ON THE GEOMETRY OF CLASSIFYING SPACES
AND HORIZONTAL SLICES

By ZHIQIN Lu

Abstract. We study the local properties of the moduli space of a polarized Calabi-Yau manifold.
Let U be a neighborhood of the moduli space. Then we know the universal covering space V of U
is a smooth manifold. Suppose D is the classifying space of a polarized Calabi-Yau manifold with
the automorphism group G. Then we prove that the map from V to D induced by the period map
is a pluriharmonic map. We also give a Kahler metric on V, which is called the Hodge metric. We
prove that the Ricci curvature of the Hodge metric is negative away from zero. We also proved
the nonexistence of the Kahler metric on the classifying space of a Calabi-Yau threefold which is
invariant under a cocompact lattice of G.

1. Introduction. Let (X,w) be a polarized simply connected Calabi-Yau
manifold. That is, X isasimply connected compact Kahler manifold of dimension
n with zero first Chern class and w is a Kéhler form of X such that [w] €
H2(X, Z). In this paper, we study the local properties of the moduli space M
of the polarized Calabi-Yau manifold (X,w). By definition M is the parameter
space of the complex structures over X for the fixed polarization [w]; M is a
guasi-projective variety by a theorem of Viehweg [17].

Suppose X € M is a Calabi-Yau manifold. Let

N =dim{n € HY(X, Tx) | now = 0}

where Ty is the holomorphic tangent bundle of X. By atheorem of Tian [16], we
know that the polarized universal deformation space of the Calabi-Yau manifold
is smooth and has dimension N. Since for each X' € M there are no nonzero
holomorphic tangent vectors on X/, we conclude that in each neighborhood Uof
X', there is an open neighborhood U in CN such that U is a finite covering of U.
Thus the moduli space is a complex orbifold. A good reference of the theorem
of Tian can be found in [5].

By the above observation, we need to study only the local properties of U;
since U is only a finite covering of U, it will be easy to pass the properties of U
to U. Let D be the classifying space corresponding to the Calabi-Yau manifold X.
The period map U — D is a holomorphic immersion. Furthermore, the image of
U under the period map is a horizontal sliceof D. That is, U isacomplex integral
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submanifold of the horizontal distribution of D. For the precise definitions of the
classifying space and the horizontal dlices, see Sections 2-3.

Theorem 1.1 and 1.3 are given below for the horizontal slices. Thus our
results are more general than merely on moduli spaces. However, few examples
of horizontal slices can be found which are not moduli spaces because of the
nonintegrability of the horizontal distributions.

Let D = G/V where G isasemi-simple Lie group of honcompact type without
compact factors, and V be a connected compact subgroup. Let K be the maximum
connected compact subgroup containing V. Then D1 = G/K isasymmetric space.

We prove the following:

THeorem 1.1. Suppose U C D isa horizontal slice. Then
p: U—D;

defined by the natural projection D — D1 isagain an immersion. Furthermore, it
isa pluriharmonic map, i.e., it restricts to a harmonic map from any holomorphic
curve of U. Or in other words, it satisfies

Vo xPeX + Vi axPedX + p,d[X, IX] = 0

for any vector field X € T(U), where J isthe complex structureon U and V isthe
Riemannian connection on G/K = Dj.

Theorem 1.1 isof interest on its own. But the most important application of
it is the following:

THeEOREM 1.2. The restriction of the invariant Riemannian metric on D; to
U is Kahler. Moreover, the holomorphic bisectional curvature of such a metric
is nonpositive. Furthermore, the Ricci curvature and the holomorphic sectional
curvature are negative away from zero.

In the last section of this paper, we prove the nonexistence of invariant Kéhler
metrics on some classifying spaces.

Suppose I' is a lattice of the group G. We say that I is cocompact, if M\G is
a compact topological space.

THeoreM 1.3. Let D be the classifying space of some Calabi-Yau threefold.
Then there are no Kahler metricson D which are I invariant if I" is cocompact.

The paper is arranged as follows: In Sections 2—-3 we set up the definitions
and notations and prove some basic properties of horizontal dlices, classifying
space and the period map. Theorem 1.1 is proved in Section 4. In Section 5, we
prove that the Hodge metric is Kahler and the Ricci curvature is negative away
from zero, which is Theorem 1.2. In the last section, we prove Theorem 1.3 of
the nonexistence of the Kahler metric with some kind of invariance.
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To prove Theorem 1.1 and Theorem 1.3 we consider the Kahler form w on
the classifying space D. It is known that if the projection D — D1 is holomorphic,
then D is Kahlerian and w is the Kahler form. However, D — D; is in general
not holomorphic. Nevertheless, there is a relation between w and the pull back
of the invariant metric on D1. From this we conclude that although dw # 0 as a
differential form, in some directions, dw is indeed zero. In particular, we use the
fact that if X,Y,Z are horizontal, then dw(X,Y,Z) = 0 in Theorem 1.1, and we
use the fact that if X,Y are vertical and Z is horizontal, then dw(X,Y,Z) =0 in
Theorem 1.3.

A result similar to Theorem 1.1 of the pluriharmonicity of the projection was
studied in Bryant [2], Burstall and Salamon [3], and Black [1]. Those papers only
considered the compact cases and cannot apply to the cases we examine in this

paper.
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2. The Hodge structure and the classifying space. Let X be a compact
Kahler manifold of dimension n. A C*> form on X decomposes into (p,q)-
components according to the number of dZ's and dZ's. Denoting the C> n-forms
and the C*°(p,q) forms on X by A"(X) and AP9(X) respectively, we have the
decomposition

A= @ APIX).

g=n
The cohomology group is defined as

HPA(X) = {closed(p,q) — forms} /{exact(p,q) — forms}
= {¢ € APUX) | do = 0} /dA™*(X) N APY(X).

We have;

THEOREM 2.1. (Hodge decomposition theorem) Let X be a compact Kahler
manifold of dimension n. Then the n-th complex de Rham cohomology group of X
can be written as the direct sum

H'(X,Z) @ C = HBR(X,C) = & HPY(X).
pHe=N
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Suppose w is the Kahler form of X. Define
L: H%(X,C) — H*2(X,C), k=0,...,2n—2

to be the multiplication by w.

Suppose X is a smooth algebraic variety. Then w is called a polarization of X
if [w] isthe first Chern class of an ample line bundle over X. In that case, (X, w)
is called the polarized algebraic variety.

The following two famous Lefschetz theorems are extremely important in
defining the classifying space and the period map.

THEOREM 2.2. (Hard Lefschetz theorem) On a polarized algebraic variety
(X,w) of dimension n,

L% H"K(X,C) — H™K(X, C)

isan isomorphismfor every positive integer k < n.

The primitive cohomology PX(X, C) is then defined to be the kernel of L"—k*1
on H¥(X, C).

THEOREM 2.3. (Lefschetz Decomposition Theorem) On a polarized algebraic
variety (X, w), we have the following decomposition:

(5]
H"(X,C) = P LP"*(X, C).
k=0

Define Hz = P"(X,C) N H"(X,Z) and HPY = P"(X, C) N HPY(X). Then we
have

H; ® C= ZHP,Q, HPY = HapP
forp+q=n. Set H=Hz; ® C. We cal {HP9} the Hodge decomposition of H.
Remark 2.1. We define a filtration of Hz ® C = H by
OCF'cF"'c...Fl=H

such that

HPA=FPNFY,  FPgFPl=H.

The sets {HPA} and {FP} are equivalent to describe the Hodge decomposition
of H. In the remainder of this paper, we will use both notations interchangeably.
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Now suppose that Q is the quadratic form on Hz induced by the cup product
of the cohomology group. Q can be represented by

Q) = (— 1NO-D/2 / oAy

for ¢,y € H. Q is anondegenerated form, and is skewsymmetric if n is odd and
is symmetric if nis even. It satisfies the two Hodge-Riemannian relations:

(l) Q(Hp.q’ Hp"q/) =0 unless pl =n-—p, q’ =n-—q;
(2) (V=1)P9Q(¢,$) > 0 for any nonzero element ¢ € HPI,

Definition 2.1. A polarized Hodge structure of weight n, denoted by
{Hz,FP,Q}, is given by afiltration of H =Hz; ® C

OCF'"cF"!'c...cF°cH
such that
H=FPaF" P
together with a bilinear form
Q Hz®@Hz — Z,

which is skewsymmetric if n is odd and symmetric if n is even such that it
satisfies the two Hodge-Riemannian relations:

(3) Q(Fpl Fn_p+1) = O for p = 11 SRR | ¥

@ (V-DP9Q(4,¢)>0if pc HPMMand ¢ #0,
where HPY is defined by

HPA = FP A FY
forp+qg=n.

Definition 2.2. The classifying space D for the polarized Hodge structure is
the set of al the filtrations

OCF'c.--.cF'cH, FP@FvPI=H
or the set of all the decompositions
> HPA=H,  HPA=HIp

on which Q satisfies the two Hodge-Riemannian relations (1), (2), or (3), (4)
above.
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Over the classifying space D we have the holomorphic vector bundlesE", - - -,
F1, H whose fibers at each point are the vector spacesF", - - -, F, H, respectively.
These bundles are called Hodge bundles.

It is well known that the holomorphic tangent bundle T(D) can be realized
as a subbundle of Hom(H, H):

T(D) C &Hom(EP,H/EP) = & Hom(HP9, HP~"4*)
r>0

such that the following compatible condition holds

EP ,  Ep-1

l l

H/FP «—— H/FPL,

Definition 2.3. A subbundle T,(D) is caled the horizontal bundle of D, if

Th(D)={¢ e T(D) | EFP c FP~1 p=1,...,n}.

For any point p € D such that p is defined as subspaces {HP9} of H, define
the two vector spaces

H+ — Hn,0+Hn72,2+___
H- = Hn—1,1+Hn—3,3+___

Now we fix a point pp € D. Suppose the corresponding vector spaces are {Hgﬂ}
and {Hg,Hg }. We define V to be the connected compact subgroup of G leaving
{HE9} unchanged for any p, q with p+q = n, and K to be the connected compact
subgroup of G leaving H{ invariant. We give the basic properties of the classifying
spaces in the following three lemmas. The proofs are easy and are omitted.

Lemma 2.1. K isthe maximal compact subgroup of G containing V. Thus V
itself is a compact subgroup.

We define the Weil operator
C: HP9 — HPY) Clypa = (V-1)P 74

Then we have

Cly =(V=D)",  Cly- =—(V/-D"
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Let
Qu(x.y) = Q(Cx,Y).

Then we have:

LeEmmA 2.2. Q1 isan Hermitian inner product.

LemmA 2.3. Let
Dy = {H"0+H"22+...| {HP9} ¢ D}.

Then the group G acts on D; transitively with the stable subgroup K at H§, and Dy
isa symmetric space.

Definition 2.4. We call map p
p: G/V — G/K, {HPAY} s HNO 4 =22 4 .

the natural projection of the classifying space. It isthe same asthe map aV — aK
between the coset spaces of V and K.

With the above discussions, we can prove:

ProrosiTion 2.1. Suppose T, (D) is the distribution of the tangent vectors of
the fibers of the canonical map

p: D — G/K;
then
Ty(D) N Th(D) = {0}.

Proof. Let g be the Lie algebra of the Lie group G. Let g = f+p be the Cartan
decomposition such that f is the Lie agebra of K. Then

Tv(D) =G xy vy

where f = v +v; and v; is the orthonormal complement of the Lie algebrav of
V. On the other hand, Th(D) C G xvy p. So we have T,(D) N Ty(D) = {0}. m]

Definition 2.5. A horizonta slice M of D is a complex integral submanifold
of the distribution Ty(D).

Definition 2.6. Let U be an open neighborhood of the universal deformation
space at a Calabi-Yau manifold X. Then for each X’ near X, we have an isomor-
phism H"(X’, C) = H"(X, C). Under thisisomorphism, {HP4(X)NP"(X’, C) }p+g=n
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can be considered as a point of D. The map

U—D X — {HPIX) N P(X,C)}prgen
is caled the period map.

The most important property of the period map is the following [6]:

THEOREM 2.4. (Griffiths) Theperiod map p: U — Disanimmersionand p(U)
isa horizontal slice of the classifying space.

From the above theorem and Proposition 2.1 in this section, we can prove:

CoroLLARY 2.1. With the notations as above, the map
p: UcD—G/K
isan immersion.

3. The invariant complex structure. It was proved by Griffiths that the
classifying space D is actually a homogeneous complex manifold. We are going
to study this fact in some detail via the Lie group point of view.

Define Hr = Hz ® R and let

GR = Aut (HR; Q) = {g HR - HR | Q(9¢,g¢) = 9(¢1¢)1¢1¢ € HR}
Gc = Aut (HC1Q) = {g Hr — HRr | Q(g@b,gi/)) = g(¢’¢),¢’¢ € H}

Let G = Ggr. Then G acts on D transitively and thus D is a homogeneous
space.

Let V be the isotropy group fixing one point of D, then V is a compact
subgroup (see Lemma 2.1).

Let g be the Lie algebra of G. Then we have the standard Cartan decompo-
sition

g=f+p

into the compact part f and noncompact part p. We assume that the Lie algebra
v of V is contained in f. Since the Killing form on { is negative definite, there is
a subset v of § such that

f=v+vy
is an orthnormal decomposition of §. Thus we have

g=vovidp.
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There is a natural representation of v to v1 @ p such that the tangent bundle of
D is the associated bundle of the principle bundle G — G/V with respect to this
representation.

Suppose that a° is the complexification of a Lie algebra a. Then we have

g =VveDVI O P
Let 7 be the complex conjugate of g® with respect to the compact real form
of g° Then let

vVidpt=n_®7(n_)

be the splitting into ( + /—1) 7-spaces. Then the complex structure of D is
determined by 7(n_).

Suppose J is the invariant complex structure of D. It is well known that
to give an invariant complex structure on G/V is equivalent to give a linear
transformation J on vy +p such that

32 = —id(u;+p)
p(h)J=Jp(h), VYheV

where
p:V —vitp
is the standard adjoint representation.

By the structure theory of the complex semi-simple Lie algebra, the com-
plexification of v1 +p can be written as the sum of the root spaces

(Vl + p)c = Zga

a€l

for some index set |. Suppose b is the Cartan subalgebra of g°. Let hg be its real
part. Then

hbr C V.
Thus J is V-invariant, which implies that J is b invariant. In particular
[h,dX] = J[h, X]
forhe h,X € (v1 +p)°. Now let X € g,. Then

[h, 3X] = J[h, X] = Ja(h)X = a(h)IX.
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Thus

IX € ga.

Since J? = —1, we know JX = +1/—1IX. In particular, if J;, J, are the two
invariant complex structures, we have

JlJz = Jle.
Suppose p is the projection of vy + p to the second factor.

Definition 3.1. We call w the fundamenta form on D if w is G invariant and
if on vy +p, the tangent space of D a Te(D), w is defined as

w(X,Y) = —B(pX, pJY)
where B is the Killing form of the Lie algebra.

From the following proposition, we know w is well defined.

ProrosiTion 3.1. e have:
D wXY)=—-w(Y,X), for XY evy+p;

(2) wisVinvariant.

Proof. We recall the root decomposition

(Vi+po)° =) ga

acl
and

Jga Cga for acl.

In particular, if X € v4,IJX € vq; and X € p,IX € p.
So if X € vq, then pX =0, pJX =0. So

w(X,Y) = 0= —w(Y,X).

To verify the first claim, we only need to check the proposition for X € g,
and Y € g for noncompact roots o and 3. Suppose JX = oxX, JY = oyY. Then
w(X,Y) = ayB(X,Y), w(Y,X) = oxB(Y,X). If a +3 # 0, then B(X,Y) = 0. So
we need only assume that o + 5 = 0. In this case, suppose that JX = oX. Then
JX = —oX.But X € g_,. S0JY = —oY. Thus we have ox = —oy and then
w(X,Y) = —w(Y, X).
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Next, Vh € V, we have
w(Ad(h)X, Ad(h)Y) = w(X,Y)

because Ad(h) commutes p and J.
From the above theorem we know that w is well defined. O

4. The pluriharmonicity. In this section, we prove Theorem 1.1. The no-
tations are as in the previous sections.

Let D = G/V be aclassifying space and g be the Lie algebra of G. We begin
with the following key observation:

THEOREM 4.1. Let g = v +v1 + p be the decomposition in the previous sec-
tions. Suppose U is an open neighborhood of a horizontal dice. Thenif X,Y,Z €
NMU,Gxyp)or X,Ye (U Gxyvy)andZ e IN'(U,G xy p), then

dw(X,Y,Z) =0,

where w is the differential form defined in Definition 3.1.
Proof. We have

TG/V)=Ty(G/V)+G xyp

where

TV(G/V) =G Xy V1.

Suppose og: G — G is the involution. That is, og is an isomorphism of G
such that o3 = 1. o induces the Lie algebra isomorphism oq: g — g. It is easy
to see that og(X) = X for X € §, go(X) = —X for X € p.

oo aso induces a C* map

G/V —G/V, av — o(a)V.

Let og be the map
(4.0) 0g = (Lg)oo(Lg 1)
on G/V where L4 is the left transformation, then o4(gV) = gV.
LemmMA 4.1. 04(w) = wwherew isthedifferential formdefinedin Definition 3.1.

Proof. By the definition of oy, we need only prove that oo(w) = w. Next we
observe that og(w) is aso an invariant form. So we only check that og(w) = w at
the original point.



188 ZHIQIN LU
We see that

O'oJ = JO‘o, Poo = oop

where p: D — D1 is the projection.
So for any tangent vector X, Y,

(cow)(X,Y) = w(oo(X), o0(Y)) = —B(pooX, pJooY)

—B(oopX, oopdY) = —B(pX, pIY) = w(X, )

where B is the Killing form. Thus the lemma is proved. O

Continuation of the Proof of Theorem 4.1. Now if X,Y,Z € I'(U,G xy p) or
X, YeTl(U,Gxyvy) andZ eT'(U,G xy p), then

dw(X,Y,Z) = —dw(ooX, oY, 00Z)
—(o0dw)(X,Y,Z) = —d(ooqw)(X,Y, Z)
—dw(X,Y, 2).

dw(X,Y,2) = 0. O

The invariant Riemannian metric on G/K is defined by (up to amultiplication
of a constant),

(X, Vgv = B((Lg-1):X, (Lg-1).Y)

where Lg-1 is the left trandation of the group G by gt

Lemma 4.2. Let X,Y be vector fieldson D. Let p: D — D1 be the projection.
Then

w(X,Y) = —(peX, psJY).
Proof. At the origin point, the lemma is trivialy true by definition. At a

genera point gV of D, note that the left trandation Ly-1 commutes with the
projection p. We have

wv(X,Y) = wol(Lg-1)eX, (Lg-2).Y) = —B(P(Lg-1).X, pI(Lg-1).Y)
—B((Lg-1)P«X, (Lg-1)«PJY) = —(ps X, p:JY). O

Definition 4.1. An immersion

p: M—N
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from a complex manifold M to a Riemannian manifold N is called pluriharmonic,
if for any vector field X on M

V. xPsX + Vp, axpudX + p.J[X, IX] = 0
for the Riemannian connection V of N.
Now we begin to prove Theorem 1.1:
THeEOREM 4.2. Suppose U isa horizontal slice of D. Then
p: UcD—G/K
isa pluriharmonic immersion for the invariant Riemannian connection V on G/K.
Proof. We have already proved that the map is an immersion in Corollary 2.1.

So it remains to prove the pluriharmonicity of the map. We say a complex sub-
manifold Sis integrable at a point g, if

Tg(S C (G Xv p)q
and if at a neighborhood of g, the map p is an immersion at g from Sto G/K.
Let U be an open neighborhood of S Let X,Y,Z € T'(U,TU) and Xg, Yq,Zq €
(G xv p)g. Then by Theorem 4.1, at q,
dw(X,Y,Z2) =0;

P« X, p.Y,psZ are well defined and C* in a neighborhood of U. Then by
Lemma 4.2

o
I

—dw(X,Y,2Z) = —Xw(Y,Z) + Yw(X,Z) — Zw(X,Y)
— wX [Y, Z]) + w(Y,[X, Z]) — w(Z,[X,Y])
(PX)(P:Y, PidZ) — (P« Y)(P=X, PIZ) + (P4 Z) (P X, P4JY)
— (PIX, [P:Y, peZ]) + (PIY, [P X, PsZ]) — (PeIZ, [P X, P Y])
= (VpxP:Y,p:dZ) + (.Y, Vp,xP«IZ) — (Vp,yP:X, PxIZ)
— (P« X, Vp,vPpsJZ) + (Vp,zPp« X, pxdY) + (P« X, Vi, zP:JY)
— (P+IX, Vp,yp:Z) + (P«IX, Vp,zp.Y) + (P Y, Vp,xP+Z)
= (PJY, Vp, 2P X) — (PIZ, VpxP«Y) + (P<IZ, Vi, vPsX)
= (P+Y, Vp.xp:dZ) + (pJY, V. xPsZ) — (P«X, Vp,yp.JZ)
+ (p*X, vD*ZF)*\]Y) - (p*JX1 VD*Yp*z) + (p*JX, vp*Zp*Y)-
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If we substitute X by JX, Y by JY and Z by JZ, we have

= —(P«JY, Vp,axP«Z) — (P+Y, Vp,axP«JZ) + (P«IX, Vi, 3vPsZ)
= (P«IX, Vp,azP«Y) + (P« X, Vp,avP:IZ) — (P X, Vp,3zPsJY).

Substituting X by JX, we have

0 = (P«Y, Vp,axP«JZ) + (p«JY, Vi, 3xP«Z) — (P«IX, Vi, ypsJZ)
+ (PeIX, Vp,zP:dY) + (P X, Vi, vPsZ) — (P« X, Vi, zPxY).

Comparing the above two eguations, we get

0 = —2(p.JY, Vp,axP«Z) — 2(p+Y, Vp,axPxJZ) + (pIX, [ p:IY, p.Z])
- (p*JX, [ p*JZ, p*Y]) + (p*X1 [ p*JY1 p*\]Z]) - (p*X, [p*Y’ p*z])

where the last four terms are equal to

— (P« X, p:I[IY, Z]) + (P« X, pxI[IZ, Y])
+ (X, p[JY, IZ]) — (P X, p«[Y,Z]) =0

because of the integrability condition of J.
So we have

(4.2) (P+Y, Vp,axp«JZ) + (p.JY, Vip,axp«Z) = 0.
Let X =Z. We have
(P+Y; Vp,axP:«JX) + (p.JY, Vi, axp:X) = 0.
Substituting X by JX, we have

(PY, Vp,xp:X) = (PxJY, Vp, xp«JIX) = 0.

(p*Y, vp*Xp*X) + (p*Y1 Vp*JXp*JX) + (p*‘]Y! p*[‘]xl X]) =0.

Then the theorem follows from the fact that for any X, Y,Z € Tp@)(G/K), thereis

an mtegral submanifold Sat g and X,Y,Z € Ty(D) such that p,.X = X, pY=Y,
p.Z=7.

CoRroLLARY 4.1. Usethe same notation as above. We also have

(P+Z, Vp,axP«JY) + (PJZ, Vi, oxp«Y) = 0.
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Proof. This is the same as Equation 4.2.

5. The Hodge metric. We use the notations in the previous sections. Now
suppose U is a horizontal slice. We aso denote w the restriction to U of the
fundamental form in Definition 3.1. Then we have:

Lemma 5.1. On the horizontal slice U

(1) dw=0;

(2) wisal-1form;

B w(X,IX)>0,X=Z0.

Proof. The first assertion is easy from Theorem 4.1. To prove the second

assertion, let's assume X,, X5 € TYO(G/V), where a, 3 are roots of g° Then
w(Xq,Xg) # 0if and only if 3= —a. In that case, we can assume

Xﬂ = —Xa,

contradicting the fact that both of them are in T*9(G/V). So w is a 1-1 form on
G/V, thusa 1-1 form on U. If X #0,

w(X,IX) = (p«X, psX) > 0,

if X #0 by Lemma 4.2.
Thus w defines a Kahler metric whose underlying Riemannian metric is the
restriction of the invariant Riemannian metric on U. O

Definition 5.1. The Kahler metric w is called the Hodge metric of the hori-
zontal slice U.

The main theorem of this section is:

THeEOREM 5.1. With respect to the Hodge metric, the holomor phic bisectional
curvature and the Ricci curvature are nonpositive. Furthermore, the holomorphic
sectional curvature and the Ricci curvature are negative away from zero by a
constant number.

Proof. By Lemma 4.2, the Hodge rrletric is the restriction of the invariant
Riemannian metric on G/K. Suppose R, R are the curvature tensors of G/K and
U, respectively. Then we have the Gauss formula:

R(X, Y, X, Y) +R(X,JY, X, JY)
=R(X, Y, X,Y) +R(X,JY, X, JY)
+ (h(X, X), h(Y,Y) +h@Y,JY)) — [h(X, Y)|? = |h(X, IY)|?
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where h(-,-) refers to the second fundamental form and X,Y € TU. Now the
pluriharmonicity of the map (Theorem 1.1) p: U — G/K implies that

h(Y,Y) +h(Y, JY) = 0. O

Thus the negativity of the bisectional curvature follows from the following
lemma:

Lemma 5.2. G/K has nonpositive sectional curvature. Furthermore, at the
original point

R(X, Y, X, Y) = —[[[X, Y]||.

Proof. Since G/K is a symmetric space of noncompact type, the curvature
formula follows from [8]. In particular, the curvature tensor is nonpositive. O

Continuation of the proof of the theorem. From the above lemma, we see
that the holomorphic bisectional curvature is nonpositive. Now we consider the
holomorphic sectional curvature. By the above computation, we have

ROX, IX, X, IX) < R(X, IX, X, IX).

That R(X,JX, X,JX) is negative away from zero is hinted by Griffiths and
Schmidt [7]: if we can prove that for any X € TgU,

X, IX]| > ¢ x|
for ¢ > 0O, then we have
R(X, JX, X, IX) < —c2||X||*.
Thus the holomorphic sectional curvature is negative away from zero at the
original point. Because of the homegeneity of the metric, we know that it is

negative everywhere.
Now we let

X=Y agi+ag-i
i
where Jg = v/—1g; and g_; = Gj. Then

[X,0X] = =2v=13 |ai*[gi.g-]+- -+ .

Here - refers to the terms which are not in the maximum torus. Since
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> lai|?[gi, 9-i] belongs to the cone of positive roots, it will never be zero unless
a = 0. Thus we have proved that ||[X,JX]|| > c||X]|2.

The Ricci curvature is the sum of the holomorphic bisectional curvature of
different directions. So its negativity follows from the negativity of the holomor-
phic sectional curvature.

One application of the above theorem is that we might be able to use it to
give a proof of the compactification theorem of the moduli space. It is easy to see
that the Hodge metric can be defined on the moduli space as a Kahler orbifold
metric. With this, we can prove:

CoroLLARY 5.1. If M is complete and smooth with bounded sectional curva-
ture with respect to the Hodge metric, then M is quasi-projective.

Proof. It follows from a theorem of Yeung [18].

Remark 5.1. The above corollary is valid in a much weaker assumption. We
will write out the proof in a subsequent paper.

6. On -invariant Kahler metrics. Let D = G/V and let I be a discrete
subgroup of G. We say that I is cocompact if M\G is a compact topological
space. In this section, we restrict ourselves to the case that D is the classifying
space of some Calabi-Yau threefold. We consider the problem of the existence
of Kahler metrics on D which are I'-invariant.

The moativation of this problem is from the recent work of Ragjan [14], who
proved the infinitesmal rigidity of the complex structure for a large family of
homogeneous Kahler manifolds. It would be very interesting to prove the same
rigidity theorem for the classifying space. However, In general, D is not a homo-
geneous Kahler manifold. Furthermore, we prove in this section that D does not
even admit a Kéhler metric which is I-invariant.

More precisely, we have:

THEOREM 6.1. Suppose D isthe classifying space of a Calabi-Yau threefold. D
isthe set of filtration

OcFP*cF’cF'cH

satisfying the two Hodge-Riemannian conditions. Suppose that I is a cocompact
lattice of D. Then there are no Kahler metrics on D which are I -invariant.

Recall that I is cocompact if and only if M\D is a compact space. To prove
the theorem we consider the map p of the projection

p: D— G/K

where K is the maximum compact subgroup of G containing V.
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Itiseasy to seethat G = Gp(2n+2, R), the real symplectic group, where 2n+2
is the complex dimension of H. In particular, G/K is the Hermitian symmetric
space, which can be realized as the Siegal Space of the third kind.

We observed that p is not holomorphic nor anti-holomorphic. The reason is
that if p is anti-holomorphic, then we can reverse the complex structure on D to
make it holomorphic. By a general theorem in Murakami [13], we know that in
that case, D will be a homogeneous Kahler manifold. But we have:

LemmA 6.1. D isnot a homogeneous Kahler manifold.

Proof. The proof is easy after writing out the root decompasition and the
conjugate T explicitly. For details, see [12]. O

Lemma 6.2. If D admits a I'-invariant Kahler metric, then there is a I-equi-
variant holomorphic or anti-holomorphic map f: D — G/K whichissurjective at
some point Xp € D.

Proof. Suppose & is the Kahler form on D which is I'-invariant. According
to Eells-Sampson [4], Jost-Yau [9], and Labourie [11], there is a I'-equivariant
harmonic map f: D — G/K such that f isI-equivariant homotopic to p. That is, f
and p can be linked by a path of continuous I"-equivariant maps. By topology, we
know that p, f induce the same homomorphism between the cohomology groups:

p*,f*: HN(M\G/K,C) — H™Ny(r\D, C).

Here 2N is the real dimension of N'\G/K. 2N; is the real dimension of M\D.
In particular, if n is the volume form of N\G/K then we have

/ f*n/\&)Nl*N = p*n/\&Nl*N.
r\D r\D

On the other hand

p*n A ONN =/ U/GJNl_N > 0.
r\D M\G/K

/ frp A pMN 20,
r\D

and in particular, f*n # 0 a some point Xp.
By the rigidity theorem of Siu [15], f is a holomorphic or anti-holomorphic
map. m|
The invariant Riemannian metric g on D is a Hermitian metric.

Lemma 6.3. Themap f isa harmonic map with respect to g.
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Proof. We assume that f is holomorphic without losing generality. First note
that each fiber of p: D — G/K is a compact Kahler submanifold of D. Thus
according to Liouville's theorem f is a constant along each fiber.

Now suppose that (w2, ..., wN) is the holomorphic local coordinate of G/K
and (z,...2V) is the corresponding holomorphic local coordinate such that f =
(f1,...,fN) with respect to these coordinates are holomorphic functions. Thus at
any point x € D,

afa
(X) =
for any «,j. We assume that at p(x), (W,...,wN) is normal. That is, al the

connection coefficients are zero at p(x).
Now suppose A is the Laplacian of the metric g. We need to prove

AfY(x)=0
foraa=1,...,N.
Now
—Af® = §df* = 0F ™ + §0F*
afa 6f“
82f0‘ 8f ;
We have
dZX A xdZ =0

for dl k,j by the type considerations.
LEMMA 6.4.

i>t<d dzl = —AZJ
o2}

Proof. Suppose that 2 =y + /—1y*™N. Here (y%,...,y?\) is the rea local
coordinate. Suppose
g=g;dz' ®dZ

is the invariant Hermitian metric on D. The corresponding Riemannian metric is
then

G = Gapdy?dy®
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= 2(Reg, ;dy'dy! + Reg, ;dy"™Mdyl*™
—Img; ;dy"*Nrdy! +Img; ; dy'dy!*™).

Here we assume the sum over i,j,k, ... is from 1 to N; and the sum over
a,b,...isfrom 1 to 2N;. Thus

! (Weaba>

" Vet Gox
= darg s CROGH VTGN
Now
(G¥+ V=1G¥N)g,; = %(Gak +V=1GM)(Gg + V—1Gyjsn)
= &g + V= Lba(jsny)-
Thus

Ka
a< N
G*+yo1Ge = 9 9S
V=1g3a Nt a > N

So finally we have

_ 10 ag? 9 o
bz = detgé‘x'( )+ detgé‘x'Jf’\ll (detgv'—1g7)
_, 1 W W i

where w = g;dZ A d2 is the Kahler form of the invariant Hermitian metric g on
D.
So we have

8 a
Za— xdxdd = C—g‘k S(dw), 4
J

where C is a constant. Thus we have to prove

8fa

az g]k rs(d )rsk

Claim.
of®

Cag

kgS(dw) g = C(f* A w, dw).
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Proof. It follows from the definition of the inner product of the differential
forms. m]

Now let x € D. Then we have the symmetry o defined in Equation 4.1. Now
since f is constant along each fiber, thereisan f: G/K — G/K such that

Using oxp = poy and oxdf = —df, we have
oxdf* = oy df *p = poydf® = —pdf® = —df .
On the other hand oyw = w in Lemma 4.1. Thus
(df* A w, dw) = ox(df* A w, dw) = —(df* A w, dw).

The lemma is proved. O

Continuation of the proof. Now we know f is a harmonic map with respect
to the metric g. In particular, p is a harmonic map with respect to g. Sincep isa
surjective map, by the uniqueness theorem of the harmonic map, we know p =f.

But this is a contradiction, because f is a holomorphic map but p is not. So we
have proved that there are no Kahler metrics on D which are I'-invariant.
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