ANALYSIS OF THE RESPONSE MATRIX FOR AN EXTENDED TARGET

HONGKAI ZHAO*

Abstract. In this paper we study the response matrix obtained from inter-element response of an
active array of transducers that can send out signals and record reflected signals. In particular we analyze
the eigenvalues and eigenvectors of the response matrix corresponding to the acoustic field reflected by
an extended target, the size of which is comparable to the wavelength. We show that the response matrix
has a full rank and the eigenvalues are not well separated even for a single extended target in general.
However, when both the size of the target and the size of the active array are small compared to the
distance from the array to the target it is shown that the eigenvalues are well separated and that the
leading eigenvalues and eigenvectors can be characterized in terms of the location and dimension of the
target. Numerical experiments are presented to verify the analysis.
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1. Introduction. Active arrays have been used and studied in many applications
such as medical imaging, non-destructive testing, seismic imaging, and target detection
and recognition for sonar or radar systems. The type of signals (or wave fields) and
devices varies in applications. For example, in medical imaging ultrasound is mostly used,
in sonar systems or underwater communications acoustic waves are typically used, in radar
system or wireless communications electromagnetic waves are used, and optics or laser
may be used in other applications. The typical setup is illustrated in Figure 1.1. The most
important function of the active array is that each element in the array can both send out a
signal and record the reflected signal. Such an active array can be used to probe a medium
by sending out waves to illuminate reflective targets. Information about the targets can
be extracted from the reflected signal. One of the key observation, which is explained
in next section, is that the reflected signal recorded at the array is related to the output
signal of the array by a matrix, the response matrix. In many applications the response
matrix can be obtained from the inter-element response, i.e., the response received at one
transducer corresponding to an impulse sent out from another transducer. Moreover the
product of the response matrix and its adjoint corresponds to the time reversal operator
that has been studied extensively in [14, 13, 12, 11, 15, 16, 3, 4, 6, 1]. Understanding
the structure of the response matrix, such as its eigenvalues and eigenvectors, is crucial
for applications using active arrays.

In [14, 13, 12], an iterative time reversal procedure is proposed and analyzed for
the detection of and selective focusing on targets. After recording the reflected signal,
reversing it in time, and then sending it out to the medium for a few iterations, the wave
field will automatically focus on the “strongest” scatterer. The whole physical procedure
can be viewed as a power method for finding the leading eigenvector of the response
matrix. For well resolved point scatterers, sizes of which are small compared to the
wavelength, it can be shown that each eigenvector of the response matrix corresponds to
the wave field at the array due to a point source located at one of the scatterers. Instead
of a physical iterated time reversal procedure, which can generate a physical wave field
that focuses on a selective target, we can also analyze the response matrix on a computer
for the detection or imaging of targets. For example, singular value decomposition of the
response matrix and subspace projection were used in [6] for detecting the locations of
targets. In all these methods and their analysis the scatterers are considered as point-like
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scatterers so that the response matrix can be cleanly decomposed as the tensor product
of the Green's function corresponding to each scatterer.

In this paper we will study the eigenvalues and eigenvectors of the response matrix
corresponding to a single extended target. We show that in some asymptotic regimes, the
leading eigenvalues and eigenvectors are well separated into groups and can be charac-
terized in terms of the location and dimension of the target. Numerical tests match well
with our analysis and show that our formulas can work well in more general situations. It
should be pointed out that in many applications the eigenvalues and eigenvectors of the
response matrix may also depend on material properties and wave fields, e.g. [3, 4]. In the
future we will study multiple targets, different design of the arrays, imaging procedures
for both locations and sizes of extended targets, and the effect of random inhomogeneity
in the medium and self-averaging in time domain.
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FiG. 1.1. the setup of an active array

Here is the outline of this paper. First, the response matrix and its basic properties
for point scatterers are briefly reviewed in section 2. In section 3 the eigenvalues and
eigenvectors of the response matrix corresponding to an extended scatter are analyzed
in some asymptotic regimes. In section 4 we study the effect of alignment between the
active array and the target. Finally we show numerical experiments to verify our analysis
in section 5.

2. The response matrix of an active array. Define the inter-element response
pij(t) to be the reflected signal at j — th transducer corresponding to an impulse sent
out from 4 — th transducer. For an array consisting of N transducers, the matrix P(t) =
[ps;(t)]nx v is called the response matrix. If the medium is static we have p;;(t) = p;i(t)
due to spatial reciprocity. If we assume the medium and the array response is linear, for an
output signal () = [e1(t), ex(t),...,en(t)]T, where e;(t) is the output signal at i — th
transducer and 7" means transpose, the reflected signal at the array,

F(t) = [ri(t),ra(t), ..., 5 (t)]T = P(t) x €(t).

Here * denotes the convolution in time. The convolution in time domain becomes multi-
plication in frequency domain,

Fw) = P(w)é(w)

where w is the frequency and P(w) is the Fourier transform of P(t). We follow the
derivations in [13, 6] to illustrate the basic structure of the response matrix P(w) for point
scatterers in the medium. Denote G(&, ) to be the Green’s function of the medium for
frequency w, which represents the wave field at « for a point source located at £&. Due
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to the spatial reciprocity, G(x,&) = G(&,x). Here we suppress the dependence of the
Green's function on the frequency.

Assume there are M point scatterers located at &1, x2,..., 2y in the medium with
reflectivity 71,72, ..., T, if we neglect the multiple scattering among the scatterers, then
for a signal €(w) = [e1(w), e2(w), ..., en(w)]T sent out from the active array, the reflected

signal at j — th transducer is

M N
T’j(W) = Z Z G(&ja wk)TkG(Eia wk)ei(w)a
k=1 =1
where &,,&,,...,&y are the locations of the transducers. If we define the illumination

vectors, G,k =1,2,..., M, to be

gk = [G(glv mk)v G(£27 wk): AR G(£N7 "Bk)]Tv

i.e., the wave field at the array of transducers corresponding to a point source at the
k — th scatterer, we have

M
(2.1) Pw) =) ngigi and 7(w) = P(w)éw).
k=1

Due to the spatial reciprocity, P(w) is symmetric. If we do time reversal, which is phase
conjugation in frequency domain, for the reflected signal and send it back to the medium,
the new reflected signal is P(w)P(w)é(w), where~denotes complex conjugation. Another
phase conjugation gives the second time reversed output signal P(w)P(w)é(w) in terms
of the original output signal é(w). So R(w) = P(w)P(w) = P*(w)P(w) is called the
time reversal matrix (operator), where * denotes the adjoint. R(w) is a Hermitian matrix

and from (2.1) we have

M M M M
(2.2) R(w) = ZTkﬁk!ff Z T G Gl = Z ZAk,k’gkgga
k=1

k=1 k=1 k=1
where
_ N _ ST,
Apw = TrTre < Gr, Grr >= TrTh' Gy Gr' -

All medium properties are embedded in the Green function in the above formulations.
From representations (2.1) and (2.2), we can easily see that both the response matrix P(w)
and the time reversal matrix R(w) are of rank M, if M < N, and that any eigenvector
corresponding to a non-zero eigenvalue is a linear combination of the illumination vectors
Jr,k=1,2,..., M. Define the point spread function

N
(2.3) [(z',x) = Z G(&,x")G(&;, ).

T'(x', ) is exactly the wave field at point @ after phase conjugation of the signal received
at the active array corresponding to a point source at point ' and sending it back to the
medium. The scatterers are well resolved by the active array means

T(@k, xr) = GLgre ~ 0 if k # k'
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i.e., the wave field corresponding to the time reversal of a point source at one scatterer
is almost zero at all other scatterers. Then gy (gk) is the left (right) singular vectors for
P(w) with singular values 74||gk||? since

P(w)Gi = 7ellgl*e,  P*(w)Fe = Trll el *Fe-

Similarly it can be shown that gy, is the eigenvector for the Hermitian matrix R(w) with
singular value |7%|?||gk||*. In a homogeneous medium, the focusing property of the point
spread function T'(z',x) is dictated by the diffraction limit, which is proportional to
wavelength and propagation distance and is inverse proportional to the size (aperture) of
the active array. However if the medium is inhomogeneous and random the resolution
of time reversal can beat the diffraction limit. The super-resolution phenomenon is both
observed in experiments [7, 5, 8, 9, 10] and theoretically analyzed in [7, 2]. It is shown in
[2] that the effective aperture can be much larger than the physical size of the array due
to multi-pathing in an inhomogeneous medium and the super-resolution for time reversal
is statistically stable in time domain due to self-averaging of different frequencies in a
broadband signal.

In [14, 13, 12], a physical iterative time reversal procedure (D.O.R.T) was used to
focus selectively on reflective targets in a real medium. The procedure is equivalent
to the power method for finding the leading eigenvector of the time reversal matrix.
Since physical time reversal is used, we do not need to know the medium. However, in
order for the selective focusing, the targets have to be well resolved by the active array.
This procedure is useful for automatic target detection/destruction in practice. In [6] an
algorithm for imaging point targets in the medium on computers using an active array
was developed. However all these formulations and analysis assume the targets are point
scatterers so that the response matrix and time reversal matrix has the simple structure in
(2.1) and (2.2) respectively. In this paper we will analyze the eigenvalues and eigenvectors
of the response matrix corresponding to an extended target.

3. The singular value decomposition of the response matrix for an extended
target. In general the response matrix for an extended target has a full rank and does
not have a simple decomposition as in the case for point targets. To simplify the analysis,
we assume that each transducer of the active array can be viewed as a point source and
the target is a perfect reflector with a normal reflectivity that is equal to 1. In this case
the scattered field can be represented as an integral over the illuminated surface. So the
response matrix can be written as

(3.1) Py(w) = /Q G(&;,2)G (&, )r(@; €,,6,)d

where () is the part of the surface that can be illuminated by the active array, and
7(x;&;,&;) is a reflectivity kernel that depends on the incidence and outgoing angle, i.e.,
the angle between the normal of the surface at  and the vectors §; — x and §; — =
respectively.

In many applications, such as target detections using sonar or radar system, wireless
or underwater communications, and geophysics imaging, the distance between the target
and the active array is much larger than the wavelength or sizes of the target and array.
Let L be the distance between the array and the target, s be the size of the array, a be
the size of the target, and k¥ = % be the wave number, where c is the wave speed. In our
study we consider the case where

o the wavelength is comparable to the size of the array and the size of the extended
target, i.e., ka ~ O(1), ks ~ O(1);
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o the wavelength is small compared to the distance between the array and the
target, i.e., 2 ~ £ ~ £ ~ o(1).
In this case the wave from a transducer is almost planar when it reaches the target.
Furthermore we assume the target is a planar target and lies in a plane that is parallel
to the plane of the array. Since the size of the array and the size of the target is much
smaller than the propagation distance, both the incidence and outgoing angles are small.
We first neglect the reflectivity kernel and approximate the response matrix by

(32) Pyj(w) = /Q G, 2)G(E,, x)de.

We will put in a reflectivity kernel later.
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target
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Fic. 3.1.

For simplicity we start with a one dimensional target and array in a homogeneous
medium as illustrated in Figure 3.1. we expand the Green's function G(§;,z) in free
space at a point = (0,y) on the target in powers of % The expansion actually involves
powers of ka, ks, which are O(1), and powers of %, 7, which are o(1).

ethl&i—T|  ik/L2+(ni—y)?

G Siaw =
(&) Ar|€; — 93|247r\/L2 + (1 —y)? ,
(33) é(g ) ezk(—2giy+y )+O(L1_3) é(g ) ezk(—222y+y )+O(L%)
= ir O oy — = ir O oy — )
L= St +0(2) L= 2+ (k)

where 0 = (0,0) is the center of the target, &, = (L,n;) is the location of the i-th
n?

kL1 5

transducer and é( ;,0) = —————— is the parabolic approximation of the Green's
ArL(1 + 2722)

function G(§;,0). Here we can use the two dimensional Green’s function, zero-order

Hankel function of the first kind. Instead we use the three dimensional Green’s function

for simplicity and consistency with later analysis. Further expanding in -, we have

k(2 —2ny)  K2(y2—2n)%  y2—2m; 1
ik(y*—2niy)  k*(y*—2nmiy)° y Y oLy

2L 8L2 212 3
5

(34) G(€;,2)=G(&;,0) [1+



Now the response matrix becomes

Py (k) = [%, G(&:,2)G(E;, @)y
—G(e.0)CE; 0) ;[lJrika _k2(77i+27z2—y)2y2 N (Th+2j2—y)y+0(%)] dy
(35)=0(6,0)G(€,.0)[ i(l+”%’—%—z—i)dy
-3 . a
G oy [ vy 35 C(En0)GE 02 + ) vy
+0(2) 2
Denote a(a, k, L) :/_ (1+H€Ty—%—i—2)dy & a. So the response matrix can

5
be decomposed as

ed k‘2a3 = 2T k2a3 - =T Fed 1
(3-6) P(k) = a(a,k, L)39 — 15759191 — 55731929 + 9921+ O(%5)

127
where
.g: [é(gla 0)7 C?(527 O)a R é(&Na o)]T
(37) .51 = [nlé(glv 0)7 772@(&27 0)7 s =nNé(£N7 O)]T

52 = [n%é(gh 0),T)§é(§za 0)7 s 777]2Vé(£Na O)]T

The leading term aﬁﬁT corresponds to a point scatter at the center of the extended target
with a total reflectivity proportional to the size of the target. Moreover, if the center of
the array is aligned with the center of the target, g and g, is even in ) while g1 is odd in
71, we have

2T 2 2T > T= =T=
919=919>=0, and §,5=9,9,=0.

From the orthogonality condition we can separate the second term from the other terms
in the matrix decomposition formula (3.6). Moreover since the size of array s is small

2
compared to the distance L, the parabolic factor 77 is very flat and g is approximately

aligned with §. Most of the term, %[g—j’zgf + 55:] is absorbed in the leading term as
a small perturbation. In particular the contribution of this term together with other high
order terms in a(a, k, L) tend to make the amplitude of the first eigenvalue smaller. This
will be verified by numerical experiments in section 5.
From the analysis, we see that the response matrix has full rank and,
e the dominant eigenvalue is \; =~ aﬁTff and the associated eigenvector is the
illumination vector 5
o the second dominant eigenvalue is A2 = —%5{51 and the associated eigen-
vector is 51.
Now we extend the above analysis to a two dimensional planar target and array as
illustrated in figure 3.2, the calculation is similar but messier. First pick a point o on the
target as the origin and choose two orthogonal directions in the plane of the target as y
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and z axes. Let = (0,y, ) denote a point on the target and &, = (L, 7;, ;) denote the
coordinates of the i-th transducer. The situation becomes more complicated due to the
coupling of different directions. We have

etV L2+ ()2 +(Ci—2)?

G x) = - =G(¢&;,0)x
(€ 2) Am\/L? + (n; — y)? + (G — 2)? (&:20)
[ljk(y2—2niy+z2—2ciz) K (y* —2miy+2°—2G:2)*  y*—2may+2°—2Giz Lo
' 2L 8L2 212 Y
3 RISACES "zzéz
where, G(€;,0) = —— e is again the parabolic approximation of the Green's
ArL(1 + Tpzt)

function, and

+ik[y2—(77i+ ni)y+2>—( +¢5)2)
L

G(€,2)G(E,,x) = G(E,, 0)C(E; 0) X {1

R =it n)y+2 =G+ G P =it )y +22— (G +<j)z+0(i)}
2L2 L2 3"




So the response matrix is
k) = fQ G(g’ﬂ w)G(£]7 w)dydz = é(gu O)é(£j7 0) X

2022 20,2 1 ,2)2 2,2
[/1+zk(y +2°) Ky +2°)° yi+z dyds
Q

L 212 12

k2 2 k222
—Uinj/ ——dydz — CiCj/ dedz
Q Q

k2y K2z
—(n; +n?)/ 572 clydz—(c2 +C2)/ 577 dydz

iky K@+ oy
+(n; + ) /Q Tt Tt adyde

ik E2 (42 + 22
(Cri-C])/ ! Z+M+%dydz

L L2
2
—0i + i+ G i) [ S B dydz + 0(5)
Q
Denote
. .g: [~G~(£1,O),é(~£2,0),...,é(gN:O)]T
.(Zly = [771 N(ﬁp")ﬂh@(ﬁm"); . 777NG(£N5 )]T
(3 8) glz - [Clq(£170)7C2G~(£270); CNG(£N7 )]T
. ggy = [77% ~(£17°)/’7%Q(£270)7 . anNG(gNa )]T
. gZz = [C%G(glao)aC§G~(£2ao); . -;CN (5]y;0)]T
g2yz = [771C1G(§ )7772C2G(€27 0)7 s anNCNG(ENJ O)]T'

The response matrix can be decomposed as

T k(2 +22) B2 +22)2 P 4 22
P(k) =gg /Ql-l- T - 572 -3 dydz

> =T k2y2 > T k222
_glygly/Q?dydz—glzglz/gﬁdydz
2z 2T 22T k2 2 =T k222
_(g2yg +gg2y)/ 21,2 dydz (gng +ggzz)/ Y dydz
(3.9)

2 ST =T iky K@ +2)y oy
+(9149 +g.‘]1y)/Q—T+T+—dydz

- =T _,_.T/ ikz  K*(y? +2%)2
Q

¥4
+(91.9 +99:.) 7 73 + Tydydz

2 T 5 ST o ST  ooT k2yz 1
~(F1y912 + 91291y + F2929 + 392y) /Q 7z dydz + 0(5)
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The above formula shows the decomposition of the response matrix in any coordinate
system. Again the leading term corresponds to a point scatter. The decomposition of the
response matrix is not obvious from this general expression since the two directions and
the center are coupled together. However, if we choose o to be the mass center of the

target, we have
/ydydz, / zdydz = 0.
Q Q

Now we have an extra freedom of rotation of y and z axes around o. Denote the integral
R(0) = [, yzdydz as a function of rotation angle 6. Since R(§) = —R(0 £ 7/2), so
we must have at least two 6 such that fQ yzdydz = 0. Due to this symmetry and
cancellations, the following terms are usually small,

/Q yP2Adydz ~ 0, for (p,q) € {(1,2),(2,1),(0,3), (3,0)}.

Hence the decomposition of the response matrix can be simplified as

g 2 = :»T
Pk)~ 55 [, dydz— L291ygly JovPdydz — $29:.9:. [o 2 dydz
(3.10)
=T - ST

— s [Gay 8 +992y fo y2dydz — £25[5,.5 +ggzz] Jo Z2dydz + O(4).

Again, if the array of transducers is symmetric with respect to the y and z axes, we have
the following orthogonality properties defined as before,

gly 1 g) g2y7 gQZ glz J—.&: g2y7 gZz gly 1 glz‘

In this case we have:

. . . . T . =T >
o the dominant eigenvector is the illumination g with eigenvalue \; = g g [,

2 T o
o the next two dominant elgenvectors are: gly with eigenvalue \s ~— 22 91y91yf9 y

-

and §,, with eigenvalue A3 ~—% glzglzfQ

The two symmetric axes of the target are intrinsic and are independent of the artificial
y and z axes we choose. The directions of the two symmetric axes with respect to the
artificial y and z axes we choose are embedded in the response matrix and can be extracted
from the leading eigenvectors as will be shown later from the numerical experiments in
section 5. Essentially these formulas suggest that we can find both the location and size
of an extended target as well as the symmetric axes and a few moments with respect
to these axes using the leading eigenvalues and eigenvectors of the response matrix. In
practice ratios of the eigenvalues are more robust and can be used to determine aspect
ratios.

For a three dimensional scatterer for which the Born approximation is valid, the
integration over the scatterer will be in three dimensions. Using similar analysis for the
response matrix we will get a third eigenvalue and eigenvector in the second group of
dominant eigenvalues and eigenvectors that correspond to the third dimension. In practice,
the depth information is often relative weak due to small glancing aperture and is more
difficult to capture from the response matrix. Especially when the distance between the
active array and the target is long, we would see an effective planar shape of the target.
In [16], careful numerical simulations are done to analyze the eigenvalues and eigenvectors
of the response matrix and illustrate very similar behavior to our results here.
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For medium with weak random inhomogeneity, it is shown that for long propaga-
tion distance, the wave field looks like the wave propagation in a homogenized medium.
For long propagation distance the Green's function is a modification of the homogeneous
Green's function. So the behavior of the response matrix and its eigenvalues and eigen-
vectors should behave similarly. We will analyze these situations in the future study.

Now we take into account the variation of reflectivity due to different incident and
outgoing angles. In particular we choose a special reflectivity kernel

T(IE; gia g]) = COos ol(w) COo8s 0]' (IE),

where 0;(z) is the angle between x — &, and the normal at . At a point « on a one
dimensional target,

L I — y* —2ny
2t (1 —9)? DY 2
VI +mi—y)? 1+ %
If we plug this asymptotic expansion back into the response matrix expression and denote

G(€:r0) = G(€s,0)—

cosb;(z) = )+O(%)

1 + 2122
we have
y Y Bl iky® Kmitni—y)*y®  2mitni—v)y | 1
Pl](k):G(g,”O)G(gj,o)/ . |:1+ L - ( 2£2 ) + ( L; ) +O(ﬁ) dy

k2 y k2 y 2
~3C(€n oG omns [ vy~ G(E,0C(E 0 1) vy
1 2 2

+0()

which is almost exactly the same as equation (3.5). Now if we define the new illumination
vectors to be

§=1[G(&,0),G(&5,0),...,G(Ey,0)]T
(311) .gl = [anu(gla 0)7772é(§2> 0)7 .. 777NGU(£N7 O)]T

e

.62 = [T’%Gu(gla 0)7 U%Gu(é-b 0)7 st 77712VGU(£N7 O)]Ta

3 iky2 K2yt 22
and a(a, k, L) :/ (1+%—%—%)dy, we have exactly the same decomposition

of the response matrix as in equation (3.6). For a more general reflectivity kernel

~ 1 1
0;(x)) = f =,
T ey Jre ()

we can use power expansion in % to get the explicit formulas. The extension to two
dimensional target is exactly the same.

T(®;€;,€;) = f(0i(2),
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4. Alignment of the array and the target. In the above analysis, the geometric
decomposition of the response matrix for an extended target utilizes the symmetry and
alignment of the active array with the target. In most applications, neither the geometry
nor the location of the target is known. Hence the alignment of the active array with
the target and how it affects the decomposition of the response matrix is an important
question in practice. For a general two dimensional target there are two alignments, one
is the alignment of the center and the other is the alignment of the lines of symmetry.
The center and symmetry of the target is intrinsic while the center and symmetry of the
active array can be maneuvered. In fact, if the geometry of the active array is designed
properly, such as has a shape of square or disc, the array is symmetric with respect to any
orthogonal coordinate system whose origin is at the center of the array. We will see from
numerical tests in section 5 the two symmetric directions are automatically embedded in
the eigenvectors of the response matrix and can be found out easily. Now the only issue
becomes the alignment of the center of the array and the center of the target.

We study the simple case of a one dimensional target illustrated in Figure 4.1. Our
previous decomposition of the response matrix (3.6) is not changed. Hence the leading
term in the decomposition is still approximately agg”, where a is the size of the target and
g is the corresponding illumination vector. Now we analyze how much the orthogonality
property is violated if the shift in the alignment of the center of the array and the center
of the target is small compared to the size of the active array. We will also verify this
using numerical experiments in section 5.

activearray
y

ids
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When the distance between the target and the active array L is large compared to

S

the size of the array s, i.e., when the aperture £ is small, we have G(§;,0) =~ G(0,0),
where 0 is the center of array and o is the center of the target. So

.5: [G(glao)vG(£27o)7 - 7G(£N70)]T ~ G(av O)[17 17 IR l]Ta
.51 = [an(glao)ﬂhG(g%O)a s 777NG(£N70)]T ~ G(aa 0)[771>7727 B 7,'7N]T7
.52 = [U%G(&;O),U%G(ﬁmo); e 777]2VG(§N70)]T ~ G(aa 0)[77%;773, e 77712V]T'

Let ds be the separation space between two adjacent transducers and |G| = |G(6,0)|, .
11



then

. 5/2-3 .
mwu¢[w4mw@MwﬂmJ%}

. = (/2= 0 + (s/2 1 0)°
16l ~ \/ [, Jerdds = 6/ o ,

o s/2—46 —
19211 ~ \// G2ytdy/ds = |G|\/(S/2 O +(s/2+9)°

—s/2—t§ 5d8
and
- - s/2—§ .
<9 & >|N|f_/f}2_5 (GPydy/ds| _ [(s/2+0)* - (5/2-8)/2 _, =0
1317 1171 1311171 VI(s/2 =07 +(s/2+0)*]s/3~ s’
where

o® + % = (a+p)(a® —af + p?),
o —af+ B> (a+B)?*/4

is used. Similarly we have

~ [(s/2+0)" — (s/2—9)"]/4 Vizl
VIGT2=07+ (/2 7173 [ 2=+ T2e 015 s

a® + 5 = (a+p)(a* —a®B + 2B — ap® + 1),
ot —aPf+a’B? —af® + B > (o + B%)*/4

is used. So the orthogonality condition deteriorates approximately linearly in g. The larger
the size of the active array is the more robust the decomposition of the response matrix is.
Also it appears from the numerical experiments that the even part of 51 is absorbed in the
first eigenvector as a perturbation and the odd part of 51 becomes the second eigenvector.

Since the first term, aﬁgT, in the response matrix decomposition is dominant and more
robust to the center shift, we can first use the leading term to estimate the center of the
target and then adjust the center of the array towards the estimated center of the target
to get better estimation of the size in imaging.

5. Numerical experiments. In this section we use numerical examples to verify our
analysis on the leading eigenvalues and eigenvectors of the response matrix for an extended
target. In particular we will demonstrate the relation between the eigenvectors and the
illumination vectors and verify the formulas for the leading eigenvalues. In our numerical
examples, the response matrix of an extended target was formed using the integral

P, = /Q G(€,2)G €, z)dx,

where §;,&; are the positions of the ith and jth transducers respectively and

ikl €|
G, ) = m
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is the three dimensional Green's function for homogeneous medium. We use a simple
quadrature for the integral on the target, denoted by 2, with a grid size h that resolves
both the wavelength and the target. In all our numerical setups we use fixed wavelength
A = 0.5m and wavenumber k = sz = 47. We vary the size of the active array s, the
propagation distance L and the size of the target relative to the wavelength, i.e., ka, to
verify our analysis and formulas. The singular value decomposition (SVD) of the response
matrix is done by MATLAB. Note that the eigenvectors computed by SVD in MATLAB:
(1) are always normalized to have a unit Ly norm, and (2) have an arbitrary phase shift.
Also the phase plot is up to a 27 shift.

In the following, we present numerical examples of one dimensional arrays and targets
in 5.1 as well as two dimensional arrays and targets in 5.2.

5.1. One dimensional arrays and targets. In this section we present numerical
results in one dimension. We show the spectrum of the response matrix and the asymptotic
formulas for the top two eigenvalues as well as the top two eigenvectors and their relations
to the illumination vectors.

Example 1: In this example we show the spectrum of the response matrix for a single
one dimensional extended target. Figure 5.1 shows loglog plot of the magnitudes of all
eigenvalues of the response matrix corresponding to different target size a and propagation
distance L. The size of the array is s = 10m and the transducers are put half wavelength
apart, i.e., there are % = 40 transducers. We see that the response matrix has a full rank
in general and the top two eigenvalues are well separated from each other and from the
other eigenvalues in the asymptotic regime which we discussed earlier.

o ka=0.2, L=5m 0 ka=5, L=5m
10 10
X
10° 10° .
x X
107 . 107 X><><
X x X X000ty %
-15 -15
10 0 1 2 10 0 1 2
10 10 10 10 10 10
s ka=0.2, L=100m s ka=5, L=100m
10 10
107 *
X 1070
10 XXX XX000000s i, x
X x xxxwmw
-20 -15
10 0 1 2 10 0 1 2
10 10 10 10 10 10
s ka=0.2, L=500m " ka=5, L=500m
10 10
1070 107 N
10—15 x 10‘15 X X x xxxmoomw
X x x xxxwowmw
-20 -20
10 0 1 2 10 0 1 2
10 10 10 10 10 10

k=4, aperture=10m

F1G. 5.1. Plots of the magnitudes of eigenvalues
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0.0794
0.0792

0.079
0.0788
0.0786
0.0784
0.0782

Example 2: In this example we demonstrate the relation between the top two eigen-
vectors of the response matrix and the corresponding illumination vectors. We also verify
the formulas for the top two eigenvalues numerically. The basic setup is illustrated in
Figure 3.1 with L = 500m,k = 4m,ka = 16,s = 40m. The transducers are half wave-
length apart. In Figure 5.2, we plot the magnitude and phase for each component of the
top two eigenvectors and compare them to the illumination vectors. Figure 5.2(a) plot
the magnitude and phase of the first eigenvector against the illumination vector § defined
in (3.7). Figure 5.2(b) plot the magnitude and phase of the second eigenvector against
the illumination vector §, defined in (3.7). The correspondence and pattern similarity is
striking.

magnitude of the 2nd eigenvector s magnitude of xG(x,0)

magnitude of the st eigenvector magnitude of the ilumination vector G(x,0) 9 9 x10 e
15915 012 3
25

01
0.08 2
1.591
0.06 15
0.04 1
15005 0.02 05
%0 00 0 o w0 00 o0 0 50 100 150 0 50 100 150

phase of the 1st eigenvector phase of the illuminating vector G(x,0) phase of the 2nd eigenvector phase of x,G(x,0)
3 8 3
2 2 2
1 1 1
0 o 0
a -1 )
o -2 -2
3 -3 -3

50 100 150 0 50 100 150 0 50 100 150 0 50 100 150
(a) the phase and magnitude of the first eigenvector (b) the phase and magnitude of the second eigenvector
Fic. 5.2.

Denote , 75 to be the top two eigenvectors with eigenvalues A1, A\a computed by
the MATLAB, we have numerically:

=T 2 =T =
ng Ul_fh

HEER AN 1 6.2058 x 1016
5d| (T4 | L 1.0124%x107% 1

llall gl

[A1] = 5.0848 x 1075, a|||> = 5.1575 x 1075,

|Ao| = 5.9370 x 1078, =K ||7,||> = 5.9393 x 10-5.

We see almost perfect orthogonality condition up to machine accuracy. Our asymptotic
formulas for the leading eigenvalues are also very accurate. Moreover, the illumination
vector §, defined in (3.7) has the following relation with the first three eigenvectors of
the response matrix:

75 %6 76
L921 _ 07418, | 292 — 66258 x 10714, | 2292| = 0.6706,
192l 192l 1192l

i.e., §2y is mostly absorbed in #; as a small perturbation. We also see that the asymptotic
formula a||g||? overestimates |\;| a little bit due to higher order perturbations as was
14




explained in section 3. From the following examples we can see that the overestimation
tends to be more when ka becomes larger and tends to be less when L becomes larger.

Now we vary the setup by changing one parameter at a time. First we increase the
size of the target ka = 50, and we have:

=T = =Tz

U1_‘g 171_‘91

Ial | (nal| | _ 0.9988 1.1532 x 10716
75| |%E.| | | 1.3101x107'6 0.9996

I3l |13l

[A1| = 1.4434 x 1075, a|§||> = 1.6117 x 1075,

|Aa| = 1.6083 x 1076, 2k ||7 ||2 = 1.8125 x 107°.

Next we increase the distance between the array and the target L to 10,000m, we
have:

=Tz

ng U1_‘!]1

lalh | gl 1 2.9737 x 1017
55| |Tad,| | | 9-8603x 107 1

Il | [T

|
[A1] = 1.2867 x 108, a|7||> = 1.2901 x 108,

Mo| = 3.7649 x 10713, k|7 |12 = 3.7157 x 10~12

Finally we increase the separation distance between the transducers to 2\ = 1m, we
have:

73| |7

gl | el | _ 1 1.3157 x 1077
55| (g | | L 50919x 1071 1
(R

[A1| = 1.2706 x 106, a|7]|> = 1.2893 x 1075,

| = 1.5401 x 1078, 2|7, ||> = 1.5415 x 108

In our numerical tests it seems that we can further increase the separation between trans-
ducers.

Example 3: In this example we test how the alignment of the array and the target
affects our formula for the response matrix decomposition. Figure 5.3 shows plots of
the top two eigenvectors when the center of the target is not aligned with the center
of the array with a shift by 3m. The setup is the same as the above example with
L =500m, s =40m. We see asymmetries in the plots. We have numerically:

=Tz =Tz
A
HISE N . 1 0.2440
725 |55, | | 0.0059 0.9698
gl 1

[A1] = 5.0770 x 1075, al|F||? = 5.1573 x 107,
ol = 59377 x 1075, #5513, 1% = 6.3343 x 10°%.
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Now we increase the shift of the center to 6m, we have

TN RTA 0.9999 0.4479
1 B 0.0119  0.8940
TN

, al|gl|? = 5.1567 x 109,

2K 1|F, ]2 = 7.5192 x 1078,

|A1] = 5.0536 x 10 ¢
|A2| = 5.9398 x 108,

magnitude of the 1st eigenvector (10" Mmagnitude of G(x,0) 24 maInde ofthe 2nd igenvector L x10° magnitude of X G(x,0)

15925

1592
15915
0079
1591 2

0.078 1.5905

0 0
0077, 200 ! 58950 50 100 150 200 0 50 100 150 200 0 50 100 150 200

phase of the 1st eigenvector phase of G(x,0) phase of the 2nd eigenvector phase of xG(x,0)

200 0 50 100 150 200 o 50 100 150 200

(a) the phase and magnitude of the first eigenvector (b) the phase and magnitude of the second eigenvector

Fic. 5.3.

As was analyzed in section 4, the orthogonality condition does not hold anymore. The
sensitivity depends linearly on the shift relative to the size of the array which agrees with
the numerical results very well. From the tests we can also see that the first eigenvector is
quite robust and agrees with the illumination vector 5 pretty well. The second eigenvector
is more sensitive to the shift. It appears that the second eigenvector only contains the
asymmetric part of ffl.

Example 4: In this example, we show that we can get sub-wavelength information
about the size of a target. The setup is: L = 10m,k = 4w, ka = 0.1, s = 2m. There are
only 8 transducers in the array. Numerically we have

G 5?51

|| gl [EA . 1 5.0849 x 10~17
Ti| |Ta| | | 42743 x 10-10 1

[Hl [EAL

[A1| = 3.7834 x 1075, a|F||*> = 4.0143 x 1075,

Mo = 1.8716 x 10711, &5 |17 ||2 = 1.4290 x 10~

The actual size of the target is a = 0.008m. From our formula, the estimation

A1] 12L2|)\2|
g1 = 0-0075m, ( k2

wavelength accuracy from the experiment.

3
of the size is: ) = 0.0087m. Clearly we achieve sub-

5.2. Two dimensional arrays and targets. In this section we present numerical
experiments for two dimensional extended targets. The harmonic wave used is as before
with fixed wavelength A = 0.5m and wavenumber k = 4.
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Example 1: In this example, we use a square array, each side of which is 10m long.
The transducers are placed on a rectangular grid whose grid size is one wave length, i.e.,
there are 20 rows and 20 columns of transducers and the total number of transducers is
400. So the size of the response matrix is 400 x 400. The distance between the array
and the target is L = 500m, the target is an ellipse with two major axes which are
2a = 1.2732m(ka = 8) and 2b = 0.6366m (kb = 4) long respectively.

In the first test, the center and two sides of the square array are aligned with the
center and two major axes of the ellipse. We define the two sides of the array as y and
z axes respectively with the y axis parallel to the longer major axis of the ellipse. Figure
5.5(a) is the plot of the magnitudes of the eigenvalues of the response matrix. We see
the top three eigenvalues are well separated from the other ones. Figure 5.6 compares the
amplitude and phase of the top two eigenvectors with the two illumination vectors defined
in (3.8). We skip the plot of the third eigenvector and the corresponding illumination
vector since it is similar to the plot of the second eigenvector. We see that for each row or
column of the transducers, the plot is very similar to the previous plots for one dimensional
arrays and targets.

L=500m, k=41, ka=8, kb=4, mirror size=10m, no. of transducers=400 . L=500m, k=4m, ka=kb=8, array size=10mx10m, no. of transducers=400
A,=4.7463¢-05 ! !

5% A =2.3134e-05 s | x  x A,=A;=2.6473e-08

« A,=1.2982e-08 107 T
¥ A;=3.1726e-09

10°
(a) eigenvalue plot for an elliptic target (b) eigenvalue plot for a circular target
F1G. 5.4. eigenvalue plot for a rectangular array

-

Let 1, U2, U3 be the top three eigenvectors with eigenvalues A1, A2, A3, and 5, 914,912
be the three illumination vectors defined in (3.8) we have numerically:

=T =z =T =

ﬁ Ul_’gly ‘71_‘§1z

o Qag{f” 1ol 1 3.9885 x 10~ 2.1706 x 10~7
”—ﬁ ”%glﬁ 'l’laglﬁ = | 7.1030 x 10~17 1 3.3406 x 10~15
Bt I B I i 2.4696 x 10~17  3.3394 x 10~15 1

773_‘?7 U{gly 773_..‘712

HN R R

[A1] = 6.0744 x 1076, |Q||7]|> = wab||3||*> = 6.4498 x 10~6

20z 2 wa’bk? |2 _
o| =3.5652 x 1072, 5141, [I” fou* = 5751191, [l = 3.8019 x 10°°
[As| =8.8290 x 10710, £,||g.. |12 [, 22 = T2 ||gy. || = 9.5047 x 1010

™

Now we rotate the ellipse by & so that the two sides of the square array, i.e., our
defined y and z axes, are no longer parallel to the two major axes of the ellipse. We have
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F1c. 5.5. Amplitude and phase plot of the top eigenvectors and the corresponding illumination vectors

numerically:
=T 2 =Tz =T =
LA %191y %1912
[Igll H§1y|| lg1.1l 1 9.0735 x 10—17 2.3222 x 10—17
=Tz ET: 5,T: - -
IR || | =] 54091 x 10717 0.8661 (~ Y3y 0.4999 (= 1)
-T2 7o :Tl: 3.6460 x 1017 0.4999 0.8661
Yad)| a1y 2391
llall 1314 13-l

|Ad1] = 6.0744 x 1075, |Xo| = 3.5648 x 107%,  |A3| = 8.8302 x 10~ 10

The reason that we do not have orthogonality correspondence between ¥, @3 and ﬁly,ﬁlz
is because the y and z axes that we choose artificially do not correspond to those two
major axes, which are the two intrinsic symmetry lines of the ellipse. The angle (%)
between ¥ and ffly is exactly the angle between the y axis and the longer major axis.
All the other numerical numbers in the above matrix become clear too. The amplitudes
of the three top eigenvalues are not changed since the center of the target is unchanged
and so are the integrals on the target for the eigenvalues. The numerical results verify
our analysis perfectly. Both the dimension and the symmetry of the target are embedded
in the response matrix. The above orthogonality matrix can be used to find the line of
symmetry of the object in imaging.
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Now we move the elliptic target further away from the array with L = 2000m. We
have:

A1 = 1.4469 x 10~ |Q|||g||2 = 7mb||g||2 =1.6126 x 10~

do = 5075 x 1071, 3115, 1° Jo v v ”“Z”“Z 11,11 = 5.6509 x 101
A = 1.2402 x 10711, E |7 |2 [0 52 = mab k) 7 1) = 1.4127 x 1071

Example 2: In this example, we replace the elliptic target by a circular one with radius
a = b= 0.6366m(ka = kb = 8) and L = 500m. The eigenvalue of the response matrix
is plotted in figure 5.5(b). We have

=T = =T = =T =

u U1_’91y U1 91z

”5” Hélyll ||91z|| 1 2 8620 X 10—17 2 7358 % 10—17
=T = 5.T:' ET: . .

T @‘”ﬁ 2| = | 3.0876 % 1077 0.7071(~ V2 0.7071
Bl I Bl I e 1.4545 x 10~16 0.7071 0.7071

23_‘_9 Uy 91y U3_91z

181 | | el | |Tgell

[A1] = 1.2379 x 1075, 1Q]13]|% = wab||||?> = 1.2900 x 105

2 = 7ra3 2 = _
[Ao| = [As] = 7.2743 x 1077, %2 (1gy, I* [ v° = 475191, ]| = 76038 x 10~°

In this case, the reason that we do not have orthogonality correspondence between ¥5, ¥/
and §1y,§1z is due to grid orientation of our square array. Any two orthogonal radial
directions can be the symmetric axes for the circular disc, our square array pick up those
two diagonal ones. Or we can interpret it in the following way: since the second and
third eigenvalues are equal, the associated eigenvectors are not unique and any linear
combinations of the eigenvectors is also an eigenvector. The MATLAB just chooses a
particular combination.

Example 3: In this example, we use the same setup as in example 1 except that the
center of the array is not aligned with the center of the target. The two major axes of the
ellipse are parallel to the two sides of square array. But the center of the ellipse is shifted
by (2m,2m) in the yz plane. The distance is still L = 500m. We have numerically:

=T = =T =

51}5 ”L91y U1 912

H] 172, [

e 5;: s 1 0.5496 0.5501

Ys 9 291y | %2012 | | — | 77302 x 1074 0.8354 4.9318 x 1074
131 171, 151 4 s

| el 1.9175 x 104  3.8425 x 10 0.8351
5§‘§ ”?:gly v3 91

THI 171, 1511

|A1| = 6.0703 x 1075, |Q|||fj||2 = 7ab||7||? = 6.4496 x 10~°
2

2| = 3.5646 x 109, L2||g1y|| ny — ma’hit 11,1 = 54526 x 10°
2

As| =8.8251 x 10710, k)13, |2 [, 2> = ”i;”Lg’“ 1G:.11 = 1.3632 x 107°.

Again see that the asymptotic formulas for the first eigenvector and eigenvalue are more
robust with respect to the center shift.
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6. Conclusion. The response matrix of an active array for an extended target is
studied. It is shown that the response matrix has a full rank in general and the leading
eigenvalues and their corresponding eigenvectors are related to the location and geometry
of the extended target. Asymptotic formulas are derived in two regimes for the leading
eigenvalues and eigenvectors. Here we only consider homogeneous medium and for a
single target. In the future we will study the effect of random inhomogeneities and
multiple targets. We will develop imaging procedures that can detect both locations and
sizes of extended targets using an active array.
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