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ON THE FUTAKI INVARIANTS OF COMPLETE
INTERSECTIONS

ZHIQIN LU

1. Introduction. In 1983, Futaki [2] introduced his invariants that generalize the
obstruction of Kazdan-Warner to prescribe Gauss curvatu¥ ofihe Futaki invari-
ants are defined for any compact Kéhler manifold with positive first Chern class that
has nontrivial holomorphic vector fields. Their vanishing is a necessary condition to
the existence of Kahler-Einstein metrics on the underlying manifold.

Let M be a compact Kéhler manifold with positive first Chern clags) > 0.
Choosing an arbitrary positive, 1)-form w in ¢1(M) as a Kahler metric oM, we
can find a smooth functiosf on M, determined up to a constant, such that

. V=1 —
(1.1) Ric(w) —w = ——00 f
2
holds. Letb(M) be the Lie algebra of holomorphic vector fields &h The Futaki

invariants are defined as
F:b(M)— C, F(X):/ X(fo".
M

Ding and Tian [1] introduced the Futaki invariants for Fano normal varieties. This
is a generalization of Futaki invariants to singular varieties. It also has important
application in Kéhler-Einstein geometry. The Futaki invariants on singular varieties
are related to the stability of Fano manifolds due to the work of Tian [8]. To be more
precise, checking th& -stability of a Fano manifold is the same as checking the sign
of the real part of the Futaki invariants on the degenerations of the Fano manifold.
Because of this, we need an effective way to compute the Futaki invariants on singular
varieties.

In this paper, we give a simple formula for the Futaki invariants of Fano complete
intersections. The main theorem of this paper is the following.

THEOREM 1.1 Let M be the N — s dimensional normal Fano variety in CP
defined by the homogeneous polynomils .., Fy of degreeds, ..., d;, respectively.
Let X be a holomorphic vector field on GPsuch that

(1.2) XF,':K,'F,', i=1,...,s,
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for constantscy, ..., ;. Then the Futaki invarianf (X) is

(1.3) F(X)=m""[]d; ( ZKI — 1 Z—)
i=1

wherem = N+1—di—---—d;.

CoroLLARY 1.1 If M is a hypersurface in CP, defined by the homogeneous
polynomial F of degreed, and if X F = « F, then

N_l(N+1)(d—1)K
— N~
In particular, ReF (X) and — Rex have the same sign.

F(X)=—(N+1—d)

The formula is new even in the case whihis a hypersurface or an orbifold.
If the zero locus of the holomorphic vector field on M is a smooth manifold,
then using the residue formula of the Atiyah-Bott-Lefschetz type, Futaki was able
to develop a method to compute his invariants by the information of the vector field
X and the manifoldV near the zero locus of the vector field (see [3]). In [1], the
authors developed the method to compute the Futaki invariants on 2-dimensional
Kéahler orbifolds. In [6], the Futaki invariants for toric varieties were calculated.

AcknowledgmentsThe author thanks G. Tian for his mathematical insights and
encouragement during the preparation of this paper. The author also thanks D. Phong,
M. Kuranishi, H. Pinkham, L. Borisov, and Z. Wu for the discussions of this topic.

2. Preliminaries. Let X = (aij)1<i<n € sI(N+1,C) be a tracelesgN + 1) x
1<j<N
(N +1) matrix. X defines a holomorphlc vector field

(2.1) X = Z aijz' — o

on C¥*1 and a smooth function
A 2
(2.2) 0 =-Xlog)» ||

on CN*t1_(0}, where(Z%, ..., zN) are the coordinates @V 1.

Both X andé descend to a vector field and a smooth function on the projective
spaceCP", respectively. Letors be the Fubini-Study metric &P". Then we have
the relation

(2.3) i(X)wps = —Eﬁe.
27
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SupposeV is ann-dimensionalQ-Fano normal variety it€PY, and suppose that
w = awrs € c1(M) for a constantr > 0. If X is a vector field orCP" such that the
1-parameter group generated by the real pa¥ ¢davesM invariant, we say thak
is tangent taVf. Supposéx?, ..., x") are the local holomorphic coordinates at some
smooth pointp of M. Equation (2.3) can be written as

(2.4) b i% i X XH:X’ 9
. =—u , i=1...,n, = —
g ox — ox!

where(g‘7) is the inverse matrix O‘fgij) and(gij) is the metric matrix ofv.
We define the divergence a&f on M by

(2.5) divX = a—JrX:X’—Iog det(gl])

The following lemma is the observation on which the whole paper is based.
LemMA 2.1 [8]. If M is a normal projective variety, then
(2.6) divX —af+ X (f) =const

where the functiory is defined as

(2.7) Ric(w) —w = £1aﬁf.
2

Proof. A straightforward computation yields

glﬁdivx = —i(X) Ric(w).

By equation (2.7), we see that

glﬁdiv)(:—i(xm—‘/zﬂ_z()()aaf— ‘/_ ‘/_aX(f)

Thus divX —af + X (f) is a holomorphic function on the normal varieW, which
must be a constant. O

CoRrROLLARY 2.1 The Futaki invariant can be written as

F(X) =constvo[M)+a/ fa".
M
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3. An explicit expression of the functionf. SupposeV is a complete intersec-
tion of CPV; that is, M is the zero locus of homogeneous polynomi&s. .., F; in
CPY with degreeds, ..., d, respectively, and the dimension &f is N —s. By the
adjunction formula, the anticanonical bundleMfis

Kyt =(N+1—di—--—d)H,

where H is the hyperplane bundle @&P". We assume tha¥ is a normal variety.
There is a unique functioif (up to a constant), defined on the regular gty of

M, such that ifo = (N+1—d1—---—d;)wrs|u, then
. V=1 -
RIC(w)—w: 2—88f on Mreg.
JT

In this section, we write out the above functigrexplicitly. The idea is to trace the
proof of the well-known adjunction formula. But here we work on the metric level
rather than the cohomological level. This makes the notation a little bit complicated.

We begin by the following general setting: Léte a Kahler manifold of dimension
N, and letV; be a submanifold of dimension&l— s defined by holomorphic functions
G1=Gy=---= G, =0. Supposd/; is an open set o¥ such that

(1) (x1,...,x")is alocal holomorphic coordinate systemof

(2) onU1, we have

8(G177GS) .

rank B(xl, o x5) =%

(3) there are holomorphic functiong, ..., f; on Uy N V7 such that

x5 = fs(xﬁl,...,xN).

In particular,(x”l, ..., xN) is the local holomorphic coordinate systemibfn V;.

SuUpposSeg1 = Y s+1<i<N gll-jdxi Adx/ is the restriction of the Kahler metric of
s+1<j<N
V on U1 N Vj. Define deg; = det(gll.j)ng,-SN. Of course, deg; is not a global
s+1<j<N
function onVj. In order to study the change of datwith respect to the change
of the local holomorphic coordinates, we assume that there is another neighborhood

(Ua, YL, ..., yN)) of V such thatU1 N U>N Vq # @. As before, we assume that

8(Gl’ L] GS)
=S

rank—————= =
a(yl, ...,ys)
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and onU> N V1, we have

yl — gl(ys-‘rl7 e, yN)’
y2 — gz(strl’ e, yN)’
¥ :gs(ys-i-l’“"yN)

for holomorphic functiongs, ..., gs on U2N V1. We have thatys*t1,..., yV) is the
local holomorphic coordinate system@$ N V;. Let

g2= Y gydy' Ady’

s+1<i<N

s+1<j<N
be the restriction of the Kahler metric df on U, N V;. Define degy = det
(g2i7)5+15i51v. Then we have the following proposition.

s+1<j<N
ProposiTION 3.1 (Adjunction formula) With the above notation, oy N U1 N

Uy # ¢, we have

2
9(G1,...,Gg
det(g1) = det(gp) det(ﬁ) e vyl ...,y 5
1<j=N detM
axl, ... x%)
Proof. Let
xl:xl_fi(xs—i-l’ ,)CN), 1<l<s,
=, i>s,
and let

=yl —gi( . yN), 1< <s,
ThenVy is locally defined byi! =0(1<i <s) ory/ =0(1 < j <s). In particular,
on V1, we have
ax! , ,
(3.2) — =0, 1<i<s,s+1<j<N.
ay’
Before going further, we make the following conventions.

(1) Let detdx’/dy/)1<;<y and detdx’/d5/)1<;<y denote the restrictions to
1<j<N 1<j<N
V1 of the Jacobi determinant of the transfort, ..., yV) — (x%,...,x") and
Gt ..., 9Y) = (&1, ...,%N), respectively.
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(2) Let detdx' /d57)1<i<s and detdx’/d7/),11<i<n be the determinants of the
_ 1<jss s+1<j<N
submatrices ofdx' /9y/)1<i<n -
1<j<N

(3) Since(x**%, ..., xV) and(y**+1,...,y") are local coordinates df; N V4 and
U>N V>, respectively, there is the transformm' 2, ..., yV) — (x*+1, ..., x) by

x! =xi(g1(ys+1,...,yN),...,gS(yHl,...,yN),y”l,...,yN)

fors+1<i <N, and detax"/ayj)fjrrllgigx denotes the Jacobi determinant of the
above transform. =
If s+1<i,j<N,then
Xt ax (g1, ..., g5, T N)
ays dyJ

Using equation (3.1), we have

x’ A% ax’
(3.2) det{ 25 ) —deff 2L} .detf 2& o
dy/ ) 1<i<N dyJ ) 1<i<s dyJ Js+1<i<N
1<j<N 1<j<s s+1<j<N

If1<i,j<s,then

ax! _iaxi vk axt N ofi 8xk(g1,...,gs,ys+1,...,yN)
957 Lagyk 557 avi ok j .
0y oyt 9y) 9yl o= dx dy

=S

Thus we have

\0G; 9% Gy
— 9xt 9yl ayl’

i=

Proposition 3.1 follows from (3.2) and (3.3). O

(3.3)

We use Proposition 3.1 in the case of complete intersectio@Pdf SinceM is
defined by the zero locus of homogeneous functions, we must make some necessary
adjustments because homogeneous polynomialsaireinctions onCPY .

Let Uy, (e =0, ...,n) be the standard covering 6P, defined byU, = {Z, # 0},
where[Zo, ..., Zy] are the homogeneous coordinate S&f¥ . Suppose; = Z;/Zy
(i # «) are the standard coordinates Gp. Let

o F(Zo,...,ZyN) .
FY(z8,...,2%,...,72%) = ————=, 1<i<s.
l(zo & zN) Zo) <i<s
For eachla, B1, ..., 85} C {0,..., N}, define

o(F%,..., F%
rank%:s}.
TER—y
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Then it is clear thalUyg, ..., O Mreg.

At each pointp € MyegN Uyg, .. 8, (zg,ﬂ ¢ {a, B1,...,Bs}) can be used as local
coordinate system ap. Let gqg,...5, be the corresponding metric matrix, and let
detg,g,...5, be its determinant. Define

o o N41—dy—-—d,
deta(Fl v FY)

8(zgl,...,zg§)

Then we have the following lemma.

2(1+Z|z?|2)

i#a

(3.4) &g, = det(gaﬂl"‘ﬂs)

LeEmMA 3.1 {&44,...5,} defines a global positive function dfreq.

Proof. A straightforward computation shows (cf. [4, p. 146])

— N+1 —

o o ap o7 o] o] o]

Az A---dz8e - N2 = (Z—) Azt A dzgt - A2}
o2

The lemma follows from Proposition 3.1, (3.4), and the above equation. O

Tueorem 3.1 Let f be the function o eq, defined by

(3.5) f=- |Og§aﬂlmﬂs on Uaﬂl'“ﬂs'
Then
/1 _
——30 f =Ric(w) —w,
21
wherew = (N+1—-d1—---—ds)ors|m.

4. The trace of the action onFi,..., F;. Let M be the variety defined in the
previous section. The vector fiekl= Z;Yizoaiij(a/aZi) naturally acts orF; by

al oF;
(4.1) Xﬂzzaijzja—zf, i=1,...,s.
i,j=0 !

Supposé/ is the vector space spanned By, ..., Fy. SinceX is tangent taV, X is
an automorphism offf".
The main result of this section is the following theorem.

THEOREM 4.1 Letk be the trace of the automorphismX¥fon¥'. Then
dvX+X(f)—(N+1—di---—d)0 = —k.

Proof. We adopt all notation from the last section. Consider a smooth poaft
Miegin Ugg,...5,. From (2.2), the functios in the local coordinateSz‘}‘,j #*a}is

(4.2) 0= —Xlog<1+z |z;"|2> —law — Y AajZS.

i#a JjFa



366 ZHIQIN LU

By (2.1), let
- d
(4.3) X = Z((Zaijz‘;—aajz‘;zf)—i—(a,-o,—aaaz?)) 7.
i#a J#a i
Let the holomorphic vector field on M be written as
.0
(4.4) x= > x_—.

0z°
i¢lafr.ps)

If i : M — CP" is the embedding, theR X = X.
By (3.4), (3.5), (4.2), (4.4), and the definition of divin (2.5), we see that

divX+X(f)—(N+1—di—---—dy)0
i o(F¥,...,F¥
= > %—Xlogdet%
(4.5) id{a B ps) O 0(zpyr---25)
+(N+1—a’1—-.-—ds)(am+2aajz‘]’.).

j#
Before going on, we need a general elementary lemma. To begin, we use the general

setting in Section 3. In addition, we l&t be a holomorphic vector field df such

that X is tangent toV;. In what follows, we temporarily distinguish tBé on vV and

the X on V4. So let us denote th& on V to be X. In the local coordinates,

. )
X = X —.

ThenX on Vi can be written as
N 3
X = xi—,
PIR
i=s+1
from which we have the chain rule
(4.6) X' =X"(fr.. fo. X XY), s+1<i<N.

If i : Vi — V is the embedding, theqR X = X.
We have the following elementary lemma.
LEmMA 4.1 Let
3(G1,...,Gy)
a(xt, ... x%) ’

let A;; = (8G;/dx/) for i, j = 1,...,s, and let(A”) be the inverse matrix oA.

A=
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Then, onVy, we have

Z ——XIogdetA Z—— Z AJ’—XGZ

i= c+1 i,j=1

Proof. By definition,

~ 3%G;
]l vk
XlogdetA = kE ] ]E 1A 32Tk

We can write the above equation as

s N

g d Xk 3G,
4.7) XlogdetA = Y A/ —XG,-) Al——

4 dxJ 9xJ 9xk

i,j=1 k=1
By the implicit differentiation, we see that, dn,

3fj G .

4.8 = 1’ , Jj=1...,8, k=s+1,...,N
(4.8) Z axk § S+

i=1

Using (4.7) and (4.8), we get

- axXkafi < oaxk

XlogdetA = A”—XG — _—

9 )y + Z )y TxT ok~ 2 v
i,j=1 k=s+1 j=1 i=1

The lemma follows from the above identity and the fact that

Yoaxi & 25 Z Zax' af;
i=s+1 oxf S 0% S T o ox' O
Go back to the proof of the theorem. Let

A(Fy,....FY)
TERRNEY

and temporarily denot& to be the vector field on U, = {Z, # 0}. The represen-
tation of X is in (4.3). Obviously,

A(Ff,....FY)

d (Zﬂl Z,B.v )

3

I(Fy, ..., FY)

X logdet = Xlogdet .
(&G 75
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Using Lemma 4.1, (4.5) becomes

divX+X(f)—(N+1—di—---—ds)0
X .
=Y sw>. D ANXE
(4.9) iza 0% il jelBr B} Zj
+(N+1—d1—~-—ds)(anFZaajz‘}‘).
Jj#a
Since) a;; =0, a simple calculation gives
X y
(4.10) Zﬁ=—(N+1) Qaa+ Y aajz% ).

iZza 1 JF#a
Recall the definition o F; in (4.1). We see that far=1,...,s,
Fi  XF; F

XFl=X—= T—di—i<aaa+2aajz‘}l>.

74 74 7 =
Thus onMieg,
(4.11)
N . 9 . .
> 2 ATGXE
i=1 jelBr,....Bs) <j
N
- 9/0Z)XF; AF;/3Z;
:Z Z Ajlza<( / c]l) _di( /d- A])(aaa‘i‘zaajZ?))
: ; Zd Z) ‘
i=1 je{p1,....Bs} o o j#a
N
:K—( d,-) <aaq+2z‘}‘>,
i=1 j#a
where we use the fact that, aWfreg, F1 = --- = Fy = 0 in the second identity.
Theorem 4.1 follows from (4.9), (4.10), and (4.11). O

5. The computation of the# invariants. Let M be the complete intersection
defined in Section 3. Le¥o = CPV, and letM; = N1N---NN; (k=1,...,s). Then
M, =M. We assume tha¥ F; =«; F;,i =1,...,s.

Let[Zo, ..., Zy] be the homogeneous coordinatessd . Define

_IRP
T —
Yilo(1Z:i?)

Theng;’s are global smooth functions @@P" .
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In this section, we compute th&invariant [,,0w", where for simplifying the
notation, we assume that= wrs is the Fubini-Study metric of thEPY. The key
result is the following lemma.

LEmMma 5.1 Fork=2,...,s, we have

(5.1) / O+ w)N 1 = dkf O +)V 2 piqdy - dya,
My My—1
and in addition, we have
(52) (9 +w)N = K1.
My

Proof. We have the following identities fdr=1, ..., s:

(5.3) 5(§8IoggkA9wN—k)+i(X)< dlogé wN"‘“)

N—k+1
/—1 _—
=———9dlo AN K+ —— Xlo AV TR
o gék NOw +N—k+1 0k ANw
Integration againsif;_1 gives
V=1 — 1
X _Z39logé AN K = —/ X logé AN F+L,
/Mkl 2 N—-k+1 M1

Since, fork =1,...,s,
/—1 _
2—33|095k = [Ni] —drw,
JT

Xlogé&, =k +di0,

where[N,] is the divisor of the zero locus df;, we have

1
ea)N—k_dk/ Qa)N—k-i-l — —/ Kk+dk9 a)N—k-‘rl.
/Mk My_1 N_k+l Mk—l( )

Thus,
/ Nk = —N_k+2dk/ QwN_k+l+—del“‘dk_l.
My N—-k+1 My 1 N—-k+1

So (5.1) is proved. To prove (5.2), let us first see that by (5.3),

N+1
/ Nt = + d1/ Ga)N—i-ﬂ.
My N cpPV N

Thus (5.2) follows from the simple fact that

N _
/CPNGG) =0. O
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Equation (5.1) can be rewritten as

(9 +a))N—k+l — 1

_ Kk
—_— O+w)V 2 2
di--di Ju, dl-“dk—l/z‘wk_l

d
fork=2,...,s. Thus, we have the following theorem.

THEOREM 5.1 With the notation as above, we have

N

/Gwzv—s_ di---ds ZK_k
M _N—S+lk_ldk.

Now we prove the main theorem of this paper.

Proof of Theorem 1.1.Theorem 1.1 follows from Theorem 4.1, Theorem 5.1, and
the fact that

a)=(N+1—d1—~-~—ds)a)|:5€Cl(M). O

6. Examples. In this section, we use our formula to compute some examples
given by Ding-Tian [1], Jeffres [5], and Wu [9]. Recall that the Futaki invariants
defined in [1] and [5] differ from ours by a factor 3 in the case of surfaces. So, in
what follows, the Futaki invarianf' (X) is actually three times the Futaki invariant in
the previous sections.

CoroLLARY 6.1 With the notation as in Theorem 1.1,M is the cubic surface
in CP3, then the Futaki invariants are

F(X) = —8.

CoroLLARY 6.2 With the notation as in Theorem 1.1,M is the variety of the
intersection of two quadratic polynomials in ¢Rhen

F(X)=—10(k1+«2).
The first four examples are due to Ding and Tian [1].

Example 1. Let X C CP?® be the zero locus of a cubic polynomigl Put f =
zoz§+zzzs(zz —z3), wherezo, z1, z2, z3 are homogeneous coordinatesG®#. The
X r has a unique quotient singularitygg = 1, 0, 0, 0]. This singularity is of the form
C?/T, wherer is the dihedral subgroup i8U(2) of type D4. One can check that
X y is a Kahler orbifold withe1(X) > 0. LetX be the holomorphic vector field whose
real part generates the 1-parameter subgroligy(1, ¢, e%, e¥)};cr in SL(4, C).
ThenX restricts to a holomorphic vector field o, and has five zerogl, 0, 0, 0],
[0,1,0,01, [0,0,1,0],[0,0,0, 1], and[0, 0, 1, 1].

We use three methods to compute the Futaki invariants. The first method is the
original method in [1]. We can rewrite the functighnear[1, 0, 0, 0] in the standard
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form
f=25—123(z5—423).
In [7], we see that there are standard coveri@gs— C2/T by

1= uv(u4— v4),
22 =ut+ 04,
73 = u??.
If we assume that on th@: — v)-plane,X = au(d/du) +bv(d/dv), then we have
a =b = (1/2). Since the order of the group, is 8, a computation using the formula
in [1, p. 324] shows
118 (=2° (=D°
F(X)=—- — 3 = —06.
X 8 1/4Jr 1 + -2
Our second method is a trick that can be generalized to give another proof of
the main theorem of this paper in the case of hypersurfaces. Suppose fat in
au(d/du)+bv(d/9v), we do not know what andb are. By using the Bott residue
formula, we see that

1 (a+b) (-2 (-1
8 a1 370
and
1 (@+b)? (=272 Q(—1)2_
é' b + 1 +3 5 =3.

Thus we solved = b = (1/2). The Futaki invariant is obtained.
The last method is to use Corollary 6.1, which givés) = —6.

Example 2. Let f = zoz3 + 2125 + 23, and letX = {diag(1,¢¥, ¥, e*)}. Then
Corollary 6.1 givesF'(X) = —18.

Example 3. Let f = z0(z% +23) + 7321, and letX = diag((1, %, e?,¢")}. Then
Corollary 6.1 givesF (X) = —2.

Example 4. Let f = zo(z2 +23) + 23, and letX = diag((1,e¥,e¥, e%)}. Then
Corollary 6.1 givesF'(X) = 0.

The following examples are given by Jeffres [5]. L&i, z1, w, x, z] be the general
point in CP*.

Example 5. Let

f =zoz1+w?+x2,
g =z1l(w,x)+22,
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wherel(w, x) is a linear function ofw, x. Let X = diag{1, ¢%, ¢, ¢’,e¥%}. Then
k1 = —1/5 andx2 = 4/5. Using Corollary 6.2F (X) = —6.

Example 6. Let

f=z021+2%
g§= Z%*l-w%

and letX = diag((1, %, e%,e% ¢')}. Thenks = —4/5 andky = 6/5. So, using
Corollary 6.2, the Futaki invarianf (X) = —4.

The following examples are given by Wu [9].

Example 7. Let Mo c CP* be the zero locus defined by
f =208 +nz5+5+25=0,

and letX = diag(1, €%, e¥, e¥, e*). Thenk = 9/5 and by Corollary 1.1F (X) =
—36.

Example 8. Let Mo c CP? be the zero locus defined by
f=1z3(2—z022) +23 =0,
and letX = diag(1, ¢’, ¢%, ¢*). Thenk = 3/4 and by Corollary 1.1F (X) = —2.
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