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Abstract

In this paper we consider a fundamental visualization
problem: shape reconstruction from an unorganized
data set. A new minimal surface like model and its
variational and partial differential equation (PDE) for-
mulation is introduced. In our formulation only dis-
tance to the data set is used as our input. Moreover,
the distance is computed with optimal speed using a
new numerical PDE algorithm. The data set can in-
clude points, curves and surface patches. Our model
has a natural scaling in the nonlinear regularization
that allows flexibility close to the data set while it also

minimizes oscillations between data points.

To find the final shape, we continuously deform an
initial surface following the gradient flow of our en-
ergy functional. An offset (an exterior contour) of the
distance function to the data set is used as our ini-
tial surface. We have developed a new and efficient
algorithm to find this initial surface. We use the level
set method in our numerical computation in order to
capture the deformation of the initial surface and to
find an implicit representation (using the signed dis-
tance function) of the final shape on a fixed rectangu-

lar grid. Our variational/PDE approach using the level
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set method allows us to handle complicated topologies
and noisy or highly non-uniform data sets quite easily.
The constructed shape is smoother than any piecewise
linear reconstruction. Moreover our approach is eas-
ily scalable for different resolutions and works in any

number of space dimensions.

1 Introduction

The problem of shape reconstruction from an un-
organized data set has many important applications
in medical imaging, scientific computing, computer
vision/graphics and range images. The main chal-
lenge, especially in three and higher dimensions, is
that neither the connections between the data points
nor the topology of the final shape is known a priori.
Most previous approaches can be classified as para-
metric or non-parametric (implicit surfaces). Para-
metric approaches in computational geometry usually
use Voronoi diagrams and Delaunay triangulations to
find connections between the data points and then con-
struct a triangulated surface by connecting adjacent
vertices. There has been much work in this area, for
example [7, 2, 3, 4, 17, 16]. Finding the right con-
nections among all data points in three and higher di-
mensions is generally a challenging problem. Noise in
the data and highly non-uniformly sampled data are
also difficult to handle. There are also parametric ap-
proaches using variational or PDE methods ([6, 12, 21])
where a nice global parametrization is needed. Such

a parametrization is almost impossible to obtain for



complicated topologies. In general, the parametric
form lacks depth information and requires a global
parametrization which makes shape deformations and
topological changes difficult to handle. In recent years
the use of implicit surfaces and volumetric methods has
attracted a lot of attention [19, 5, 15, 18, 8]. In these
approaches a scalar field function is constructed on a
fixed grid and the final shape is a particular level set
of the field function. Usually the scalar function is the
signed distance function to the final shape. Implicit
representations usually have topological flexibility, a
simple data structure and depth/volumetric informa-
tion. Such representations can also have memory space
efficiency if properly managed [15]. Moreover with the
use of the signed distance representation many surface
tasks such as Boolean operations, ray tracing for illu-

minations, computing offsets, etc become quite simple.

In this paper we will introduce a non-parametric
variational and PDE formulation. We use a continu-
ous deformation to find the solution. In our numerical
computations the level set method [23] is used to cap-
ture the deformation of implicit surfaces and to find the
signed distance function to the reconstructed shape. In
section 2 we first introduce the variational formulation
which leads to a minimal surface like model. (We drop
the word “like” in what follows, for simplicity of expo-
sition.) The energy functional in our model involves
a weighted surface area, i.e. it consists a balance of
elastic energy (surface area) and potential energy (dis-
tance to the data set). In section 3 we calculate the
gradient flow of our energy functional. We start with
an initial surface that encloses the data set and uses
a continuous deformation which follows the gradient
flow to find the solution. In section 4 we briefly review
the level set method and derive its variational formu-
lation for our problem. We show that the level set
method provides a natural tool for capturing dynamic
deformations of implicit surfaces. In section 5 details
of the numerical implementation are presented. A very

efficient and robust PDE based numerical algorithm is

introduced to find the function which is the absolute
distance to the data set on a rectangular grid. A good
initial surface for our dynamic procedure is obtained
using a level contour of this distance function. Numer-
ical techniques for the level set method and for a mul-
tiresolution framework are also discussed. Finally in
section 6 numerical examples are presented. In the ap-
pendix we present some rigorous analysis of our model.

Important features of our approach are as follows:

1. We use a variational and PDE based formulation
that only depends on the distance to a general
data set that can include points, curves and sur-
face patches. Moreover we have a very efficient
PDE based numerical algorithm to find this dis-

tance function.

2. The nonlinear regularization, which involves cur-
vature, in our minimal surface model has an adap-
tive scaling property that allows for varying flex-
ibility. The constructed shape is smoother than
any piecewise linear approximation in three and

higher dimensions.

3. Numerically, we use the level set method on rect-
angular grids to find an implicit representation
using the signed distance function to the recon-

structed shape.

4. Complicated topologies and noisy or non-uniform

data sets can be handled easily.

5. Our method is easily scalable for multiple resolu-
tions and works in any number of space dimen-
sions. It can also be used as a smoothing pro-
cedure to postprocess other piecewise linear ap-

proaches.

2 The Minimal Surface Model

Let S denote the data set. In our formulation S can
include points, pieces of curves and surfaces. The tech-

nique might also be generalized to reconstruct curves



in R? using a new vector valued level set method de-
signed in [10]. Define d(x) = dist(x,S) to be the dis-
tance function to S. From now on we use bold faced
characters for vectors.

We define the following surface energy for our vari-

ational formulation

B(T) = | / P (@)ds]? 1)

Here T' is an arbitrary surface and ds is the sur-
face area. The energy functional is independent of
parametrization and invariant under rigid transforma-
tion. If we think of the distance function as a poten-
tial function for S, then our energy is the LP norm
of the potential on I". For a general data set the
distance function is the only intrinsic information we
have. When p = oo, E(I') is the value of the distance
of the most remote point on I'. We try to find a local
minimizer of our energy functional that behaves like
a minimal surface or an elastic membrane attached to
the data set.

We can easily calculate the first variation of the sur-

face energy with respect to a small perturbation of I'.
ET 1
OE(T) = —[/ dp(w)ds]l/pfl[pdpAVd-n + dPk] (2)
6F P Jr

Here n is the unit normal and « is the mean curvature
of I'. The first term in the last square bracket above
corresponds to a variation in the potential and the sec-
ond term corresponds to a variation in the surface area.

Hence the Euler-Lagrange equation is

(3)

This PDE is well defined except at kinks of d(x) and
the solution is interpreted as the viscosity solution [14]
of the level set PDE defined in (9) below. We can see

a balance between the potential force Vd(x) - n (to

P\ (@)[Vd(@) - n + %d(w)ﬁ] ~ 0

minimize the potential energy) and the surface tension
d(x)x (to minimize the surface energy). Moreover the
nonlinear regularization due to surface tension has a

desirable scaling d(x). Thus our membrane is more

flexible close to the data and is more rigid away from
the data. Equation(3) above enforces a local condition
for the sampling density, i.e higher sampling density
is required to resolve a fine feature. Another interest-
ing parameter is p which affects the flexibility of the

membrane.

In the continuous limit, when d(z) is the distance
function to a smooth surface 'y, we have two global
minima, i.e. [ =Ty and ' = (. In general, S is a dis-
crete set and things become more interesting and com-
plicated. In particular, there is only one trivial global
minimum I’ = () (the empty set). We are only inter-
ested in finding the local minimum that corresponds to
our minimal surface attached to the data set. The local
minimum solves the Euler-Lagrange equation (3). The
existence of such a minimal surface approximation to
the real shape depends on whether the sampling den-

sity of the data can resolve the real shape.

In two dimensions we show in the appendix that
a polygon which connects adjacent points by straight
lines is a local minimum. This fact is based on two

simple results:

1. The polygon is a equilibrium solution to (3).

2. The polygon is a local minimum of the energy.

This result has a dual meaning. On one hand it shows
a connection between our variational formulation and
On the other hand it shows

that our formulation does not provide any new in-

previous approaches.

sights in two dimensions since a minimal surface pass-
ing through two points is a straight line. However in
three dimensions the picture is totally different and is
much more interesting. Our minimal surface approxi-

mation will be smoother than a polyhedron.



3 Continuous Deformation Under
the Gradient Flow

To construct the minimal surface we will use a contin-
uous deformation which follows the gradient descent of
our energy functional. We start with a initial surface
that encloses all data and follow the gradient flow of
(1)

a__L / & (2)ds] /LY - (@ (z)n)n

dt pJr

- / P (z)ds] /7L (@) [Vd(z)-n + %d(w)/ﬁ]n

' (@

If, initially the membrane is far away from the data
set, both the potential force Vd(x) - n and the sur-
face tension d(x)x make the surface shrink. When the
surface is close to the data there is a balance between
those two forces. The reason we do not initialize with
a surface lying inside the data set is that the surface
may shrink and disappear by converging to the global
minimum, i.e. to the empty set, unless it starts out

very close to the data set. If p > 1,

v d@),, 1
=~ —[%] [Vd(z)-n + ]—)d(w)m]n

where

dmag = max d(x) | /F dP (x)ds)'/?
The scaling factor [%]7"_1 helps make the most re-
mote points on the surface move most quickly. As the
most remote points close in, other points take their
place and close in. In practice we would like to have the
whole surface close in more or less simultaneously, so
we find that p = 2 (similar to a least squares method)
is a good choice, in general.

There are two immediate questions we need to con-

sider:

1. Will the initial membrane get stuck at some other
local minimum before it is close to all the data

points?

2. Will the membrane collapse through the data set?

In general, for shapes having complicated geometry
and/or topology, if the initial guess is too far from the
data the answer to the first question might well be yes.
In practice, a good initial surface is very important for
obtaining the right shape as well as for fast conver-
gence. In our numerical computations we use an offset
of the distance function of the data set, i.e. a contour
for which d(x) = € is our initial surface. We present
evidence in the appendix that, in the continuous limit,
if the initial surface is a level contour close enough to
the real surface, then it has a larger energy than the
real surface. Moreover if the sampling density can re-
solve the geometry of the real surface, we can find an
e > 0 so that the exterior contour for which d(x) = € is
homeomorphic to the real surface and is a good initial
guess. We do not have a rigorous answer to the sec-
ond question in three dimensions. The result depends
on the grid resolution and the sampling density. From
(3) and as is seen in our numerical experiments, it ap-
pears that if both grid size and data sample density
can resolve the geometry of the real surface then we
do obtain a weighted minimal surface approximation
to the real surface.

At equilibrium we have

Vd(z) -n = —ld(w)n, a.e.
p

Since the maximum of d(x) on our approximating sur-
face is inversely proportional to the density of the data
set, we have local conditions on the sampling density
that are similar to those prescribed in [4].

4 Variational Level Set Method

In general we do not have any a priori knowledge about
the topology of the surface to be approximated. More-
over topological changes may occur during our con-
tinuous deformation process. This makes a consistent

parametrization almost impossible. We shall use the



level set method to handle topological changes and to
obtain an implicit surface. We give a brief review of
the level set method, introduced by Osher and Sethian
[23], for capturing moving interfaces. Consider a closed
surface I'(t) of co-dimension one in R"™ moving with
time. Let ©(t) be the (generally multiply connected)
I'(t). Let ¢(x,t), be the level set

function associated with Q(¢), i.e.

region enclosed by

o(x,t) > in Q)
¢(x,t) = 0 on I(t) (5)
d(x,t) < 0 in Q)

We have thus identified I'(¢) as the zero level set of
¢(x,t). Differentiating the equation:

with respect to ¢, leads to a time dependent PDE for
¢ which holds on I'()

ar()

dt (6)

Here, v, is the normal velocity of I'(¢) which may de-

¢t + Vo =0 ¢ +v,|Ve| =0.

pend on external physics or global, local or geometric
quantities. Instead of tracking the moving surface I'(t)
we only have to solve this PDE for ¢ on a rectangular
grid near the set for which ¢ = 0. The data structure
becomes extremely simple and topological changes can
be handled easily. The apparent extra dimension worth
of calculation is easily removed by a simple “local level
set method” [24], i.e. the computation is restricted to
The level

set method has been used quite successfully in moving

a narrow band close to the zero level set.

interface/boundary problems as well as in image pro-
cessing, image segmentation etc. [11, 20, 13]. See [22]
for a recent comprehensive review article.

Now we will follow the procedure introduced in [28,
29] to obtain the variational level set formulation for
our problem. If T' is the zero level set of ¢(x) then

fr & (@
=[fd(z

E(T ds]l/p

@)\Vo)dttr

where ¢(x) is the one dimensional Delta function and
d(o(x))|Vo(x)|dz is the surface area element at the
zero level set of ¢. The corresponding gradient flow
for ¢ (See [28, 29] for details.) is

96 _1
ot p

1/p—1 Vo

50| [ @i v @@t
(8)
As usual we extend this geometric motion at ¢ = 0
to other level sets by replacing §(¢) with |V¢|. This
makes the flow morphological, [1], i.e. it is independent
of the scaling of ¢. This means that if we replace ¢ by
h(¢) with h(0) = 0 and h'(¢) > 0, the equation is

invariant. Equation (8) can be expanded as

% = 1Vl [f & (@)3(4)|Vlde] "7V - | () 0 |
= |Vg| [[ dP(x) |v¢|d [
xdP~ )[Vd( ) oo+ Ld(x)V - ‘%]
9)

and V - 22 are the level set represen-

\Vd)l W
tations of the unit normal and the mean curvature re-

As usual

spectively. We can show that under the flow defined by

(9), E(¢) always decreases until it reaches equilibrium.

4wy 1 ) V¢

thrp (¢)— ( )p /5 ( |V¢’|> Prdzx

:_i 7)) 2P 5 [ ( x&)] T
7 (@) a@vel| V(@) g )| 4

<0

Here:

qlp) define ( /Q dp(x)é(qs)\véldfv) ’

p—
However the scaling factor [%((f))]

E()

1
in the equation

(9), which makes the most remote points move most
quickly, could cause a problem in the implementation.

@]”‘1
d(®)
longing to level sets of ¢ which are far from the data

The quantity [ can be huge for points = be-
set S when the zero level set is close to the data set,
i.e. when d® ~ 0. This difficulty is removed because
our local level set method uses only points in a nar-

row band of the zero level set and our grid resolution

|



is taken to be comparable to the density of the data
points.

The initial data ¢(x,0) for our time dependent PDE
is the level set function (which we take to be the signed
distance function) for our initial surface. The evolu-
tion PDE defined by (9) for ¢ captures the continuous
deformation of the surface. Numerically, the compu-
tation is done on a simple rectangular grid. As usual,
although we start with a level set function that is a
signed distance function, we have to use a redistancing
algorithm from [26, 24] to maintain |V¢(x)| = 1 near
the zero level set during the evolution. At convergence
we find the signed distance function to the minimal
surface that solves (3).

All geometric functions of the final surface such as
mean curvature, Gaussian curvature, surface area, vol-
ume, etc. can be easily computed in terms of the level
set function ¢. This information can be very useful in
applications. For example we can calculate the volume
and surface area of the reconstructed shape using the

following formula.

Volume:/H(—qﬁ)d:c, Area:/5(¢)|v¢|dw

Here H(z) is the Heaviside function which is defined

as
H(z) = {

We use numerical approximations to H(z) and §(z) as

1 z>0
0 <0

defined in [28] in our computations.

5 Numerical Implementation

5.1 Finding Distance to the Data

The distance function to the data set is used in our
formulation. There are many algorithms which can be
used to compute this function. Here we use a novel
PDE based approach which requires O(N) operations

in order to find the distance function at IV grid points.

The distance function d(x) to a data set S satisfies
the eikonal equation (in the sense of viscosity solutions

[14]) with boundary conditions:

|Vd(z)| =1 dlxe8) =0

S can include points, curves or surfaces. In practice
we only need boundary data for d(x) at neighboring
grid points to §. We solve the eikonal equation us-
ing upwind schemes and Gauss-Seidel iterations with
different ordering of the sweeps. The algorithm is as
follows: We fix the distance values at given grid points
and use the following first order monotone upwind dis-
cretization at grid points (i, j) for which d(z;, y;) is not
known (for simplicity of exposition, we present the two

dimensional algorithm)

[(ui,j - mmin)+]2 + [(ui,j - ymin)+]2 =h’ (10)
>0
where h is the grid size, ()" = v and
0 <0

Tmin = MAN(Ui—1j, Wit1,5)  Ymin = mAN(U; 1, Ui j+1)

This discretization was first used in [25]. We see that
only smaller values of the neighbors, i.e. the values
of the neighbors that are closer to the data set, (up-
wind along the characteristics of the eikonal equation)
are used to approximate the first derivative ug, u,. We
use Gauss-Seidel iteration to solve this system of non-
linear equations for all the unknown values in some
prescribed order. We solve (10) at each grid point for
u;j given its most recently updated four neighbors.
Since the left hand side of (10) is continuous it is not
hard to see that there is exactly one solution u;; of
(10) and that is monotone nondecreasing as a function

of its neighbors and that it satisfies
min(xmin, ymin)) < Uj,j < m'in(xmin, ymin)) +h
Actually there is an exact formula for u; ;:

Uiyj =

min(l'mina ymin) +h,
mm,in'f‘ym.in'f’\/2hz_(z'm'in_ym,in)z
2

Zf |$mm - ymin| 2 h

Zf |$mm - ymin| <h



The crucial sweeping idea is to alternate the ordering
in the Gauss-Seidel iterations. For example in two di-
mensions the system of nonlinear equations (10) for
u; j can be solved by alternating the following four or-

derings as was used in [9].

(I)i=1:n,j=1:n
B)i=n:1l,j=1:n

(2)i=1:n,j=mn:1
4)i=n:1l,j=n:1

Usually, convergence takes no more than one cycle of
four sweeps plus one more arbitrary sweep, i.e. the
operation count is 5N.

In three dimensions a straightforward extension
works and 8 + 1 = 9 sweeps of this iterative proce-
dure are needed. Examples are shown in the numerical
section. More details and proof will be discussed in a
future paper.

Given M data points, we first locate each data point
within a grid cell and find the exact distance to the
data point at the vertices of the grid cell. This requires
O(M) operations. We use these exact distance values
as initial data and solve the eikonal equation to find
d(x) at all other grid points. It thus takes O(M +
N) operations to find the distance function to M data
points at N grid points. This procedure can also be

applied to data sets that contain curves or surfaces.

5.2 Finding a Good Initial Guess

In our approach we continuously deform an initial sur-
face to the final surface by following the gradient flow
of our energy functional. A nonlinear parabolic PDE,
equation (8) is solved for the level set function to cap-
ture the deformation. We can start with a simple sur-
face such as a plane, a sphere or a rectangular box as we
show below in our the numerical examples. According
to the well known CFL condition for a parabolic PDE,
the time step 4t is restricted to the order of O(h?). If
we start with an initial surface that is too far from the
real shape we have to evolve the PDE for a long time
and the computation cost is therefore quite expensive.

A good initial surface helps to speed up convergence

to the equilibrium surface. In many situations a good
initial surface is also needed to avoid spurious local
minimum of our energy. We have found the outer level
contour of the distance function d(x) = € that encloses
Since the

contour d(x) = € most likely has a shell like structure

the data set is a very good initial guess.

we use the following simple method to find the exte-
rior contour surface and its associated signed distance
(level set) function.

First we use a simple tagging algorithm to find those
grid points (i, 7, k) that are connected to any fixed grid
point, (1,1,1), for example, that is outside of our ap-
proximating surface and for which d; ;; > €. We label
these grid points as exterior points. The simple tagging
algorithm goes like this: if (7,7, k) is an exterior point
we find those neighbors (¢ 1,5 + 1,k + 1) which sat-
isfy d;+1,j+1,k+1 > € and which have not been tagged
yet. At each step we store these newly tagged points
and use them as an expanding boundary to tag more
points in the next step. Simultaneously we also re-
member those grid points that have a distance value
less than € and are adjacent to those tagged exterior
points. The whole tagging process will be applied to
every exterior point only once.

Next we find the signed distance function dy(x) to
this exterior contour d(x) = € using the fast PDE algo-
rithm we just discussed above. First we notice that the
exterior contour of d(x) = € is enclosed between those
tagged outside points and their adjacent inside neigh-
bors. The correct distance values at all outside points
and their adjacent inside points are |dy(x)| = |d(x)—¢|-
We fix these correct values for |dy(x)| and use them as
the initial values to find the distance values |dy(x)| at
those non-tagged interior points. Then we negate the
We thus con-

struct a signed distance function dy(x) of the exterior

distance values at all interior points.

contour.
In the continuous limit, if d(x) is the distance func-
tion to a smooth surface, the zero level set {x : d(x) =

€ = 0} is the true surface. From this point of view we



would like to choose € as small as possible. However in
the discrete case if we choose € too small the contour
d(x) =

data points. To get a good initial surface the choice of

€ consists of separated small spheres around

the parameter ¢ depends on the sampling density and
the local feature size, a concept introduced in [3], which
is related to local curvature and to the distance to the
medial axis. Theoretically a good initial surface should
“see” all data points, i.e. the initial surface should in-
tersect all the Voronoi cells attached to the data points.
If our sampling density satisfies é > &, where r is the
maximum distance between two connected data points
in § and « is the minimum local feature size, then we
can choose an exterior contour d(z) =€, 1 >¢€> %
such that it is homeomorphic to the true shape. If the
sample density is fairly uniform and if it resolves all
local features of the real shape, then we can find an
appropriate €. In practice, it is very easy and fast to
find an outer contour of the distance function, and this
is usually a remarkably good approximation of the real
shape. Allit takes is O(M + N) operations to find such
a contour.

If the sampling density is not uniform but if it can
resolve all local features then we have to use the outer
contour of d(x), i.e. d(x) = €(x), where e(x) is pro-
portional to local feature size and/or is inversely pro-
portional to sampling density.

We also note that we can combine our variational
level set based algorithm with any other algorithm that
provides a good initial approximation. Moreover our
algorithm can also be used to post process any other
approximations in order to obtain a smoother surface

reconstruction.

5.3 Solving the PDE for the Level Set

Function

Numerically, we use the same local level set method
devised and implemented in [28, 24] to solve equation

(9)-

At each time step the computation is restricted

to a narrow band around the zero level set. We also
need to use a redistancing algorithm to keep the level
set function close to signed distance function near the
zero level set, as is described in [24]. If the total num-
ber of grid points is N then at each time step the
operation count is roughly O(N?/3) in three dimen-
sions. Since we use an explicit scheme to solve the
parabolic equation (9), the CFL condition on the time
step is 0t ~ h2. If we start with an outer contour
of the distance function our initial surface is located
a few grid cells away from the final surface. We need
roughly O(1/h) = O(N'/3) time steps for convergence.
So the computational complexity to solve the PDE is
O(N). Our stopping criteria are the following: Either
all data points are close enough to the zero level set,
ie. |¢(x)| < tol for any & € S (¢ is a signed distance
function), or |¢;| is small enough, which means that we
are close to an equilibrium state.

The total complexity of our method is O(M + N).
If the grid resolution is comparable to the sampling
density then M ~ N?/3. Thus, the total complexity
of our method is O(M + N) =~ O(M?3/?).

reconstruction is smoother than piecewise linear, we

Since our

need a lower sampling density to get the similar result.

In future work we shall introduce a simple convection
equation to find an piecewise linear approximation of
the final shape, and then we shall postprocess with
a few iterations of our minimal surface algorithm to

reduce the total complexity to O(M).

5.4 Multiresolution Framework

We have two resolutions in our formulation. One is
the resolution of the data set, i.e. the sampling den-
sity. The other is the resolution of our rectangular grid
on which we solve the equation (9) to find the signed
distance function to the final shape. We can use dif-
ferent grid sizes for different resolutions. Moreover we
can use a coarse resolution solution as an initial guess

for a fine resolution result in a multiresolution frame-



work. An adaptive grid can also be used to optimize

efficiency and resolution.

5.5 Manipulation of Implicit Surfaces

After we have constructed a level set (signed distance)
representation of a shape, then many surface/shape
(1) Geometric
properties of the surface can be recovered from its

manipulations become very simple.

level set representation quite easily. (2) The level set
method can be used to easily handle motion, defor-
mation and interaction of surfaces in animation, sim-
ulation and morphing. (3) Boolean operations (shown
in the next section), finding shape offsets (a contour
of the signed distance function) and ray tracing (us-
ing the fact that closest point on the surface to a
point « is & — d(x)Vd(x)), become almost trivial. To
find the number of connected components we can use
the following algorithm. We start with an arbitrary
grid point whose level set function value is negative
(an interior point) and tag all its neighbor grid points
whose level set function value are also negative. We
use the newly tagged interior points to tag their neigh-
boring interior points. When no more interior points
can be tagged in this way, if all remaining grid points
have positive values (exterior points) then there is only
one connected component. Otherwise we label those
tagged interior points as component one and start from
a untagged interior point and tag the second connected
component. After all interior points are tagged, we
have found and labeled all connected components. (4)
The memory needed to store an implicit surface is al-
most optimal. We only need to store the indices and
signed distance values of those grid points which are
next to the surface, i.e. grid points such that one of its
neighbors has a different sign of the level set function.
Since the data structure is so simple there is no over-
head at all. For most rendering algorithms, such as the
well known marching cube method, the information we

store is enough to render or triangulate the surface. If

the signed or unsigned distance function is needed in
a larger domain for rendering or simulation, we can
find it easily using the fast PDE algorithm mentioned
above, or any other fast algorithm to find the distance

function, e.g. in [27].

6 Numerical Examples

In this section we present some numerical ex-
We wuse visbd packages available at
http://www.ssec.wisc.edu/ billh/vis5d.html to visual-
ize the implicit surfaces. The calculations are done on
a Pentium III with 600 Mhz speed and 1GB memory.

The running time depends primarily on the total num-

amples.

ber of grid points and slightly on the number of data
points. (The number of data points is important only
when we calculate the distance function). Using the
outer contour of d(x) = 3h, h is the grid size, as our
initial shape it typically takes about 10-15 minutes for
our algorithm to converge, e.g., for the last four realis-
tic examples shown in figures 10-13. In future work we
shall use a simplified convection model together with
our present formulation here to accelerate the compu-
tation by at least a factor of five. Further acceleration
will also be obtained by using an adaptive multireso-

lution approach to the gridding.

In figure 1 we show the computation of distance func-
tion in two dimensions of four linked circles using the
fast PDE algorithm. This figure also shows that the
contours of the distance function can be a good approx-
imation of the real shape. In figure 1(a) only isolated
points are given. In figure 1(b) the distance values at
all the grid points next to the four linked circles are

given.

Figure 2 shows Boolean operations of two shapes, a
ball and a cube. If the two shapes are represented by
signed distance functions ¢;(x) and ¢9(x), then the

zero level set of the functions



¢(x) = min(p1(z), p2(x)),
¢(x) = max(41(z), a2(2)),
p(x) = max(p1(x), —¢2(x)),
¢(x) = max(—¢1(z), p2(x))

represent the union, intersection and differences, re-
spectively, of the two shapes.

In figure 3 the data set for a two headed cone is
composed of two bottom discs, six circles on each cone
and two vertex points. The initial shape is a box that
encloses all data.

Figure 8 (a)-(g) shows a box being deformed into two
linked tori. Although we start with this very rough ini-
tial guess, our gradient flow allows us to find the final
shape. We also see that there is no problem in captur-
ing topological changes during the deformation. Figure
8(h) shows the approximation on a finer resolution.

Figure 4 shows the reconstruction of a graph starting
from a flat sheet.

The data sets in figure 9 are taken from http:

//ftp.research.microsoft.com/users/hhoppe/data/thesis.

Figure 10, 11 and 12 are reconstructed surfaces from
the data sets in figure 9. In each figure both the initial
surface using an outer contour of the corresponding
distance function and the final reconstructed surface
are shown. In figure 13 we reconstructed a rat brain
using data points from MRI slices. The data points

are highly non-uniform.

7 Conclusions and future work

In this paper we present a minimal surface like model
for shape reconstruction using variational formulation
and PDE based method. We use a continuous defor-
mation following the gradient flow of our energy to
find the solution.

the level set method provides a powerful and efficient

In our numerical implementation

tool to capture the shape deformation and to find the
signed distance function to the final shape on a simple

rectangular grid. We also use an optimal PDE based

algorithm to find the value of the distance function at
the rectangular grid nodes and at the same time use
an outer contour of the distance function as our ini-
tial guess. Our formulation and algorithm works for
quite general data sets in any number of space dimen-
sions. In three or higher dimensions our constructed
surfaces are smoother than piecewise linear reconstruc-
tions. In our future work we will introduce a simplified
convection model together with our present algorithm
to further speed up the computation. We will also in-
corporate more constraints such as unit normals, fixed
volumes and uncertainties in the data in our variational

formulation.

10 20 30 40 50 60 70 8 9 100

A Z
10 20 0 40 s 60 70 80 %0 10

(a) distance to discrete points. (b) distance to continuous curves

Figure 1: computation of distance function in two di-

mensions
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A end oc 1 An 1
First we use perturbation analysis to show the va-

lidity of the following statement in two dimensions:

eo em A polygon that connects ad acent points
ith a straight line is a local minimum o the energy

unctional 1 .

oo : In the neighborhood of a point z;, d(z)

|z — z;| and Vd points along the line from z; to z. It

is easy to see from figure 5 that in this neighborhood

Vo
[Vl

between two line segments is determined

Vd -V + dV — 0.

The angle
by the neighbors of x; in  to which it is connected.

Now we shall show that this polygon is actually a
(»)

local minimum of Ey”. We have two simple observa-
tions (i) Any curve that passes through x; cannot have
lower energy than two straight line segments passing
through z; (see figure 5). (ii) Any two line segments
meeting at x; have the same energy. (iii) An arbitrary
curve can be replaced by straight lines with the same
or lower energy. We shall show that if the curve is
deformed a bit from z;, then the energy will increase.
Without loss of generality we perturb I to I as in fig-
ures 5, 6, 7. We denote the weighted length of I" by

and . (By symmetry, we only need to consider the

13

A

Figure 5:

Figure 6:

right hand part of each line). We have

(cot )PT1

cot 5
— 2 P — 1
=/ sPds = € i

= fcot§spds.

The weighted length of the shifted line segment is

:fcotgd”ds :fcot§(82+62)5d3

- +fc0t sP((1+ )% — 1)ds
> + (, )e ifp>1
> + (, ) pe if p=1.

Here the positive quantity depends only on and

We see that if p > 1, the slightly perturbed line seg-
ment has larger energy than the unperturbed segment.
So this perturbation analysis proves Theorem 1. It also
shows that, during the continuous deformation defined
by equation (4), if a curve passes through a data point
it will not leave that data points.

Next we obtain certain results about the contours
of the distance function d(x) in the continuous limit,
i.e. when d(x) is the distance function to a smooth
surface. The zero level contour is the true surface. For
simplicity of analysis, we modify d(x) to be the signed
distance function such that contours inside the region



Figure 7:

have negative values and contours outside the region
have positive values.
Let I'(a) correspond to the level contour d(z) = a

and let L(a) be its length or surface area. Then

e
|

EP(D(a) = (| dPds)? = |a|L7 (a).

Fa
Let (a) = \a|L%(a). Then (0) = 0 is the minimum
for (a). For a =0,
i ’ 1 a_1_4 ’
st n(a) '(a) =Lr(a)+ —Lr (a)L'(a).
p
Suppose I'(d) is !. Then for small da:
L(a+ éa) = L(a) + 5a/ kds + O(da?)
T'(a)
where x is the mean curvature. Let = fr(a) kds.
(Notein2D is2 times the winding number of I'(a).)
If I'(a) is diffeomorphic to I'g, then:

sinfa) (@) =Lv~ (@)L(a) + $L'(a)]
= Lf*l(a)[L(O) + a+2 ]
= 1> (@)[L(0) + 25 d]

So we have shown that for a neighborhood proportional

p (0)
(p+1)

to Dy, El(ﬂ][J ) (I'(a)) decreases as |a| 0. This strongly

suggests I'g is a local minimum of our energy for curves

to in which all contours I'(a) are diffeomorphic

or surfaces which lie within substantial neighborhood
of I'(0). The chief restriction seems to be that the
neighboring contours should not change topology (al-
though our method does handle many of these cases).
We shall analyze the domain of attraction in future

work and relate it to the local feature size described in

[4].

14



(a) 3200 data points (b) initia s ape

(c) 200 iterations (d) 00 iterations
(e) 1000 iterations (') 1200 iterations
15
() reconstruction on a3 31 31 rid (b) reconstructionona 0 0 0 rid

Figure 8:



(a) 10000 data points or a not (b) 102 data points or a ec anica part (c) 2 103 data points or a tea pot

Figure 9: initial data sets

(a) initia s ape usin an outer distance contour (b) reconstructed s ape

Figure 10: reconstruction of knot on a 80 x 80 x 80 grid
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(a) initia s ape usin an outer distance contour (b) reconstructed s ape

Figure 11: reconstruction of a mechanical part on a 33 x 33 x 80 grid

(a) initia s ape usin an outer distance contour (b) reconstructed s ape

Figure 12: reconstruction of a teapot on a 79 x 54 x 45 grid
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(a) sices 0 arat brain it 1 00 points (b) reconstructed s ape

Figure 13: reconstruction of a rat brain on a 63 x 62 x 63 grid
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