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ON THE LOWER ORDER TERMS OF THE ASYMPTOTIC
EXPANSION OF TIAN-YAU-ZELDITCH

By ZHIQIN Lu

Abstract. We compute the first three coefficients of the asymptotic expansion of Zelditch. We also
prove that in general, the kth coefficient is a polynomia of the curvature and its derivative of
weight k.

1. Introduction. A projective algebraic manifold M is a complex manifold
in a certain projective space CP™, m > dimc M = n. The hyperplane line bundle
of CP™ restricts to an ample line bundle L on M, which is called a polarization
on M. A Kahler metric g is called a polarized metric, if the corresponding Kahler
form represents the first Chern class c1(L) of L in H3(M, Z). Given any polarized
Kahler metric g, there is a Hermitian metric h on L whose Ricci form is equal to
wg. For each positive integer m > 0, the Hermitian metric h induces a Hermitian
metric hy, on L™, Let {%‘,...,Sg‘m_l} be an orthonormal basis of the space
HO(M, L™ of all holomorphic global sections of L™. Such abasis {J, ..., SHEeY
induces a holomorphic embedding ¢m of M into CP9m~1 by assigning the point
x of M to [§'(X),.... S ;9] in CP~1 Let grs be the standard Fubini-
Study metric on CPIm 1 j e, wes= gaﬁlog > 9m~1|wi|? for a homogeneous
coordinate system [Wo, . . . , Wgy—1] of CP9™~1, The 2-multiple of ges on CPdm—1
restrictsto a Kahler metric %cp*mgps on M. Thismetricisapolarized Kahler metric
on M and is caled the Bergman metric with respect to L.

One of the main theorems in [11] is the following:

THeEorEM. (Tian) With all the notations as above, we have

Ireiers=9l.=o( )
m(pmgFS g 2 - \/m
for any polarized metric on M with respect to L.

Using Tian's peak section method, Ruan [10] proved the C*> convergence and
improved the bound to O(%). Recently, S. Zelditch [12] beautifully generalized
the above theorem by using the Szegd kernel on the unit circle bundle of L* over
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236 ZHIQIN LU

M. His result gives the asymptotic expansion of the potential of the Bergman
metric:

THEOREM. (Z€elditch) Let M be a compact complex manifold of dimension n
(over C) and let (L, h) — M be a positive Hermitian holomorphic line bundle. Let
X be a point of M. Let g be the Kahler metric on M corresponding to the Kahler
form wg = Ric(h). For each m € N, h induces a Hermitian metric hy, on L™, Let
{S,-... S _1} be any orthonormal basis of HO(M,L™), dyy = dimHo(M,L™),
with respect to the inner product

(St Sy = /M hin(S1(%), S2(%)) AV,

where dVy = %wg is the volume form of g. Then there is a complete asymptotic
expansion:

dm—1
(1) Z “Sn(x)“hm = ag(x)m" + al(x)mn—l + az()()mn—2 +...

i=0
for certain smooth coefficients a(x) with ag = 1. More precisely, for any k

dm—1

SIS, = > &
i=0

<R

< Crxm™ R,
Ck

where Cry depends on R, k and the manifold M.

Remark 1.1. The referee informed the author that Professor D. Catlin has
also obtained the above (Zelditch’'s result) independently.

In this paper, we give a method to compute the coefficients a; (), ax(x), . . .
(aog(X) = 1 was pointed out in [12] in a more general setting). Our result is:

THeorem 1.1. Withthe notations asin the above theorem, each coefficient a;(x)
isa polynomial of the curvature and its covariant derivativesat x with weight j (see
Definition 2.1). Such a polynomial can be found by finitely many steps of algebraic
operations. In particular,
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ap=1

-1
a = Ep
8 = 300 + 7(IR1> — 4Ric + 3p?)
ag = 2Mp + L divdiv (R Ric) — Ldivdiv(pRic)
+D(R> — 4|Ric? + 8p%) + 45p(p” — 4Ric +|R?)
+2 (o3(Ric) — Ric(R, R) — R(Ric, Ric),

whereR, Ricand p represent the curvature tensor, the Ricci curvature and the scalar
curvature of g, respectively and A represents the Laplace operator of M. For the
precise definition of the terms in the expression of az, see Section 5.

We use the peak section method initiated by Tian in [11] to compute the
coefficients gj(j € N). Consider HO(M, L™ for mlarge enough. Fixing apoint x €
M, by the standard 9-estimate Tian observed that the sections which do not vanish
at x at avery high order are known in the sense that one can completely control
their behavior around the point x. These sections are called peak sections (in
the terminology of [11]). We proved that the coefficients as, ap, . .. only depend
on the inner products of the peak sections. Various techniques are used to give
the asymptotic expansion of these inner products, including some combinatorial
lemmas, to simplify the computation and thus make the computation feasible.

Zelditch’s work is based on the analysis of the asymptotic expansion of the
Szego kernel on the unit circle bundle of the ample line bundle over a complex
manifold. To be more precise, let C be the unit circle bundle and let (X, y) be
its Szegd kernel (with the natural measure). Since C is St invariant, we have
Fourier coefficients

I'Im(x,x)z/:sle_imel'l(r@x,x)de,

where ry is the circle action. The key observation by Zelditch is that

dm—1

> IS M)A, = Mmx X).
i=0

Thus the general theory of the Szegd kernel can be applied.

There are many studies of the Bergman and Szegd kernels on the pseudo-
convex domain on C" ([3], [4], [1], [6], [7] and [8], for example) following the
program of Fefferman [5]. While our method is completely complex-geometric,
it should also be possible to compute the coefficients from the general theory of
Szegd kernel. In particular, we noticed that in [1] and [7], the coefficients are
proved to be the Weyl functionals of the curvature tensor of the ambient metric
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defined by Fefferman. But we do not know how to relate it to the curvature of
the base manifold.

The organization of the paper is as follows: in §2 we introduce the concept
of peak sections initiated by Tian and discuss their properties; in §3 we give the
iteration process; in §4 we prove the main theorem of this paper except for the
computation of the az term; and in §5 and the Appendix we calculate the az term.

Acknowledgments. The idea that peak section method can be used to get
the result is from G. Tian. The author thanks him for encouragement and help
during the preparation of this paper. He also thanks S. Zelditch for sending him
the preprint [12] and bringing to his attention the works of K. Hirachi. The author
thanks L. Boutet de Monvel and D. Phong for their help. Finally, the author deeply
thanks the referee, K. Hirachi, for the careful proofreading and many suggestions
to improve the organization and style of this paper.

2. Peak global sections. Let M be an n-dimensiona algebraic manifold
with a positive Hermitian line bundle (L, h) — M. Suppose that the Kahler form
wg is defined by the curvature Ric(h) of h. That is, fixing a point Xo € M, under
local coordinate (z,...,z,) a Xo,

I S Ve g )
Wg = —? a;l m |OgadZa A ng - 7 a%lgaﬁdza A ng,

where a is the loca representation of the Hermitian metric h.

Let d = dy, = dimg HO(M, L™) for a fixed integer m. Let S, ..., Sy-1 be a
basis of HO(M, L™). The metrics (h, wg) define an inner product (, ) on HO(M, L™)
as

(sL\,sB)hm:/M<sL\,sB>hmdvg, AB=0, ... d_1

where (Sa, S8)ny, isthe pointwiseinner product with respect to hy, and dVg = n—l,wg
We assume that at the point xo € M,

S(X) #0, Salx)=0, A=1,...,d-1
Suppose
Fas = (S )y AB=0,...,d-1
Then (Fag) is the metric matrix which is positive Hermitian. Let
d—1

Fag = Y GacGac
c=0



LOWER ORDER TERMS OF THE ASYMPTOTIC EXPANSION OF TIAN-YAU-ZELDITCH 239

for ad x d matrix (Gag) and let (Hag) be the inverse matrix of (Gag). Then it
is easy to see that {Zggol HasSs}, (A=0,...,d—1) forms an orthonormal basis
of HO(M, L™). By the definition of S\(A=0,...,d — 1), we have

2 d—1
210 Y |D - HasSsx0)| =D IHS00) Iy = D IHaol[ISo(X0) 7y
A l'B hn A A=0

Suppose (Iag) is the inverse matrix of (Fag). Then by the definition of (Hag), we
have

d-1
(2.2) > [Hol® = loo.
A=0

By the above discussion, we know that in order to prove Theorem 1.1, we
just need to estimate the quantity lop and ||So||n, @ %o for a suitable choice of
the basis &, ..., S-1. We use Tian's peak section method in [11] to get the
estimates.

We construct peak sections of L™ for m large. Choose a local normal coor-
dinate (z, .. .,z,) centered at xo such that the Hermitian matrix (gag) satisfies

(23) 9,5(%0) = dag
PPr+-+Png
aj —
—— =0
ozt - - - oz (o)
for o, 8 =1,...,nand any nonnegative integers py, .. ., pn With py+---+p, Z 0.
Such alocal coordinate system exists and is unique up to an affine transformation.
This coordinate system is known as the K-coordinate. See [2] or [10] for details.
Next we choose a local holomorphic frame g of L at xg such that the local
representation function a of the Hermitian metric h has the properties

pLt-+png

(2.4) a(xo) =1, m

(X)) =0

for any nonnegative integers (p1,...,pPn) Withpy +---+pn #0.

Suppose that the local coordinate (zi, . . .,Z,) is defined on an open neigh-
borhood U of Xp in M. Define the function |z| by |7 = \/|21|2+---+|Zn|2 for
ze U.

Let 77 be the set of n-tuple of integers (p1,...,pn) such that p; > O(i =
1,...,n).Let P=(p1,...,pn). Define

(2.5) =2z
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and
p=p1+---*pPn

The following lemma is proved in [11] using the standard J-estimates (see
eg. [9]).

LEmMmA 2.1. For P=(p1,...,pn) € Z},andaninteger p’ > p=py +--- +pn,
there existsan mp > 0 such that for m > mg, thereis a holomorphic global section
Spmin HO(M, L™), satisfying

1
ISl V=1 }H&mmmm@=0(aﬂ)

/'\/I\{zs"%?

and Sp i, can be decomposed as

Sm= ~S°,m + Up m, (NSo,m and up y, not necessarily continuous)
such that
y A (1+0(-L)) xe{|7 < 'o9m
o= |77 (140 () s
0 x e M\{|zZ < 2},
upm(®) = 0(2%®) xe U,
and
2 vy=0( -+
| el Vg =0 ().
where O(—2) denotes a quantity dominated by C/ m?’ with the constant C de-

pending only on p’ and the geometry of M. Moreover

2= /
17 <

1Z°|?a™ dv.
logm
v/m

Because of the above lemma, in the remainder of this paper, we will use $/’m
to denote the peak sections defined above. Furthermore, we always set

SO = 9((]5 ..... 0),m

for p’ and m large enough.
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We use the notation ||| - ||| to denote the L2 norm of a section of HO(M,L™).
That is, if T € HO(M,L™), then

ITI= ) [ TR, Ve,

The following lemma [10, Lemma 3.2] is a generalization of the lemma of
Tian [11, Lemma 2.2].

LemMA 2.2. (Ruan) Let Sp = $l,m bethesection constructed intheabovelemma.
Let T be another section of L™. Near X, T = fe" for a holomorphic function f.
When we say T's Taylor expansion at X, we mean the Taylor expansion of f at X
under the coordinate system (z, . . ., zn).

(1) If 22 isnot in T’s Taylor expansion at Xo, then

(S T =0 ()11l

(2) If T contains no terms Z9, suchthat g < p+o (1 <o < p —n—p, and
oisaninteger; recall thatp=py1+---+prandq=qy +--- + @) in the Taylor
expansion at Xg, then

1
6 (S D = O (gze7z ) I

Proof. We only prove 2, since 1 is similar and easier.
By Lemma 2.1, we have the decomposition

/ ~ ~
Qg,m =S mtUpm=S+Up

with |||up||[? = O(=). Thus

1 1
(e T = O (5 1T = © (s )TN

by the Cauchy inequality. For the S part, we have

/|z|§'

ogm
vm

~ ~ 1
G Dm@Vo=e [ & TV +0 (o el T
‘Z\SW

where &, = Z°¢" for |7 < 'C’%‘ and is zero otherwise.
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Let dVg be the Euclidean volume, i.e.,

n
v—1

™

We have

2
dVg > cdVp, am > ce~M

on U for a suitable constant ¢ > 0 and for m large. Thus we have

/ . 12 2™ dV >c/ . 1226 ™2 dvp,
‘|<Om ||<om

By the simple combinatorial identity

&0 [, e avo=

where P! = p1! - - - pp!, we see that

1
2, m
g PN 2 01

=Tm

for some number ¢; > 0 independent to m. Thus by the definition of Ap,

1
2.8 Ap < ——m™P)/2,
(2.8) P_\/C—lm

In order to prove (2.6), we then just need to prove

w [
lzI<

& i@ =0 iz )IITIIL

logm
o
Let

(2.9) £(x) = loga+ |72
n(x) = logdetg, .

If |2 < '0\?_’“ then [m¢| < %= Since

1
(o +4)!

g _1-—mE— - — mr et < mff+5|§|cf+59m\£|,
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we have

(2.10) Ap

Z<im

o
1
(o +4)!

o _ 2
m”+4§ +4)e m|Z| dVg

S CAP/ logm |<~SD’T>hm| I’no--'—5|£|o-+5 dVg
‘ZKW

< Chp / . | 2P |2 +10] ¢ [2+10g-mizl vy T]
‘Z\SW

where C is a constant independent to m. Using |[m¢| < %1 again, we have

- o+10mmizl2 _ 1 _ 1
)\P\//Km%m | 2P [2mPo+10|¢[20+10g-mZ° gV, = O (W) =0 <W>
— vm

Thus in order to prove the lemma, we need only to prove that for any k < o +4,

_ 2 2 1
\p |Z|<|Ogme mg+m|Z] <$,T>hmmk£ke miz| dVg:O<m1+Z)|||T|||_
=m

Let £ = &1 +& be the decomposition of ¢ such that &1 contains those terms of
order less than or equal to 40 + 12 and &, contains those terms of order greater
than 40 + 12. Using a method similar to the one above, we can prove that

), <~$’T>hmmk((€1+5z)k—fil()e_mgdvg=O< ; >|||T|||
<5

o '
because | (&1 + &) — €X| < C/mP7*5, Thus we only need to prove that

. 1
A T mkeke™™ gy, :o((,> T
P |Z‘S%<$ M &7 9 e I[[T]]

fork<o+4. Let
€ =n1+n2,

where 71 consists of the terms of order less than or equal to 40 + 12 and 1, =
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€’ — m1. Then as above

3 [ @ el ™ Vo = 0 (o YT

logm +
2<% mt

[NIE]

where dVj is the Euclidean volume form.
It remains to prove that

g 1
/\P /|Z<|Ogm<$7T>hmmkfi1<7he_"f dVO =0 <m> |||T|||

vm

Note that f'{nl is a polynomial of z and z whose number of terms is bounded by
a constant only depending on o and n. Let

(2.11) &m =Y quz'2.

If [I| —|J| < o, then by the assumption on T,
/ (S, T)p,me132' 2’ ™ dVp = 0.
|Z‘<Iogm m
= \/m

On the other hand, under the K-coordinates, in the expansion of &, there are no
Z° or zterms. Thusin (2.11), we must have |J| > 2k. If |I| —|J| > o > 1, then
|J| > 1. So

H+]J]—2k>o+2
Thus

3 [ o Dnaekinse ™ dVo
ER L

< Clp / oo |ZP|2m2k|Z|2(2k+a+2)efm|z\2 dVo|||T|||.
\Z|SW

The lemma follows from (2.8) and the elementary fact that

2(5129,—m|Z? — (n+p+q-—1!P!
2.12) [C 2P avo= P -

Inthe above lemma, if T itself isapeak section, then we have a more accurate
result. Before going to the result, let’s first define the weight and the index of a
polynomial (resp. monomial, series).
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Definition 2.1. Let R be a component of the ith order covariant derivative
of the curvature tensor, or the Ricci tensor, or the scalar curvature at afixed point
wherei > 0. Define the weight w(R) of R to be the number (1+ 5). For example,

W(Rjyp) = W(R;) = W(p) = 1
and
3
W(Rij_kl_,m) = 2

The above definition of the weight can be naturally extended to any monomial
of components of the curvature tensor and its derivatives. If a polynomial (resp.
series) has any term of weight i, then we say the polynomial (resp. series) is of
weight i.

More generally, we have the followng definition of index.
Definition 2.2. Let f be a monomial of the form
m'gz"2°,

where 1 is an integer or half of an integer, P, Q are multiple index, z° and 2 are
defined as in (2.5), and g is a monomial of components of the curvature tensor
and its derivatives at a fixed point. In the rest of this paper, a polynomial (resp.
series) is always a polynomia generated by the monomials of the above form.
Define the index of f by
+
ind(f) =+ w(g) — 221,

wherep=pr+---+ppandq=qy +--- + Q. We say a polynomial (resp. series)
is of index i if al of its monomials have the same index i. In that case, we say
that the polynomial (resp. series) is homogeneous. The polynomial (resp. series)
of index O is called regular.

It is easy to check that if fy,f, are homogeneous polynomials (resp. series),
then

ind( f1, f2) = ind( f1) +ind( f,).

The regular polynomials (resp. series) form a ring under the addition and multi-
plication.

When a polynomial (resp. monomial, series) contains no m or Z's the index
is the same as the weight. The following two lemmas give the motivation of the
above definitions.
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Lemma 2.3. The Taylor expansion of the function
a™ det (g, ;)€
atz=0isaregular series.

Proof. Consider the Taylor expansion of ¢ and 7 in (2.9) under the K-
coordinates. It is not hard to see that the Taylor expansion of ¢ is of index (—1)
and the Taylor expansion of n is regular. Thus the Taylor expansin of mé + 7 is
regular and so is the Taylor expansion of

a™ det goﬁem‘z‘2 = @, O

Lemma 2.4. If

A1+"‘+At

isa polynomial of index i, then thereis a polynomial B of indexi — n such that for
anyp’ > 0,

1
A o+t [ &Mk gy, —B:O<—,>.
/z|s—'°g,;‘,“ ' ’ |z|s'°g“‘At ° P

Proof. Suppose that
Ac=miglR 1< k<t
If P #Q, then

‘/|<|09m Akeim‘z‘z dVO =0.
A=Tm

If P=Q, then by (2.12),

1
/ A€M dVo=Cm P g+ 0 ( >
2<% mP

for any p’ > 0 where C is a constant. Since A is of index i, we have

ptw(g) —p=i.
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Thus
ind(Cm* P "g)=p—p-—n+w(g)=i—n.
The lemma is proved. O

ProrosiTion 2.1. We have the following expansion for any p’ > t+2(n+p+q),

/ / _ 1 a A 1
()= o e B0 (3).
where § = 1 or 1/2 and where all the a’s are polynomials of the curvature and its
derivatives such that
ind(g) =i +6.

In particular, the seriesis regular. Moreover, all &, (1 < i <t — 1) can be found
by finite steps of algebraic operations from the curvature and its derivatives.

Proof. The expansion of the function 222%™ *" has index —%7 by Lemma 2.3,
Thus by Lemma 2.4, there is a polynomial Bpg of index (—%q —n) of the form

S S-1
B = + —+ .+ =
PO m—1

such that

1
7R+ e M2 gy = Bpg + O ( > '
/|z|<'°Lr’n“ © 0~ =PQ me’

e
In particular, m™PBpp will be regular. Furthermore,

Cp
m™p

Bpp ~

for constant Cp # O by the same argument as in (2.8). Thus the expansion of

n+p

m="/Bpp

is regular and —wp>—— expands as a regular series. The lemma follows from
m 2 /Bpp
Lemma 2.2 and the fact that

A B 1
(Sg,m’%,m) = ﬁ%\?% +0 <W) '
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3. Theiteration process. The main result of thissection is Theorem 3.1. In
order to obtain the result, we basically use the iteration process in the numerical
analysis for finding the inverse matrix of a given tri-diagonal matrix.

THeorem 3.1. Let xg € M. Suppose {S, S1, ..., Sy 1} isabasisof HO(M, L™)
with S(xo) # 0and Sa(xo) =0forA=1,...,d—1. Let (Fag) = ((Sa, S8)nm) (A, B =
0,...,d — 1) be the metric matrix. Let (Iag) be the inverse matrix of (Fag). Then
for any positive interger p > 0, we have the expansion

o3 | 97/2 Op-1 , ((2p-1)/2) 1
o m7/2+...+rw)_l+ @r1)/2 +O<ﬁ>'

Furthermore, ox(k = 3,7/2,4,...,(2p — 1)/2) are polynomials of weight k of the
curvature and the derivatives of the curvature at Xg.

Remark 3.1. Although not needed, a more careful analysis will show that
Ok/2) = 0 for al odd K's.

Before proving the theorem, we need some agebraic preparation.

Definition 3.1. We say M = {M(m)} is a sequence of s x s block matrices
with block number t € Z, if for each m,

My (m) -+ Mg(m)
M =M(m) = : . :
M (m) -+ Mg(m)

such that for 1 <i, j <t, Mj isao(i) x o(]j) matrix and

t

Z o(i) =s,

i=1

where o: {1,...,t} — Z, assigns each number in {1,...,t} a positive integer.
We say that {M(m)} is of type A(p) for a positive integer p, if for any entry s of
the matrix m, we have:

(1) If sis adiagona entry of M;i(1 < i < t), then we have the following
Taylor expansion
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(2) If sis not a diagonal entry of M;i(1 < i < t), then we have the Taylor
expansion

where § is equal to 1 or 3.
(3) If sisan entry of the matrix M;; for which |i —j| =1, thens= O(ig). In
addition, if i #t or j #t, then we have the Taylor expansion "

where § is equal to 1 for 3.
(4) If sisan entry of Mj; for which |i —j| > 1, then

s=0().

The set of al quantities (s;/m,...,s-1/mP 1), or (%,%,...,%) for s
running from &l the entries of M;j where |i —j| < 1andk #Zt or j #t are called
the Taylor Data of order p.

Remark 3.2. Since Mjj; = O(#) for |i —j| > 1, it can be treated as zero
when we are only interested in the expansion of order up to p — 1. A matrix
whose entries M;; = O for |i —j| > 1 is called a tri-diagonal matrix. For such a

matrix, we have a ssimple iteration process for finding its inverse matrix.

The following proposition is a modification of the iteration process in the
numerical analysis for finding the inverse matrix of a given tri-diagonal matrix.

ProrosiTion 3.1. Let M = M(m) be a sequence of s x s block matrices with
block number t = p + 1 and be of type A(p). We further assume that M = M(m) is
Hermitian positive. Let

Nig --- Ng
N =N(m) = :
Ntz --- N

be the inverse block matrix of M(m). By the inverse block matrix, we mean the
inverse matrix of the original matrix with the same block partition as that of the
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original block matrix. e have the following asymptotic expansion:

(31) Ny =NQ+

+ R
mpP

1/2 1 —1 2p—-1)/2
N:(I.l/) ﬂ++N§E )+N§£Lp )/)+O 1
mt/2 ~ m mp-1  m@-1/2 '

Furthermore, all entries of Nfj/m*, (0 < a < (2p — 1)/2) are polynomials of
Taylor Data of order p of M = M(m).

We need the following elementary lemma.

Lemma 3.1. Suppose
M1 Mgp
M=
(le Mzz)
is an invertible block matrix which is Hermitian positive. MI, = My, MI, = My,
and M—lrz = Mp. Let
N = N1z N
N2z N2

be the inverse block matrix of M. Then

Ny = Mzt + M*Mia(Maz — MaiMitMp) “tMa M.

The proof of the lemma is elementary and is omitted. O
Proof of the proposition. Suppose p = 1. Then by Lemma 3.1, we have
N1 = M;* + M'M1a(M22 — MaatM7"Maz) MMt

Since My, = O (%) we see that

Ny =Mgt+0 (;) =E(c(1)+0 (;)

where E(c(1)) is the o(1) x o(1) unit matrix. Thus the proposition is true in the
casep=1.

Assuming that when p = k, the proposition is true: Let p = k+ 1. Using
Lemma 3.1, we have

Niz = Mzt + ME(M12 M1z . .. My )M 2 (Ma1 . .. Mgaoyr) "M
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where by Lemma 3.1,

Mo - Mykso)
M=
Mi+2)2 -+ M) k+2)
M21
- : Mt (M12 Ml(k+2))-
M+2)1

By the assumption, M = M(m) is a sequence of matrices with the block number
k + 2. Since M1 = O(mﬁﬂ)(r > 2), it is easy to see that M = M(m) is also
a sequence of block matrix with the block number k + 1 and is of type A(K).
Furthermore, we have

_ _ ~ _ 1
(3.2) Ni1 = Myz' + M M1aNpMar M7 + O <mk+1>’
where
No, - Né(|<+2)
N=| : :
Nir2z - Niwoye2)

is the inverse matrix of M. Then by the induction assumption, we have

N3/ /'@ k=1 §(2k-1)/2)
N :NI(O)+NL+NA+...+N22 +N22 +0 i
22 22 m1/2 m rnkfl rn(2kfl)/2 rnk !

where N/z(z'/ 2 /m/2(1 <i < (2k — 1)/2) are polynomials of Taylor Data of order
k of M = M(m). Thus N.0/2/m/2(1 < i < (2k — 1)/2) must be polynomials of
Taylor Data of order (k+ 1) of M = M(m). On the other hand, all the entries of
the matrix My;* are polynomials of Taylor Data of order (k+ 1) of M = M(m).

Since M2 = O (%) the entries of N1; are polynomials of Taylor Data of order
(k+1) of M =M(m) by (3.2). The proposition is proved.

Proof of Theorem 3.1. For a multiple indices, define |P| = pp+ -+ + pp.
Suppose

Vi = {Se HO(M,L™) | D°S(x0) = 0 for |Q| < k}

fork=1,2,...,where Q € Z} isamultipleindex, and D is a covariant derivative
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on the bundle L™. Vi = {0} for k sufficiently large. For fixed p, let p’ = n+8p(p—
1). Suppose that m is large enough such that Ho(M, L™) is spanned by the ng
for the multiple indices |P| < 2p(p — 1) and Vapp-1). Let r =d — dimVapp_1).
Then r only depends on p and n. Let Tq,...,Tq_r be an orthonormal basis of
Vop(p-1) such that

(L Ta) =0

for |P| <2p(p—1)and o >r. Let (k) =dimVi fork € Z. Forany 1 <i,j <p,
let M;j be the matrix formed by (S5, ) Where 2p(i — 2) < |P| < 2p(i — 1)
and 2p(j — 2) < |Q| < 2p(j — 1). Furthermore, define M;(p+1) to be the matrix
whose entries are (Sp, T,) for 2p(i — 2) < |P| < 2p(i — 1) and 1 < « < r. Define
Mp+1)i to be the complex conjugate of Micp+1). Finally, define M(p+1)(p+1) to be
the r x r unit matrix E(r). Then it is easy to check that M = (M;;) is a sequence
of block matrices of type A(p) with the block number p+1 by using Lemma 2.2
and Proposition 2.1.

Define an order > on the multiple indices P as follows: P > Q, if

(1) [Pl > |Q] or;

(2) |P| =|Q| and p; = q; but pj+1 > gj+1 for some 0 <j < n.
Using this order, there is a one-one order preserving correspondence « between
{0,...,r=1}and {P| |P| < 2p(p-—1)}.

Define

S = Swm A<r—1
Tara AT

Comparing the matrix M to the metric matrix Fag = ((Sa, S8)), (A,B =
0,...,d— 1), by the choice of the basis, we see that

(M 0
(Fae) = (o E(d — 2r)> ’

where E(d — 2r) is the (d — 2r) x (d — 2r) identity matrix. If N = (Nj)) is the
inverse matrix of M, then N1; isan 1 x 1 matrix and

loo = N11.

So Proposition 3.1 gives the desired asymptotic expansion

loo =00+

012 01, Op1  9(2p-1)/2 1
ml/2+ Ly +mp—1+m(2P1)/2+O<rrP>'

Moreover, Proposition 3.1 states that o /m¥, (k = 1/2, ..., (2p—1)/2) are polyno-
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mials of the Taylor Data of order p of M. By Proposition 2.1, the Taylor Data for
the inner products are regular. Thus oy /m, (1/2 < k < (2p—1)/2) are regular or
in other words, o is a polynomial of the curvature and its derivatives of weight
kfork=1/2,...,(2p—1)/2.

It remains to show that

oo = 1, 01/2 =01 = 03/2 =02 = 05/2 =0.

This can be seen using the following argument. Let &, S, ..., S_1 be abasis of
HO(M, L™). We suppose that Sa(xg) = 0 for A=1,...,d— 1. We also assume that
(S,Sy) =0for A> 1. Let c=(S,S1). Then lgg = (1 — |¢[?) 1. By Lemma 2.2,
we see that ¢ = O(—7). Thus loo = 1+ O(;).

4. Proof of Theorem 1.1. In this section, we prove Theorem 1.1 except
that we postpone the computation of the az term to the next section due to its
complexity. The method of computing the ag term is the same as that of g for
j=0,1,2.

By Theorem 3.1 and (2.1), we just need to estimate

(4.1) |/\(0 ,,,,, 0)|_2=/ adeg
|z <'%m
SUm

to the term M, from which the first three coefficients ag, a; and a, can be
calculated.

First we define our notations in the following equations (4.2)—(4.6).

The curvature tensor is defined as

829i__ n n 89 g
S ] pq vuig DJ

fori,j,k,1 =1,...,n. The Ricci curvature is

(4.3) Rj=— Y d'Ryg

k=1

fori,j=1,...,n, and the scalar curvature is the trace of the Ricci curvature

(44) p=> d'Ry.

ij=1
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The covariant derivative with respect to % of the curvature tensor is defined
as

0
(4.5 Rijip = @Rijkl Zrlp T ZI’ Ris:

where ¥ =30, gksagéls is the Christoffel symbol. Higher derivatives are defined
in the similar way. Finally, the Laplace operator is denoted by A:

(4.6) A= Z Z g & az,

i=1 j=

we must use the Taylor expans on of log a up to degree 6 and the Taylor expansion
of logdet 9,5 upto degree 4. Suppose we have the following expansions at Xo:

(4.7) loga = —[z]° + e + s + €5+ O(|2|")
logdet(g,;) = C2+C3+Ca+O(27),
where e4, &5 and ez are homogeneous polynomials of z and z of degree 4, 5 and

6, respectively and ¢y, c3, and ¢4 are homogeneous polynomials of degree 2, 3
and 4, respectively. Then a straightforward computation gives

& = _%Rij_kfzizkzizl
(4.8) &= _1_12Riikf,pzi 42z — 1_12Rij'k|"qzizk2jz|7q
&= _3_1f3(F{iJTkT,pG *+ RigigRyyq + RespaRyi

+RisaRyp)Z 240722

where & is the (3, 3) part of e, i.e,

L _ 1 d®loga s
® = 36020202,070202, " <P
and
2 = —Ryzg
(4.9) cs = —3R;azz — 3Ry 222

Cs= _%(Rij',kl_ + RyiRg)z2 %72

where €4 is the (2, 2) part of c4. Here Rj—kl—, etc denote the value R”rki(xo).
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Considering the function gn(09a+2%)g®% %5 1y (47) we have

gnlloga+(z?) Jogdetd; _ mies+estes+O(|2")) gezteatcatOl|2®)

(1 mies+es + ) + 5P +O(- )

<1+ retet S O(|z|5))

1+m(e4+es+es)+%mz(e§)

+Cz+rmze4+C4+%(C§)+O(---)),

where O(- - -) represents the sum of terms, each of which is less than a constant
multiple of m#|z|' for some ;. and t such that t — 2 > 4. Those terms will not
affect the value of g, i =0,1,2 and can be omitted.

Let © be a function on a neighborhood of the original point of C". For large
m, define

(4.10) K(p) = e M2 gvg.
|Z|< logm
="/m

Since the functional K is an integration against a symmetric domain, we have
K(es) = 0. Thus

_ K(em(|z\2+loga)e|09 detgij—)

—
Fa)
[N
[

N
>

/'\

o

e
|
N
|

(1) + K (&) + MK (65) + 51PK (&)

#K(2) + K (022 +K () + 5K +0 7).

We need the following combinatorial lemma and its corollary which greatly
simplified our computation in this paper. In fact, it makes our computation fea-
sible.

Suppose t > 0 is an integer. A function A on {1,...,n}P x {1,...,n}P is
called symmetric, if

Ale(),1(9)) = Al,J)

where |,J € {1,...,n}P and 0,7 € Z, the transformation group of {1,...,n}.
For the sake of simplicity, we set A 5 =A(l,J).
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Lemma 4.1. Let Abea symmetric functionon {1,...,n}P x {1,...,n}P. Then
for any p’ > 0,

7 2qg—miz?
;/ZklogmA'w]z'l pzll 4 |Z| e dVo

SUm
_ pi(n+p+q— 1)t 1
) <|ZA""> (p-+n— Dinfoea (i)
wherel = (i1,...,ip), I =(j1,...,Jppand 1 <iy,...,ip,j1,...,Jp < N
Proof. Fixing | = (iq, ..., ip), suppose
Zy. T =R A

Then

n
Zpi =p.

i=1

It is easy to see that if o(J) #1 for any o € Z, then

20 ~— 2 _
/|z<"ng Zil--.Ziijl...ij|z| dg=m2 dvo =0.
S Um

On the other hand if o(I)=J for some o € Z, then the number of J's such that
o) =iis Thus by (2.12), we have

P' p'

Z/(C” Al,jzil pzll ZJ |Z|2qe—m\z\ dVo
1,J

=Y AP [ AT v

_ pt (n+p+g—Dipdt...pn!
_IZA"'pll...pn! (p+n— 1)!mma+e by (2.12)

_ p!(n+p+q—1)!
- (ZAI,I_> (p+n— l)!mn+p+q'

The lemma is proved by observing that

eim(mgm)z - _(logm)? _ -0 <i{>
mP

for any p’ > 0. |
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Our prototype of function A isthe curvature tensor (Rij—kl—), which is symmetric.
However, in most cases, we encounter functions which are not symmetric. Thus
the following corollary is useful.

CoroLLARY 4.1. Let Abeafunctionon {1,...,n}P x {1,...,n}P (not neces-
sarily symmetric). Then for p’ > 0,

Z/|<|ogm Jzil qu |Z|2qe m|z‘ dVo

pi(n+p+q—1)! 1
( ZZ |0’(|)) (p+n— l)!rnn+p+q+0(rn0,>.

| ocex

Proof. The symmetrization of A is

|j (p')2 Z o (1),n()

onEL

Using Lemma 4.1, we have
Z/Z|<|ogm A %1 - Zpdi - By |Z|2qe mief dVo
1,J ="/m
) /Z<OS;A 341 ---Zpdy---Gp |Z|2qe m* dVo

_~—7 P(+p+g-1)! 1
_.ZA' (p+n— L)imp+a O(rrp’)'

The corollary then follows from the elementary fact that

~ 1
ZAI,I_:IZW Z (1)@ — ZZ o(1),o(1) =

| oneEL I o€x

ProrosiTion 4.1. We have
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MK (es) = —f< Dp + 2|Ric)* + |R/%)

1
mn+2 +0 (mn+3>

SMPKE) = 50 + AR + RD) o, +0 (s )

3

MK (coea) = —5 (62 + 2RicP)—; + O ()
KD = S0P+ ReP) s +0( o)
(e = ~5(00 ~ IRe?) s +0 (o )

Proof. We consider mK(ey) first. Since

1 o
e = —;R22323,

by using Lemma 4.1, we have

1 2! 1 1 1 1

Similarly, we can prove the formulas for K(1), K(cz), mK(es) and K(c4). Next we
consider 2nmPK (). We have

1 oo
€ = 16 Rk Roarsi 2% 421 2q7s.
Using Corollary 4.1, we have

1 1 1 1
EmZK(ezzl) =516 'g(Rii‘jj‘ka

4 1
* 4R;icRyi + Rij'kI'Rji'IE)W +0 <W>

1
_(p +4|Ric]? + |R]?) m”+2 +0 <m”+3>'

The remaining terms can be treated in the similar way. O

Proof of Theorem 1.1. By (2.1) and (2.2) we know that the left-hand side of
(1.1) isequal to
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By (4.1), we see that

-2 _ +n o—m|2/2
|)\(0 ..... 0)| = /Z<M em6 e dVo,
= vm

where m¢ + 1 = a™det gagem‘Z|2 is a regular series by Lemma 2.3. Thus by

of whose terms can be represented by the polynomial of the curvature and its
derivatives. Combining this fact with Theorem 3.1, we know all the a’s must be
polynomials of the curvature and its derivatives of weight i. These terms can be
obtained by finitely many steps of algebraic operations. Moreover, by (4.11) and
Proposition 4.1, we see that

- 1 11 1/1 1 .
(412) o0l %= = <1—— —— = <§Ap+2—4(|R|2—4|R|C|2—3p2)>

from which ag, a;, a» can be calculated by the above equation as follows:

a=1
= %,0
a2 = 300 + 2(IR? — 4|Ric|> + 3/?).

This completes the proof of Theorem 1.1, except for the ag term. O

5. Computation of the az term. In this section, we compute the az term.
The first step is to compute o3 in the expansion of Theorem 3.1.

THeoreM 5.1. With all the notations asin Theorem 3.1, we have
1
03 = Z|D/P|2a

where p is the scalar curvature of the metric g and |D/p|? = 3 |§—§i|2 under the
local normal coordinate system.

Proof. Let
V = {Se HM,L™) | S(xo) = 0,DS(x) = 0}.

Then HO(M,L™) is spanned by S = 5 oSt = 1 gpmr- -+ S0 = So iy
and V, where {$’m} are defined in Section 2 as peak sections. Let T1,...,Tq n 1
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be an orthonormal basis of V with d = dimH(M, L™). The metric matrix (Fag)
can be represented by the block matrix

1 My Mg
M21 M2 My |,
Mz1 Mz E

where M1z = ((S, 1), - - -, (S0, ), M2 = ((§,9)(1 < i,] <)), Maz = (S, Ta),
1<a<d-—n-1),Mzn=MJ), Mxs=(S,Ta),1<i<nl<a<d-n-1),
and E is the unit matrix and Fag = Fga.

A straightforward computation using Lemma 3.1 shows that

. (M
|00=1+(|v|12 |v|13)|v| 1<M§1>

where

~ M M M
0 = (Mzz 23) ( 21) Mio M13
32

By Lemma 2.2, My» = O (m%) and M3 = ( L ) Thus we have

1
6D lw=1+MiMa +0 () = 1+Z|(so SF+0 (7).
By the definition of S(0 < i < n), we have

(5.2 (%.:S) = X0.,..00....1,....0

(5.3) No..ol 7% = % (1"'0(;))

1 1
2 _
Ao..1.0l "= —g <1+O<ﬁ>>'

On the other hand, since

1
loga = -7+ Ryqz222 + O(|2°),
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and since
logdet g; = —R;z3 +O(Z°),
we have
1
/ za"dvg = ——m Rearst0iuZoz 22q%:2.6 ™7 dVo
|2 < loam 12" Jjg<logm
=Vm =m
-2 Rear SiuZp 242064 dVo + O (l>
2 ‘Z‘S%,] L YIu rnz ’

where dVj is the Euclidean volume form.
Thus by Lemma 4.1, we have

- 1 p 1
4 andvy= —>-—2 (1 =),
69 /z<'°%?z'a Ve 2m“+2( +O<m)>

Using (5.1), (5.2), (5.3) and (5.4), we see that
1
= Z|D'p|?.
3= 4ID'p|
We now estimate
No...0| 2 =/ oum a"dVy
MSW

to the term —i, from which ag can be calculated.
We define our notations in the following equations in addition to (4.2)—4.6):

(55) RP = 70 IRl
IRic]2 = Z:jzllRiﬂz
ID'pf?2 = Zrzllg—zpilz
ID'Ric> = Z:j’k:1|RiJT,k|2
DRP = 30 Rl
divdio(oRi) = Y7 (R
divdio(RRQ = > (RyRg
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R(Ric,Ric) = Z:,-M:l RiaRiRik
Rc(RR) = Z:j,k,|,p,q:1 RiRieqReiap
R = Y o RidRieaRa
o2(R) = Z:,-,kyl,p,qzl RiaReiakRipa

o3(Ric) = Zirjj'kleij_RjRRki_’

where “, p” represents the covariant derivative in the direction %.

expansion of loga up to degree 8 and the Taylor expansion of log det g; up to
degree 6. Suppose we have the following expansions at Xo:

(5.6) loga = —|z2+es+ 65 +es+ e +eg+0(|7°)

logdet (g;) = Ca+C3+Cq+Cs5+Co +O(|2]"),

where €4, 65, €5, €7 and eg are homogeneous polynomials of z and z of degree 4,
5, 6, 7 and 8, respectively and ¢y, C3, C4 C5 and cg are homogeneous polynomials
of degree 2, 3, 4, 5 and 6, respectively.

Considering the function gm(109a+2%) 9.5 1y (56) we have

@n(logat(z?) JOUdetdy _  mies+estester+es+O(|2°%) gbzteatcatestestO(|2]")
=1+m(es+€5+65+6€7+6g)
1
+ émz(eﬁ + € + 26465 + 2e465)

1
+6”‘33431+C2+ﬁ132(e4+65+66)
1
+ SIMCo€] +Ca + MCgs +Ca + MCa4 + C5 + Co
1 1., 1,
+ Emo%e4 G 5 + 205C3 + 2C5C4) + 52 +O(--),
where O(- - -) represents the sum of terms, each of which is less than a constant

multiple of m*|z|' for some . and t such that t — 2;; > 6. Those terms will not
affect the value of asz, and can be omitted.
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Let K(y) be the functional defined in (4.10). We have K(es) = K(ey) =
K(c2) = K(cs) = K(c2es5) = K(C2c3) = 0. Thus

~—~
ol
~
~—
X
o
S}
T
N
|

- K(em(\z|2+loga)e'°9det9i,f)

= K(1) + K (&) + K ) + MK (&) + 51K (€)

# SPK(EB) + TP (eses) + STPK () + K(e2) + MK (coe)
+mK (Coeg) + %mzK(czeﬁ) + mK(czes) + K(Ca) + MK (Cs€s)
+K(ce) + 2K () + SK(B) + SK(S) + K(eocs)

+ K@ +O( ).
Suppose A is a homogeneous polynomial on C":

A= ZALEZ'ZJ-
1

where z =z, ---z, and z3 = z, -+ -, for | = (iy,...,ip) and J = (ju,..-,]p)-
Define

1
L(A) = ol > Az

I oc€X

Sometimes we also use L(A 1) to denote L(A). For example, L(Rij’kI*ZjZkZ'Z) =
L(3_ Ryj) = —p, the scalar curvature. By Lemma 4.1 and (5.7), we have

(58) |Xo..., 0)|_2 = rrlln (l+;(2L(e4)+L(Cz)>
+ % (6|_(é6)+12|_(e§)+6L(c2e4)+|_(c§)+2|_(é4))
+ % (L(cg)+3L(c§)+6L(c2~c4)+24|_(t4e4)+12|_(c§e4)

+ 60L(Co€5) +120L (€3) +120L (e485) +24L (C285)

+ 241 (C3e5)+60L (€2)+6L (C) +24L (&) +O <%>> :



264 ZHIQIN LU

ProrosiTion 5.1. With all the notations as above, we have

(5.9  L(cD) +3L(c3) + 6L(Cals) + 24L(Caes) + 121 (C5e4) + 60L(C2€7)
+ 120L(e431) + 120L(e483) + 24L(Co8g) + 24L(Czes) + 60L(e§)

+ 6L(Cg) + 24L (&)
1 1 1 1 1 3

= —ZAMp+ = |D'pl2 + ZID'Ricl? — = |ID'R]%+ ZplAp + —R:p-:
15, 1 1

1 1 1
=3 IR+ = p|RP — —01(R) + —02(R) + =o3(Ri
28" 12P| c| 48P| | 1201() 2402() 603( C)

+ }R(Ric, Ric).
4
We postpone the proof of this proposition until the Appendix of this paper.
ProrosiTioN 5.2. We have

divdiv (R Ric) = —Ripji — 2|D'Ric|? + RaRiu
— R(Ric, Ric) — o3(Ric)

divdiv(pRic) = 2|D'p|? + Ripji + plp
ARP = —2R;zR; + 2ID'RI? +401(R) — 20(R) + 2Ric(R R)
AlRic)? = 2|D'Ric|” + 2R;p; + 2R(Ric, Ric) + 203(Ric)
Ap? = 2|D'p|? + 2pDp.
Proof. A straightforward computation. O

From (4.12), we know

1 11 1 1 1
-2 _ + s A+ —(IRIZ — 2 a2\ &
Me0l 2 = o (1= 5o = (500 52 (RP - ARG? - 309)
1
+0 (_mS /2).
The term a3 can be computed from Proposition 5.1, Proposition 5.2, Theorem 5.1,
(2.1), (2.2), (5.8) and the above expression. m|

Example 1. Let M = CP", L = O(1) be the hyperplane bundle. For any m,

(m+n)!
P! 4
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for P € Z} with |P| = m form an orthonormal basis of HO(M, L™). Using this we
see that

2
(m+n)!
P! z

_ (m+n)!
T om

>

[Pl=m

hm
1 1 1 1
=m <1+ én(n + l)ﬁ + 2—4n(n +1)(n— 1)(3n+ Z)W

+ 4—18n2<n +1’(n - 1)(n -~ 2’% +0 <$>>

CoroLLARY 5.1. The Riemann-Roch Theorem can be recovered from Theo-
rem1.1, at least asymptotically. Integration against M on both sides of (1.1) gives

. 1 1
dimHOM, L™ = m (uol(lv|)+§c1(|v|)a
1 1 1 1 1
* a5t D+ o +0 () ).

6. Appendix. In this Appendix we prove Proposition 5.1. Using the nota-
tions as in the previous sections, it is split into the following 13 claims.

Claim 1.

L(cSS) = —%(pS + 3p|Ric|? + 203(Ric)).
Proof.

1
L&) = —5(RiRaRw + RiRoRx + ReRqRw
+ RiRoR; + RpRgR; + RpRgRy)

= —%(p3+3p|RiC|2+203(RiC)). O

Claim 2.

1 )
3L = D'+ S |D'Ricl?
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Proof.
LS = SRR
- %(RkaRpﬁR * RpkRiik + RigRop)
= %(2|D’p|2+|D’Ric|2).
Claim 3.

12L(coey) = %(;;3 — 2R(Ric, Ric) + 403(Ric) + 5p|Ric|?).
Proof.
12L(c5es) = —3L(RyRopRrr)
1
= — 2 (RigRopRrr + RypgRorRep + Ry RygRer + RioRorRi
*+ Rir RRep + Rie RopRi + RiggRuRer + RiggRor Ry
+ RigeRoiRp + Rige RopR7 + Ripr R R ¢ + Ripr RigR7)

= %(;ﬁ — 2R(Ric, Ric) + 403(Ric) + 5p|Ric|?).
Claim 4.
L1 1 . o
6L(CoCs) = EpAp +Rspi; — ép|R|c| + R(Ric, Ric).
Proof.
. 3
6L(c2ts) = SL(Rop(Riyk + RRi))
1
= 5 Rop(Rijuk + RieiRi) + 2Ry(Rij + RiroR))
1 : -
= 5(obp — pIRic? + 2Rypig + 2R(Ric, Ric)).

Claim 5.

1 1 1 i
120L(e3) ISPg + Zp|RIC|2 + EP|R|2 - éR(RlQ Ric)

1

1 :
2472(R) + 303(Ric).

1 1
+ §R|C(R, R) — éO’l(R) —
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Proof. Suppose
AkR]_”_lpl_)ll‘F]_ = L(Rkk_]_lHRpmrﬁ)

Noting that Alelhpﬁlrn is not symmetric, we have
1
(6.1) LRy i) = 75 (iAo + 8RiiicAiipprr
+ 2Ri]kTAjiIEpﬁrT + 4Ri]kTAij;‘JIRrF)'
We compute the above expression term by term as follows:
1
(6.2) Adgiioprr = g (RaiReprr + 4RiRopr + RatpRie )

1 )
= <(7?+4Ricl2+ RP)

(6-3) RiAiipprr = —RikL(RgiiRoprr)
1
= — g RkRgitRemr + RgipRoirr + RirRopr

+ RasRorr * RarRyirp + ReairRgjir)

1 i 1 . 1
= —6p|RIC|2 + 3R(Ric, Ric) - Zo3(Ric) - ZRICR R,

(6.4) RiiAikoprr = R L (RygieRoprr)
1
= &R (RiaRoprt *+ RigRoer * Riir R
*+ RigsRoirr * Rigr Roirp + RipirRoirid)

1., 2 1
= —— —_ — + _ .
£ — SRR R) + £02(R)

(6.5) RidAjipier = RijiL(RippRiker)
1
= g (RippRir + RikRipr + R Rk
*+ RipokRirr + Ripor Rk + Rigor Riirp)

.. 1 1
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Thus by (6.2) through (6.5), we have
1/ 1, .1, -

L(RiAiipprr) = 12 | —57° — 20IRicl® — 5pIRI? + 4R(Ric, Ric)

. 4 1 8 :

—4Ric(R,R) + §01(R) + §02(R) — éag(RIC) . O
Claim 6.
~ 1 1 Ricl?
24L(Taes) = — 7 pDp+ ZpIRiC” = Rppy

R 1 1
— R(Ric,Ric) + ZRiﬁkFRpi‘,rR + ZRIC(R’ R).

Proof.
241 (Cs&4) = 24L((é4)ii'kﬁ(e4)pr3rf)
= 4(Ca)ip(a)pprr + 16(Ca) iy (€a) iy + H(Ca)ipr (4) e
1
= 7 (Ri(Ropm + RparrRap) + Rig(Rer o + RigiRar)
1
* 2Rk (Roj & + RoarRa)
1 1
= —ZBp+ ZpIRicl® — Ropg
1 1_
— R(Ric,Ric) + ZRpeRy i + 7RICR R). O
Claim7.
. 1 1 1
24L(coEs) = —=pbp — SRpir + 5l Ricl?
N 1
+ %p|R|2 — R(Ric, Ric) + §R|c(R, R).
Proof.

241 (c28s) = —24(Rrr(®s)iiiepp)
= —6(Rrr(®s)jiiepp  3R7(6)ieopir

= So(-Bp+ 2Ricl +|RP)

1
+ E(Rri'(_f)if + RisrRgs + RosrReik + ResorRygi)) - O
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Claim 8.

o 1 1 1
120L(e4€5) = EPAP + ERkFPrR - ZRiﬁkTRpi"rR
1

1
— ZplRicl? — =
gPIRicl” = 150

T 1
IR|? + R(Ric, Ric) — ZRlc(R, R) + Eal(R).

Proof.

15020 B+ 6(6) i ) + 3o (B
1
1440
+ 6(—R)(— ok * RarRgys + RosrRek + ResorRygip)
*+ 3Ripkr (—Ryi ik * RiskRap * ReskRair + RseRaird)
1
1440
— BRIG(R,R) — 3RprR; i + 371(R) — 3RIG(R,R) +301(R). D

L(e485)

(—p(—Lp +2|Ric” + |R]?)

(pDp — 2p|Ric|? — p|R|? + BR¢p, + 12R(Ric, Ric)
rk

Claim 9.
&) = 1z o2 10
60L(coe3) = —gp” — pIRic|” — 2p|R)
N : 1
+ R(Ric,Ric) — o3(Ric) — ERIC(R, R).

Proof. We use the definition of A g -+ in Claim 5.

pprT
L(co€f) = _%(RiTAkRITpﬁrF+4RjRAkiITppr?
= — oo (5°* 5PIRcP + goIR?
— gR(Ric, Ric) + gRic(R, R) + gag(Ric)> . O
Claim 10.
24L(czes) = —|D'p|* — |D'Ricf.
Proof.

241 (cs8s5) = (RijyRygrrik * RipkRorr i)
—|D’p|? — |D'Ric]2. O
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Claim 11.
60L(€8) = 1—12(3|D’p|2 +6|D'Ricl* +|D'R}?).
Proof.
60'—(9%) = %L(Rﬁjj_,kRpﬁrf,R)
- 1_12(3Riiji,kRpﬁrF,R + BRijp xRy * Rieir kR - -
Claim 12.

3 1 2 1
6L(C6) = —5A% + 3Ry — 3Rk

2 5 1 2 1
+ = — -Ri + = + = ,
5/D'Ricl” — ZRic(R,R) + ZR(Ric, Ric) + Zo3(Ric)

Proof. Suppose we have the Taylor expansion of the function log a under the
local K-coordinates:

loga = —|Z* + (ea)az g2 + (e(51))ij'kl_pzizkzpzz
+(e8)jq% 2% 2% + (Bo)jgZaZ03 220 *+ O(12|")
+(2,4) +(4,2),
where (r,s) € N represents the sum of terms of the form azz; such that |I| =

r,|J| = s. Those terms are irrelevant to the computation of ag and need not be
written out explicitly. Thus we have

0 = 0 — Aea)iad — B(e5))j,22%2 — 6(e)jg2A%

— O(es) a2 + O(Z%) + (1,3) + (3, 1).

Thus 