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Abstract. We present a direct imaging algorithm for extended targets. The algorithm is
based on a physical factorization of the response matrix of a transducer array and the Multi-Signal
Classi�cation (MUSIC) imaging function is used to visualize the results. A resolution and noise level
based thresholding strategy is developed for regularization. The algorithm is simple and e�cien t since
no forward solver or iteration is needed. Multiple-frequency information impro vesboth resolution and
stabilit y of the algorithm. E�ciency and robustness of the algorithm with respect to measurement
noise and random medium 
uctuations are demonstrated.
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1. In tro duction. Probing a medium using waves to detect and image targets
has many applications. The objective is to infer the location and/or geometry of
targets from the scattered wave �eld. Examples include ultrasound imaging in med-
ical applications, detection of defects in nondestructive testing, underground mine
detection and target detection using radar or a sonar system. In the general inverse
problem approach the whole medium is regardedas the unknown. Hence,an inverse
or pseudo-inverseof the forward operator hasto be approximated and computed. The
inverseproblem is often nonlinear even if the forward problem is linear. A nonlinear
optimization problem typically needsto be solved via iterations. This optimization
problem usually involvessolving an adjoint forward problem at each iteration. More-
over, the inverseproblem is often ill-p osedand regularization hasto be intro duced. As
a consequence,imaging the wholemedium using this generalinverseproblem approach
may be too complicated and too expensive to be practical in many applications, for
instance if the imaging domain is large. If the background medium is homogeneous
and somesimple boundary condition is satis�ed at the boundary of the target, the
inverseproblem can be turned into a geometricproblem, that is, the problem of deter-
mining the shape of the target from the scattered wave �eld pattern. In this casethe
`number of degreesof freedom' is greatly reducedfrom the caseof imaging the whole
medium. If incident plane waves and the corresponding far �eld patterns are used
this is the classical `inversescattering problem'. This problem involves a nonlinear
optimization problem with respect to an appropriate shape spacewhich is typically
solved using shape derivatives via iterations. Again shape regularization is needed
and an adjoint forward problem has to be solved to �nd the shape derivative in each
iteration.

Here we proposea direct imaging algorithm to imageboth location and geometry
of extendedtargets. The motivation for our method is to locate or visualize dominant
scattering events for the scatteredwave �eld. In homogeneousmedia this is equivalent
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to �nding the boundary of a target that has some contrast from the background.
For heterogeneousmedia, whether we can clearly locate or visualize the boundary
depends on two factors: (1) to what extent the scattering at the boundary of the
target dominates other scattering events in the medium, e.g., the signal to noise
ratio; (2) knowledgeabout the background medium known, e.g., how well the Greens
function for the background medium can be approximated. With a physically based
thresholding we show that our direct imaging algorithm can deal with quite strong
measurement noiseand also somerandom heterogeneitiesin the medium.

Our physical model is the Helmholtz equation for harmonic waves. An array
of transducers that can send out waves and record scattered waves is used to probe
the medium. The measurement data is the response matrix, which are the inter-
element responsesof the array, i.e., the recorded signal at a receiver corresponding
to a probing pulse sent out by a transmitter. This matrix gives all the information
about the medium that canbeobtained with the transducerarray. Basedon a physical
factorization of the scattered �eld we characterize the Singular Value Decomposition
(SVD) of the responsematrix for extended targets. We then designa direct imaging
function basedon the SVD and intro duce a thresholding strategy for regularization
basedon the physical resolution of the array and the noise level.

A physical motivation for our algorithm is that strong scattering events can be
consideredas sourcesfor the scattered �eld. This is related to the idea behind the
physical experiment of time reversal. In time reversal the received wave �eld is time
reversedand back propagated into the medium. The retransmitted wave will focus
on sources. For target detection, the target is illuminated by a probing wave �rst
and then the time reversedwave will focus on dominant scatterers. This procedure
can also be repeated, i.e., iterated time reversal. However, the standard time reversal
procedureonly providesa way to locate the most dominant scattering event associated
with the largest singular value or dominant events associated with di�eren t singular
values one by one. To image an extended target we need to use the SVD to extract
dominant events that characterize the shape information.

Our imaging function is of a similar form as the MUltiple SIgnal Classi�cation
(MUSIC) imaging function. The previous MUSIC algorithm [25, 9, 15, 23, 12, 10]
can only locate small targets. Under the assumption of point targets the response
matrix has a simple structure. This structure is used in MUSIC and has also been
exploited to focus a wave �eld on selected scatterers using iterated time reversal
[24, 22, 20, 21, 14, 19]. The iterated time reversalprocedurecorrespondsto the power
method for �nding the dominant singular vectors for the responsematrix. However,
with the point target assumption, physical properties and the geometry of the target
are neglected. More importantly an extended target is not a superposition of point
targets. For extended targets the responsematrix has a more complicated structure
and we exploit this structure in our approach. Two key ideas behind our algorithm
are: (1) a physical representation of the scattered�eld and the corresponding response
matrix; (2) a thresholding strategy basedon the resolution of the array and the SVD
of the responsematrix. We use these two ideas to extract important contributions
to the scattered �eld simultaneously from the SVD of the responsematrix. Moreover
our imaging algorithm can (1) incorporate physical properties of the targets into the
imaging function; (2) use di�eren t wave form, e.g., point sourceor plane wave, for
illumination; (3) usedata in near or far �eld.

This algorithm is di�eren t from the one proposedin [13], in which a shape opti-
mization is usedto match all measurements in the responsematrix. The method can
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be parallelized easily since the evaluation of the imaging function at di�eren t grids
are independent.

The linear sampling method, �rst proposedin [8], is also a direct imaging algo-
rithm for the inversescattering problem. The method is basedon a characterization
of the range of the scattering operator for the far �eld pattern. It is shown that the
far �eld pattern of a point sourcelocated inside the object should be in the range of
the scattering operator. Kirsch gave a factorization of the scattering operator [16] and
use this factorization for imaging. The relation between the MUSIC and the linear
sampling method is studied in [7, 17]. The approach presented here di�er from the
linear sampling method. First, our algorithm is based on a di�eren t factorization.
Secondwe usea physically basedthresholding instead of the Tikhonov regularization
in the linear sampling method. Moreover, our targets can be illuminated either by
point sourcesor by incoming plane wavesand our data can be near or far �eld.

The outline of the paper is as follows. In section 2 we �rst give a brief discussion
of the response matrix and its SVD for point targets. We present a study of the
response matrix for extended targets and develop our image algorithm in Section
3. We develop a resolution analysis and a noise level based thresholding in section
4. Extensive numerical experiments are presented in Section 5 to demonstrate our
imaging algorithm.

2. The Resp onse Matrix And Its Singular Value Decomp osition for
poin t targets. Our setup usesan array of transducers that can send and receive
signals to probe the medium. For simplicit y we mainly focus on the casewith an
active array, i.e., the transducerscan both sendout and record signals. Theseresults
can easily be extendedto arrays where transmitters and receivers are di�eren t, which
will be discussedbrie
y at the end of this section. The scalar wave equation, e.g. for
acoustic waves, is used to describe the wave �eld. Figure 2.1 shows a typical con�g-
uration. We surround the region of interest with transducers, giving a full aperture.
The background medium could be either homogeneousor weakly heterogeneousand
random. There could be one or more targets in the region.

De�ne the interelement response Pij (t) to be the signal received at the j � th
transducerwith an impulsesent out from the i � th transducer. For an array consisting
of N transducers, the matrix P(t) = [pij (t)]N � N is called the responsematrix. Since
the medium is static we have Pij (t) = Pj i (t) due to spatial reciprocity. For a source
signal distribution ~e(t) = [e1(t); e2(t); : : : ; eN (t)]T , where ei (t) is the output signal at
the i � th transducer and T is transpose,the re
ected signal at the array is,

~r (t) = [r 1(t); r 2(t); : : : ; r N (t)]T = P(t) � ~e(t) ;

with � denoting convolution in time. In the frequencydomain we have

~̂r (! ) = P̂ (! )~̂e(! );

where ! is the frequencyand P̂(! ) is the Fourier transform of P(t). In this paper, we
focuson a frequencydomain formulation with time harmonic waves. Webrie
y review
the basicstructure of the responsematrix P̂ (! ) for a �xed frequencyand omit the^no-
tation below. Denote the Greensfunction of the homogeneousbackground at a partic-
ular frequencyby G0(� ; x ). Due to the spatial reciprocity, G0(x ; � ) = G0(� ; x ). Here
we also suppressthe dependenceof the Greensfunction on the frequencywhen there
is no confusion. Assumethat there are M point scatterers located at x 1; x 2; : : : ; x M

in the medium with re
ectivit y � 1; � 2; : : : ; � M , if we neglect the multiple scattering
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Fig. 2.1. Setup for Imaging Experiments

among the scatterers, then for a signal ~e(! ) = [e1(! ); e2(! ); : : : ; eN (! )]T sent out
from the active array, the re
ected signal at the j � th transducer is

r j (! ) =
MX

k=1

NX

i =1

G0(� j ; x k )� k G0(� i ; x k )ei (! );

where� 1; � 2; : : : ; � N are the locations of the transducers. If we de�ne the illumination
vectors,~g0

k ; k = 1; 2; : : : ; M , to be

~g0
k = [G0(� 1; x k ); G0(� 2; x k ); : : : ; G0(� N ; x k )]T ;

i.e., the wave �eld at the array of transducerscorresponding to a point sourceat the
k � th scatterer, we have

P(! ) =
MX

k=1

� k
~g0
k

~g0
k

T
and ~r (! ) = P(! )~e(! ): (2.1)

Due to the spatial reciprocity P(! ) is symmetric. The `time reversalstep' corresponds
to a phaseconjugation in the frequency domain, and we form R(! ) = P(! )P(! ) =
P � (! )P(! ) which is called the time reversal matrix (operator) where � denotesthe
adjoint. It is shown that the time reversaloperator is an optimal spatial and temporal
matched �lter in [26, 5]. The matrix R(! ) is Hermitian and from (2.1) we have

R(! ) =
MX

k=1

� k
~g0
k

~g0
k

T
MX

k 0=1

� k 0
~g0
k 0

~g0
k 0

T
=

MX

k 0=1

MX

k=1

� k ;k 0
~g0
k

~g0
k 0

T
; (2.2)

where

� k ;k 0 = � k � k 0 < ~g0
k ; ~g0

k 0 > = � k � k 0
~g0
k

T
~g0
k 0:
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Using the representations (2.1) and (2.2) we can easily seethat both the response
matrix P(! ) and the time reversal matrix R(! ) are of rank M , i.e., the number
of scatterers, and that their range is the span of the illumination vectors ~g0

k ; k =
1; 2; : : : ; M . De�ne the point spreadfunction

�( x 0; x ) =
NX

i =1

G0(� i ; x 0)G0(� i ; x ): (2.3)

Then �( x 0; x ) is exactly the wave �eld at point x after phaseconjugating the signal
received at the active array for a point source at x 0 and sending it back into the
medium. The support of the point spread function also de�nes the resolution of the
array. That the scatterersare well resolved by the active array means

�( x k ; x k 0) = ~g0
k

T ~g0
k 0 � 0 if k 6= k0

i.e., the wave �eld corresponding to the time reversalof a point sourceat onescatterer

is almost zeroat all other scatterers. In the well resolved case~g0
k ( ~g0

k ) is the left (right)

singular vectors for P(! ) with singular values� k k ~g0
k k2 since

P(w) ~g0
k = � k k ~g0

k k2 ~g0
k ; P � (w) ~g0

k = � k k ~g0
k k2 ~g0

k : (2.4)

It is shown in [12] how multiple scattering among several point scattererscan be
taken into account. Similar to the Lippmann-Schwinger formula, the responsematrix
can be written as

P(! ) =
MX

k=1

� k
~g0
k ~gk

T ; (2.5)

where ~g0
k is the illumination vector for the homogeneousbackground medium and ~gk

is the illumination vector for the medium that includes all point scatterers. Hence,
the column spaceof the response matrix (spanned by the left singular vectors) is
still the same as in the casewith a homogeneous background , i.e., spanned by
~g0
k ; k = 1; 2; : : : ; N . The structure of the responsematrix (2.5) can be used to image

the locations of the point scatterers. In the MUSIC algorithm oneof the crucial steps
is the de�nition of the signal space V S in terms of the SVD of the responsematrix.
The noise spaceV N is the orthogonal complement of V S . Denote ~g0(x ) to be the
illumination vector at a searching point x , then the imaging function is constructed
as

I (x ) =
1

kPV N
~g0(x )k2

; where PV N is the projection operator. (2.6)

For the ideal point scatterer case,the signal spaceis spannedby the singular vectors
corresponding to non-zerosingular values. From the structure of the responsematrix
(2.5) it is easy to seethat I (x ) becomeslarge when x matches the location of one
of the scatterers. It is also easy to seethat we can not have more scatterers than
transducers (since the responsematrix will have a full rank) for the MUSIC imaging
function. A nice property of the projection operation is that we do not need a one
to one correspondencebetweenthe singular vector and the illumination vector of the
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scatterers. Let ~u1; ~u2; : : : ; ~uN be the set of singular vectors that span the signal space
V S . The imaging function for MUSIC is de�ned by

I (x ) =
1

k~g0(x)k2 � kPV S ~g0(x)k2 =
1

k~g0(x)k2 �
P N

k=1 j ~g0(x) � ~uk j2
:

Remark: If the array is composedof two di�eren t sets of transmitters and re-
ceivers, e.g., there are s transmitters located at � 1; : : : ; � s and there are r receivers
located at � 1; : : : ; � r . The responsematrix for M point targets located at x 1; : : : ; x M

with re
ectivit y � 1; : : : ; � M becomes

P(! ) =
MX

k=1

� k ~gs
k

~gr
k

T
; (2.7)

where

~gr
k = [G0(� 1; x k ); G0(� 2; x k ); : : : ; G0(� r ; x k )]T ;

and

~gs
k = [G0(� 1; x k ); G0(� 2; x k ); : : : ; G0(� s; x k )]T

k = 1; 2; : : : ; M , are illumination vectors for the receiver and transmitter arrays re-
spectively. The responsematrix is of rank M . If the targets are well resolved by the
transmitter and receiver array, ~gs

k and ~gr
k are the left and right singular vectors for

the responsematrix P(! ) respectively. In general, ~gs
k and ~gr

k , k = 1; 2; : : : ; M , span
the column and row signal spaces,V S

C and V S
R , respectively. The MUSIC imaging

function can be constructed using both of them. For example, let ~g0
s (x ) and ~g0

r (x ) be
the illumination vector at a searching point x corresponding to the transmitter and
receiver arrays respectively, we de�ne the imaging function

I (x ) =
1

k~g0
s (x)k2 � kPV S

C
~g0

s (x)k2 +
1

k~g0
r (x)k2 � kPV S

R
~g0

r (x)k2

For extendedscattererswhosesizesarecomparableto or larger than the resolution
of the array the above analysis is not valid anymore. The responsematrix hasa more
complicated structures. Even for a singleextendedscatterer, there will be many non-
zerosingular values. For example,it wasshown in [6] that compressibility contrast and
density contrast can generatedi�eren t wave �elds and hencemultiple eigenstateseven
for a small sphericalscatterer. The study wasgeneralizedto extendedscatterersin [2]
and also to electro magnetic wavesin [3, 4]. In [26], the number of signi�cant singular
values for a �nite aperture array is analyzed and in [27] the leading singular values
and corresponding singular vectors of the responsematrix are further characterized
in terms of the location and the dimensionsof the extendedscatterers in a particular
regime.

We can classifya scatterer into three regimesin terms of the sizer of the support
of the point spread function, i.e., the resolution of the transducer array de�ned in
(2.3). If the sizeof the scatterer s is much smaller than the resolution r of the array
then the scatterer can be regardedasa point scatterer. The responsematrix for point
scatterers contains only their location information. If s is not much smaller than r
then the responsematrix contains both the location and size information about the
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scatterer as studied in for instance [27]. If s is larger than r , then the rank of the
responsematrix dependson the ratio s=r [26] and there are many signi�cant singular
vectors in the SVD of the response matrix. However, one important point is that
each singular vector doesnot have a clear physical interpretation. In particular each
singular vector doesnot correspond to the illumination vector of a point on the target.
Therefore, a particular singular vector doesnot focus on a point on the target when
it is `time reversed' and sent back. In other words, an extended target can not be
interpreted as a collection of point targets. We will show in the next two sections
that the responsematrix doescontain shape (geometry) information of the target up
to the resolution of the array, moreover, that if we choose the proper signal space
according to the resolution of the array we can image the shape of extended targets.

Figure 2.2(a), (b) and (c) show typical spectra of the singular values in log scale
for scatterers of di�eren t sizesas classi�ed above. The wavelength is 48h and the
target sizesare 1h,5h,35h respectively, where h is the grid size, and the background
medium is homogeneous.We use40 transducers located about 200h from the target
and on all four sides.
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Fig. 2.2. The spectrum(lo g scale) of the response matrix

3. Imaging Algorithm For Extended Target. From the matched �lter point
of view, imaging using either time reversal or MUSIC will result in focusingsat the
sourcesfor the scattered �eld. In this sectionwe will study the scattered �eld and the
structure of the responsematrix for extendedtargets. In particular wewill addressthe
following two crucial issuesfor imaging extendedtargets using the MUSIC algorithm
(2.6):

� How should one choose properly the set of singular vectors that span the
signal space?

� How should one choosethe physically correct illumination vector?
Our starting point is basedon the boundary integral equation formulation for the

scattered �eld which provides a good understanding of the responsematrix and the
information it contains.

3.1. Diric hlet Boundary Condition. First, let us assumea Dirichlet bound-
ary condition for the target, i.e., a sound soft target. Let 
 denote the target and 
 c

the exterior of the target. The scattered �eld us satis�es the following equation
�

� us(x ) + k2us(x ) = 0 x 2 
 c � Rd

us(x ) = � ui (x ) x 2 @

(3.1)

and in addition a far �eld radiation condition r
m � 1

2 ( @u
@r � ik u) ! 0 as r = jx j ! 1 .

Hereui is the incident �eld and m is the spacedimension. Let GD (x ; y ) be the Greens
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function that satis�es
�

� GD (x ) + k2GD (x ) = � (x � y ) x ; y 2 
 c � Rd

GD (x ; y ) = 0 x 2 @

(3.2)

and the samefar �eld radiation boundary condition as above. From Greensformula
we have

us(x ) = �
Z

@

us(y )

@GD (x ; y )
@�

dy =
Z

@

ui (y )

@GD (x ; y )
@�

dy (3.3)

where � is the outward normal at the boundary. The Greens function GD (x ; y ) is
unknown since it depends on the shape of the unknown target. However, u i is the
illumination wave form we can control. If a point source is �red at transducer x i ,
ui (y ) = G0(y ; x i ). The scattered wave received at x j is

Pij =
Z

@

G0(y ; x i )

@GD (x j ; y )
@�

dy =
Z

@

G0(x i ; y )

@GD (x j ; y )
@�

dy ; (3.4)

whereG0 is the freespaceGreensfunction. A physical interpretation is that the source
of the scattered wave �eld is a weighted superposition of monopolesat the boundary.
In particular Pij (= Pj i ) is a superposition of the wave �eld at x i corresponding
to monopoles located at the boundary. The weights are determined by the normal
derivatives of the Greens function which corresponds to a point source at x j , e.g.,
@GD (y ;x j )

@� . It follows that the part of the boundary that is \w ell illuminated" gives
a strong contribution to the responsematrix. The responsematrix can be written

P =
Z

@

~g0(y )

�
@~g(y )

@�

� T

dy (3.5)

where~g0(y ) is the illumination vector

~g0(y ) = [G0(x 1; y ); : : : ; G0(x N ; y )]T (3.6)

and

@~g(y )
@�

=
�

@GD (x 1; y )
@�

; : : : ;
@GD (x N ; y )

@�

� T

(3.7)

Equation (3.5) is a factorization of the responsematrix that separatesknown infor-
mation (the incoming wave) from unknown information. The range of the response
matrix is determined by the span of the illumination vectors ~g0(y ) corresponding to
the well illuminated part of the boundary. Our imaging function is based on the
following two observations:

1. The array picks up a certain degreeof independent shape information of ex-
tended targets dependingon the resolution of the array [26]. This information
is embeddedin a proper collection of leading singular vectors.

2. The illumination vector corresponding to points on well illuminated part of
the boundary should be in or close to the subspacespanned by the above
collection of leading singular vectors.

De�ne the shap e space (or the signal space): V S = spanf ~v1;~v2; : : : ;~vM g; M < N ,
where ~vk 's are the singular vectors of the the response matrix with corresponding
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singular values � 1 � � 2 � : : : � � M � � > 0 and de�ne the noise spaceV N as the
orthogonal complement of the shape or signal space, then our imaging function is
the MUSIC (2.6) imaging function. From the above two observations, the MUSIC
imaging function peaks at points on the boundary of the target. In Section 4 we
will show how to estimate a proper cuto� range for M basedon the distribution of
singular valuesand resolution analysis and demonstrate that with a proper choice of
M the imaging function will peak at the boundary of the target. We will also show
that the thresholding provides a proper regularization when there is noise.

Remark 1: The above analysis only claims that the imaging function will peak
on the well illuminated boundary parts. However, it doesnot preclude the possibility
of peaksat other points in the domain. Those points are usually inside the boundary
and their corresponding illumination vectors may be close to a linear combination
of those of the illuminated boundary. Physically this can by explained by resonance
or interferencepatterns. We do encounter such situations in our numerical test, see
Figure 5.3.

Remark 2: The SVD correspondsto a principal component analysisand extracts
dominant information. The projection operation to the signalspaceis usedfor imaging
extended targets becauseit is the collection of leading singular vectors that contains
important shape information, note however that each individual singular vector does
not have a clear physical meaning.

Remark 3: Numerically all singular vectors are normalized to unit vector in
L 2 norm. The illumination vector is also normalized to a unit vector in the imaging
function.

3.2. Neumann Boundary Condition. If we have a soundhard target, i.e. the
Neumann boundary condition is satis�ed at the boundary of the target, the scattered
�eld is:

us(x ) = �
Z

@


@ui (y )
@�

GN (x ; y )dy (3.8)

where GN (x ; y ) is the unknown Greensfunction with Neumann boundary condition.
Again ui is the illumination wave �eld which we can choose. If we send out a point
sourceat transducer x i , the scattered wave received at x j is

Pij = �
Z

@


@G0(y ; x i )
@�

GN (x j ; y )dy :

In this case the source of the scattered wave �eld is a weighted superposition of
dipoles at the boundary. In particular Pij (= Pj i ) is a superposition of wave �eld at
x i corresponding to dipoles located at the boundary. The superposition weight is
determined by Greensfunction GN (y ; x j ) at the boundary corresponding to a point
sourceat x j . The responsematrix has the following form

P = �
Z

@


�
@~g0(y )

@�

�
~gT (y )dy (3.9)

where

@~g0(y )
@�

= [
@G0(y ; x 1)

@� (y )
; : : : ;

@G0(y ; x N )
@� (y )

]T (3.10)

and

~g(y ) = [GN (x 1; y ); : : : ; GN (x N ; y )]T (3.11)
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Now wehavea di�eren t factorization of the responsematrix. Sowedesignour imaging
function di�eren tly . Supposethe set of leading singular vectors~v1;~v2; : : : ;~vM ; M < N
span the shape space.The normal derivative of the illumination vector @~g0 (y )

@� (y ) at the
well illuminated part of the boundary should be in or close to the signal space. In
other words, we use @~g0 (y )

@� (y ) to replace the illumination vector ~g0(y ) in the imaging
function for Dirichlet boundary condition. Sincethe normal direction at the boundary
is alsounknown, we usea set of �xed search directions � l ; l = 1; 2; : : : ; L at each point
and take the maximum amongthesedirections at each point as the imaging function:

I (y ) = max l
1

k @~g0 (y )
@� l

k2 �
P M

i =1 j @~g0 (y )H

@� l
~vi j2

(3.12)

This imaging function gives both shape information and an estimate of the normal
directions at the boundary.

Remark 4: If we use the wrong imaging function we still get an estimate of
the target boundary but with poor quality. In fact, if we use the wrong imaging
function the imaging procedure attempts to approximate dipoles by a combination
of monopoles and visa versa. We will show this in our numerical tests and how this
phenomenoncan be usedto estimate the material property of a target.

3.3. Other Cases. Consider the impedanceboundary condition @u
@� + i�u = 0

at the target boundary, we have the following integral equation:

us(x )=
Z

@


�
i�u s(y )+

@us(y )
@�

�
GI (x ; y )dS(y )= �

Z

@


�
i�u i (y ) +

@ui (y )
@�

�
GI (x ; y )dS(y );

(3.13)
where GI (x ; y ) is the Greensfunction with the sameimpedanceboundary condition.
If point sourcesare usedfor illumination, we have

Pij = �
Z

@


�
i�G 0(y ; x i ) +

@G0(y ; x i )
@�

�
GI (x j ; y )dS(y ): (3.14)

Hence, the scattered �eld is generated by a linear combination of monopoles and
dipoles at the boundary. If we know the material property of the targets, i.e., we
know � then we can use this linear combination of a monopole and a dipole as the
illumination vector in our imaging function.

In general � is unknown and we may use the Dirichlet and/or the Neumann
imaging functions. For large positive � , the problem is Dirichlet-lik e and the Dirichlet
imaging function givesgood result. For small positive � , the problem is Neumann-like
and the Neumann imaging function givesgood result, seeFigure 5.5 for an example.
Using both can give someindication of the material property of the targets.

For a penetrable target with a constant contrast, we have the following integral
equations for the scattered �eld from potential theory:

us(x ) =
Z

@


@G0(x ; y )
@� (y )

 (y ) + G0(x ; y )� (y )dS(y ) (3.15)

where � and  are density functions for single and double layer potentials. The
inter-element responseis then

Pij =
Z

@


@G0(x j ; y )
@� (y )

 (x i ; y ) + G0(x j ; y )� (x i ; y )dS(y ) (3.16)
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with  (x i ; y ); � (x i ; y ) being the density functions for a point sourceat x i . Again the
source for the scattered �eld is a combination of monopoles and dipoles located on
the boundary. However the weight of the combination changesalong the boundary.
If Dirichlet and/or Neumann imaging functions are used they both peak near the
boundary. SeeFigure 5.8 for an imaging example.

For a target with a smooth variation of contrast the Lippmann-Schwinger equation
gives

us(x ) =
Z



G0(x ; y )� (y )u(y )dy : (3.17)

Here � is the contrast which is a smooth function with compact support. If a point
sourceis used, then the total �eld u = ui + us is the Greensfunction with the target
included. The inter-element responseis therefore

Pij =
Z



� (y )G0(x i ; y )G(x j ; y )dy (3.18)

and the responsematrix

P =
Z



� (y )~g0(y )~gT (y )dy: (3.19)

The integral is now over the whole region 
 and well illuminated high contrast parts,
with � (y )G(x i ; y ) relatively large, can be viewed asthe sourcesfor the scatteredwave
�eld. Hence,the Dirichlet imaging function will peak on those parts in region 
, see
Figure 5.8.

3.4. Another Form ulation Using the Total Field. Another formulation is
to represent the scattered �eld in term of the total �eld u(x ) = ui (x ) + us(x ). The
scattered �eld and the incoming �eld satisfy the following two relations:

us(x ) =
Z

@

G0(x ; y )

@us(y )
@�

� us(y )
@G0(x ; y )

@�
dy ; (3.20)

0 =
Z

@

G0(x ; y )

@ui (y )
@�

� ui (y )
@G0(x ; y )

@�
dy ; (3.21)

If u(x ) satis�es Dirichlet boundary condition at @
 the sumof the abovetwo equations
gives

us(x ) =
Z

@

G0(x ; y )

@u(y )
@�

dy : (3.22)

For a point sourceat x i the total �eld is u(x ) = GD (x ; x i ). The scattered �eld at x j

is

Pij =
Z

@

G0(x j ; y )

@GD (x i ; y )
@�

dy ; (3.23)

which is equivalent to the previous formulation (3.4) and shows the reciprocity of the
scattered�eld. Physically this alsogivesa dual interpretation: the scattered�eld at a
receiver can be viewed as the normal derivative of the total �eld (unknown) at target
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boundary propagated by the free spaceGreensfunction. Similar formulations can be
derived for other boundary conditions.

When we have an active array, i.e., the transmitters and receiversare at the same
place, the responsematrix is square and symmetric and these two formulations are
equivalent. However, when the array of transmitters and the array of receivers are
di�eren t the responsematrix may not be squareanymore and thesetwo formulations
can provide complementary information. For example,supposethere are s transmit-
ters locatedat ~x 1; : : : ; ~x s and there are r receiverslocatedat x 1; : : : ; x r . The response
matrix is then of size s � r . For Dirichlet boundary condition the scattered �eld at
j th receiver due to a point source�red at i th transmitter is

Pij =
Z

@

G0(y ; ~x i )

@GD (x j ; y )
@�

dy ; (3.24)

So the responsematrix has the following vector form

P =
Z

@


~~g0(y )
�

@~g(y )
@�

� T

dy (3.25)

where~~g0(y ) is the illumination vector with respect to the transmitter array

~~g0(y ) = [G0(~x 1; y ); : : : ; G0(~x s; y )]T (3.26)

and

@~g(y )
@�

=
�

@GD (x 1; y )
@�

; : : : ;
@GD (x r ; y )

@�

� T

(3.27)

Basedon this formulation we can choosea proper set of left singular vectors to form
the column signal spaceand useillumination vector ~~g0(y ) in the imaging function.

On the other hand we can usethe total �eld formulation and have

P =
Z

@


"
@~~g(y )

@�

#

~gT
0 (y )dy (3.28)

where~g0(y ) is the illumination vector with respect to the receiver array

~g0(y ) = [G0(x 1; y ); : : : ; G0(x r ; y )]T (3.29)

and

@~~g(y )
@�

=
�

@GD (~x 1; y )
@�

; : : : ;
@GD (~x s; y )

@�

� T

(3.30)

Sowecanalsochoosea proper setof right singular vectorsto form the row signalspace
and use illumination vector ~g0(y ) in the imaging function. Of courseby combining
these two formulations we incorporate aperture from both the transmitter and the
receiver arrays to someextent. We will show examplesin section 5.

3.5. Illumination By Plane W aves. In the above formulations the scattered
�eld is factorized into two parts, one is the incoming illumination �eld which we can
chooseand the other one is the scattering of the incoming �eld due to the unknown
targets. Instead of point sourcewe can useother forms of illumination. For instance,

12



one can use plane waves of di�eren t directions as incoming �elds. As an example,
with Dirichlet boundary condition the scattered wave �eld due to an incoming plane
wave is

us(x ) =
Z

@

eik x̂ �y @GD (x ; y )

@�
dy ; kx̂ k = 1; (3.31)

where x̂ is the incident plane wave direction. If we illuminate the targets from s dif-
ferent directions, x̂ 1; : : : ; x̂ s, and measurethe scattered �eld at r locations x 1; : : : ; x r

the responsematrix will be of sizes � r with elements

Pij =
Z

@

eik x̂ i �y @GD (x j ; y )

@�
dy

representing the scattered �eld measuredat j th receiver due to a plane wave in the
i th direction. Here there is no symmetric relation, e.g. Pij 6= Pj i . In matrix form we
have

P =
Z

@

ĝ(y )

�
@~g(y )

@�

� T

dy ; (3.32)

where

ĝ(y ) = [eik x̂ 1 �y ; : : : eik x̂ s �y ]T :

So we can de�ne a column signal spaceusing a proper set of leading left singular
vectors and useĝ(y ) as the illumination vector in the imaging function.

We can also usethe total �eld formulation and have

us(x ) =
Z

@

G0(x ; y )

@u(y )
@�

dy ; (3.33)

where u is the total �eld due to an incident plane wave. Let ui denote the total wave
�eld due to the i th incoming plane wave. We have

Pij =
Z

@

G0(x j ; y )

@ui (y )
@�

dy ;

These two equivalent formulations correspond to the dualit y and mixed reciprocity
betweenplane wavesand point sources[18] in the sensethat the scattered �eld at a
point y due to an incident plane wave with direction � x̂ is proportional to the far
�eld at the direction x̂ due to a point sourcelocated at y . The responsematrix takes
the following form

P =
Z

@


�
@~u(y )

@�

�
~gT

0 (y )dy ; (3.34)

where ~u = [u1; : : : ; us]T and ~g0 is the illumination vector de�ned by the free space
Greensfunction in (3.6). In other words, we can useleading right singular vectors to
de�ne a row signal spaceand use~g0 asthe illumination vector in the imaging function,
or we can combine both of thesetwo formulations.
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3.6. Dealing With Noise And Inhomogeneit y. In real applications noise,
such asmeasurement noise,is always present. Moreover, the background medium may
contain someinhomogeneity, i.e., we do not know the exact form of the background
Greensfunction. We can model the measured�eld at the array in the form

Pij =
Z

@


@GT (x j ; y )
@�

GB (x i ; y )dy (+ or � ) measurement noise (3.35)

assuminga Dirichlet boundary condition. This formulation separatesthe target infor-
mation, embeddedin Greensfunction GT , from the background medium information,
embedded in GB . If the signal to noise ratio (SNR) in the measurement is high in
the sensethat the signal from scattering at the targets is stronger than the scattering
of background inhomogeneitiesand the measurement noise, the SVD can still ex-
tract dominant information or the principal components from the measurement as is
demonstrated in our tests in Section 5. Sincescattering at the targets is coherent for
di�eren t frequencies,using multiple frequenciesand averagingwill increasethe signal
to noiseratio and the robustnessof the imaging procedure.

Remark 5: In general the strength of the background inhomogeneity depends
on the medium variation, both the contrast and the scaleof the variation, and the
propagation distance from the array to the target. Any knowledge that improves
the approximation of the background Greens function will result in better imaging.
In particular we can (1) incorporate multiple scattering of the background medium,
such as re
ections of walls, into the background Greensfunction, (2) derive e�ectiv e
medium property to ignore small scalevariations in the background medium.

4. Resolution And Noise Lev el Based Thresholding. Here we carry out a
resolution analysis to characterize the signal spaceand give a guideline for choosing
a proper set of signi�cant singular vectors that contains the shape information and
spansthe signal spaceV S . The orthogonal complement is de�ned as the noisespace
V N as in (2.6). We consideronly sound-soft target(s) in this study.

First, we develop a resolution basedthresholding strategy. Let M be the number
of leading singular vectors that span the signal space. In the caseof uniform illumi-
nation of the boundary, our thresholding strategy is basedon the following relation

D
r

= CM ; (4.1)

where D is the perimeter (or dimension) of the target(s) boundary, r is the cor-
responding scale of the resolution for the array and C is a dimensionlessfactor of
proportionalit y. In more general situations the above relation will be more compli-
cated. For example,the material properties of the target, such ascontrast, may a�ect
the constant C. Moreover, the geometry of the boundary, such as concavit y, and
the con�guration of the array, such as limited aperture, will a�ect the illumination
strength at di�eren t parts of the boundary. When the target is not in the near �eld
the resolution of the array is proportional to �L=a , where � is the wavelength, L is
the distance from the array to the target and a is the aperture of the array. Thus we
have the following relation [26]:

Da
�L

= CM ) M /
1
�

; (4.2)

e.g., the dimension of the signal spaceshould be inversely proportional to the wave-
length. In many applications L and a are �xed. Wevary � and usethis proportionalit y
relation to determine the thresholding.
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shape � L a � D predict invariance estimate
circle � 0 L 0 a0 � 0 D0 12
circle � 0 L 0 a0 � 0 2D0 24 24
circle 3

2 � 0 L 0 a0 � 0 2D0 16 16
circle � 0 L 0 a0 2� 0 D0 12 12
circle � 0 L 0

5
8 a0 � 0 D0 7.5 8

circle � 0
2
3 L 0

2
3 a0

2
3 � 0

4
3 D0 16 16

ellipse � 0 L 0 a0 � 0
4:967

� D0 18.97 18
rectangle � 0 L 0 a0 � 0

6
� D0 22.92 24

triangle � 0 L 0 a0 � 0
4+2

p
2

� D0 26.08 23
7 leaves � 0 L 0 a0 � 0

7:767
2� D0 14.83 14

2 circles � 0 � L 0 a0 � 0 2D0 24 22

Table 4.1
Numeric al justi�c ation of the invarianc e of the signal-to-noise ratio. Notic e that the last two

columns of the table almost agree.

Next, we de�ne a signal to noiseratio that will be helpful in order to estimate the
number of singular vectors M . Let P = U� V H be the singular value decomposition
of the responsematrix and � 1 � � 2 � : : : � � M be the singular valuesof the response
matrix that span the signal spaceV S . De�ne the signal-to-noiseratio:

kPsig nal k2

kPnoise k2
=

� 1

� M +1
;

where Psig nal = UM � M V H
M with UM ; VM denoting the �rst M columns of U and V ,

respectively, � M being the corresponding submatrix of � and Pnoise = P � Psig nal .
With correct M , this ratio represents the relative receivedenergyof the scatteredwave
due to the target(s) versusthe energy scattered by the background medium and/or
noise. We claim that � 1=� M +1 is a robust and stable quantit y that is invariant to
the wavelength. It is a quantit y that is stable with respect to the structure of the
experiment. We performed extensive numerical simulations which show that this
quantit y dependsonly weakly on the parameters:

1. � : wavelength
2. L : averagedistance from the transducers to the target(s)
3. a: aperture of the transducer array
4. � : spacingbetweentwo adjacent transducers
5. D : perimeter of the target(s) boundary that is well illuminated.

We illustrate this with a numerical test. In this experiment we use a circular array
with evenly spacedtransducersin a homogeneousmedium. We changethe parameters
listed above aswell as the geometry and sizeof the targets. Let M 0 be the dimension
of the signal spacewhen the parameters(� 0; L 0; a0; � 0; D0) are used. Pick a threshold
� such that � 1=� M < � � � 1=� M +1 . This experiment is set as the referencecase.
For any other parameter sets, we �rst use the relation Da=�L = CM to get the
`predicted ' value of M and then use the same� to �nd the ìn variance estimate '
of M , that is a value of M such that � 1=� M < � � � 1=� M +1 . The results are given
in table 4.1 and we seethat the invariance estimate is closeto the predicted value of
M .

Here we propose to use the invariance of the signal to noise ratio at di�eren t
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frequenciesto estimate M and describe this procedure next. Let � j
i be the i 'th

singular value for the response matrix that corresponds to the j 'th frequency for
j 2 f 1; � � � ; mg. Let

Rj (M j ) = � j
1=� j

M j +1

be the signal to noise ratio for the j 'th frequency or wavelength, where M j is the
number of singular vectors that span the signal space. According to the resolution
analysis, � j M j is close to a constant, where � j is the j 'th wavelength. We have
therefore M j � (� m =� j )M m . We now construct the following function of M̂ m :

f (M̂ m ) =
1

m � 1

mX

j =2

j Rj (M̂ j ) � R1(M̂ 1) j

R1(M̂ 1)
; (4.3)

wherewede�ne M̂ j = (� m =� j )M̂ m . If the `correct' M̂ m is chosen,that is, M̂ m � M m ,
then f (M̂ m ) is close to zero . If we plot f (M̂ ) as a function of M̂ , the pattern is
quite clear and with many frequencieswe shall demonstrate that the pattern is quite
clear even with noise. In particular we would like to make the following remarks:

1. There is an in variance principle for the signal to noise ratio that gives:
f (M̂ m ) � 0 for M̂ m = M m .

2. For M̂ m > M m , sincethe signal-to-noiseratio is large f (M̂ m ) will in general
be large. For M̂ m < M m , if the �rst few singular values are close to each
other, which may happen for large extended targets, then the average of
relative errors f (M̂ m ) could be closeto zero. Thus we estimate M m as the
largest value of M̂ m so that f (M̂ m ) is small and has a signi�cant increment
afterwards. This pattern can be easily identi�ed from the plot of f versus
M̂ m . SeeFigure 5.1.

3. In general it is better to have the lowest frequency (the longest wave length)
asthe reference,e.g., the mth frequencyin (4.3) because(1) the low frequency
is more robust; (2) its signal spacehas the smallest dimension.

4. Usually the number of signi�cant singular vectors M can vary in a range
which all give a good approximation of the signal spaceand good imaging
results. The range is of a certain percentage of the total information, i.e., the
rank of the

5. When the noise level or heterogeneitiesin the medium increased, the tail
of the spectrum corresponding to the SVD of the response matrix decays
relatively slowly. Thus, it will also make the pattern of the f (M̂ m ) lessclear.
However, if we can estimate the correct dimensionM of the signal spacefrom
prior or other information, our imaging algorithm will be quite robust with
respect to noise.

In Section 5 we present numerical examplesthat illustrate the above points and
show that invariance basedestimate of M givesgood results in general, in particular
also in the casewith measurement noise.

5. Numerical Exp erimen ts. We present numerical experiments that demon-
strate the thresholding algorithm for determining the signal space, imaging of ex-
tended targets for di�eren t boundary conditions and penetrable objects and the ro-
bustnessof this procedure. In all the examplesbelow the calculation domain is 499h-
by-499h, whereh is the grid size,and we usea Helmholtz solver with PML [1] for the
forward problem in order to generate the responsematrix. The search box for the
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imaging is chosento be (191:310,191:310)for most experiments and for the imaging
�gures we usea coordinate system with the origin at (191,191).

5.1. Thresholding. We �rst illustrate the performanceof the thresholding al-
gorithm. We usethe kite shape as in [16] and a Dirichlet boundary condition: u = 0
on the boundary of the kite. There are 80 transducers that can send and receive
signals and that are evenly placed on a circle of radius 200h centered at (250,250)
in the calculation domain mentioned above. In the exampleswe show the MUSIC
imaging function I (x) = 1=(k~g0(x)k2 �

P M
k=1 j ~g0(x) � ~uk j2), where M is the num-

ber of singular vectors that span the signal space. The thresholding is determined
by the choice of M and in order to calculate this threshold we use the wavelengths:
� 1; � � � ; � 5 = 16h; 24h; 32h; 48h; 96h. We determine M by the invariance estimate
intro duced in Section 4:

� � j
i is the i 'th singular value for the responsematrix at the j 'th wavelength.

� Let Rj = � j
1=� j

M̂ j +1
and M̂ j = M̂ m (� j =� m ).

� As discussedin Section 4, we plot the averageof the relative errors

f (M̂ m ) =
1

m � 1

mX

j =2

j Rj � R1 j
R1

as function of M̂ m in Figure 5.1, with here m = 5. We consider both clean data
and data with 10% multiplicativ e noise. From both pictures we seethat the relative
error is small for M̂ m = 4 but increasesigni�cantly afterwards. So we take M 5 = 4
as the dimension of the signal spacefor � = 96h and scale it accordingly for other
wavelengths.

Figure 5.2 shows the imaging function using the shortest wavelength, � 1 = 16h,
and M̂ 1=1,5,18,24,30,36,42and 48. Note that � 5 = 96h so M̂ 1 = 6M̂ 5 = 24 is the
number we should usein imaging according to our resolution analysisand noiselevel
based thresholding. Observe that the imaging result is good for M̂ 1 in the range
from 18 to 36, which illustrates that the imaging has somerobustnesswith respect
to the choice of M̂ 1. It also seemsthat the very �rst few singular vectors contain
information of strong scattering parts of the target such as sharp features like tips
or corners. Moreover the results clearly show that (1) each singular vector does not
correspond to a point on the target; (2) the shape information is embeddedcollectively
in a subsetof singular vectors.

5.2. Imaging For Di�eren t Boundary Conditions. We next present imag-
ing results with our algorithm for extendedtargets with di�eren t boundary conditions
which correspond to di�eren t material properties of the targets. Our method is also
capable of imaging penetrable extended targets with smooth transition of contrast
or a constant jump of contrast, as we discussedin Section 3. We use the noise level
basedthresholding intro ducedin the previoussectionto determine how many singular
vectors to use in each experiment. There are 80 transducerswith equal spacing that
surround the target(s), the radius of the transducer array is 200h and the wave length
is 16h.

Figure 5.3 shows the imaging function for sound-softor Dirichlet boundary condi-
tion in homogeneousmedium. Figure 5.3(a) shows a target with the shape of 5 leaves,
40(1+ 0:2cos(5� ))h. We observe large valuesof the imaging function on the boundary
of the target. There are also somespots inside the targets with large values,as pre-
dicted in Remark 1 in Section 3. Figure 5.3(b) shows the result for several extended

17



0 2 4 6 8 10 12 14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 2 4 6 8 10 12 14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 5.1. These pictur es are the plot of the function f (M̂ ) for the thresholding criteria, the
horizontal axis is the number of singular vectors used for � = 96h, the vertic al axis is the average
of the relative errors. Left: clean data; Right: 10% mulitplic ative noise. Both �gur es indic ate that
the �rst big incr ement is from the 4th to the 5th value of f .
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Fig. 5.2. A slide show of using di�er ent number of leading singular vectors (�rst row: 1,5,18,24;
second row: 30,36,42,48) to de�ne the signal space for imaging when we use 80 tr ansducers.

objects without changing the imaging function. We obtain good imaging results as
long as the targets are well separatedor the multiple scattering is not strong.

Considernow the casewith a Neumannboundary condition for the target. Figure
5.4(a) shows the Neumann imaging function (3.12) using 25 �xed equally distributed
search directions for the normal derivative and we seethat the boundary is clearly
resolved. If instead we usethe Dirichlet imaging function, the image will be blurred.
SeeFigure 5.4(b). In fact, the imaging function then gives two boundary curves
corresponding to a dipole approximation using a combination of two monopoles. (In
all the �gures, with boundary curves, we use the darkest color to draw the true
solution.) Vice versa,if we usethe Neumann imaging function for a sound-softtarget,
two boundary curveswill also result.

Figure 5.5(a) and (b) show imaging results using Dirichlet and Neumann imag-
ing functions for impedanceboundary condition with � = 0:2(small � , Neumann-
like). Figure 5.6 (a) and (b) show the Dirichlet and Neumann imaging function for
impedanceboundary condition with � = 2(big � , Dirichlet-lik e). This shows that if
we use both imaging functions on an unknown target we can get an estimate of the
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Fig. 5.3. Imaging of a single (left) and multiple (right) sound-soft target(s) in homogeneous
medium.
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Fig. 5.4. Imaging of a sound-hard target.

shape as well as the material property of the target.

Figure 5.7(a) and (b) show the Dirichlet and Neumann imaging functions for a
mixed boundary condition (partially coated target). On the upper half of the
boundary, the parameter in the Robin condition is � = 0:2(Neumann-like) and on the
lower half � = 2(Dirichlet-lik e). We �nd that the Dirichlet imaging function gives
good result for the Dirichlet-lik e part of the boundary and gives two boundaries for
the Neumann-like part of the boundary and vice versa. If the object is partially coated
by dielectric our method can therefore be usedto detect the coating.

Figure 5.8(a) shows the Dirichlet imaging function for a circular shape target
with smooth transition of contrast, that is, the contrast is a smooth function on the
boundary of the target. As predicted by the Lippmann-Schwinger equation in Section
3, the imaging function peaks inside the target. Figure 5.8(b) shows the Dirichlet
imaging function for a circular shape target with constant contrast. As predicted by
potential theory in Section 3, the imaging function peaks near the boundary of the
target.
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Fig. 5.5. Imaging of a target with Robin boundary condition with � = 0:2(Neumann-like).
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(a) Dirichlet imaging function (b) Neumann imaging function

Fig. 5.6. Imaging of a target with Robin boundary condition with � = 2(Dirichlet-like)

5.3. Imaging With Di�eren t Transmitter And Receiv er Arra y. Consider
�rst the casewhen there are 80 transducers surrounding the target. There are 40
transmitters and 40 receivers and they are arranged alternatingly, i.e., using 40 odd
label of transducers as transmitters and 40 even label of transducers as receivers.
Figure 5.9 (a) and (b) show the imaging results using left (right) singular vectors
with illumination vectors to the transmitter (receiver) array respectively. Sinceboth
of the transmitter array and the receiver array have the samefull aperture, the results
are comparable.

Figure 5.10 shows the imaging results using 40 lower transducersas transmitters
and 40 upper transducersas receivers. Sothe aperture is limited for both transmitter
and receiver arrays. To get good result we combine the two imaging functions for
transmitter and receiver arrays and the �gure shows the sum.

5.4. Imaging Using Inciden t Plane W aves. Now we give some examples
with inciden t plane waves instead of point sources.The parametersare chosenas
above and we usethe samecriterion for thresholding as in the point sourcecase.The
imaging function usesthe corresponding plane wave illumination vectorsasdescribed
in Section3.5. There are 80 directions of plane wavesand 80 receiverson a circle, i.e.,
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Fig. 5.7. Imaging of a target with mixed boundary condition, on the upper half � =
0:2(Neumann-like) and on the lower half � = 2(Dirichlet-like); darkest color corr esponds to the
true solution
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Fig. 5.8. Imaging of a cir cular shape target with smooth tr ansition of contr ast (left) and
constant contr ast (right)

the responsematrix hasdimension80x80. In this test, the directions and transducers
are distributed evenly on the circle. Figure 5.11(a) shows the result for a 5-leaf shape
with Dirichlet boundary condition and Figure 5.11(b) shows the result for a 5-leaf
penetrableobject with a constant contrast, (the wave length inside equals

p
2=2 times

the wave length outside the object). We seethat in both casesour imaging algorithm
identi�es the shape of the object.

5.5. Imaging Robustness. Next we illustrate the robustnessof the threshold-
ing strategy with respect to multiplicativ enoiseand alsorandom medium 
uctuations.
Here we use the samenumber of singular vectors as in the clean case. Of course, in
practice, getting a good estimate of the number singular vectors can be challenging
when the noise level is high.

First, we consider the robustnesswith respect to multiplicativ e noise . Figure
5.12 shows the result for the kite shape with noise free data, 100% multiplicativ e
noiseand 200%multiplicativ e noise, respectively. We intro duce the noiseas follows:

21



200

400

600

800

1000

1200

20 40 60 80 100 120

20

40

60

80

100

120
100

200

300

400

500

600

700

800

900

1000

1100

20 40 60 80 100 120

20

40

60

80

100

120

(a) (b)

Fig. 5.9. Imaging of a target. Left: using left singular vectors with il lumination vector to the
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Fig. 5.10. Imaging of a target with 40 lower tr ansducers as tr ansmitters and 40 upper tr ans-
ducers as receivers. The plot is the sum of two imaging functions

The real and imaginary part of each entry in the responsematrix is multiplied by a
factor 1+ � with � uniformly distributed and independent for the real and imaginary
parts and the di�eren t frequenciesand matrix entries. There are 40 transducersthat
surround the target. Figure 5.13 shows the result using 80 instead of 40 transducers.
Clearly, using more transducersgivesmore robust imaging.

Figure 5.14 shows the result for the kite shape in a random medium with 5%
standard deviation and correlation length 10h. The target is well resolved also in this
caseeven though only the homogeneousGreensfunction is usedin the imaging.

Figure 5.15 shows the result for the kite shape with 400% multiplicativ e noise
using two di�eren t frequencies.We seethat imaging with the lower frequencies,that
is a longer wavelength, givesa more robust result.

Our imaging algorithm could alsohandle 100%standard deviation Gaussianmul-
tiplicativ e noisewith very promising result.

In the situation with multiplicativ e measurement noise or medium noise that
are independent for di�eren t frequencieswe next enhancethe imaging robustnessby
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Fig. 5.11. Imaging of an extended target with incident plane waves

combining several frequencies.The multifrequency imaging function is chosenas:

I (x ) =
mX

i =1

M iX

k=1

j ~g0(x; � i ) � ~uk (� i ) j2 =k~g0(x; � i )k2

wherewe explicitly show the frequencydependence.Herem is the total number of fre-
quencies,M i denotesthe number of signi�cant singular vectors for i th frequencyand
� i is the wavelength for i th frequency. Note that the summation over the frequencies
stabilize statistically the projection to the signal space.
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Fig. 5.12. Imaging of a target using 40 tr ansducers, left: clean data, midd le: 100% noise,
right: 200% noise
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Fig. 5.13. Imaging of a target using 80 tr ansducers, left: clean data, midd le: 100% noise,
right: 200% noise
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Fig. 5.14. Imaging of a target using 80 tr ansducers, � = 16h in 5% Gaussian random medium
with corr elation length 10h
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Fig. 5.15. Imaging of a target using 80 tr ansducers, 400% noise, left: � = 16h(high frequency),
right: � = 32h(low frequency)

Figure 5.16 shows the result for the kite shape with 200% multiplicativ e noise
in the data. 80 transducers are used. The left �gure shows the result using a sin-
gle frequency(� = 16h) and the right �gure is the result using 3 frequencies(� =
16h; 24h; 32h). According to the noise level and resolution analysis basedthreshold-
ing, the number of singular vectors used are chosen to be 25, 17, 13 respectively.
Clearly the result for multiple frequenciesis much better than that of a single fre-
quency.

Finally, we show how multifrequency information can be used to obtain robust
imaging results also in the casewith random 
uctuations in the background
medium. The information at di�eren t frequenciesdecorrelate rapidly with the fre-
quencyseparation[11], therefore,using several frequenciesstabilize the imaging result
with respect to medium noise.

Figure 5.17 shows the result for the kite shape in a random medium with 10%
standard deviation and correlation length 10h when 80 transducers are used. The
left �gure shows the result using a single frequency(� = 16h). The right �gure is
the result using 3 frequencies(� = 16h; 24h; 32h). According to the noise level and
resolution analysisbasedthresholding, the number of singular vectorsusedare chosen

24



30

40

50

60

70

80

90

100

20 40 60 80 100 120

20

40

60

80

100

120

20 40 60 80 100 120

20

40

60

80

100

120
0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Fig. 5.16. Imaging of a target using 80 tr ansducers, 200% noise, left: � = 16h, right: combining
� = 16h; 24h; 32h

to be 25, 17, 13 respectively. Again the result for multiple frequenciesis much better
than that of a single frequency.
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Fig. 5.17. Imaging of a target using 80 tr ansducers, 10% random medium, left: � = 16h, right:
combining � = 16h; 24h; 32h

6. Conclusions. We proposea direct imaging algorithm for extended targets.
The algorithm is simple and e�cien t becauseno forward solver or iteration is needed.
The algorithm can also deal with di�eren t material properties and di�eren t type of
illuminations and measurements. The starting point is to locate and visualize strong
scattering events that generate the scattered �eld. A key point in this study is to
understand the structure of the measurements based on a physical factorization of
the responsematrix. Singular value decomposition (SVD) of the responsematrix is
used to extract information for the dominant scattering events. A crucial and chal-
lenging step is the choice of thresholding and regularization, that is, the number of
leading singular vectors to be used to de�ne the signal spacein the imaging algo-
rithm. A physical resolution basedthresholding strategy using multiple frequencies
is developed. By an appropriate choice of illumination vectors, di�eren t material
properties and incoming wave �elds can be handled by the imaging algorithm. The
proposedimaging algorithm is robust with respect to measurement noise,this derives
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from the fact that the singular vectors are stable with respect to such noisefor large
transducer arrays. The imaging procedure is also robust and stable with respect to
small medium 
uctuations when we use multiple frequencies. This follows due to
rapid decorrelation of the responsematrix at di�eren t frequencies,that is, a narrow
coherencebandwidth in the casewith long propagation lengths, the situation when
the medium noise becomesimportant. In future work we will look at the e�ects of
limited aperture.
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