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We give a lower bound estimate of the sum of the square norm of the sections of the
pluricanonical bundles over a Riemann surface of genus greater than 2 and Gauss curva-
ture —1. Such an estimate must depend on the injective radius of the Riemann surface.
However, using this estimate, we give a uniform estimate of the corona problem on Rie-
mann surface. Here “uniform” means that the estimate depends only on the genus of
Rieman surface, not on the injective radius.
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1. Introduction

Suppose M is an n-dimensional Kéahler manifold and L is an ample line bundle
over M. Let the Kéhler form of M be w,; and a Hermitian metric of L be H. We
assume that w, is the curvature of H, that is, wy = Ric(H). The Kéahler metric of
wyg is called a polarized Kahler metric on M.

Using H and wy, for any positive integer m, H°(M, L™) becomes a Hermitian in-
ner product space. We use the following notations: suppose that S, T € H°(M, L™).
Let (S, T) gm be the pointwise inner product and

n

w
(8.1 = [ (STt
M n
be the inner product of H°(M, L™). Let

IS1l = /(S S) m
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be the pointwise norm. In particular, ||.S||(z) denotes the pointwise norm at z € M.
Let

151> = (S, 5)

be the L%-norm of S.
Let {Si,...,84(m)} be an orthonormal basis of H°(M,L™). The quantity
(see [10])
d(m)

> IS (1.1)
i=1

plays an important role in Kéhler—-Einstein geometry and stability of complex
manifolds. A lot of work has been done by several authors [3, 8, 10, 12] and [7]
on the estimates of (1.1). However, these works are concentrated on a single mani-
fold. For a single manifold, we know from [12] that there is an asymptotic expansion

d(m)

a a
SIS ~ o (ag+ 2+ )
im1 m m

where n is the complex dimension of M. In [7], the author proved that the smooth
functions a;(i = 1,2,3,...) are polynomials of the curvature and its derivatives. In
this point of view, we see that (1.1) splits into two parts. One part is the asymptotic
expansion itself. The other part is the difference of the asymptotic expansion from
(1.1). The second part may depend on the global geometry of the manifold.

In this paper, we shall study the behavior of (1.1) on Riemann surfaces with
constant curvature —1. We established some kind of uniform lower bound estimate
of (1.1) depending explicitly on the geometric quantities of the Riemann surfaces
(Theorem 1.3). The motivation here is to get something controllable when the
Riemann surfaces, considered as points on the Teichmiiller space, go to infinity.

One application of Theorem 1.3 is as follows: for a smooth Riemann surface M
of genus g > 2, it is well known that its coordinate ring is finitely generated. That
is, there is a positive integer my, such that for any S € HO(M, K7}) with m > my,
we can find U; € HO(M, K};°), i€ I and T; € HO(M, K};~™°), i € I such that

S=> UT,
icl
where T is a finite set. Let S; = U;T;. Then (S;,4 € I) is a decomposition of S. In
studying the behavior of Riemann surfaces near the boundary of the Teichmiiller
space, some uniform estimates of (S;,7 € I) are needed (because then we can take
limit). In this paper, we obtain such uniform estimates by modifying Wolff’s [11]
proof of Carleson’s theorem together with the d-estimates.

The above setting is similar to that in the corona problem in complex analysis.
The corona problem on the unit disk was studied by Carleson in [2]. Carleson’s
result stimulates many ideas which proved to be useful for other problems. An
extensive discussion of the Carleson’s corona theorem can be found in [5].
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Our work is also related to the work of Briining and Lesch [1], where they
gave the asymptotic expansion of the heat kernel of the Laplacian on functions for
singular Riemann surfaces and showed that information on the singularities can be
found in the expansion. If we consider the Laplacian on the canonical bundle Ky,
on a Riemann surface M, then the Laplacian can be naturally extended to K7} for
any positive integer m. Let k,,,(t) be the heat kernel of the Laplacian on K7}, then
(1.1) is the limit when ¢ — 400 while the Briining-Lesch type expansion is valid
when ¢ is small. Thus it is interesting to study the asymptotic expansion of (1.1)
when M is singular and to hope that the information of the singularities is reflected
in the expansion. We will give the result in this direction in the next paper.

The organization of the paper is as follows: in Sec. 2, we give a lower bound of
(1.1) in terms of the genus g and the injective radius ¢ of M. In Sec. 3, we give
a counterexample which shows that the lower bound must depend on §. In Sec. 4,
we give the partial uniform estimate. That is, a lower bound of (1.1) at x € M
depending only on the injective radius d, of x. In Sec. 5, we solve the uniform
corona problem by the partial uniform estimate.

The main results of this paper are the following:

Theorem 1.1. Let M be a Riemann surface of the genus g > 2. Let Kps be the
canonical line bundle of M endowed with a Hermitian metric H. Let the curvature
wg of H be positive. wy gives a Kdhler metric of M. Let the curvature K of wg
satisfy

—Ki <K <K,

for nonnegative constants K1, Ko > 0 and let 6’ be the injective radius of M. Let

1
§ = min 5’,7>.
( VK1 + Ko

Then there is an absolute constant C > 0 such that for m > 2,
d(m) g3
S lsi? = e
i=1

where {S1,...,Sq(m)} is an orthonormal basis of HO(M,KT).

It is clear that when the injective radius § goes to zero, the above estimate
becomes useless. However, by the following theorem, we know that we cannot expect
a uniform lower bound for all Riemann surfaces.

Theorem 1.2. For any € > 0 and m > 2, there is a Riemann surface M of genus
g > 2 with the constant Gauss curvature —1 such that

d(m)
inf 2 <e.
wlgMZ;IISII <e
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In the following theorem, we prove that (1.1) has a lower bound which depends
only on the local information and is independent of the injective radius of M. For
this reason, we call the result partial uniform estimate.

Theorem 1.3. Let M be a Riemann surface of genus g > 2 and constant curvature
—1. Then there are absolute constants mg > 0 and D > 0 such that for any m > my
and any o € M, there is a section S € HO(M, K%}) with ||S||z2 = 1 such that

Ileo) > ——" o (1.2
D(L+7mge%)

where 05, 1s the injective radius of xo.

Using the above result, we solve the uniform corona problem on Riemann
surfaces:

Theorem 1.4. Let M be a Riemann surface as above. Then there is an mg > 0
such that for any m > mg and S € H°(M, K%}), there is a decomposition

S:zd:Si
i=1
of S; € HO(M,K7)(i =1,...,d) such that
18il| 2 < C(m,mo, g)[S]| 2,
1Sil| e < C(m, mo, g)| S|,
fori=1,...,d, and
Si =TU;
for a basis Uy,...,Ug of H*(M,K};°) and Ty, ..., Ty € HO(M, K}y,~ ™).

2. A Lower Bound Estimate

Suppose that M is a Riemann surface of genus g > 2. Let Kj; be the canonical
line bundle over M with a Hermitian metric H. We assume that the curvature wyg
of H is positive and defines a Kahler metric of M.

Let K be the Gauss curvature of the metric wy. Let Ky and Ky be two non-
negative constants such that

“K <K<K,. (2.1)

Let &’ be the injective radius of M with and

1
§=min (¢, ———= | . 2.2
mm( m) (22)

Let g € M be a fixed point. Let U be the open set
U = {dist(z,z9) < 6} .
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It is well known that at each point of U there is an isothermal coordinate. In the
first part of this section, we prove that there is a holomorphic function z on U
which gives the isothermal coordinate of U with the required estimate. Consider
the equation

K
Ah = —,
2 (2.3)
h|6U = 07

where A is the (complex) Laplacian of M. A solution h exists and is unique. Let
wg be the Riemann metric of U. Then we have

Lemma 2.1. The metric eds? on U is a flat metric.
Proof. A straightforward computation using (2.3). O

Since U is an open set which is differmorphic to an open set in the Euclidean
plane, we can assume that there are global frames on U. Let w' and w? be 1-forms
on U such that

ehds? = w? + w2,
Let wi2 be the connection 1-form defined by
dwi = w12 Nwa,
(2.4)

dwy = —wi2 Awy .

Then by Lemma 2.1, dwy2 = 0. It follows that there is a real smooth function ¢ on
U such that

wip = do. (2.5)
Let
&= ei”(w1 + iws) .
Then by (2.4) and (2.5), we have
d¢=0.
Thus there is a function z on U such that
§=dz,
and
ehds? = dzdz . (2.6)

Either z or Z will be holomorphic because it defines a conformal structure of U.
Without losing generality, we assume that z is holomorphic and at xg, z = 0. We
have the following lemma:
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Lemma 2.2. Let p be the distance to the point xy. p(x) = dist(z,xo). Then
39 <12 <3p (2.7)
for p < 4.
Proof. By the Gauss Lemma [4, p. 8], the Riemann metric ds? can be written as
ds® = dp® + f*(p,0)d6?

for the polar coordinate (p,#) where f(p,0) is a smooth function satisfying

of
0,0)=0, —(0,0)=1,
f( Y ) ) ap( ) )
and
0% f
— =-Kf.
0p? /
By the Hessian comparison theorem [9, p. 4], we have
K
Ap > 2 cot Kop.
In particular, Ap > 0 on U. Noting that A is the complex Laplacian, we have
1 1
Ap* = 5IVpl* +2p0p > 5. (2.8)
By (2.8), we have
K K
Am+Km%275+312m
K K
Alh—Kyp?) < = = =2 <0
2 2
By the maximal principle, we have
—1 < —K38° < hlov — Kop* < h < hloy + K1p* < K16° < 1. (2.9)

Let ds? = e"ds® denotes the flat metric. Then

e tds? < ds% < eds?.
By (2.6), |2 is the distance to the point z with respect to the metric ds?. Thus by
(2.9),

1
spselp<lz<ep<ip. O

Proof of Theorem 1.1. Define a smooth function 1 : RT — R such that
0, t>1,

n(t) = (2.10)
1, 0<t<

N[ =

)

We assume that |n'| <4 and || < 4.
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In the rest of this paper Ci,Cs,..., are absolute constants, unless otherwise
stated.
Let 6; = %6. Define the smooth function » on M by setting

|2|> <Z>

n|—)log|— zxelU,

. (51 51 (2.11)
0 z¢U.

r is well defined. For if x € U, then p = §. By the Lemma 2.2, |z| > %61 and thus
r|or = 0 using either expression. O

Note that if z # 0, then Alog(|z|) = 0. Define the function 9 by setting ¢y = Ar
for z # 0 and ¥ = 0 for z = 0. We have

Lemma 2.3. There is a constant C7 > 0 such that

(2.12)

Proof. A straightforward computation gives

L I2| \ I2| L
— Ar = = h //1 1 2’ 2.1

for %1 < z < 61. Using (2.9) and (2.10), we have the estimate

o
|w|§5—§

for some constant Cs. To get the estimate of the [ a7 1Y), we first see that by the
volume comparison theorem [9, p. 11],

vol(U) < 27w (—COSh K10 - 1>

K,
Since v/ K16 < 1, there is a constant C3 such that
vol(U) < C362. (2.14)

The lemma follows with Cy = max(Cy, C2C3). O

Let G(z,y) be the Green’s function of M. That is,
AuGlz,y) = & (=6u(y) + ——
e Y =y o\ vol(M) )’

/M G(z,y)dx =
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where A, is the (complex) Laplacian with respect to zand §,(-) is the Dirac func-
tion. Let b be a function on M such that

Ab =

| v=o.
M

Since the Kéahler metric wy € —c1 (M), the above equation has a unique solution.
Let the function a : M — R be defined by

a = G(z,z0) + % <r— W/MT> +b, (2.15)

where ¢ is the fixed point of M and r is defined in (2.13). Then a is a smooth

K
1

)

N | =

+

function on M. We have

"~ 4vol(M) 2w 4 27

/ a=20.
M

Lemma 2.4. There is a constant Cy such that
Csg°

o < 2L,

where g is the genus of the Riemann surface M.

Aa
(2.16)

Proof. Let A; be the first eigenvalue of M, then by the Poincaré inequality, we

have
)\1/ a2§/ |Val|?. (2.17)
M M

Integration by parts using (2.16), we have
1 1 K+ K>y 1
Val? < — =
G a(#uvow)* 1 *2)‘
Let g be the genus of M. By the Gauss—Bonnet theorem, vol(M) = 47(g — 1). On

the other hand, K; + Ky < 6%. Let a(x’') = sup |a| where 2’ is the point such that
a reaches maximum. By (2.17), (2.18) and Lemma 2.3,

/M a® < (Cl;rigr)ga(x'). (2.19)

Consider a neighborhood U’ of x’ defined by
U' = {z|dist(z,z') < &} .

(2.18)

Let z be the holomorphic function in Lemma 2.2 such that z(z') = 0. Let

1
U, = {Z < 55}
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Let A = % be the Euclidean Laplacianon U;. Then by (2.9), (2.12) and (2.16),
we have

(2.20)

- 1
Aa§3(2+01+ )

62

It follows from an the Poisson formula fact that there is a constant C4 such that

a(z') < Cy <log % + % (/Ul az(x)> ;> ) (2.21)

On the other hand, Cheeger’s inequality [9, p. 91] gives

1
A > —6%. 2.22
2o (222)
Combining (2.19), (2.21) and (2.22), we have the required estimate. O
Let
¢ = —4n(G(z,x0) + b). (2.23)
Then for x # zy, we have
v—1_- 1 K
— > ———— -1 . 2.24
o P =\ T 2vol(M) T 2 Yo (2:24)
Lemma 2.5. There is a constant Cg such that
Csg®
p < 56
and for |z| < 41,
Csg®
Z =56 +2loglz|.
Proof. By (2.15),
. 1 1 /
PO U vol(M) MT '
The lemma follows from Lemma 2.4 and (2.11). m|

We need the following proposition from Demailly (see [10]):

Proposition 2.1. Suppose that (M, g) is a complete Kdhler manifold of complex
dimension n, L is a line bundle on M with the Hermitian metric h, and ¢ is
a function on M, which can be approzimated by a decreasing sequence of smooth
functions {pi}1<ictoo- If

= 27
R 1 h 3 M > 2
<aa<pl + \/_—1(R1C( ) + RlC(g)), v A U>g - C”U”g
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for any tangent vector v of type (1,0) at any point of M and for each l, where
C > 0 is a constant independent of |, and (-,-)4 is the inner product induced by g,
then for any C> L-valued (0,1)-form uy on M with Ouy = 0 and [, ||lu1||*e~?dV,
finite, there exists a C*° L-valued function u on M such that Ou = uy and

1
[ ireeav, < & [ uleeay,,

where dVy is the volume form g and the norm || - || is induced by h. The function ¢
18 called the weight function.

Let L = K7} for m > 2. H™ gives a positive Hermitian metric on K7}. Let wy
be the Kéahler form defined by the curvature of H on Kjs. Let ¢; = max(y, —1) for
| € Z", where ¢ is defined in (2.23). Then by (2.24), we have

(Ric(H) + Ric(w,)), v A @> > <m - W) l2.  (2.25)

27
V=1
In order to prove Theorem 1.1, we need to proved that for any m > 2 and
xo € M, there is a section S € H°(M, K¥}) such that

2 3
1Sl (;?o) >
115117
We will use Proposition 2.1 to construct such a section.
Let eP be the local representation of the metric H. That is,
V-1

—7651) =Wy -

<88<pl +

Let
u =5 (@) e B3 (dz)m

where 7 is a cut-off function. Then u; € I'(M, K7}). By (2.6), (2.7) and (2.10), we
have

]2 < ogremip= RegE o)) (2.26)
for % < |z| < %. Let Uy = {z[]z| < £6}. Let A be the Euclidean Laplacian.
By (2.9), we see that

|Ap| < 3
on U;. Using the Poisson formula we see that there is a constant C7 such that
V()| <

for |2| < 34. Thus
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for |z| < %. Using this estimate and (2.26), we have
IIU1||2 < 12_2m607emp(wo)
for QL <|z| < L.Thus by Lemma 2.5 and (2.14),

_ 48Csm
[ iz~ [ s 7o+ < 22 cCne

zm ¢—

£ gmp(zo)

901

By Proposition 2.1 and (2. 25) there is a u € I'(M, K7}) such that Ou = u; and,

[ gpee < [ e
—1- 2 vol (™M)

Using Lemma 2.5 again, for m > 2, there is a Cg such that

93
/ Jull? < S8 emoteo) (227)
M

On the other hand, we have

[ o (75 sy
M

2

2
< e / emp(E0) < (o) €0 (2.28)
|2I< mn

9
=m

Let S = n(%)e‘m%(“)z(dz)m—u. Then 95 = 0. Since [,, ™% = 400, u(zg) =

0. In particular, S # 0. Using (2.27) and (2.28), we have

1812(0) 1

IS1IZ2 (QC eCr +2C8€T).

Thus for m > 2, there is a C' such that
I
[Sllz=
This completes the proof of Theorem 1.1.

3. A Counterexample

In the last section, we gave a lower bound estimate of (1.1) in terms of the injective
radius of M. In this section, we give a counterexample that the uniform estimate

is not true. More precisely, we are going to disapprove the following:

Conjecture 3.1. Let Kj; be the canonical line bundle of a Riemann surface M
of genus g > 2 and constant Gauss curvature —1. Then for m sufficiently large,
there is a number C(m,g) > 0, depending only on m and g, such that for any

orthonormal basis Si, ..., Sy of HO(M, K'}), we have

d
inf " 1Si]2 = C(m, g).

=1
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In order to give the counterexample, we use the following Collar theorem of Keen
[6, p. 264]:

Theorem 3.1 (Keen). Consider the region T of U, the upper half plane, bounded
by the curver =1, r =el, 0 =0y and § = w — Oy. Let v be a closed geodesic on M
with length . Then there is a conformal isometric mapping ¢ : T — M such that
o(iy) = 7. The image o(T) of T is called a collar. Then we can choose 0y small

enough such that the area of the collar is at least %.

The following theorem gives the counterexample and implies Theorem 1.2:

Theorem 3.2. For any € > 0 and m > 2, there is a Riemann surface M of
constant curvature —1 and genus g > 2 such that there is a point xg € M satisfying

1S]l(z0) <&
for any S € HO(M, K%}) with ||S||z2 = 1.

The idea of the proof is that when the length of a closed geodesic line tends to
zero, the collar must become longer and longer in order to have its area bounded
below. Topologically, a collar is a cylinder. By expanding the functions on the collar
using the Fourier series, we can find the suitable x¢ and the estimates. We begin
by discussing some elementary properties of a collar.

Let R > 0 be a large real number. Let (p,0) € (—R, R) x R. Let the group Z
act on the space (—R, R) x R by

(n,p,6) = (p, 0+ o)

for n € Z, where § > 0 satisfies
0sinhR=¢ <— i)
VB

as in Theorem 3.1. Define the metric
ds® = dp* + (cosh p)*d6?

on (—R, R) x R which descends to a metric on

R
C:(—R,R)X Z

The curvature of the metric is —1. Note that on C, p is a global function but 6 is
only locally defined.

We call C a collar of parameter §.

Let

=20,

(3.1)

s
y = 2 arctane” — 5"
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Define z = = + iy. Clearly z is not a global function of C. But it defines a complex
structure of C.
Let

w = ezgi(9+2i(arctane”—§)) _ ezgiz ) (32)
Then w is a global holomorphic function on C. Consequently

6 dw
dz = —— .
i 21 w (3.3)

is a global holomorphic 1-form on C.
Let f be a holomorphic function on a neighborhood of C. Then f is a periodic
function on [—R, R] x R, satisfying

f(p,Gié):f(p,G).

Let the Fourier expansion of f(—R,6) and f(R,0) be

+oo )
F-R0) = > AT,

k=—o00

+o00 )
F(R0) = > Bpe'FHo,

k=—o0

Define

o0
_4rp(m —-R
g1 = § :Ake T k(F —arctane ),wk7
k=1

gQ = BO, (34)
-1
g3 = Z Bkef%k(%farctan eR),wk ,
k=—o0

where w is in (3.2). We have the following lemma:

Lemma 3.1. With the notations as above, g1, g2, gs are holomorphic functions on
C. Furthermore

f=g1+92+9s.

Proof. g, is a constant. So it is automatically holomorphic. By Eq. (3.2), we have

_4nm pP_z
|,w| <e 3 (arctane” — %) )
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Thus we have

oo

E : 5"k(§—arctane_R)wk

k=1

|91\ =

oo

_4m p_ —-R
E : Ak ‘6 k(arctan ef —arctane™ )
k=1

1
2

o0 % o0

_8n p_ —R

< § :‘Ak‘g § :e T k(arctan e” —arctane™ ")
k=1 k=1

By the Bessel inequality, we have

mw /v _R.6)]%d6.

Thus if p > —R, the series is absolutedly convergent. So g; defines a holomorphic
function on {—R < p < R}.
By the same argument, g3 is also holomorphic. O

In order to prove that
f=91+92+93,
we just need to prove that on the set {p =0}, f = g1 + g2 + g3. Define

g )
— [ 100 as (3.5)
0

for k € Z. Apparently

pi(R) = Bid, pr(—R) = A
for k € Z. By the definition of z in (3.1), we have

% = % <\/—_1coshp62 + %)
Using the equation B—{C =0, from (3.5), we have
, 2nk
Pk = 75 cosh ppk
Solving the above differential equation gives
pi(0) = Ake—%k&—mtweﬂ k=12,
po(0) = (3.6)

Bre~ :k(%farcmne’ﬂ, k=12,

i)

)
k(0)
From (3.4) and (3.6), we see that

flo=0 = (91 + g2 + 93)]p=0 -
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Thus
f=914+92+gs
on C' because both sides are holomorphic functions. O

Let M be a Riemann surface of curvature —1 and genus g > 2. Assume that
there is a closed geodesic v on M such that length(y) = 6 > 0. Assume that § is
small enough. Let 8 be the arc length parameter and p be the distance function to
the geodesic. Then

Lemma 3.2. (p,0) is the local coordinate system of M as long as

sinhp~5§51:i,

V5

Proof. Note that the area of {—Ry < p < Rp} is dsinh Ry for any Ry > 0. The
lemma, follows from Theorem 3.1. O

Let C = {—R < p < R}, where R satisfies sinh R = ¢;. Then z = = + iy
defines a complex structure of C' where z and y are in (3.1). We have

Lemma 3.3. Either z = x + iy or z = x — 1y is holomorphic on M.

Proof. A straightforward computation gives
ds* = (cosh p)?dzdz .

Thus z defines a conformal structure which is the same as the one on M. So either
z or Z is holomorphic. O

Without losing generality, we assume that z is holomorphic. Fixing m > 2. Let
S € H°(M,K"). We choose an zo € M as follows: let pg < 0 be the number such
that

§(coshpg)® = ¢7 .

Then for such a choice of py we have pg — —o0, po + R — +00 as § — 0. By
(3.3), we see that (dz)™ € H°(C, K7}). Furthermore (d2)™ # 0 on C. Thus for any
S € H°(M, KT), there is a holomorphic function f on C such that

Sle = f(dz)™.
Let

f=g1+92+9s3,

where g1, g2, g3 are defined in Lemma 3.1. Let
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Lemma 3.4. With the notations as above, let xo = (po,0). Then

12
R EARED

=0
40 ||5i||%2(0)

fori=1,2.3.

Proof. By (3.2), we have

’UJ(.’B()) _ e—%’(arctanepo—%) ]
Thus
1 - ’ 1
_4rm PO _ —Ry, 2mi g
Sy 2 o) = Are 3 k(arctan e arctane™ )4 2% <
151]%(zo) (cosh pg)2™ z_: F ~ (cosh pg)2™
00 00
Z ‘Ak‘Qe—ST"k(arctanepofl—arctanefR). Z — 87 k(arctan e”0 —arctan e”0 1)
k=1 k=1
) ) ik
< Z |Ak|2€—87”k(arctane”ofl—arctanefR). Z G—pr,l) ) (38)
k=1 k=1
We assume that J is so small that
4T n
—>—=>0
Seoship—1) = V5~
o
where p is an absolute constant. In addition, assume that e~ V& < % Then
e ank e k
4wk _ bk o
D e Tt <Y e Ve <27V (3.9)
k=1 k=1

On the other hand

R oo

1 _ 87k (arctan ef —arctan e~ B

”51”%2(6'):5/ _(COSh )Qm—l § :\Ak|26 K (arctan e” —arctan e )dp.
-R P 1

Assuming pp — 1+ R > 1 and cosh R < 2sinh R, we have

5 - po—1 1 A, |2~ 53" (arctane”® ! —arctane™ ) 4
81020 WZI « ’

J 2 7m (arctan e”0 ~! —arctan e F
> [E=pa Z |Ak|"e ) (3.10)
By (3.8)—(3.10), we have
S 2 22m71 2m—1
ISP @) _ 2t )

||Sl||%2(c) T 52meVs

as 0 — 0.
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The idea for estimating S and Ss is almost the same. By (3.7), we have

1
S. 2 — Bo|?
|| 2” (1‘0) (COShpo)Qm‘ 0| )
2
||S2||L2(C) = 6/_R (cosh p)2m—T1 | Bo|“dp .

If § — 0, then R — 4o00. Thus if R is large enough, we have
" 1
| ez m >0
_p (cosh p)2m-1 p= ’
where p1 is a constant depending only on m. Thus
[S2]l*(z0) _ 1 1 1

- = 6m—1 0
”52”%2(6') 1751 J(COSh p0)2m Mlgqﬂ

for 6 — 0.
For S3, we have

2
-1
1 _4m PO _ R
S. 2 _ B T k(arctan e arctane’)
131 (zo) (cosh pg) 27 ) " Bie

k=—o0

—1 —1
_8mp(m R _8xm PO _
< § : ‘Bk|2€ Z k(4 —arctane™) § : e~ 3 k(arctan e ) )

k=—0o0 k=—o00

Since pg — —o0, we can assume
o T
arctane® < §

Thus
-1 -1 ) )
Z e—ST"k(arctane”O—%) < Z es k < 2¢~ %
k=—oc0 k=—o00
for e 57 < % On the other hand,

-1

R
1 7M arctan e” —arctan ER
||Sg||iz(c)_5/R7( = S |Byfre= 5 Gretmn e —ssctanc) g,

cosh p

k=—o0

R -1
]. _8mk(m _4p nekl
>5/0 (Coshp)Qm—1 E : |Bk‘26 5 (§-arctane )dp

k=—o0

-1

Z(Tiz% Y [ByfPer G,
CcoSs m=

k=—o00

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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By (3.14)—(3.16), we have

2
[1S3]1*(x0) _ 2e” 75 omo1 _ 22" 2
< coshR)*™™+ < —2e~ 5§ —0. 3.17
||S3||%2(C) — 6R ( ) — 62m ( )

Thus for any € > 0 and m > 2, from (3.11), (3.13) and (3.17), we can find M
such that there is a closed geodesic with the length sufficiently small and an zy € M
such that

12
1.2 ) _
18:Eze

fori=1,2,3.

One can check that
(Si,Sj)r2c) = 0.

Thus for any S € H°(M, K};) with ||S||12(ar) and 2o € M,

3
z N EIRED
I17(e0) < 2" < 2 < 3¢
L2(©) Z¢:1 [EA e

Theorem 3.2 is proved. O

4. Partial Uniform Estimates

Let M be a Riemann surface of genus g and constant curvature —1. In this section,
we prove that there is a (positive) lower bound of (1.1) depending only on the
injective radius of the point. More precisely, we prove the following

Theorem 4.1. Let M be a Riemann surface of genus g > 2 and constant curvature
—1. Then there are absolute constants mg > 0 and D > 0 such that for any m > my
and any o € M, there is a section S € HO(M,K%}) with ||S||z2 = 1 such that

Ileo) > ——" o (4.1)
D(1+ T )

where 05, 1s the injective radius of xo.

Note that in the result the lower bound does not depend on the injective radius
of M, which will go to zero as M approaches the boundary of the Teichmiiller space.

We use all the notations of Sec. 3 about the collars and the functions on them.
The following proposition is a corollary of the collar theorem:

Proposition 4.1. Let M be a Riemann surface of genus g > 2 and constant cur-
vature —1. Let v1,...,7s be the closed geodesics on M such that

<i<s.

1
1 h(y) < ——, 1
ength(y) < 1o 150 <
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Let C,,(1 < i < s) be the corresponding collars embedded in M (Theorem 3.1).
Then for any x € M\U;_,C,,, there is an absolute constant €3 > 0 such that

(5:3282.

Proof. Let § = ;5. Let € M\ J;_, Cy, and inj(z) > 6, > 0. Then there is a
point y € M such that there are two geodesics I; and l2 connecting = and y but Iy
and [o are not homotopic to each other. If §, > 1, the theorem has been proved.
Otherwise, let 4/ be the shortest closed curve homotopic to the closed curve 171y
in

M

D =
Ulength(’yi)<26

C’Yi (R’t - 2) ’

where
Cy (R; — 2) = {z|dist(z,v;) < R; — 2}.

Since D’ is a compact set. If v/ does not touch any of the boundary dC.,, (R; — 2) for
any 7, then 7/ must be a closed geodesic and by the definition, we have length(y) >
To55 and thus 6, > 5os. Otherwise either &, > 1 or 7/ C C,, (R; — 1)\Cy, (R; — 2)
for some ¢. In the latter case, since 4’ is not homotopic to zero, we see that

1
length(y') > length(v;) cosh(R; — 2) > ;85!

(remember length(y;) sinh R; = €1). Thus

for 5 = %51. O

Using the above lemma, we know that outside the collars whose shortest closed
geodesics are small, the injective radius has a lower bound and the weight function
in Proposition 2.1 can be constructed in the ordinary way. If z € C,,, for some 1,
we are going to construct the weight functions having the compact support within
C,,. For this reason, we first assume that Cs is a collar with § < 1555
analysis on it.

We fix some notations: there are absolute constants €3,e4 > 0 such that

and do some

g3 <dcoshR, dcosh(R+4), dsinh(R+4), el <ey. (4.2)
Let (p, #) be the local coordinate of the collar C = Cjs as in Sec. 3. Then
w = 62gi0—47"(arctane”—§ (43)

is the holomorphic function on Cjy. Let zg and pg be the points on Cs such that the
local coordinate of zp and py can be represented as: zg = (pg,0) for R—4 > py > 0
and pg = (R — 1,0). The function w at zg and pg has the values

wo = e—%’(arctanepo—%) 7
- (44)

_ —2%%(arctanef 1z
Wp, = € ° 17,
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at xg and pg respectively. Let

2 arctan e”°

— - 4.5
e (45)
and define the functions ¢1, 2 and ¢3 on Cs to be
w
p1 = log ‘— -1,
wo
wg—log‘ Yo , (4.6)
Wpq
P3 = P1 — ap2.
The Riemann metric on Cs can be represented as
ds® = dp® + (cosh p)2d6? . (4.7)

Let the injective radius at zg, po and z be d5,, 6,, and d,. Then we have an absolute
constant 5 > 0 such that

1
55 cosh pg > 5, > €50 cosh pog

1
561 > 0p, > €5, (4.8)

1
iécoshp > 0, > esdcoshp.

We establish some elementary properties of the function 3. Let d = d(z) be
the distance function to the point zy. Then we have

Lemma 4.1. With the notations as above, there are constants Cy, C19 > 0 such
that

3 < (o, (4.9)
for —-R+1<p<R-2and
4
¢3 > logd(z) — Ser Cio (4.10)

for d(x) < 6gy-

Proof. By (4.2) and (4.3), we have
w

2789 47 (arctan e” —arctan e”0)

=€ I s
Wo
(4.11)
w _ eZgi9—%’(arctane"—arctane}%_1) )
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log|— —1| <log2, po<p<R-2,
wo
logll—E <log2, -R+1<p<po,
w
(4.12)
log’w >0, ~R+1<p<R-1,
Wpq
w _2n
log‘l—ﬂ Zlog(l—e 54), ~R+1<p<R-2.
w
If po < p < R — 2, then we can write
©3 —log‘ﬂ —1‘ — alog e —alog’l—M .
Wo Wpq w
By (4.11), we have
03 <log2—log (1 —e ). (4.13)
If —R+1 < p < pg. We can write
w3 = log ﬂ‘—alog v —s—log‘l—@‘—alog‘l—% . (4.14)
wy Wpy w w
Using (4.10), we have
8
log E‘ — alog’ il (ﬁ — arctane"o) arctan e’
wo Wp, 0
8 T R—1
+ 5 arctan e”® (5 — arctane ) . (4.15)
Thus by (4.1) and (4.7)
4 4
—ﬁ<log‘i‘—alog’ ad §—7T. (4.16)
(5900 wo Wp, €3
By (4.11), (4.13) and (4.15), we have
4 _2n
<p3§—7r—|—log2—log(1—e g4). (4.17)
€3

Thus by (4.12) and (4.16), we have p3 < Cy for

4 _2n
CgZE—ﬂ—i—logQ—log(l—e g4).
3

Now assume that d(z) < d,,. Then by the triangle inequality we have

{ o= pol + [0] cosh po > d(z) ,
lp— po| + |0 — S cosh po| > d(z)

0 <#fcoshpy < d(x),
0 cosh pg — d(x) < @coshpy < dcoshpg .

(4.18)
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Without losing generality we assume that 0 < 6 < d(z) and
lp = po| + 10| cosh po = d(z) .
If 6 cosh pg > 1d(z), then

w _4n p_ Py . 2T m _
—1| > ‘T (arctan e” —arctan e”0) 0> e 7d ) 4.1
- ‘ >e sin—-0 > “e (x) (4.19)

On the other hand, if |[p — po| > 2d(z), then

2
>e "N, (4.20)
€1

— -1
Wo

By (4.18) and (4.19), there is a constant C1; > 0 such that

. ’

log . 1‘ >logd — Chy . (4.21)
wo
We also have
47
1 -1 <log2 4+ — 4.22
o8| ‘og + 5or (4.22)

for d < §,,. By (4.20) and (4.21), from (4.5)

4
03 > logd — C1p — <log2—|— —”) .
deP

This completes the proof of Lemma 4.1. O

Lemma 4.2. There is a constant Ci2 > 0 such that
lp3| < Cr2,  |[Vs| < Cr2
forR—3<|p|<R-2.

Proof. By the above lemma, we see that
3 < Co

for the constant Cy. Thus we just need to prove the lower bound of ¢3 and the
bound for the derivative of (3.
IfR-—3<p<R-2,by (4.10), we have

_2x

<e &, (4.23)

Wo

Thus
_2n
1 >log(l—e =), (4.24)

Also we have

<e% (4.25)
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for R—3 < p < R—2. Thus
_2m Aam
@3 >log(l—e 1) —log (1+e=). (4.26)
If R—3 < —p < R—2, then by (4.14), we have

8 2
> —— (z — arctane"o) arctane_(R_3) > ——.
6 \2 €2

w
log | —| — alog
wWo Wpo

By (4.13), we have
3 2
<p32—5—+10g(1—e_7)—10g2. (4.27)
3

Combining (4.25) and (4.26), we get the lower bound of ¢3. Next we consider V3.
Obviously

[Ves| < [Vor| + [Vipal.

Thus we just need to estimate |Vi| and [Vpz|. By (4.6), the Riemann metric
under the coordinate w can be written as

,  0%(coshp)?

ds® = 47T2|w|2 dwdw .
Thus
Vo= ATl 1 4 !
¥1 ~ 6%(coshp)?  |w—wp|?  6%(coshp)? [1— L2’
Vool = Al L o L
p2|” = -

= 32(cosh p)2 ) lw—wp, |2 6%(cosh p)? . 1— Zrep2”

Using the same elementary estimates as above, we get,

‘@ >ei, R-3<p<R-2,
w

7‘,2
‘@ <e%, R-3<-p<R-2,
w

(4.28)

w _2m
’ﬁ <e®, R-3<p<R-2,
w

7\,2
’_“’Po <e®m, R-3<-p<R-2.
w

Using these results, we get the bound for the gradient of 1 and 2. This completes
the proof of the lemma. O

The following proposition summarizes the technical results of this section.

Proposition 4.2. Suppose M is a compact Riemann surface of genus g > 2 and
constant curvature —1. Then for any xo € M, there is a function ¢ = @y, such that
@ is smooth on M\{z} and
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(1) In a neighborhood U, of x, ¢ can be written as

¢ =2logd(z) +1,

where Y is a smooth function on U,. Consequently,

/ e ¥ =+4o00. (4.29)
Uz
(2) There is a constant Ci3 such that

—”2_165<p > —Cl3w, (4.30)
™

on M\{z}, where wy is the Kdhler form of M;
(3) ¢ satisfies

¢ <Ci (4.31)

on M and

2
v >2logd(z) — 6_7r —Ci3 (4.32)
o

for d(x) < 6gy-

Proof. Let v1,...,7s be the closed geodesics such that length(vy;) < ﬁ. Let C,,
be the corresponding collars. Let

Cy,(R; —4) = {z|dist(z,v;)) <R, —4} i=1,...5s.

For any zo € M, if g € C,,(R; — 4) for some i, then let C5 = C,, and define
¢ = @g, : M — R as follows

2n(p— (R —3))es p>0 and ze€Cs,
p=<K2n(-p—(R-3))ps p<0 and =z€CCs, (4.33)

0 otherwise,
where the function 7 is defined in (2.10). By Lemma 4.1, Lemma 4.2 and the fact
that 3 is harmonic on Cs\{zo }\{po}, it is easy to check that the function ¢ satisfies

all the assertions in the proposition. On the other hand, if zo ¢ C,,(R; — 4) for
any 1 <4 < s, then by Proposition 4.1, d,, > €2. The argument becomes quite

standard: define
=27 (M> log (M> . (4.34)
(35} €9

Then we can prove that ¢ satisfies all the requirements by using the same method
as in Lemma 2.3. O
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Theorem 4.2. Let M be a Riemann surface of genus g > 2 and constant curvature
—1. Then there are absolute constants mg > 0 and D > 0 such that for any m > my
and any xo € M, there is a section S € HO(M, K7) with ||S||z2 = 1 such that

N
D(1+ﬁeﬁ)
zq

Proof. Let g € M and U, = {z|dist(z,zo) < d4,}. Let z1 be the holomorphic
function on U, such that the hermitian metric can be represented as

1
ds* = ——————dzdz .

(1= 4=P)’

151 (o) > (4.35)

For m > 0, large enough, let

e o3

16 m
ol < 5 (1-51P)

r %6900 < |z < %6%.Thus there is a C14 > 0 such that
1 C 2m
/ [Ouy ||2e~#w0 < 14 e’ .

Let mo = C13+2. By Proposition 2.1, for m > myg, we can find a u € I'(M, K7;)
such that Ou = u; with

Then Ou; = 0 and

1 014 27
2 9910< - Szg . 436
[ e < St (4.36)

Let S = n(%;l)(dzl)m — u. Then 8S = 0. Thus S is an element of H°(M, K7}).

Furthermore, since [,, e”¥#0 = 400, we must have u(zy) = 0. So

1S]l(z0) = 1. (4.37)
On the other hand,

It <2 ([ P+ [ Intasm?).

By (4.35) and (4.30), we have

1 C4€C13 2m
[ ulP < s B (4.39)
o
We also have
da)™|> < = 4.39
/M Inda)™ | < % (4.39)

The theorem follows from (4.36)—(4.38). O
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5. The Uniform Corona Problem

Let M be a Riemann surface of genus g > 2. It is well known that the coordinate
ring @,-_, H°(M, K3}) is finitely generated. That is, there is an mg > 0 such that
for any m > 0 and S € H°(M, K7}), S can be represented by

S=> UT, (5.1)

where U; € HO(M, K},°) and
T; € HO(M,K}=™) fori=1,...,d=dim HO(M,K}°).
Finding a suitable set of {T}},=1,.. 4 is called the corona problem (cf. [5]).
We need to consider the case where M approaches the boundary of the moduli
space in the Teichmiller theory. So in addition to the existence of U; and T;, we

need some uniform estimates. In this section, we give the uniform estimate for the
corona problem on Riemann surfaces.

Theorem 5.1. Let M be a Riemann surface of genus g and constant curvature
—1. Then there is an mo > 0 such that for any m > mo and S € HO(M,K7}),
there is a decomposition

of S; € HY(M,K7)(i=1,...,d) such that
1Sillz2 < C(m,mo, g)lI S| L2,

(5.2)
1Sillz < C(m,mo, g)||S]l 1
fori=1,...,d, and
S; =T;U;

for a basis Uy,...,Ug of H*(M,K}}°) and Ty, ..., Ty € HO(M, K}~ ™).
Remark 5.1. An estimate on T;(i = 1,...,d) alone is not expected because of the
counterexample in Sec. 3, where Y ||U;|? can be arbitrarily small.

Throughout this section, we will use the notation Di, Ds,... to denote the

constants depending only on mg and the genus g. We also use A < ~ B to mean
that there is a positive constant C' = C(myg, g), depending only on mg and g such
that A < CB. Likewise, we use A > ~ B to denote the fact A > CB for some
constant C' = C(my, g).

The idea of the proof is that, if the injective radius of M is greater than an
absolute constant, then 3" ||U;||? has a lower bound by an absolute positive constant.
In this case, we can solve the corona problem exactly using the method in [5]. So
we just need to prove the theorem in the case where inj(M) is arbitrarily small.
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By the collar theorem, we know that in this case, there are finite many collars
Cs,,...,Cs, (with max ¢; small) embedded in M and they do not intersect each
other. By Proposition 4.1, outside the collars, the injective radius has an absolute
lower bound. Special care must be taken for the sections over these collars. In order
to take care of the collars to get the estimates, we first fix a collar Cs embedded in
M with the parameter § small. We will use all the notations about collars in Sec. 3.
For any R > 0, let

Cs(R) = {zllp| < R}.

In particular, Cs = Cs(R) with dsinh R = &;.
We choose and fix a number mg > 0 such that K7};° is very ample. Let 77 be the
cut-off function of M defined as

np—(R-1)), p>0 and ze€Cs,
n=¢n(-p—(R-1)), p<0 and =z€Cj, (5.3)
0, otherwise,
where the function 7 is defined in (2.10). Let
up = %ﬁ(dz)mo (5.4)
be a section of K}, over M using this cut-off function, where dz is defined in (3.3).
We can check that

= 4

(cosh p)2mo
Ou; =0 otherwise.

Thus

R
_ 4 8
dup||? <2 —————cosh pddp < .
Jy 1ot <2 [ ey oo < oy
By Proposition 2.1, there is a section u of K},° such that
gu = 5’11,1
with
1 = 8
2 < ouy|]? < :
/M ”U” = mo — 1 /M || Ul” = (mO — 1)(COSh(R — 1))2m0—1

By using (4.1), we see that

/ lul* < ~ g2me=t. (5.5)
M

Let
U'=wu; —u. (5.6)
Then 8U' = 0.
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Lemma 5.1. Let U" be a holomorphic section of Kj;° on Cs5(R) such that
(U",u1)cy(r—2) = 0. That is,

/ ({U",u1) =0, (5.7)
Cs(R-2)

where uy is the section defined in (5.4). Then there is an absolute constant eg > 0
such that

_ R—|p| —
HU//H < ~eTEse +mo(R lpl)HUHHL?(C,;)a (5.8)
and
IVU"|| < ~ e_EGGRf\/J|+(mo+1)(R—|P|)”U//”Lz(CJ) ) (5.9)

We use the notation in Sec. 3. Let

27/ —1p_ 4m _ —(R—-2)
wy = CTQ 7 (arctan e” —arctane )’

_2nv—1 4am p_ R—2
wy = e $— 0+ 2F (arctan e” —arctan e ).

Let
U" = (g1(w1) + a + g3(ws))(dz)™

be the decomposition similar to that in (3.4) where g;(w1) and g2(wsz) are holo-
morphic functions of wy and wy respectively, g1(0) = g2(0) = 0, a is a constant,
and dz is defined in (3.3).

Using (5.7), we see that a = 0. By the Schwartz lemma, we have

lg1(wn)[ < fwr| max |g(wr)]. (5.10)
w1 |=

At each point of {|wi| = 1} or {p = R — 2}, by the collar theorem, there is an
absolute lower bound for the injective radius. Thus by the Cauchy integral formula,
we have

max g1 (dz)"|| < ~ [lg1(dz)"]|L2(cs) - (5.11)

[wi]=1
Using (5.10) and (5.11), we have
~(R-2)) (cosh R)™o

m —4n arctan e” —arctane m
lgr(dz)™ | < e (exctanearet l91(d2)" | L2(c5) - (5.12)

(cosh p)mo
It is elementary to check that there is an absolute constant €4 > 0 such that
6747"(arctane"farctane_<R_2>) < efeseR_l"‘ ) (513)

Combining (5.12) and (5.13),
lga(dz)]| < ~ oo™ me oD g, (d2) ™| 2oy - (5.14)
Similarly, we have

m _e ER_‘ | m _ m
lga(dz)™ | < ~ e Mo gy (d2) 70| 2y - (5.15)
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(5.14) and (5.15) give the inequality (5.8).
On the other hand, a straightforward computations gives

VU — (271'\/—1
é

1
(w1g] + wagh) — imm/—l sinh p(g1 + g2)> (d2)™ @dz. (5.16)
Using the same argument as above, we get (5.9).

Lemma 5.2. With the notations as above, there is a constant v > 2, depending
only on mg and the genus g, such that U # 0 on Cs(R —1), where U’ is defined in
(5.6).
Proof. By (5.6), we know that u is holomorphic on Cs(R — 2). Let

u=1u+au (5.17)

be the decomposition of u such that (u’,u1)c;(r—2) = 0 and « is a constant. Then

[owlz [ e [ aPful, (5.13)
M Cs(R—2) Cs(R—2)

9 ) R—-2 1
lull? > | / S S (5.19)
/C(;(RQ) _(r—2) (cosh p)mo=1

By (5.5) and (5.19), we have
la] < ~ &m0 3, (5.20)

In particular

On the other hand, by Lemma 5.1,
|| < ~ eeoe™ P Hmo(Bolp gmo—5 (5.21)

Thus by (5.4), (5.20) and (5.21), there are constants D; and Dj such that

1 1 R—|p| 1

U'(z)]| > —=——————(1 —=D16™ 2) — Dye °6¢ +mo(R—lpl) gmo—3 5.22
0] 2 1= D177~ Dy (5:22)
for |p| < R— 3. If r is large enough, then |U’(x)|| > 0 for |p| < R —r. In particular
U’ # 0 on Cs(R — r). This completes the proof of the lemma. |
Now we assume the general case. Let Cs,, ..., Cs, be the collars of parameters

01, ...,05 respectively embedded into M. We assume that Cjs,, (i = 1,...,s) do not
intersect each other. By Lemma 5.2, there are R;, (i = 1,...,s) such that we can

find Uz/ € HO(M, K:nno), (7, =1,..., S) with U{‘C&.(Ri) % 0. Let p;,dz;, (’L =1,..., S)
be defined in Sec. 3 corresponding to Cs,(i = 1,...,s), respectively. Let

n(pi — (R; — 1)), pi >0 and ze€Cy,,
ni =9 n=pi—(Ri—1)), pi<0 and z€Cs,,

0, otherwise,
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be the cut-off functions for ¢ = 1,...,s. Assume that max §; is small enough. Then
by Lemma 5.2, Uy, ...,U. € H*(M, K},°) have the following properties

L) U = ~ ﬁe’m‘)'pi' on Cs,(R;) fori=1,...,s [by (5.22)].
(2) There are decompositions Ul{|céi(Ri) = a;v1; + v9; With

1
vy = —=ni(dz;)™, 1<i<s 5.23
and
('Ulz‘7U2i)C(;i(Ri) =0, 1<:<s,
where a;(i = 1,---, ) are a constant such that for 1 <14 < s,
1<~a;<~1. (5.24)
(3) By (5.4) and (5.5),
O G (5.25)
M\Cs, (r,)

fori=1,...,s.
We have the following lemma:

Lemma 5.3. With the notations as above, there are holomorphic sections
Ui,...,Us € H(M,K};°) such that

) Uil = ~ =e=™?l on Cs, (Ry);
(2) (Uiles, (ry),v1j)os, (ry) = 0 for i # 4, 1 < i, j < s;
(3) fM\CJi(Ri) ||Ui||2 <~ 5?m0_1~
Proof. Let
Bij = (Uz‘/vvlj)clgj(Rj) , 1<id, j<s.
Then if i # j, we have
Bis| < ~ 67072 (5.26)
by (5.25) and the definition of vi;,(j = 1,...,s) in (5.23). We also have
1>2n~fi=>~1 (5.27)

by (5.24).

Let B = (Bij)sxs be the matrix of (8;;) for 1 < ¢, j < s. Then by (5.26) and
(5.27), B is an invertible matrix, when max d; is small enough. Let A = B~! be the
inverse matrix and let A = (a;;)sxs. Define

s
Uizzai]‘UJ/», 1§i§8.
j=1
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Then U;(i = 1,..., s) satisfies all the requirements in the lemma by the fact that
1 o
|aij| <~ ;02 i#7,
].ZNOéijZN]. Z:j O

Let U.,,,...,U} be an orthonormal basis of the space span{Uy, ..., Us}+.
Assume that

(U;,U;) =0
fors<i<d, 1<j<s. Let
Ui=U} - U, s<i<d, (5.28)
j=1
where
(U;,vlk)cék(Rk) , 1<k<s s<i<d. (5.29)

iy = ——
T Uk vik)os, (Re)

Then we have
Uiles, (ry)s v15)es, (ry) =0

fors<i<dand1<j<s.
We have the following lemma:

Lemma 5.4. If z ¢ J;_, Cs,(R; — 2), then

d
DU = ~1.
i=1

Proof. Let
lij = (Ui, Uj)
for 1 <i4,5<d If1<14, j<s, wehave
(Ui, U;) < ~ max §; i#7,
! (5.30)
1>~ (U, U) > ~1 i=j

by (5.26), (5.27) and Lemma 5.3.
If1<i<s,s<j<d, wehave

U, U;) == _ v (Us, Ur)

k=1
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using (5.28). By the definition of ~;; in (5.29), we have
VK| < ~ max §; . (5.31)
Thus
(U3, Uj)| < ~ max §; (5.32)

for 1 <1i < s and s < j <d. Finally, if s <, j <d, then

[(U;,U;)| < ~ max §; i£7,
» Uil ' (5.33)
1>~ (UpyUj) > ~1 i=j,
by (5.28) and (5.31). Using (5.30), (5.32) and (5.33), we have
|lij| < ~ max d; i F 7,
1>~ |l >2~1 i=3.
Let (m;j)dxa be the matrix such that
d
SN mymmmli = 6k
i=1 t=1
for 1 < j, k < d. We can choose m;; such that
|mi;| < ~ max J; 1#£7,
! (5.34)

It is easy to check that Z?:l m;;U; for 1 <4 < d forms an orthonormal basis
of H*(M, K}}°). Thus we have

d
=1

by Theorem 1.3. The lemma thus follows from (5.34) and the fact that maxd; is
small. O

2
>~ 1

d

mijUj
Jj=1

We summarize the results up to now in the following

Proposition 5.1. Let Uy,...,Uq be sections of H*(M,K},°) as above. Then
Ul + IVUil| < ~ 1 z ¢ |JCs (R -2), (5.35)
j=1

|Tll + VU] < ~ = (et DE=eD g € Gy (R; —2), 1<j <5, (5.36)
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fori> s and
S
_1
Ul + [[VU:|| < ~ 6,02 x| JCs (R —2), (5.37)
j=1

1
V/§,emolpil

U]+ VU] < ~ 87" 2 e ot Dlesl) e G5 (R; —2), j#4, (5.39)

[l + VU] < ~ z € Cs(Ri —2), (5.38)

for 1 < i <s. Furthermore,

d
MU > ~1 (5.40)
k=1
for z ¢ U;_, Cs,(R; — 2).

Proof. If « ¢ |J;_, C5,(R;), then d, has a uniform lower bound. (5.35) follows
from the Cauchy integral formula. (5.36) is a corollary of Lemma 5.1. (5.37) follows
from (5.5) and the Cauchy integral formula. (5.38) follows from a straightforward
computation. (5.39) follows from Lemma 5.1 and (5.25). Finally, (5.40) is just a
statement of the conclusion of Lemma 5.4. O

Define an inner product (, ) in the coordinate ring @,._, H°(M, Ky};). Let
S, € HO(M,KA”/}) and Sy € HO(M,KA"/F). Suppose that m > m;. We define a
section of Ky~ ™" as follows: let x € M and U, is a local trivialization of K. Let
Sily, =8 -8" for ' e T'(Uy, Ky ™) and §” € T'(U,, K};*). Then

S3lu, = 8'(S", Sa)gm1

where (, )gm=1 is the pointwise inner product.

Proof of Theorem 5.1. We modify the method of Wolff [11] of solving the corona
problem on the unit disk. First we construct a C* solution. Let S € H(M, K7})
for a fixed m > myg. Let

S

S S, U,
b=+ (1—277] 15, U)

= >Zd 105112
> (S,Us)
bk:<1—z7’b>7 k>s.
>

011

1<k<s

=~h =9,

(5.41)

d
j=1 |
Here b, (1 < k < s) is well defined because of Lemma 5.2. We can check that

d
S=> Uib.
k=1
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If z ¢ U;_, Cs,(R; — 2), then by Lemma 5.4,

{ Ibell < ~ (VBi(cosh pe)™ + DIIS| 1<k <s, o)
1b&l < ~ ISl k>s.
By (5.41), we have
A% S, U : S, VU,
Oby = Onr—— 0y _ 1 <d ) N < 77:‘) <d k>2
=0 SN 1 =Y o
O\ (S UKD (U5, V)
—|1- ZT]] 4 D) < < S,
Jj=1 2
(0, 1oor?)
(5.43)
- S, U, 2 S, VU,
DN 2] =S 121
i=1""7 i=1""7
O\ (S UKD (U VT;)
— 11— Z?’]J p 5 k>s
Jj=1 2
(0, 1or?)
Thus
5 1
[0bg]] < ~ —=—IS| 1<k <s,
B (5.44)
10x| < ~ 5] k> s.
Let
12
>l
for i # k and 1 <4, k < d. Then by (5.42) and (5.44), we have
1
lewll <~ =S 1<k<s,
k (5.46)
leall <~ IS k>s.
Consider the equations
Ak = cin

for i # k and 1 < 4, k < d. By Proposition 2.1, the solutions exist and we may
assume that

lbikllz> < llcikllze
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fori #k, 1 <i, k <d. Thus by (5.46), we have

1
[birllre < ~ ISllz: 1<k <s,

mo—3

k (5.47)
[birllz2 < ~ 1Sl s<k<d.

Let
d
T =bi+ Y (bik — bei)Us -
k=1
One can check that T; = 0 and

d
S=> TU;.
i=1
In order to prove the theorem, we need to estimate ||T;U;|| for 1 < ¢ < d. By
(5.47) and Proposition 5.1, we have
IT5Uill L2\ Uz, c5(ry)) < ~ 1Sl - (5.48)
By the Cauchy integral formula and Proposition 4.1
ITU[(z) < ~ [[S]| 22 (5.49)

for 1 <i <dandz ¢ ;_, Cs(R)).
Let

Ei(p) = {z € Cs;(Ri)|lpi(2)] = p}, 1<i<s

for positive number p > 0. By (5.47) and Proposition 5.1 again, we have

{ IT:Us = mSlle2m; () By (prapy < ~ "SIl 1<i<s, (5.50)
IT:Uill 2B, (o)~ B, (pr2)) < ~ e B[S 0> s.
By the Cauchy formula,
70 = mS|(2) < ~ e DSl 1< <,
X (5.51)
[TV (2) < ~ gef(Ri*p)HSHm i>s,
for any = € E;j(p+ 3) — E;(p+1). Since
0z > €50;(cosh pj)
by (4.7), we have
{ ITiU; = niS|(z) < ~[|S]le2 1<i<s, (5.52)
ITiUi[[(z) < ~[[Sll2 P>,
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for any z € E;(p + %) — Ej(p+1) and any |p;| < R; —3, j = 1,...s. Thus if
|S|lz2 = 1, then by (5.49) and (5.52)

|ITiUill g2 < ~ 1

for 1 <i<d.If ||S]|pe =1, then

|T:Uil| L < ~ 1

for 1 < i < d. These results give the inequality (5.2). O
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