1,...,n)and fys1 = 2. Then
VP =1faiP+ Y. G ffi,
kI#£n+1
where G/ is the inverse of Gi;j. In particular, we have
af 12
V2> ‘—f . (3.1)
ou
Since f =0 on d42, the Poincaré inequality gives
a a
9 2
/‘a_f du >K12/f(u)2du, (3.2)
u
—a —a

where k| = /2a.
Theorem 3.1. Under assumption A2, we have Gegs > IC12.

Proof. We first observe that for arbitrary ¢ > 0, there is an i large enough such that ||A|| < &
on ¥ \ K;. By Corollary 2.1, we know that

(1—ae)"dudX <d2<(1+4ae)"dudX. (3.3)
Thus we have
a
/f2dsz ¢! +as)"//f2dud2. (3.4)
2 Y —a

On the other hand, by (3.1)—(3.3), we have
a
fIVfIZdQ > (1 —ae)"/clzf/fzdudx. (3.5)
2 Y —a

Comparing (3.4) and (3.5), we have

(1—ae)' >
(1+as)" !

Oess =

Since ¢ is arbitrary, we get the conclusion of the theorem. 0O
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4. Parabolicity of complete Riemannian manifolds

Before giving the formal definition, we study the following example. Suppose n > 1 is an
integer. Let R > 0 be a big number. We are interested in the set of functions

F(R)={feC{(R")| f=1for|x| <R, fisrotationally symmetric}.
We have the following

Example 1. If n > 2, then for any C > O there exists an Ry such that for any R > Ry we have

/IVf|2>C
Rﬂ

for all f € F(R).If n =2, then for any ¢ > 0 there exists Ry > 0 such that for any R > Ry, we
can find an fg € F(R) for which

/ IVFI? <e.
]RZ
Proof. If n > 2, then
T 1 1
Rf 1/r"Vdr = — T

Thus we have

2

o0
0
/ IVS2>(n—2)cR"? / ! a—f
p

R R

by Cauchy inequality, where c is the volume of the unit (n — 1)-sphere. However, for n =2, we
let fr =or(|x]) € F(R), where og(t) is defined as

o0
drf 1//"  dr > (n —2)cR" 2 - 40
R

1, t <R,
logR\—1/logR log R R
or(1) = (1_ R ) (logz ~ R )’ <tse’,
0, t > ek,

A straightforward computation gives

o0
/z|a,;(t)|2dt<

0

4 1
3 for R > 3,

log R
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and thus
/|VfR|2—>O, R — oo. 4.1)
R2

This completes the proof. O

The phenomenon in the above example can be explained by the result of Cheng, Yau
[3, Section 1]. In [26, Definition 0.3], the authors defined the following

Definition 4.1. A complete manifold is said to be parabolic, if it does not admit a positive Green’s
function. Otherwise it is said to be nonparabolic.

Remark 4.1. According to this definition, R” is a parabolic manifold if and only if n = 2. In
particular, (4.1) follows from Proposition 4.1, which is a result given in [26].

Proposition 4.1. Let X be a parabolic manifold. Let B(r) be the ball of radius r in X with
respect to a reference point xo. Let R > r > 1. Consider the following Dirichlet problem:

Af=0 on B(R)\ B(r),
f=0 on X\ B(R),
f=1 on B(r).

Then we have
lim /|Vf|2=0.
R—o0
xz

Remark 4.2. The functions f serve as the high-dimensional generalization of the MacDonald
functions in the paper [6, p. 21]. These functions will play an important role in the next section.

The following geometric criterion of parabolicity was proved by Grigor’yan [17,18] and
Varopoulos [31] independently (cf. [24, Eq. (3.1)]):

Theorem 4.1. Let V (t) be the volume of the geodesic ball B(t). If X is nonparabolic, then

o0

/‘ tdt
— <
V()

1

In particular, if V (t) is at most of quadratic growth, then X is parabolic.

Corollary 4.1. Let ¥ be a smooth surface whose Gauss curvature K € L' (X). Then X is a
parabolic manifold of dimension 2.
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Proof. We wish to compare the volume growth rate of the geodesic ball V (¢) with ¢. To do so,
first we assume that X' has a pole and we use the polar coordinate system given by the exponential
map centered at the pole to write

t 2w

V(t)://f(r,@)drd@,
0 0

where under the polar coordinates, the expression of the metric becomes dsz): =dr? +
f2(r,0)d6* on X.
It follows that

2
V/(t) = / f(t,6)do.
0

The Jacobi equation for the exponential map gives
f"+Kf=0; f@,0)=0, 70,0 =1,

where the prime denotes derivative in the radial direction. Thus we have

2
V" (t) = — / Kf(t,0)deo.
0
Since K is integrable, this implies that
V'] <c
for some constant C. Consequently,
V() <Cr? 4.2)

for ¢ large enough.

If the surface X' does not have a pole, we get the same estimate outside the cut locus with
respect to a fixed reference point. Since the measure of the cut locus is zero, we get the same
estimate (4.2). This is an observation of Gromov.

Thus the volume of X' is at most of quadratic growth and it must be parabolic by Theo-
rem4.1. O

5. The upper bound estimate of o9

The idea to estimate op, the infimum of the spectrum of the Laplacian from above, is to
construct test functions which would provide the strict upper bound K12 (where k| = /2a). We
may construct test functions which are continuous everywhere on §2 and smooth everywhere on
£2 except on a set of measure 0. Such functions must be in H'(§2), which serve our purpose.
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We define the quadratic form

Q<s,s>=f|vs|2d9—:c%/szd9, 5.1)

2 2

for & € H'2(£2). By the nature of the metric on §2, we define

Ql(s,s)=/|V’s|2dsz, (5.2)
2
where
L 0E 08
Ve = Gl = 5.3
IVEP= D 71 ) (5.3)
i,j=1
and
98\’ 2 [ 2
02(8,8)= o d§2 —«y | §7dS2, (5.4
Q Q
where (x1, ..., x,, u) are the standard coordinates in Definition 2.1. It is clear that

Q0(8,8) = Q18,8 + 02(8,8).

The test functions we shall construct will essentially be the product of a vertical function
(depending only on u) and a horizontal one (depending only on x € X). Let ¢ = ¥ x be a test
function, where ¢ € C(C)’O(ZJ ) and yx is a smooth function of u such that y (£a) = 0.

Note that

V(x¥)=xVy +¢¥Vyx.
By (2.1), we have (Vi/, Vx) = 0. Thus we have

/|V(x1/f)|2=/x2IVw|2+/WZIVXI2- (5.5)
22

2 2

We wish to prove, with the suitable choice of ¥ and y, that

Q(p, ¢) =/¢3 —K%f<p2+/x2|w|2 <0, (5.6)
2 2
where @, denotes 3‘/’ and ¢; = a ? fori=1,...,n.

Like in the paper [6], we choose X = COSK{U. We need the following elementary lemma.
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Lemma 5.1. Let a > 0 be a positive number and let k1 = f—a Let x(u) =cosku, let

a

,uszuk(xuz—/clzxz)du, Yk > 0. 5.7
—a
Then
0 ifk is odd, or k =0;
e { bl TG S kA 0l even oY

Furthermore, ui > 0 ifk # 0 is even.

Theorem 5.1. We assume that the hypersurface ¥ C R*™*1 is parabolic satisfying assump-
tion Al. Moreover, we assume that Z,[{n:/f] Uokcar (A) is integrable and

[n/2]
| ¥ menayaz <o (5.9)

5 k=1

where A is the second fundamental form of X, i for k > 1 is defined in Lemma 5.1, [n/2] is
the integer part of n/2, and cr(A) is the kth elementary symmetric polynomial of A. If X' is not
totally geodesic, then

oo < k7.

Proof. We first consider the test functions of the form ¢ = v - x. We define v as follows. Let x¢
be a fixed point of ¥ and let R > r > 1. Let B(R) and B(r) be two balls in X of radius R and r
centered at xg, respectively. We define i as

Ay =0 on B(R)— B(r);
Yipr =1; (5.10)
Ylz—pwr) =0,

and we define x = cosxju.
By the definition of the functions x and v, assumption A2, using Lemma 2.1, we know that
there is a constant C such that

[wivvita<c [iwsvpax. (5.11)
Q )
where V5 is the connection of X'. We first assume that

[n/2]
/ Z pokc(A)dE = —8 < 0. (5.12)

5 k=1
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By (2.4) and Lemma 5.1, we have

[n/2]
/ V2 xul® — / v = / Y2 > paken(A)d 3. (5.13)
2 2 z k=1

By the maximum principle and the fact that y|g(-) = 1, we have

/W22M2k62k(14)< / D maken(A) + / ‘ZM%C%(A)'- (5.14)
b5

k>1 B k=1 S\B(r) k=1

On the other side, since Y uogcor (A) is integrable, if r is large enough, by the above inequal-
ity, we have

1)
2

A)dY < ——. 5.15
/lﬂ D uaen(A)dE < > (5.15)

x

By Proposition 4.1 and (5.11), if R is large enough, we have
)

/levwlz <y (5.16)

2

Combining (5.13), (5.15) and (5.16), we have proven (5.6) under the assumption (5.12).
Now we assume that

[n/2]
/ > naken(A)dE =0. (5.17)

b k=1

In this case, the test functions ¢ = ¥ x are not good enough to give the upper bound of oy. We
shall use a trick in [6] (see also [4,29]) to construct the test functions.
We let

ve =9 +EjX1,

where ¢ is a small number, j is a smooth function on ¥ whose support is contained is B(r — 1),
and x; is a smooth function on [—a, a] such that x;(+a) = 0. Using definition (5.1), direct
computations show that

0(@e, ) = Q (@, 9) + 26 Q(e, jx1) + €20 Gix1, j x1)- (5.18)
By (5.6), (5.11), and (5.13), we have

[n/2]
0 (e, ¢¢) < c/ IVey?dE + / Y2 poken(A)ds
P X

k=1

+2eQ(p, jx1) + 200G x1, ix1)- (5.19)
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Since supp j C B(r — 1), we have

Q(so,jxl)zfj(xum)u —Kkixx1)ds2

2

=/j/(XM(X1)u — ki xx1)det(l —uA)dudX. (5.20)
Using integration by parts, we have
h 9
Q(ﬁoval):_/]'/Xuadet(l_MA)deudE- (5.21)

Now we are able to choose suitable j and yx; for our purpose. By assumption, we know that
X is not totally geodesic. Thus at least there is a point x € X' such that 9, det(1 —uA) £ 0. We
assume that x € B(r — 1) without losing generality. We choose x; and j such that the integral
QO (e, jx1) is not zero. Note that the choice of j is independent of ¢. We then choose ¢ (positive
or negative) small enough so that

26Q(p, jx1) +e*0(ix1. jx1) <O.
Finally, since
suppj C B(r — 1),

the above expression is independent of » and R. By the parabolicity of X, if r, R — oo, then

/ V¥ )?dX — 0,

x

and by the assumption (5.17),
/l/f2 Z pakc2u(A)d X — 0.
5 =

Thus by (5.19), O (¢, ¢.) is negative for r, R large. This completes the proof of the theorem. O

Let R = (R;jx) be the curvature tensor of X. Define

TI‘(R”) = Z (—1)Sgn(0)Ri1hkll1 o Rkl (5.22)
is<Js.ks<ls,s=1,....p

where o is the permutation (i1, ..., jp; k1, ...,1,). Then from Gray [15, (4.15)], we have
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Proposition 5.1. Using the above notations, we have
Tr(R?) = c2,(A).

Remark 5.1. If n is even, then up to a constant, Tr(R"/2) = ¢, (A) is the Gauss—Bonnet—-Chern
density.

Proof of Theorem 1.3. By Theorems 3.1, 5.1, and Proposition 5.1, we have
2
00 < k{ < Oess.
Thus the ground state exists. O

Proof of Theorem 1.2. By the theorem of Hartman, we know that (1.4) is equivalent to
/ K <0.
z

Thus the result follows from Theorem 1.3 forn =2. 0O

Proof of Corollary 1.1. If n = 3, then the conditions (1.5) are

Tr(Rl) is integrable and /Tr(Rl) <0.
5

But p =2 Tr(RY).
If n =4, a tedious computation gives

Tr(R?) = 2—14(,02 — 4|Ric|* + |RI?),

where Ric is the Ricci curvature of X', and |Ric|, |R| are the norms of the Ricci tensor and the
curvature tensor, respectively. If the sectional curvature is positive outside a compact set, then
by [16, Theorem 9], Tr(Rz) is integrable and

2
/Tr(Rz) < 4%e():),
P

where e¢(X) is the Euler characteristic number of X~'. The theorem follows from the above in-
equality, Lemma 5.1, and Theorem 1.3. O

Before finishing this section, we give the following example of the manifold X of dimension 3
satisfying the conditions in Theorem 1.3. Thus the theorem is not an empty statement for high
dimensions.



18 C. Lin, Z. Lu / Journal of Functional Analysis 244 (2007) 1-25

Example 2. There is a complete manifold X of dimension 3 immersed in R* such that:

(1) Itis parabolic;

(2) A — 0, where A is the second fundamental form;
3) 5 [z lpl =[5 lc2(A)] < +o0;

@ L [sp=[pc(4) <.

Proof. Let ¥ = S' x R2. We consider the immersion by
T RY (@,1,9) - (0(t)cosh,o(t)sinb, tcos g, tsing),

where o (¢) is a smooth positive function defined below in (5.24). Here we use 6 as the local
coordinate of S! and (x, y) € R? with x =7 cos ¢, y =t sin¢. The Riemannian metric of X is

ds* = (140" (%) (d1)?* + o2(1)(d6)* + t*(dp)*.

We claim that ¥ is parabolic. In order to prove this, we let xo = (1,0,0) € X. Let B(R) be the
geodesic ball of radius R centered at xg. Then B(R) C {x € ¥ |t < R}. To see this, let x € B(R)
such that dist(x, xo) = R’, and let n = (n1(s), n2(s), n3(s)) be the geodesic line of X connecting
xo and x, where s is the arc length. Then we have

R/
1
R=R> /(1 +0'(5)%) 2|} (s)| ds > 1.
0
From the above equation, we have
R
1
vol B(R) < 4r? / to)(1+0'(t)*)2dt < CR*logR
0
for some constant C. Thus we have
o0
/ ! dt =+
= oo,
vol B(t)
0
and X is parabolic by Theorem 4.1.
The normal vector of ¥ in R* is
1 . ’ /]
N = ———=(co0s6, sinf, —o' cos ¢, —c " sin@).

V14+0o'()?

The principal curvatures are

U//

1
(1+0/(1)2)3 o/T+o' 2  tJ1+a )2

/
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By the definition of o (¢), all principal curvatures go to zero as t — oo. Thus A — 0 at infinity.
On the other hand

o0

/cz(A)=4n2/< oo’ " )dt. (5.23)
I+’ D)2 (1+0'®H)2 VI+o'(0)?

P 0

We let the function o (¢) be a smooth increasing function such that

t)=logr, t>3+e,
o) =logt, 1>3+e (5.24)
o(t)=log3, <3,
for ¢ small. The last two terms of (5.23) can be calculated easily:
o
to_// O,/ tU/ o)
/(— = — )dt:—i =—1. (5.25)
; (1402 V140 (1)? V1+o' ()%
Let R be a big number. We have
R R 3+¢
oo'c” log R o'(t) o'(t)
——dt=————— +log3+ ——dt + — dt.
0 (14+0'(1)?)2 (14+1/R?)2 e (140'(t)?)2 s (14+0(t)?)2

The last term can be estimated by

3+¢

a'(t)
— 7 _dr<log(3+¢) —log3.

J (4o}

Thus a straightforward computation gives

R
! 1 1 R
/&dté — Bt log(3 +e) +log(R+ V1 + R?)

) (140 (1))} (1+ )3

—log(3+e+V1+B+e)?).

We let R — 00, ¢ — 0. Then we have

o0
O_O,/O,//
/73dt <log6 —log(3 ++/10) < 0. (5.26)

ERLOLE

By (5.25) and (5.26), we have fM c2(A) < 0. Finally, since

oao’c” logt
3~ 0l — )
(1+0'(1)?)? !
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and

B to” B o’ -0 (l)
1+0'®)?)?  V1+0'()? )
we know that co(A) is integrable. O
6. Convex surfaces
In this section, we consider the layer over a convex surface X in R3. X is defined by
2= f(x,y), (6.1)

where f(x, y) is a smooth convex function, f(0) =0, V f(0) =0, and V2f(0) > 0.
The main result of this section is the following:

Theorem 6.1. Let X' be defined as above. Suppose 2 = X x (—a, a) is the layer with depth
a > 0. Then the infimum of the spectrum o satisfies

oy < Klz, (6.2)
where k1 =1 /(2a).
We begin with the following

Lemma 6.1. With the assumptions on f, there is a number § > O such that

a
fr = a_f >4
-
for x2+y2 > 1, where (r,0) is the polar coordinates defined by x =rcosf and y =r sinf.

Proof. By the assumptions, there is a 8o € (0, 1) such that fr[,2, 2_5 > 0. By convexity, we

have f, > 0. Then since the circle {x2 + y2 = J§p} is compact, we can conclude that f, > § for
x2 + 2>1. O
y =1

Corollary 6.1. Using the above notations, we have

() IVfI=6;
2 fl,y)=28-(x2+y2—1).

An interesting consequence of the above corollary is the following. Let b be a large positive
number. Let Cp, be the curve defined by the intersection of X' with respect to the plane z = b.
Clearly Cp, is a convex curve. From the above corollary, Cp is contained in a disk of radius
b/5 + 1. In particular, we have the estimate of the length of the curve

/ 1<Cbh (6.3)

Cp

for a constant C.
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For the manifold X', the mean curvature H can be represented by

U D e+ A+ D) oy = 2fx fy fry

TEN R ©4)

3 3 32 3? 3
where fo = f, =8 foo= UL £ = UL o = ZL and |V fP = f2+ £2. We compare
the mean curvature to the curvature of the convex curve f(x, y) = b, which is given by

fex £ =2fay e fy + f\yf

kp = (6.5)
IVfPR
By Corollary 6.1, (6.4), (6.5), and the convexity of f, we have
1 3
H> 58 kp, (6.6)
if § is small enough. Since Cy: {f(x, y) = b} is a convex curve, we have
/ kp = 2. (6.7)
fx,y)=b
Thus by (6.6)
H>ns. (6.8)
f(x.y)=b

By the co-area formula (cf. [30, p. 89]), we have

[ maz: /(/ IVf|> 3 6.9)

2+}2>1

where c is a positive real number, and

IVFP= v/v (6.10)
1+IVfI?
is the gradient of f on the Riemannian manifold X. Thus by (6.8), and Corollary 6.1,
/ H = +o0. (6.11)

Proof of Theorem 6.1. We shall again use the trick introduced by [6] (see also [4,29]) to perturb
the “standard” test functions. However, our choices of perturbation functions are quite different
from theirs in nature.
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Let K be the Gauss curvature of X'. Then we have K > 0, and

/ K <2n (6.12)
X

by the theorem of Huber [20]. Since the Gauss curvature is nonnegative, the volume growth is at
most quadratic. Thus X is parabolic. For any r; > 0, we can find a function ¢ such that

(1) peCP(D),0< < 1;
(2) ¢ =1o0n B(ry), where B(ry) is the geodesic ball of radius r; of X' centered at 0;
3) [ |VelPdx <1.

The quadratic forms Q, Q1, and Q5 are defined in (5.1), (5.2), and (5.4). Let x = cosku.
Then we have

Q1(§0X,¢X)=/|V¢I2X2d9<a(1+Co)2, (6.13)
22

where Cy < 1 is defined in assumption Al. We also have

029X 0x) = 2 / K¢?ds. (6.14)
)

Combining the above two equations and using (6.12), we have

Oox,ox)=01(ex,0x) + O2(0x,0x) < Cy, (6.15)

where C is a constant depending only on X' and a.
Suppose ry is large enough such that { f (x, y) < 2R?} C B(ry) for some large number R > 0.
We consider a function p(¢) on R such that

(1) p=1,ift € [R, R?];

(2) p=0ifr>R*+1lort<R—1;
3 0<p<

@ o'l <4

We define ¥ (x, y) = p(f (x, ¥)). ¥ is a smooth function of X. Let x; be an odd function of u
such that x{(£a) =0, and

a

qu(Xl)d“ =—-0 <0, (6.16)

—a

where o > 0 is a positive number. We consider the function ¢ x + ey x1/f, where ¢ is a small
number to be determined. By the definition of Q(:,-) and (6.15), we have
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Olpx +evxi/f.ox +evxi/f)
<Cr+2eQ0(px, Uxi /) + 2 QWi /f. v xi/f)- (6.17)

If r and R are big, then
suppy C {x € X |p(x) =1}.
We thus have
/(V’Gﬂx), V' W xi/f))d2 =0,
2

where V' is defined in (5.3). By (2.4), we have
d2=(1—Hu+Ku*)d>.

Since 1 is odd and yx is even, by the above equation, we have

Qx. vx1/f) = f OO/ f — < xxaow/f) dS2

2

a

- /(xum)u—xlxxl du/wH/fdz

—a

Since
/au(xu(xnu—K%xm)du=—/axu<xodu,
we have
Qex,¥xi/f)= —a[%dz, (6.18)
P

where o is the number defined in (6.16). By the co-area formula, (6.8), and (6.10), we have

/wH /p(f)(/ H|)dt /p()dt>n63logR (6.19)
R

where V is the covariant derivative of X.
In order to estimate the last term of (6.17), we first note that

I %

<Gff (6.20)

f
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for some constant C» if f > 1, by making R, big enough

vx1 ¥x 2
—, — | < 1 dx 6.21
Q1< X ><c3 / /f 621)

R-1<f<R2+1

for some constant C3. Using the same argument, we have

Qz(w—x, 1”—") <Cy / 1/f2dz (6.22)
o f

R—1<f<R2+1
for some constant C4. We use the co-area formula again to estimate

R%+1

/ 1/f?= / t%(/ﬁ)dt. (6.23)

R—I<f<R2+1 R—1 f=t

From Corollary 6.1, we know that \Y f| has a lower bound. Thus by (6.3), there is a constant Cs
such that

/ 1/f2d¥ < CslogR. (6.24)
R—1<f<R?+1
Thus by (6.18), (6.19), (6.21), (6.22), and (6.24), from (6.17), we have
Q(px +evxi/foox +evxi/f) < Ci —2em08 log R + ¢°Cs5(C3 + C4)log R. (6.25)
We choose ¢ to be a small positive number such that
—2ema8? +¢*C5(C3 + Cy) < 0.

We then let R large enough (which requires ry be large enough also). Then the left-hand side

of (6.25) is negative. By the definition of o(, we know that oy < /clz. O

Proof of Theorem 1.1. By Theorems 3.1 and 6.1, we have
2
00 < K < Oegs.

Thus the ground state exists. O
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