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A numericalmethodfor studying migration of voids driven by surface diffu-
sionandelectriccurrentin a metalconductingine is developed.The mathematical
modelinvolvesmaving boundariegovernedby afourth ordernonlinearpartial dif-
ferential equationwhich containsa nonlocalterm correspondingo the electrical
field anda nonlinearterm correspondingdo the curvature.Numericalchallengesn-
cludeefficient computationof the electricalfield with sufficient accurag to afford
fourth orderdifferentiationalongthevoid boundaryandto capturesingularitiesaris-
ing in topologicalchangesWe usethe modified immersedinterface methodwith
a fixed Cartesiangrid to solve for the electricalfield, and the fastlocal level set
methodto updatethe positionof moving voids.Numericalexamplesareperformed
to demonstrateahe physical mechanismsy which voids interactunder electro-
migration. © 1999AcademicPress

1. INTRODUCTION

In mary physical problems,masstransportalong interfacessuchas surfacediffusion
andgrain boundarydiffusion becomesncreasinglyimportantasthe characteristidength
scaleésreducedThediffusionalmasdransporis governedby arelevantchemicapotential
alongtheinterface.Corverging or diverging atomicfluxes causemotion or relocationof
boundariesThe dynamicsof theseprocessess of greatinterestto materialscientistsand
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biologists. Thereis a large literature on this topic. We refer the readersto two recent
suney articlesby Mullins [14] and Cahnand Taylor [5] andthe referencegherein.The
problemconsideredn this paperinvolvesthe evolution of voids underelectro-migration
in a conductingmetalline wherethe driving forcesfor diffusion arethe gradientof the
curvatureandthe electric potentialalong the void boundary The normalvelocity of the
void surfaceis given by the partial differentialequation(PDE)

Un = As(C19 + Cox), (1.1)

whereAg is the surfaceLaplacian,¢ is the potentialfunction associatedvith an applied
electricfield, andx is the meancurvaturealongtheboundaryjfor acircle, the cunvatureis
apositive constantThecoeficientsCy, C, arerelatedto the physicalconstants

_ eDQY37* _ D23y

Ci= = 1.2

wheree is the chage of an electron,2 is the atomicvolume, Z* is a phenomenological
constantelatedto the effective valenceof anatom,kg is Boltzmanns constant,Ty is the
temperatureys is the surfaceenepgy. TheconstantDs is definedas

_ D3
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wheress is thethicknessof thediffusionlayer, Die~ /e« is the surfacediffusion coefi-
cient,and Qs is theactivationenengy for surfacediffusion. Theelectricpotentialp satisfies
theLaplaceequationA¢ = 0, with no-fluxboundar)condition% =0onthevoid boundary
aswell asotherappropriatedboundaryconditionson the computationaboundary

For a void boundedby a closedsurface,it canbe shavn from the divergencetheorem
thatthevoid conseresits volume(or area)during surfacediffusion.In Eq. (1.1), thefirst
term, As¢, is anonlocaldriving force which tendsto drift the void alongwith the electric
current.Theseconderm, Aq«, isafourth ordernonlineartermwhich only dependenthe
local geometry The boundaryevolution governedby the surface Laplacianof the mean
curvature,as studiedby numerousauthors[3-5, 14], canbe regardedas a gradientflow
with H ! innerproductfor the surfaceareagiven by the equation

d—A = /UnK ds= /KASK ds=— / |Vsc|? ds. (1.4)
dt s Js Js
Suchaprocesgendsto minimizethesurfaceareawhile conservinghevolume.Anisotropy
canbeincludedin boththe free enegy andthe abore inner productin a variationalform
[5]- Anothertype of gradientflow which minimizesthe surfaceareawhile conservinghe
volume with L2 inner productis « — i, wherei is the averageof the meancurvature
alongthe interface. Thesetwo typesof gradientflows correspondo two limiting cases
of combinedsurface diffusion and growth process.The connectionbetweensharpand
diffuseinterfacemotionlaws via a gradientflow canbefoundin [19]. In general surface
diffusion problemsadmitfew analyticalresults.Dueto theintrinsic nonlinearityandlack
of a maximum principle, smoothsolutionsonly exist locally in time while topological
singularitiesoccurin finite time. Surfaces(curves) can meige or pinch-of in both two
andthreedimensionsA linear stability analysis[15, 18] indicatesRayleighinstability at
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long wavelengthperturbationslt hasbeenshovn usinga perturbatioranalysig3] thatthe
only stableequilibria are surfaceswith constantmeancurvaturewhich locally minimize
the surfacearea.The dynamicsand stability of self-similar pinch-of were also studied
in [3]. For a closedplanecurve, supposgXx(«, t), y(a, t)) is someparametrizatiorof the
cune. Definethe metric g(a, t) = /%2 + y2 andangled = tan 1(y,/X,). Following the
derivationgiven in [16], we have

10U,

Gt (o, 1) = 05 Un, Or(a, 1) = g da

’

whereU, is the normalvelocity of the curve. Using the factk =65 =6, /g and % = é i

da’

wheres is thearclength,we getthetime evolution equatiorbelow for the curvaturex wit
respecto thearclengths,

Uy,
Kty = —w — K Un.
If Uy =«ss, then
Kt = —KZKSS — Kgsss. (1.5)

We canseefrom the evolution equationthatthe first term, —««ss, is a secondorderand
nonlinearterm correspondindo a backward heatequationwhich causesnstability, while
theseconderm,—«ssss isalinearfourth orderstabilizingterm. Throughsimplelinearized
analysisve canseethelongwaveinstabilities If wemultiply theequatiorby « andintegrate
it with respecto s, afterintegrationby partswe have the enegy equation

d [F1, "2 b o
a/o K ds=3/O KKSdS—/O ks ds,

wherelL is thetotal lengthof the curve. A similartypeof equationdiscussedh [7], shavs
thataclosedcurvewill corvergetoacircleonlyif itsinitial shapedoesnotdeviatetoomuch
from a circle; otherwisesingularitiesmay occurin finite time. This phenomenoris also
discussedhrougha modified Kuramoto—Siashinsk equationfor nearly planarinterface
motionfor phasdransitiond2].

In this paperwe shalladdressomedifficultiesin thenumericaimplementatiorof mov-
ing boundaryproblemsarisingin electro-migratiorvoiding. Theseinclude(a) constructing
an efficient and accuratePoissonsolver for the equationsdefinedon arbitrary domains,
(b) trackingtopologicalchangegbreaking,meging) alonga moving interface,(c) evalu-
atingthe surfacelaplacianoperatoralongtheinterface.We wish to explorethe possibility
of simulatingmoving interfaceson a fixed Cartesiargrid without having to re-meshasthe
interfacegmigrate For this purposeweintroducethemodifiedimmersed-intedce-method
(IIM) developedn [10, 11]to solvethePoissorequatiorfor theelectricpotential We shav
thatthe systemcanbepreconditionedothatthe corvergences almostindependenof the
meshsize.We usethelocal level setmethodto updatetheinterfaceaccordingo Eq. (1.1).
Wewill deriveageneraformulafor thesurfacelLaplacianoperatoiin Cartesiarcoordinates
alongthe interfacerepresentedmplicitly by alevel setfunction. As discussedn [5], the
level setfunctionfor ageometricPDE cannotbe arbitrarily chosenSinceeachcontourof
thelevel setfunction moves accordingto its own curvaturevariation,andbecausef the
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lack of amaximumprinciple,differentcontouramaycrosseachother We adoptamodified
level setfunction method[22] which allows us to get aroundthis problemby (i) using
thelocal level setmethodsothatonly thoselevel setsthatarevery closeto the interface
areinvolved; (ii) stickingto the signeddistancefunctionasour uniquechoiceof level set
function;and(iii) extendingthe quantitiesattheinterface,if necessaryto otherlevel sets
sothatthey arenormalto theinterface.It hasbeenshavn [22] thatthis extensionof the
normalvelocity maintainghenormaldistancébetweerdifferentcontours After thesemod-
ifications,thelevel setmethodcanbe usedefficiently to capturemoving interfacesfor the
eletro-migratiorproblemddiscussedhere.An alternative approactwas proposedn [9, 20]
usingthe finite-elementfformulation with adaptve re-meshingThe numericalalgorithm
thatwe proposén this paperhastheadwantageof simulatinga moving interfaceon afixed
Cartesiargrid, which demands relatively smallamountof computationalesourcesand
may be desirableasa practicalanalysistool for mary applications.

2. OUTLINE OF THE NUMERICAL ALGORITHM

We considera moving boundarywith the normal velocity given by surfacediffusion
underalinearcombinationof electricalpotentialandsurfacetension,

82
Uph=As= @(Cld’ + Cox), (2-6)

whereg istheelectricalpotentialwhichis asolutionof the Laplaceequatioronthedomain
outsideof voids (seeFig. 1), « is the curvaturealong the boundaryof voids which are
immersedn afixed Cartesiargrid over the computationatiomain.

Below is an outline of our numericalalgorithm along with referenceto the specific
sectionsvheremoredetailsaregiven.

Outline of the Method

o Fromthelevel setfunction at a time level t", find necessarynterfaceinformation
suchasthe normalandtangentialdirections,the projectionsof irregular grid points,the
cunaturesetc.

e UsethellM to solve theelectricpotentialfunction; seeSection3.

e Findthecomponenbf thenormalvelocity of the surfacedueto the electricpotential;
seeSectior4.1.

e Findthecomponenbfthenormalvelocity of thesurfacedueto thecunaturevariation;
seeSectior4.2.

e Findthenormalvelocity of thelevel setfunction.

e Updatethelevel setfunction.

¢ Reinitializethelevel setfunction.

e Gotothenext timelevel.

3. AFAST ALGORITHM FOR COMPUTING THE ELECTRICAL
POTENTIAL ON IRREGULAR DOMAINS

We needto solve the Poissorequation

Ap=T(Xy), (X y) e, (3.7)
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FIG. 1. A sketchof a computationalomain.The regionsof Q, arevoids. We wantto track the motion of
theirboundaries.

— =v(S), (3.8)

wheres is thearclengthof theinterfaced Q2,. Thesolutionis definedon a multi-connected
domainwith given boundaryconditionson 02, (seeFig. 1). Thereis alsoa compatibility
conditionif theboundaryconditionsareof Neumanrype.In ourelectro-migratioproblem,
v(s)=0.

In recentyearsthelevel setmethod first proposedn [16], hasbecomea powerful tool
for computingmoving boundary/inteidiceproblems especiallyfor problemsthatinvolve
topologicalchangesnd/orin threedimensionsWeintendto presenaisimple,secondrder
discretizatiormethodfor solving (3.7) with theinterfacedescribedy alevel setfunction.
Thereareavarietyof methoddasednfinite differenceor thiskind of problemsfor exam-
ple,thecapacitancenatrixmethodandfastmethoddasednintegral equationsHowever,
mary of thesemethodgequireexplicit informationabouttheboundaryof exclusions such
assplineinterpolationsor Fourierexpansiondor closedregions.lt is notclearhow to im-
plementhesemethodsf theboundaryis describedy atwo dimensionalevel setfunction
becauseheinformationis given only atgrid points.Our discretizatiormethodis basedn
theimmersednterfacemethod[12, 21], andis designedor treatingNeumanrboundary
conditionsundertheleved setformulationwith anefficient preconditioningechnique.

Totakeadvantagef afastPoissorsolver, weextendtheequatiorto theentirerectangular
region

Ad
gt
n |yq,

f(x,y), (X, y) € Q21U Qy, (3.9

(s, (3.10)

where f (X, y) is definedaszeroin £2,. We usea + signto indicatethelimit of afunction
whenapproachingrom the exterior of Q5. The solution¢ inside 2, dependon how the



286 LI, ZHAO, AND GAO

jump conditionsalongtheinterfacearespecifiedIf a singlelayeris introducedthereis a
jumpin thenormalderivative. If adoublelayeris introducedthefunctionis discontinuous
acrosgheinterface.Usually we cannotrequirethefunctionandits normalderivative to be
continuousacrosgheinterfaceatthe sametime. Following theideaintroducedn [12, 21],
we eitherintroduceanunknovn jump in the solutionandrequirethe normalderivative to
be continuousor vice versa.However, to force the solutionto be continuousmay leadto
rapid changesn the function,andanill-conditionedsystemfor the unknaovn jumpin the
derivative.
Now considetthefunctionalg(g),

Ap =Ty, (XY €U,

3.11
[6]105,(9) = G(S). [Jallsc, = O, (3.11)

wherethejump acros92; is thedifferencebetweerthelimiting valuefrom the exterior of
thevoidsandthatfrom theinterior. Sincethejump conditionsalwaysreferto theinterface
002, wewill omittheexplicit referencdo 92, fromnow on. Thesolutiong (g) of thesystem
above is a functionalof thejump g(s) with [u] = g(s). We areinterestedn the particular
g(s) suchthatd¢ (g)/on = v(s). Thiscorrespond$o adoublelayerin thepotentialtheory

3.1. Discretizationof the Interface

In orderto constructa fastand corvenientnumericalalgorithm for moving interface
problems we adopta uniform Cartesiargrid with a fastPoissonsolver andusethe level
setmethodto updatetheinterfaceat eachtime step.

Thegrid pointsaredividedinto two cateyories:regular grid pointsarethosdocatedaway
from theinterfaceandirr egular onesarethoselocatedwheretheinterfacecutsthroughthe
standardive point stencil.Our attentionis focusedon theirregulargrid points.

A two dimensionalevel setfunction¢(X, y), wherep(x, y) = 0 describeghelocation
of theinterface,is introducedIn thelevel setformulation,theinterfaceinformationis only
given at grid points.To solwve for the unknavn jump function g(s) sothatthethe solution
satisfiestheNeumanrboundarycondition weneedodiscretizeg(s) aswell. In otherwords,
we needto find valuesof g(s) at discretepointson the interface.Too mary pointsoften
leadto alarge andill-conditionedsystemwhich alsomeanamorestorageToo few points
oftenleadto lossof accurag. Our strateyy is to find the projectionsof irregulargrid points
ontheinterface.Let X = (x;, y;) be anirregular grid point. Its projectionsX* = (x*, y*)
canbefoundusingthefollowing procedurgseealsoFig. 2):

1. Findtheunit steepesascendirectionp at X:

Vo

p= . (3.12)
IVell
2. Locatethe projectionof X ontheinterfacealongthedirectionp,
X* =X+ ap, (3.13)

whereax is determinedrom the quadraticequation

9o(X) + [IVolle + 3(p" He(p)p)a? = 0 (3.14)



ELECTRO-MIGRATION 287

r

s .

w(z,y) >0

o(z,y) <0 (& y")

@
(zs, ;) (Tiy1,95)

o(z,y) =0

FIG. 2. Findingthe controlpoint X* from anirregulargrid point (x;, y;), ¢(X., ¥;) <0. It canbe choseras
the projectionof thegrid pointontheinterface.

andHe(p) is theHessiammatrix of ¢,

Pxx  Pxy
H = , 3.15
SR ] (3.15)

evaluatedat X.

We only defineg(s) onthoseprojectiondrom aparticularside for example o (X, y) > 0.
Wewill callthemSet. Theprojectionsrom the othersideof theinterfacearecalledSey; .
Thevaluesof g(s) onthoseprojectionsin Sef; canbedefinedvia interpolationusingthe
valuesdefinedat thosein Set. Theinterpolationschemewill be explainedlater Notethat
we do not needto order the projectionswherethe unknovn jumps are defined,a very
importantfeatureof thelevel setformulationcomparedvith the Lagrangiarformulation.

3.2. Discretizationof the PoissonEquationwith Jumps

Given jump conditionsacrosgheinterfaced 2o,

[#l=g(s), [#nl=0 [f]l=1"(9 (3.16)

at all projections,we usethe immersedinterfacemethodto solve the Poissonequation.
Theessencef thismethod10-12]consistof afinite differenceschemewith thestandard
discreteLaplacianplus a correctionterm at the right handside associatedvith irregular
grid points, leadingto a discretesystemwhich can be solved by a fast Poissonsolver.
Thedetailscanbe foundin [10-12]. Theinterfaceinformationsuchasthe tangentialand
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FIG. 3. A diagranofthelocalcoordinatesTheinterfacecanbeexpresseass (1) with £ (0) = 0andg’(0) =0.

normalderivatives andthe curvatureat projectionss obtainedirom the valuesof thelevel
setfunction at grid pointsplus a bilinear interpolation;see[12] for details.A key partis
evaluatingthefirst andsecondderivatives of thejump [¢] alongtheinterface.

Evaluationof the derivativesof thejumpfunction[¢]. Theideais to usetheweighted
leastsquareiterpolation12] to approximateéhederivatives of thejumpalongtheinterface
atagivenprojectionX* = (x*, y*). Weusethelocal coordinatest (x*, y*) in thetangential
andnormaldirections(seeFig. 3),

E=XX—-x%co (y—y"sin (3.17)
n=—(X-—Xx*)sing + (y — y*) coso,

whered is the anglebetweerthe x-axis andthe normaldirection, pointing to the region
of Q1.

In orderto usetheweightedeastsquaresnterpolationwetake asmallcircle ® centered
at(x*, y*) with aradiuse; usuallyex is betweerl.5h and4h sothatatleastthreeprojections
from Se{ areenclosedIf we canfind the signedarclengthstartingfrom (x*, y*), wecan
useanappropriaténterpolationschemeo approximatehederivatives of thejumpfunction
with respecto thearclength.Near(x*, y*), theinterfacehasthe form

£(n) = Cn?+ Dn*+ O(n™). (3.18)

Let X; = (X, yi) beaprojectionin Sef but differentfrom (x*, y*). We candetermine
the constant< and D usingtheinterfaceinformation.Denote(n;, n,) astheunit normal



ELECTRO-MIGRATION 289

directionof theinterface;we have

2Cn; + 3Dn?

\/1+ (2Cny +3D2)°
1

\/1+ (2Cn: +3Dn3)°

(3.19)

=n%-7

where(&1, n1) arethecoordinatesinderthetransformatiorf3.17) . Wearrive atthefollowing
linearsystemof equationgor C andD:

Cn?+ Dn? =&,

. n, (3.20)

2Cn1+3Dn; = ——.
Ng

In otherwords,thecurveisapproximatedby aHermitesplineinterpolatiorbetweenx* and
X;. Oncewe have solvedfor C and D, we have an analyticexpressiorfor approximating
theinterface.ThearclengthbetweerX* andXj is determinedrom

N1
|sl|:/ V/1+ (2Cn 4 3Dn2)2dn. (3.21)
0

This definiteintegral canbe approximatedy the Simpsonrule or a Gaussiarmquadrature
formula using the approximateanalytic expressionof the interface.In this way, the arc
lengthis evaluatedo third orderaccurag, whichis necessarfor thesecondrderscheme
for thePoissorequationNotethatthedistancebetweertwo pointsontheinterfaceis only a
secondarderapproximatiorto thearclengthandis notaccuratenougtfor ourrequirement.
Finally, we needto determinethe sign of the arclengthaccordingto the relative position
betweenX* andXj,

—|s1] otherwise

wheret* is thetangentialectorat X*.

We useuppercastettersto expresdiscretequantities For example,G(s) is thediscrete
form of g(s). Oncewe have the sighedarclengthbetweenX* andotherprojectionsfrom
Set, itiseasyto interpolateG(s) from Sej to obtainG’(s*) andG”(s*) atary projection
on the interface, eitherin Se{ or in Sef;, using the following weightedleastsquares
interpolations,

GsH= Y. aG(Xp), (3.23)
X;eSefnNo

G'(sHh= >  BGXp, (3.24)
X:eSeino

G'(sh= Y  wnGXp, (3.25)

X;eSetno
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whereawy, Bk, andyy arethe coeficientsof theinterpolationwhich is determinedrom the
system

2 Gk 1 0 0

> kS | [, B,7] = | O or 1 or 0f, (3.26)
2 0 0 1

dek%

wheredy is the distancebetweenX; and X* and ¢, 3, and ~ are the vectorswhose
componentarethe coeficientsay, Bk, andyk. Theseare underdeterminedsystemswith
the samecoeficient matrix of full row-rank. We usethe leastsquaressolutionfrom the
pseudo-imerse.The solutionminimizesthe Euclideannormamongall possiblesolutions.
With theweightedeastsquaresnterpolationtheerrorsin theinterpolationvary smoothly
andthosepointscloserto the centeraregiven moreweightthanthe otherpoints.

With the schemediscussedbore for evaluatingthe jump [¢] andits first and second
derivatives therestof theimplementatiorof thellM methods straightforvard. Theprocess
of thediscretizatiorcanbewritten in a matrix—ectorform:

Ad + BG = F. (3.27)

Here A is thediscreteLaplacianusingthe standardive point stencil, B is the deviation of
the differenceschemedueto the jump in the solution,and F is the sourceterm plus the
correctiontermsatirregulargrid points.

3.3. Discretizationof the Residual

We wantto find g(s) suchthat¢ (g) satisfieshe Neumanrboundarycondition
dF = v(s). (3.28)

For an arbitrary[¢], the solution¢ (x, y) usuallydoesnot satisfythe equationabove. The
discretedifferenceof the two sidesis the residual.An iterative schemeis neededuntil
(3.28)is satisfiedto a given accuray. Takinginto accountall of ®;; enclosedn a circle
surroundinga projection,the residual,onceagain,can be computedusing the weighted
leastsquaresnterpolation,

F(G(s) = D aijPyj + C(9), (3.29)
ij
whereC (s) is avectorof thecorrectiontermsatthe projectionsWereferthereaderto [12]

for the details.
The matrix—\vector form of suchdiscretizationand the interpolationcan be written in

termsof ® andG as
A Bl[® F
< oflel=lv) @30

The Schurcomplemenfor G thenis

(D-—EA'B)G=V-EA'F

.

(3.31)
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We usethe GMRES methodto solve the muchsmallerSchurcomplemensystem.Each
iterationinvolvesonefastPoissorsolver andaninterpolationschemeo evaluatetheresid-
ual. A preconditioningstratey is usedto acceleratéhe corvergence Theinitial guesshas
little effect onthe numberof iterations.Sowe simply take theinitial guessaszerovector
Notethatif theinterfaceis a circle, andthe domainis infinite, thenthe solutionis indeed
zero(seethediscussiongn thefollowing section).

3.4. A PreconditioningStrategy

Sincethe homogeneoudeumannconditionis prescribedon the boundarya s, the
solutionin theinterior of thevoidsis definedonly upto anarbitraryconstantHowever, the
condititionnumberof the Schurcomplementiepend®n the constansolutionin €2,. This
situationis remediedoy settingthe solutionin €2, to betheaveragevalueof thesolutionat
all irregulargrid pointsfrom the othersideof theinterfaceat eachiteration.

The preconditioningtechniquesdiscussedabove can be justified using the theory of
integral equationsThe solutionof the Poissorequationcanbe written asthe distribution
of sourcesaanddipolesalongtheboundaries,

p(x) = zi/ pa(s) loglx — X(s)| ds+ i/ Mz(S)i logix — X(s)|ds.  (3.32)
7 Joo, 21 Jyq, on

The sourcestrengthsu:(s) and ua(s) are determinedfrom the boundaryconditionson
01 ando2,. SeveralfastPoissorsolversfor problemsonirregulardomainsarebasedn
solvingtheintegral equationsHowever, for a boundeddomain,the numberof unknavns
usuallyis morethandoublethatin the approachdescribecherebecausef an additional
unknowvn sourcestrengthalong 0€2;. Note thatthe sourcestrengthu,(s) correspondso
thejump of thesolutionacrosgheinterfaced$2,. Sincethesolutioninsidethevoidscanbe
ary arbitraryconstantwe needto have anadditionalconditionto uniquelydeterminethe
solution.A corvenientconditionis to definetheconstanastheaverageof thelimit solution
from ©, sideapproachindo 9$2,, thatis,

cz/ ut(X)ds (3.33)
J o,

This condition minimizesthe jump in the solution, which is equivalentto minimizing
the conditionnumberfor the Schurcomplementlf 9, is a singlecircle andthe overall
rectanguladomainis very large, thenthe solutionis closeto beingaxi-symmetricandwe
will obtainthe convergencein a coupleof iterations.

Our numericalexamplesindicate that the numberof iterationsfor solving the Schur
complements smallandis independenof thegrid size.It turnsoutthisis alsotruefor the
casewhereV is notzero;seethe examplein Section3.5.

In practice thematricesandvectorsin (3.30)and(3.31)arenever formedexplicitly. The
algorithmis outlinedbelow:

Outline of thealgorithmto evaluatethe electrical potential

1. Initialization: Settingup the grid andthe boundaryconditionson 92;; indexing the
grid pointsasregularor irregular; obtainingprojectionsof irregulargrid points;evaluating
thenormaldirectionandthe cunatureinformationof theinterfaced 2, atthe projections
of irregulargrid points.It is affordableto storethesedatasincethenumberof irregulargrid
pointsis roughlythe squareroot of the total numberof grid points.



292 LI, ZHAO, AND GAO

2. Findingtheright handsideof the Schurcomplemensystem(3.31).Thiscanbedone
by settingG = 0in (3.27)to obtainthesolutionof the Poissorequatiorandcalculatingthe
residualof (3.31).

3. Applying the GMRESiterationwith aninitial guessof G. The main procesf the
GMRESmethodrequiresonly matrix—ectormultiplications.Thisinvolvesessentiallytwo
stepsin our algorithm. Thefirst stepis to solve the Poissorequationwhich corresponds
to the matrix—vectormultiplicationin the GMRESmethod.The main costof this stageis
obtainingthecorrectiontermateachirregulargrid pointdueto thejumpin thesolution.The
fastPoissorsolverthatwe employedis themodifiedHWSCRT routinefrom FISHPackage.
Thesecondstepis to interpolatethe solutionof the Poissorequatiorto obtaintheresidual.

3.5. NumericalExampledor the Evaluationof the PoissonEquation

We provide oneexamplewith differentboundaryconditionsto shav theefficiengy of the
algorithmproposedbore. Thisis themostcostlypartin thesimulationof electro-migration
voids.Wewantto verify secondrderaccurag of thesolutionprocedureandmoreimpor-
tant,alsoto verify theassumptiorthatthe numberof iterationsis nearlyindependensof the
meshsizeexceptfor afactorof logh.

We constructanexactsolution:

(X, y) = —3logr +12, 1 =X2+y?

3.34
f(x,y) =4. ( )

The boundaryd2; is the unit rectangle:—1 < x, y < 1. Theinterior boundarya 2, is an
ellipse
X2 2
22 + 2= 1
Casel. TheDirichletboundaryconditionon d€2; andthenormalderivative boundary

conditionon 92, aregiven usingtheexactsolution.Thefirst partof Tablel shavsthegrid
refinementnalysisandotherinformationwith a= 0.5 andb=0.4.

In Tablel, n is the numberof grid linesin the x- and y-directions;e is the error of the
computedsolutionin the maximumnorm; n; is the total numberof irregular grid points;
n, is the numberof irregular grid pointson oneside,which is alsothe dimensionof the
Schurcomplementk is the numberof iterationsof the GMRESmethod whichis alsothe
numberof the fastPoissonsolver called.We obsene a secondorderrate of convergence
in the maximumnorm. The numberof iterationsfor the GMRESiterationis proportional
to logh. Notethatthe errormay not be reducedexactly by a factorof four but rathermay
fluctuate asexplainedin [12].

Case 2. Thenormalderivative d¢/dn is prescribecon 921 usingthe exactsolution.
In this case the solutionis not uniqueandthe compatibility conditionmustbeimposedn
orderto obtainareasonablyaccuratesolution.To obtaina uniquesolution,we specifythe
solutionat one cornerusingthe exact solution. In this way, we canmeasurehe error of
thecomputedsolution.Tablell shavstheresultsof the grid refinementanalysis We have
resultssimilar to thoseanalyzedabove.
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TABLE |
The Grid RefinementAnalysiswith a=0.5,b=0.4,and b=0.15

n a b e r ny n, k
40 0.5 0.4 5.7116x 10* 100 52 16
80 0.5 0.4 1.4591x 10* 3.9146 204 104 17
160 0.5 0.4 3.5236x 10°° 4.1408 412 208 19
320 0.5 0.4 8.1638x 10 4.3161 820 412 21
n a b e r n, n, k
40 0.5 0.15 4.4820x 103 68 36 13
80 0.5 0.15 1.1466x 1073 3.9089 132 68 15
160 0.5 0.15 2.6159x 104 4.3832 68 136 17
320 0.5 0.15 6.7733x 10°° 3.8621 68 268 20

Note Dirichlet boundaryconditionsare prescribedon 92;, and Neumannboundaryconditionsare
prescriben d<2,. Secondrdercorvergenceds obsered. Thenumberof iterationds almostindependent
of themeshsize.

TABLE I
The Grid RefinementAnalysisfor Pure NeumannType Boundary Conditions

n a b e r ny n, k
40 0.5 0.15 4.5064x 102 84 44 14
80 0.5 0.15 1.2529x 1073 3.5967 164 84 17
160 0.5 0.15 3.3597x 1074 3.7292 332 168 19
320 0.5 0.15 7.9409% 10°° 4.2309 668 336 21

4. EVALUATION OF THE NORMAL VELOCITY OF THE SURFACE

Calculatingthe surface Laplacianoperatoralong a curve in two dimensionss fairly
straightforvard.In higherdimensionshowever, aniceparameterizationf thehypersurce
canbeverydifficult tomaintainin aLagrangiarformulationandhencehesurfaceLaplacian
operatoicanbeproblematidn numericalkcomputationSincewe areusingafixed Cartesian
grid we will useaformulafor the surfaceLaplacianoperatoiin CartesiarcoordinatesWe
areusingthelevel setmethodo capturehemoving interfaceandthegeometryis embedded
in thelevel setfunction.OursurfaceLaplacianoperatothusmustalsobeexpressedh terms
of this level setfunction.We startwith thetwo dimensionakaseandthenextendit to ary
numberof dimensionsLet + be the tangentialdirectionof the curve andn beits normal
direction. Assumes is the arc length parameterlf f is a function thatis definedin a
neighborhooaf the curve, thenthe surfaceLaplacianof f is

d?f

B _d( af 92f
T4 " ds

T
Asf Vf)y=«n-VFf +7 He(f)T=K%+Af—W,

wherex is cunatureandHe( f) is theHessiarof f. Thereforewe have

Af THe(f)T +n" He(f)n 82f+82f
=T T =+ -=-
9tz 9n2
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In generallet I" be ann— 1 dimensionalhypersurfacein R" and f be a function de-

finedin aneighborhoodf I'. Letey, &, ..., €, bealocal coordinateframeof R", where
e, &, ..., &1 areinthetangenplaneof I ande, isthenormalof I'. ThesurfaceLaplacian
of fonlis

of 92 f of 92 f
Asf =— + Z — =k— + Af — —,
i=1n-1 3%2 8en 8(:‘%

wherex is themeancurvature(sumof the principal cunvatures)f thesurface.ln thelevel
setformulation,with the surfacedefinedby the zerolevel setof ¢,

(4.35)

Vo Vo of Vo 9%f Vo'

€ = e
Vol Vol den Vgl ’ g Vel

Vol

= He(f)
If f=xk=V- g—“" is the meancurvatureof thelevel setfunctionwe obtainafourth order
nonlinearPDEfor thelevel setformulationof surfacediffusionof themeancurvatureflow.
Thereis verylittle analysidor thisPDEasfar asweknow. If thelevel setsof ¢ areparallel,
i.e.,|V¢| = constantthen

92 f Vo Vo

_:en.v(en-Vf)z—-V(—-Vf>.
d€; Vol Vol

If fisconstaninthenormaldirection,i.e.,V f -e,=0,wehavedf/de, =0. Numerically

if we canmale ¢ a distancefunction (throughthe re-initializationprocessandextend f

suchthatV f - Vg = 0 (see[17]), thenwe have

Asf = Af,

whichis very easyto computeon a Cartesiargrid. For accurag we preferto use(4.35)in
our numericalcomputation.

4.1. Evaluationof the SurfaceVelocity dueto the Electrical Potential

The electric potentialfunction is only definedoutsideof the voids. However, for the
level setformulation,we needthe velocity field in a thin tube surroundingthe interface.
The difficulty is thatwe do not have ary informationinsidethe voids andthe computed
potentialis only secondorder accuratenearor on the interface wherethe error of the
potentialis not smooth As aresult,oscillationsin thevelocity will bepresentftersecond
orderdifferentiation.Suchoscillationswill alsoaffectthe choiceof thetime stepandarea
consenration (seeSection4.3aswell). Our stratgy is to usea secondorderextrapolation
to extendthe informationoutsideof the voidsto theirregulargrid pointsinside,andthen
to computethe derivative alongthetangentialdirectionto obtainthe normalvelocity of the
surfacedueto the variationin the electricpotential. Thereare a variety of choicesasto
whenandhow to do the extrapolationalongthe normaldirectionanddifferentiatingalong
thetangentiadirection.The schemeausedin our simulationis the following:

e Usethestandardcentralschemao compute

Lo ¢ Loy
@ _%h 4+ 4,
s ax vt ay Mx (4.36)

atregular grid pointswhich lie insidethe computationatubebut outsidethevoids.
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e Usetheweightedleastsquaresnterpolationto obtain% atall irregular grid points,
bothinsideandoutsidethe voids by extrapolationandinterpolation respectiely.

. Extend% from theinterfacealongthe normaldirectionn to all grid pointsaswell as
to thosepointswhich arelocatedinsidethe void within the computationatubeusingthe

formula
¢ o\ Vo _ B

Heresign(y) is thesignfunctionof ¢. It switcheghedirectionof informationpropagation
alongcharacteristicat the interface.For moreinformationon velocity extension seealso
[6,13,17,22].

e Finally, usethe standardcentralschemeto computethe part of the surfacevelocity
dueto theelectricpotential

a [0 a [0 a (0d
9 (9 =—— 99 ny + — ki Ny. (4.38)
9s \ 9s ax \ 9s ay \ 9s
For two dimensionakurfacediffusion problems the total internalareaof voids should
remainunchangedby the consideration

2
//V-udxdy:Y{Vnds=7{%(cl¢+czx)d550.

In our method thesurfacevelocityis proportionako thetangentiaderivative of afunction.
Theoreticallyandnumericallythisapproactpreserestheareabetterthantheapproachhat
extendsthe velocity afterit is computedat or neartheinterface.

4.2. Evaluationof the SurfaceVelocity dueto the Curvatue

In two dimensionsit is relatively straightforvardto evaluatethe surfacevelocity dueto
thevariationsin curvaturesincethecurvatureis definedatall grid points.It canbedoneby
finding the seconddirectionalderivative of the curvature;see(4.36)and(4.38).Sincethe
computationaprocessnvolvesfourthorderderivatives of thelevel set,onemaybetempted
to useafourth orderschemedo computethefirst orderderivatives,a third orderschemeo
computehesecondrderderivatives,andsoforth. While thisapproacts soundn principle,
it resultsin largererrorscomparedvith thestandaratentraldifferenceschemendrequires
alargerwidth for the computationatubeusedin thelocal level setmethod.Thetime step
sizealsoneeddo becutto keepstability. Furthermorewith wider supportandfourth order
derivatives, specialcare must be taken to handlethe boundaryconditionsof the voids.
Numerically a high ordermethoddoesnotgive betterresultsin ourcasebecauserrorscan
be amplifiedandoscillationscanoccurat or nearthe interface.We find thatthe standard
centraldifferencescheme also usedin [1] for etchingand depositionproblems,works
bestin our numericalexperiment.n fact,it canbe shovn that,if afunctionis sufiiciently
smooththecomputedourth orderderivatives usingthestandardentraldifferencescheme
aresecondrderaccurateln [1], atwo dimensionamodelinvolving only surfacediffusion
termsis consideredThereareno topologicalchangesn thegeometry

After we computedthe normal velocity of the boundariesof the voids, we usedthe
weightedENO (essentiallynon-oscillatory)schemeto updatethe level setfunction and
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performthere-initializationprocessThe WENO schemés morestableandaccurateand
theerrorsaresmoothetthanthoseof the ENO schemgse€[8]).

4.3. ChoosingAdaptiveTime StepSteps

The CFL conditionfor the surfacediffusionis
Aty < h*/C,. (4.39)
The CFL conditionfor the Hamilton—Jacobiaequationin updatingthevelocity is
Aty < h/Unax (4.40)

whereUnay is thelargestmagnitudeof thenormalvelocity in thecomputationatube.Since
the electricalpotentialis theinversionof the Laplacianoperatorthe CFL conditionfor its
surfacediffusionis

Atz < h?/C,. (4.41)

The adaptve time stepis chosenfrom the smallestof the threefor the explicit method.
Usually C; is relatively small comparedwith C;, andthe time stepis tolerablefor the

simulationson mostworkstationsHowever, it is known thatthe desiredevel setfunction

is the signeddistancefunction. Sucha level setfunctionhaskink at somepointsor along
acunewhere is notwell defined(seeFig. 4). Whenthe computationatubecontains
thosepoints, the calculationsare not correctat thosepoints sincethe derivatives do not

exist. The normalvelocity canhave very large magnitudesat thesepoints,leadingto very

smalltime stepsizesandsometimesnstabilities.Anothermathematicatoncernis, aswe

pointedoutin the Introduction,thatif eachlevel setfunction maoves accordingto its own

geometryandmotionlaw independentlyhesetswill runinto eachotherdueto thelack of

a maximumprinciple in this problem.Our numericalsolutionto this problemis to usea
cut-off function x,

1 ifx O
X x 1420x3 10x2 4x 1 ifo x 1 (4.42)
0 if 1

Thenew velocity is definedas

upe ( °> Un (4.43)

In averythin tubecontainingtheinterface, o, thenormalvelocityis unchangedt is
graduallyloweredto zeroto take careof thetroublesomeointswithouta significanteffect
onaccurag. Wechoose 3hand g is betweer2h and4h in ournumericaltests Notice
thatwe useda cut-off functionwith upto third ordercontinuouserivatives,in aneffort to
reducethe oscillationsintroducedby the cut-off nearthe boundaryNumericallyspeaking,
thelevel setfunctionprovidesbodyfittedparallelframeglevel setsheartheinterfacewhich
cancaptureboththe geometryandthe motion of the interfaceon a Euclideanframework.
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FIG. 4. Grid pointsshovn asopencirclesindicatepointsthatareeitheron or closeto thekink of the signed
distanceunction;the solid dotsareprojectionsof irregulargrid pointsontheinterface.

Physicallyand mathematicallywhat really mattersis just the motion of level setsvery
closeto the interface.Due to a hnumericalCFL conditionandcorrectscalingof the level

setfunction (distancefunction) the level setformulationis guaranteedo betroublefree.
The reasorwhy we usea cut-off function insteadof extendingthe normalvelocity is to
enforceareaconseration,aswe mentionedefore. Ourapproacteffectively eliminateshe
possibility of having overlaige normalvelocitiesnearthekink of thelevel setfunctionnear
theinterface.

Remark4.1. Whentopologicalchangedake place,we cannolongercut off thekink.
The calculationmay lose someaccurag at thosepoints. On the other hand,we need
somemathematicalnsightsbeforewe canfix the problemnumerically Somedifferent
approachesombiningperturbationtechniquesthe particle method,and/orthe boundary
integral methodwith thelevel setformulationareunderinvestigation.

5. NUMERICAL EXPERIMENTS

We have performeda seriesof numericalexperimentson theinteractionof voidsduring
the electro-migrationprocessin an attemptto drav somephysicalinsightsfrom these
experimentsFor all thetestsshavn here,we usedNeumanrboundaryconditions(flux) at
theleft andright edgesf therectanglesandhomogeneoulleumanrboundaryconditions
atthetop andbottomof therectangles.
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FIG. 5. A void evolution with large chemicalpotential. The motionis relatively stable.

In thefirst two experimentsyvetry to reproduceheresultsfrom [20]. Thecomputational
domainistherectangle 25 x 25, 05 vy 05.Theinitial voidisacirclecentered
at( 1.5,0)withradiusr 0 25.In thefirst casethecoeficientsof thepotentialsaretaken
tobeC; 0625andC, 0625 625 10 3, correspondindo the parameterghosen
in [20]. The computationalgrid is 300 60,or h 1 60. Figure5 shaws the evolution
of thevoid with time. For this testproblem,the surfacetensionis relatively large andthe
configurationis stable . Therelative areachangéor this caseis lessthan0.0619%.

In the secondcasesee(Fig. 6), the coeficient of the chemicalpotential,C, 1875
208333 10 4, issmallcomparedo thatof the electricalpotential,C; 1 875,andthe
motion is lessstablethanthatin the first case.The grid spacingish 1 100.The area
lossis about6% justbeforethevoid breaksup. Our simulationhasgonebeyondtheresults
obtainedin [20]. Theevolution processeemdo agreewith theresultsin thatpaperup to
sometime by comparinghegraphghere Notethatwe usedNeumanrboundaryconditions
attheleft andright edgesof the rectanglewhile Dirichlet boundaryconditionswereused
in [20]. Usuallyit is harderto solve Poissorequationsith Neumanrboundaryconditions
thanwith thoseof Dirichlet type.

Asdiscussedh [20], thestability of thevoid shapedepend®ntheratiobetweerthedriv-
ing forceassociateavith the surfaceenegy andthatassociateavith theelectro-migration.
For fixed line geometryandvoid size,thisratiois proportionalto C; C,. Ourfirsttwo test
caseswhich essentiallyreproducehe correspondingxamplesgiven in [20], demonstrate
that a nearly circular void shapeis stablewhenC, C; 625 10 2 andunstableat a
smallerratiowhenC, C; 208333 10 “. In thefirst testcase,andfor all caseswith
largerC, Ci, thenearlycircularvoid shapés stablebecaus¢he dominatingdriving force
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FIG. 6. A void evolutionwith smallchemicalpotential. The motionis lessstable.

is the surfaceenengy, which tendsto resistdeviation from the circularshapeln thesecond
caseandfor all caseswith smallerC, C;, electro-migratiorforcesbecomedominantand
causdrasticdeviationsfrom thecircularvoid shapeFigure7 shavs anevolution process
with evensmallerC, C;. The calculationwas donewith a coarsegrid, h 1 50. While
we seemorelossin the area,we seea similar patternin the evolution processThe loss
in the areais dueto the poorresolutionandthe large cunaturesthat appeaimmediately
following topologicalchange.

Thealgorithmdevelopedherecanbe usedto studytheinteractionsof multiple voidsin
anelectro-migratiorline. Figure8 shows the evolution procesf two voids. Thefirst one
isacirclecenteredat( 2.1,0)with radius0.15.Theseconctircleis centeredgt( 1.55,0)
with radius0.3. The coeficient of the chemicalpotentialis choserasC, 39062 10 °
andthe coeficient of the electricalpotentiall.875,with theratioC, C; 208 10 Sin
therangeof instability. Theelectricalpotentialis dominantandthemotionis towardamore
unstablepatternwith the creationof a numberof smallvoidsfrom thelargervoidsthrough
shapénstabilities.In thiscaseh 0 01landtheareachangss lessthan2.7%.Mostof the
lossin theareaoccursaftersmallvoidsareproducedThelargecurvatureof thesmallvoids
compensatef®r thesmallchemicabotentialcoeficientC, relativeto theelectro-migration
coeficient C;. This is not unexpectedbecausea small C, C; indicatesshapeinstability
of large voids, which tendto breakup to into smallervoids in orderto seeka balance
betweerthe driving force associatedvith the surfaceenegy andthatassociatedvith the
electro-migrationThe sameargumentwould indicatethatconditionsof smallC, C; tend
to preventmeiger of voidsinto larger ones,which is consistantwith our obserations.In
this simulation,we seealsothatsmallvoids move fasterthanlarge ones.
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FIG. 7. A void evolutionwith very smallchemicalpotentialon a coarsegrid.

It appearghattheinteractionof voids evolvestoward anenepgeticbalancebetweerthe
surfacetensiorandelectro-migrationWehavealreadyseerthatlargervoidstendto breakup
into smalleroneslf thesurfacetensionforceis sufiiciently large,two or moresmallervoids
may meigeto form largervoids, asis demonstrateéh Fig. 9, wherewetake C, 00391
andC; 1875.In thesimulation,h 1 60. Initially thevoids aretwo ellipses:Thefirst
oneis centeredat (0.35,0.5)witha 02andb 0 14,wherea is themajorandb is the

FIG. 8. An evolution procesf two voidswith smallchemicalpotentials.
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FIG. 9. An evolution proces®f two voidswith large chemicalpotentials.

minoraxis.Theellipsetotherightis centeredt(0.65,0.5)witha 024andb 012.The
areachangds about10%, whichis muchworsethanthe valuesin our previous casesWe
believetherearetwo factorswhichaffectthelossof theareaThemajorfactoris thelargeh,
which, of coursemeandack of resolutionin thesimulation.For problemsnvolving fourth
orderderivatives,we find thatreasonableesolutionis necessaryo presere thearea.The
secondfactoris the singularity beforeor after the topologicalchangesi.e., the meging,
wheresomepartsof thelevel sethave very large curvatures.

Figure 10 shavs the interactionof two voids undera relatively large C, C; ratio. The
first oneis anellipsecenteredcat ( 2.1,0) with themajoraxis0 3 andthe minor axis0.2.
Theforce coeficientsareC; 1875andC, 0007324.Thevoid to therightis acircle
centeredat ( 1.5,0) with radiusO 2. Theelectricfield becomegoncentratethetweerthe
boundaryof the conductingline andthe larger void. Due to this concentrationthe upper
andlower tips of thelargervoid aredriven fasterthanthe mediumportionandthe smaller
void is shieldedfrom the electricfield by the presencef the large void. As a result,the
large void wrapsaroundthe small void without breakingup into smallervoids. The case
demonstratethe strongshieldingeffect of largervoidswhenthey arerelatively stable.

As afinal example,we investigatethe effect of initial shapeof a void. Figure11 shavs
the evolution processof an ellipsecenteredat ( 1.8, 0) with the major axis 0.4 andthe
minor axis 0.2. The coeficientsareC; 1875andC, 0390625 10 3. Thesurface
tensionforcetendsto smooththevoid shapédnto acircle. Theeffectof electricalpotential,
on the otherhand,causesa protrusionof the void with a relatively large curvatureat the
frontaltip of thevoid. This sharptip moves rapidly underthe electro-migratiorforcesand
dragsthe restof the void along. Sucha worm-like motion of void demonstrateanother
delicatebalancebetweersurfacetensionandelectro-migratiorforces.
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FIG. 10. An evolution procesof two voidswith large chemicalpotentials.

FIG. 11. An evolution procesf two voidswith large chemicalpotentials.
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6. CONCLUSION

Inthispaperwehavedescribednumericamethodor thesimulationof movinginterface
problemswhicharisein electro-migratiorvoidingin integratedcircuits.In comparisomwith
acorventionalffinite elementor aboundaryelement-basedumericaimethodwith adaptve
meshing,our methodhasthe advantageof employing a fixed Cartesiargrid without the
needof re-meshingat eachtime step.A fastiterative methodusingthe GMRES iteration
hasbeenadoptedo solve the Laplaceequationsassociateavith electricpotentialon the
exterior of voids. The evolution of void boundariess describedy atwo dimensionalevel
setfunction which is updatedat eachtime stepaccordingto surfacediffusion equations
governedby combineddriving forcesassociatedvith surfacetensionandelectricpotential.
The level setmethodis usedto efficiently updatethe motion of voids andis capableof
capturingcomplex topological changesof voids suchas void meiging and void break-
up. Our numericalexampleshave reproducedand gone beyond sometest casesin the
literatureusingafinite element-basesimulationmethod We have alsoperformeda series
of numericalexperimentsto elucidatethe mechanism$y which electro-migratiornvoids
interact.Ilt appearshattheinteractionof multiple voidstendsto evolve the shapeandsize
of the voidsinto a statein which the surfacetensionis betterbalancedwith the electro-
migrationforce.Thisis demonstratedh examplesvheresmallvoidsdominatedy surface
tensiontendto merge into larger voids while large voids dominatedby electromigration
forcestendto undego aninstability andbreakup into smallervoids. Also, the motion of
small voids could be significantly retardedby large voids in their vicinity asthe electric
field at smallvoidsis shieldedby the large voids, especiallywhenthe sizesof the voids
areontheorderof theconductindine width. Themethodthatwe proposedoesnotrequire
a sophisticatedneshingtechniqueand makesa relatively low demandon computational
resourcesAll thesimulationgnvolveinteractionof multiple voidsandcanbedonerapidly
on commonworkstationslt is alsorelatively straightforvardto generalizeéhe methodto
threedimensionasimulationsvherethecomputationasavingsover re-meshings expected
to beevenmoresignificant.

It is true that for fourth order differential equationsthe time steplimitation is still a
concernfor explicit algorithms.An implicit or semi-implicit level set methodis under
investigation.Adaptive Cartesiangrid refinementtechniqueswill be consideredalsoin
furtherdevelopmentof the methoddiscussedh this paper
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