SUBMITTED TO SIAM Journal on Applied Mathematics

SPECTRAL PROPERTIES OF THIN-FILM PHOTONIC CRYSTALS

ALEX FIGOTIN * AND YURI A. GODIN'

Abstract. We study spectral properties of three-dimensional photonic crystals formed by a
periodic array of air cubes separated by a thin film of optically dense dielectric material. The
thickness d of the dielectric component is assumed to be small, whereas its permittivity ¢ is large.
The spectrum of the photonic crystal is studied as § — 0 while e§ = n~! is kept constant. Under
additional condition of vanishing normal component of the magnetic field at the surface of the
optically dense dielectric film, we carry out a thorough analytical and numerical analysis of the
spectrum of the photonic crystal. In particular, for small 7 we obtain the linear and quadratic
approximations of the spectral bands and, given 4, we estimate the minimum value of £ for which at
least one spectral gap opens up.
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1. Introduction. Photonic crystals, man made periodic dielectric structures,
have received a great deal of attention for the last decade because of their capabilities
to manipulate, in a number of ways, the propagation of electromagnetic waves. There
is steadily growing number of publications on theoretical and experimental studies of
one-, two-, and three-dimensional photonic crystals. In particular, the studies include
band-gap properties of the spectra of photonic crystals, localized and defect states
arising from perturbation of photonic crystals and novel ways to control the propa-
gation of electromagnetic ways using fundamental properties of photonic crystals.

The theory of photonic crystals is a significant part of their design and fabrication.
It is based on the classical Maxwell equations for spatially inhomogeneous dielectric
media, i.e. the media with the permittivity € (r) and permeability p (r) dependent
on the position vector r. For perfect photonic crystals functions ¢ (r) and p(r) are
periodic, and, hence, the Floquet-Bloch theory can be applied. The theory yields
the general spectral properties such as the Bloch form for the eigenmodes and band
structure of the spectrum. Naturally, the next step is to ask how relevant physical
quantities depend on the geometry of the photonic crystal and, say, the values of
permittivity € of its constitutive components. For instance, if a photonic crystal
consists of two components of permittivities € and 1, a practical question one can ask
is what is the minimum value €,;,, such that for appropriately chosen crystal geometry
at least one gap opens up. Alternatively, if € > ey is given, what geometry provides
the largest gap, if any. Unfortunately, for two- and three-dimensional structures these
natural questions are hard to answer both theoretically and numerically. The reason
of the theoretical difficulties stems from the fact that there are no exactly solvable
nontrivial models of periodic dielectric structures in the dimensions two or three for
which one can describe analytically the spectral properties based on the Maxwell
equations. Numerical computation of the bandgap structure, on the other hand,
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requires considerable computer resources. Spectral computations are complicated
by the medium discontinuity, since real photonic crystals are usually made of two
materials with different permittivity or permeability. In addition to that, the stronger
the discontinuity the more pronounced are the effects of multiple scattering, such as
emergence of spectral gaps and localization, if defects are introduced.

Taking into account the above problems, the theory, we believe, can be developed
at least in two directions. The first direction is related to the study of some extreme
(asymptotic) situations [10], [12]-[14], [21], [28], which, on one hand, can provide an
explanation of physical phenomena in photonic crystals, and, on the other hand, can
be treated analytically. That is a common approach in theoretical physics, and the
“only” problem is find those extreme situations, satisfying the above criteria. The
second direction is to develop mathematical approaches which would provide a solid
ground for constructions of time-efficient robust numerical algorithms which explicitly
take into account the medium discontinuities and the divergence free condition of the
related fields. The primary subject of this paper is related the first direction for
three-dimensional photonic crystals.

The three-dimensional case is the most difficult in every respect, including exper-
iments, fabrication, theoretical analysis and computations. In spite of all challenges,
there has been a considerable amount of publications in the recent years covering wide
range of activities: from the new ideas in fabrication of the crystals and new ways to
employ their properties in optical devices [3]-[5], [7], [8], [15], [16], [18], [19], [22], [23],
[26], [29], [32]-[36], [38], to theoretical and computational studies, allowing accurate
computation of the properties of photonic crystals [6], [24], [25], [30], [31], [37].

1.1. Statement of the results. In this paper we conduct thorough study of
photonic crystals formed by a periodic array of cubic air cavities, separated by thin
films of optically dense lossless dielectric (see Figure 1.1). It has been shown [11] that
if (i) the dielectric film of permittivity ¢ allows only magnetic fields tangential to its
surface and (ii) its thickness § is chosen appropriately depending on ¢, then the spec-
trum of the photonic crystal has narrow bands and, consequently, large spectral gaps.
Assuming smallness of the parameter n = 1/ed we carry out detailed investigation of
this asymptotic model. In particular, based on the analytic perturbation theory we
compute the first and the second order terms of the asymptotic approximations of the
spectrum branches. We also carry out numerical computations of the spectral bands.
Comparison of the numerical results with of the analytic perturbation theory of the
second order shows that they are in good agreement up to the point when the spectral
gaps close down. Hence, we conclude, spectral gaps can be adequately analyzed by the
classical perturbation theory up to the point of their closure.

The paper is organized as follows. In Section 2 we describe basic properties of
eigenmodes and eigenfrequencies of a single cubic cavity (resonator) with vanishing
normal magnetic field component on the boundary. Then we show that photonic
crystal in question can be viewed as a periodic array of weakly coupled resonators
with the coupling constant 7 = 1/ed. Assuming that the coupling constant 7 is
small we show in Section 3 that (i) the spectral bands of such photonic crystal are
proportional to n and (ii) the spectral bands are situated about the eigenvalues of
the cubic resonator. Consequently, appreciable spectral gaps will arise for sufficiently
small 7. In Section 4 we reduce the spectral analysis of the photonic crystal to the
spectral analysis of an infinite matrix .#, + n.#1, where .#, is a diagonal matrix
corresponding to the periodic array of completely decoupled cubic cavities, while the
perturbation matrix .4 is a sparse matrix describing the energy of coupling. Then
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F1G. 1.1. A slab of three-dimensional photonic crystal composed of cubic air cavities separated
by thin dielectric plates of high dielectric constant.

in Section 5 we prove that matrix . is relatively compact with respect to .#, by

showing that ., %,/ﬂl% % is the sum of three compact operators related to the
directions along z1, z2 and z3 axes. This decomposition allows to get constructive
truncation error estimates. The final sections are devoted to the computation of the
spectrum. In particular, we use the analytic perturbation theory to find the exact
linear bounds for the asymptotic behavior of the eigenvalues as n — 0. It turns out
that if an eigenvalue corresponds to two eigenmodes of different polarizations then
the linear upper bound of this eigenfrequency as 5 — 0 is exactly & + 167, where
¢ is the corresponding eigenvalues of the single resonant cavity. Otherwise, if all
eigenmodes corresponding to the unperturbed eigenvalue £ have one polarization each
then the upper linear bound of the perturbed eigenvalue is exactly £ +127. Numerical
computation of the spectral bands shows that all gaps are closing when n = 1/ed ~ 2
or, equivalently, €6 ~ 1/2. We have found that the quadratic approximation of the
bands

2m?2 < €& < 2w +12n—2.01n%, 372 < & < 37 4 16m — 2.3177%, ...

is in a good agreement with the numerical results. Based on these computations, we
readily derive the following simple formula for the minimum value of the permittivity
Emin for which at least one gap opens up

1

i = S (- .

where f is the filling fraction of the optically dense dielectric.

2. Spectral properties of a cubic cavity. Consider first electromagnetic os-
cillations in a unit cubic cavity Qo : 0 < z; < 1, i = 1,2, 3 with perfectly conducting
walls. It is convenient to represent the electric induction D(x,t) and the magnetic
field H(x,t) in the cavity through the divergent-free vector potential ®(x,t) such
that

D(@,t) =V x ®(z,t), Hz,t)= %%@(w,t) (2.1)

and

V- &(z,t) = 0, (2.2)
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where ¢ is the speed of light. For the time-harmonic field

®(x,t) = e ' (x) (2.3)
equations (2.1)-(2.3) turn into
A¥(@)+E¥(@) =0, £= 2, (2.4
V%) =0, n-¥@)| =0, (2.5)
To

where I'g is the surface of the cube and m is the vector normal to the surface I'y.
The eigenvalues of the cubic resonator satisfying (2.4)—(2.5) are given by

E=n"(pl +p3 +13), (2.6)
while the eigenmodes ¥,,(x) are conveniently expressed by
Ap,l sin(7rp1m1) COS(ﬂ'pQZ'Q) COS(7Tp3.’L'3)

P,(x) = Ap xOp(x) = | Apocos(mpizr)sin(mpexs) cos(nmpszs) |, (2.7)

Ap 3 cos(mp1 1) cos(mpexa) sin(mpsxs)

where A, = (4,1, 4,2, Ay 3) is a real polarization vector corresponding to an integer-
valued nonzero index-vector p = (p1, p2,p3),

sin (mp1x1) cos (mp2x2) cos (Tpses3)
Op () = | cos(mpiz1) sin (wpaxs) cos (mpsz3) |, (2.8)
cos (mp1x1) cos (mpex2) sin (7ps3)

and a x b denotes three-dimensional vector

a1b1
axb= Cl2b2 . (29)
Cl3b3

Hereafter we suppose the eigenmodes ¥,(2) (2.7) to be normalized by the condition

/ 1, ()| de = 1. (2.10)

Qo

That implies that if all p1, p2, ps are positive, then
A2+ A2, + A2 =8, (2.11)

If one of p;,j = 1,2,3 equals zero, for instance, p; = 0, then normalized amplitudes
obey

A2+ AL, =4, (2.12)

and we set the amplitude of the missing component of vector ¥,(x) to be zero (4, =
0 in the example). In addition to that, the divergence-free condition (2.5) implies

A, -p=0. (2.13)
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Due to this restriction, the eigenmode (2.7) has only two independent constants
Api, Jj =1,2,3, at most one of which can be zero. If none of the components
of the index p = (p1, p2, p3) equals zero then the corresponding eigenvalue has multi-
plicity two. Alternatively, if one of the numbers p;, p2 or ps is zero then the eigenvalue
corresponding to such p is simple. Thus, the set of all indices P can be partitioned
into two sets

P =Py UP,, (2.14)

where Py contains only all-positive indices of multiplicity two, while Py has its ele-
ments simple indices with one zero component. In what follows we will distinguish
the indices (p;,pa,p3) corresponding to identical eigenvalues p? = p? + p3 + p3. The
first 11 eigenvalues (2.6) are given by

272,372, 5n?, 672, 872,972, 1072, 1172, 1272, 1372, 147>, (2.15)

In the above sequence there are missing integers because not any integer number is
representable by a sum of two or three squares. Necessary and sufficient conditions
for such representation are given in [17].

Notice that the eigenvalues (2.6) of the unit cubic cavity are the extreme values
of the quadratic form

/ IV x ®(2)|? de = (My®,¥), V-¥(z)=0, n- ¥x) =0, (2.16)
Qo To
which defines a self-adjoint operator My in the Hilbert space L?(Qo).

3. Asymptotic model of the photonic crystal. We denote by @,,, the peri-
odic array of cubes obtained by translation of the unit cube @y by an integer-valued
vector m (see Figure 1.1):

Qm=Qo+m, meZ’ (3.1)

Let also I' be the union of the cubes’ faces having high dielectric constant €. Then
the vector potential ¥(x) defined by (2.1)-(2.3) satisfies the equation

L VX ¥(e) = cB), £=% (32)
e(x) B ’ e '

c2
The eigenvalue problem (3.2) has a variational formulation in terms of the stationary
values of the quadratic form [11]

V x

M(n) = Mo +nMu, (3.3)
where
(Mo®, @) = /RLF IV x B(z)|? de, (3.4)
(M, &) = / I, x W, () +n x ¥ () dS, (3.5)
r

and ¥(x) satisfies the following conditions

V-¥(x)=0, ek -T; (3.6)

ng - ‘I’i(:l:) =0, zeT, (37)
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where n, = —m_ and ¥ are respectively the two opposite normal vectors to the
surface I' and the field in the adjacent to I areas.

In the standard fashion we reduce the problem in the infinite domain to a finite
cell K, using the Floquet-Bloch transform

(k)= Y T(@+m)e F™ zeQy keK, (3.8)
mezZ3

where the quasimomentum k belongs to the Brillouin zone K = [—m,7)3. This
transform decomposes operator M into the fibers M (k,n) [27], [20]

(ME)(k,n) = M(k,n)¥(k,n). (3.9)
where each fiber M (k,n) is a self-adjoint operator in the Hilbert space L?(Qo)

Operator My, given by (2.16) and (2.5), corresponds to a single cubic cavity with per-
fectly conducting walls. The perturbation operator M (k) is defined by the quadratic
form [11]

3
Mi(k) T, ®) =" [ |e; x [¥ () — e ¥ (z +e)]|” dS, (3.11)

=17

where +; are the faces of the unit cube Qo that are determined by the intersection
v; =ToN{z; =0},  =1,2,3, and e; are the vectors of the standard basis.
According the Floquet-Bloch theory, the spectrum o (M) of the operator M is
the union of spectra o (M (k,n)) as k runs the Brillouin zone K = [—7,7)%. To
calculate efficiently the spectrum o (M (k,n)) we observe that the operator My has a
compact resolvent and that M; (k) is compact relatively to My [11], i.e., the operator

M (k) = MMy (k) Mgy t? (3.12)

is compact. This allows to treat nM; (k) in (3.10) as a small perturbation of M
for n < 1. In Section 5 we give an elementary alternative proof of the relative
compactness based on the matrix representation of 9 (k).

From the properties of M; it follows that

(i) Operator M (k,n) has a compact resolvent, the spectrum o (M (k,n)) is dis-
crete.

(ii) Spectrum o (M (k,n)) approaches o (Mp) (2.6) uniformly in k as n — 0. In
particular, for small 57 there must be gaps in the spectrum of the original operator M
[11], [9).

(iii) Spectral bands of M (k,n) lie above the corresponding point spectrum (2.6)
of unperturbed operator My since My < M (k,n).

3.1. Boundary values of the eigenmodes. Unlike operator My, the pertur-
bation operator M; (3.11) is defined through the values of ¥ (x) on the boundary
of the cubic cavity where expressions of the eigenmodes can be simplified. Since the
normal component of the eigenmodes vanishes on the cube’s surface we introduce
vectors @g ) () of tangential components of the eigenmodes ¥, () (2.7) on the faces
zj=0o0rz; =1,j=1,2,3.
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Case 1. All components of p = (p1,p2,p3) are positive, i.e., p € P+. Then we
denote

0 sin (wp1x1) cos (7psx3)
@1(,1) (x) = | sin(ap2z2) cos (mpszs) |, @;2) (x) = 0 ,
cos (mp2x2) sin (mp3z3) cos (mp121) sin (7p3x3)
o () = il()ns((ﬁplxl) cos (Tpax2)
P = 1951)1 (mp2z2) | - (3.13)

In a similar manner we define vectors Bg) to be tangential components of vector
A, =(Ap1,4,2,Ap3) on cube’s boundaries z; =0 orz; =1,5=1,2,3

0 Ap,l Ap,l
BV =| 4, |.BP=| 0 |,BY=| 4,. |. (3.14)
Ps3 Ap,3 0

The corresponding vector A, in this case has two polarizations A, and A, . How-
ever on the cube’s surface one of its components vanishes and we have

Ay = Bl(ﬂ_ or Ap_ = Bi,jl for p; = 0.

Let us show that two-dimensional vectors Bi,j_)F and B,(jl are linearly independent by
the example of j = 1. In this case

1 0 1 0
](3-‘1)- = AP+72 ? B(pl = Ap_a2
AP+,3 Ap—,3

Suppose that this is not so and there exist two complex numbers oy and a_, not

both zero, such that
Ap+ ; ) ( Ap_ ; )
a ’ +a_ ’ = 0.
" ( Apt.3 Ap—3

Multiplying the first and the second rows by p2 and ps3, respectively, and combining
these equations with the divergence-free condition (2.13)

P1Ap+1 +P2Apr o+ p3Apr s =0 (3.15)
which holds for either A, and A,_ we obtain
atprApyr +a-_piA, 1 =0. (3.16)

Since p € P+ and p1 > 0, (3.15) together with ( 3.16) imply that oy Apt +a_Ap_ =
0 that clearly contradicts the original choice of A,y and Ap,_ as linearly independent
vectors. Thus, we have proven

LEMMA 3.1. For every j = 1,2,3 and fized p from P+ polarization vectors A(J)

and Ap] ) are linearly independent on the boundary of the cavity.

Case 2. If the index p € Py has exactly one zero entry p;, the corresponding
component A, ; of the polarization vector A, vanishes. On the faces z; = 0 or

z; =1, j =1,2,3, such polarization vectors prj) have the form

(1) 0 @) Ap1 () Ap1
B07P2,P3 = AP=2 ’ BP1,0,;D3 = 0 ’ Bpl,:DmO = Ap72 : (3'17)

AP=3 Ap,3 0
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However, on the faces z, = 0 or zx = 1, k = 1,2,3, where k # j the polarization
vector Bg,k) will have two zero components. It is convenient to scale the vectors by a

factor of v/2

(1) X (1) y (2) V2
By oy = \/5?4 s Bplpeo = ‘/5641%2 s Bplpao = 8 J
P,3
0 0 V24,1
(2) _ (3) _ (3) _ ’
BO,pz,pa - \/521 ’ BO,pa,ps - \/5641),2 ’ Bp1,0,p3 - 8
P,3

(3.18)

Components of the eigenmodes projections @g“) (x) in this case have analogous to
(3.18) form

W 0 " 0 @ sin wp1x1
1 1 . 2
®P1,0,P3 = 0 ’ 9171,172,0 = SIn TP2T2 ’ epl,m,o = 0 ’
sin Tp3x3 0 0
@) 0 3) 0 3) sin TP1T1
2 3 . 3
90,1)2,173 = 0 ) eO,pz,ps = SIn TP2T2 ’ ®p1,0,p3 = 0
sin Tp3x3 0 0
(3.19)

4. Matrix form of the Maxwell operator. To represent operator M (k,n)
(3.10) in matrix form we need to establish a one-to-one correspondence between the
index p of the eigenvalue (2.6) and its its eigenmode. To this end, we will count twice
the indices p of multiplicity two from the set P+. The new set is denoted by P+ and
in what follows we will use the index p € P of multiplicity one, where

P =Py UPo. (4.1)
We introduce next the eigenmode expansion of a vector field F(x) € La(Qo)
F(2)= Y F ¥ (2) (4:2)
peP
Transformation (4.2) of the function G (z) € L2 (Qo) to the sequence {G3} € I> (P)

is unitary, i.e.

F(z) G (z)dz =Y F;Gs. (4.3)

Qo pEP

Matrix representation .#, of the operator My in the eigenbasis {¥; (x)} has
diagonal form

%0 = dlag (Al, A2, .- ) , (44)

where A;,i =1,2,..., is a diagonal matrix with ¢ = 72p? (2.6) on its diagonal. The
order of the block A; equals the multiplicity of the eigenvalue &;.
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Calculation of the elements [/ﬂl]iﬁl of Hermitian matrix .#; corresponding to
the operator M (k) yields

1 = (=1)P1etk1][1 — (=1)d1e— k1
[,///1]@7:[ (L ]EL (ZL)Re ]{Azﬂ Ag2 (0pa,52 — 0pa0 0g20)  (4.5)

(055,45 + 05,0 045,0) + A3 Ag3 (352,40 + 052,0 042,0) (955,35 — 5,0 543,0)}

1 — (—=1)P2et*2][1 — (—1)92e k2
+ [ ( ) ]El ( ) ] {Ai’al Ati,l (5131,61 - 6131,0 561,0)
((5133,63 + 5133,0 543,0) + Aﬁ,3 Aq,S ((5}51,q1 + (5{,1 0 (541 ,0)((5133@3 - (5133’0 6‘7370)}

1 — (=1)P3¢etks][] — (—1)d3e—tks
+[ (-1) ]EL (-1 ]{Am A1 gy — 85,0 051.0)

(6522 + 52,0 042,0) + A2 Ag2 (051,50 + 051,0 031,0) (02,50 — a0 562,0)}7

where Jj, 4 is the Kronecker delta.
Expression (4.5) is simplified if p and ¢ do not contain zero components. Then

|4p% = |44 = 8 (4.6)
and
3
1 i ikt 051,31 0p2,d20ps,d
ZZ DPret|[1-(—1)b e ] PRt tntbedt (4, Ay — Ap Ay ).
j=1 Pj.q;
(4.7
In particular, when p = ¢ diagonal elements of .#; have the form
13
=3 Z 1)%i cosk;] (8 — A3 ). (4.8)
7j=1

Alternatively, if among components of the vectors p or ¢ there is zero, say, p1 = 0,
then

|Apl* = 45, + A5 5 =14, (4.9)
and for diagonal elements (4.5) gives
[eﬁl]i’ﬁ =6—2cosks — (—1)’72A§,3 cosks — (—1)’331412372 cos k3. (4.10)

From inspection of (4.5) one can derive the following properties of .#; and its ele-
ments.

(i) #, is a sparse matrix. For fixed p the element [.///1]1.7{1 is nonzero if and
only if (p — q) is parallel to e;, i = 1,2, 3, i.e., ¢ belongs to the line passing through
P and parallel to one of the coordinate axes.

(ii) Any nonzero matrix element [,///1]},7(1 vanishes when k = —(1 — (=1)P*,1 —

(=1, 1~ (=1)") or k = g(l — (=)™, 1- (=)*, 1~ (=1)%).

ol N
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(111) m,ilX ‘ [%1]1713‘ = 4(4 - 6{,170 - 6132,0 — (513370). If p € Py, ie., vector Ai’
admits two polarizations (no zeros among p;, i = 1,2,3), then max ‘ [.//ll]mb‘ = 16.

Otherwise max ‘ [A]. . ‘ =12.
k Ph

(iv) Maximum value of the quadratic form (M;(k)¥;, ¥;) is attained on the
quasimomentum vector kmax = g(l + (=1)P, 1+ (=1)P2,1 + (=1)??), and if p € P+
then max(M;(k)®;, ¥;) = 2|Ap|> = 16. Otherwise, when vector Ay has the sole
polarization then max(M; (k)¥p, ¥;) = 3| Ap|*> = 12. These maximum values defines
the upper bounds of perturbed eigenvalues in the linear approximation.

The entries of .4, have natural three-dimensional indices. In order to rearrange
them in a two-dimensional matrix we enumerate three-dimensional vector-indices p
in ascending order of |p|. Thus, calculation of the eigenvalues of the operator M (k,n)
(3.10) is reduced to the calculation of the eigenvalues of the infinite matrix .4, +n.#,.

5. Relative compactness of the perturbation operator.

5.1. Projection representation. The set of the indices on which matrix ele-
ments ['//ll]iui do not vanish makes up rays along the coordinate axes. We denote

the rays by

Ri(po,ps)= |J  (@1,p2,ps), Ro(priips) = | (p1,p2,ps),
p1=6(p2,p3) p2=6(p1,p3)

R3(p17p2) = U (p17p27p3)7 (51)
p3=0(p1,p2)

where p1, pa, p3 are nonnegative integers, such that at most one of them can be zero,
and

0, ifs,t>0
S(s,iy=4 7 LT 5.2
(s,2) {1, if s=0ort=0. (5:2)

The end point of the ray R;(s,t), denoted by e(R;(s,t)), lies in the plane 2; = 0
if both s and ¢ are positive (Figure 5.1). Thus, index j = dir(R;(s,t)) shows the
direction z; of the ray R;(s,t), j = 1,2,3. Also the ray whose points are counted
taking into account their multiplicity we denote by R;(s,t).

For computation of the quadratic form (3.11) it is convenient to introduce new
notation for the tangential components of the eigenmodes (3.13) on the faces z; = 0
orz; =1, j =1,2,3. We denote

o) (x) =00 (z), P (x)=00, (x), O (x)=0, (x). (53

pip3 pP1p2

Then the boundary values of F (x) (4.2) take the form

F@),o= Y. Y. FpAz+x0Y (), (5.4)
(s,£)ENL BER; (5,)
F@),.i= » > (-)"FA4,x00 (@), j=123.

(s,£)EN2 HER; (s,t)
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3 (203) 4029

, (2,0.2) %(1,12)+ (0,2.2)

X (2,0,1) (1,1,1)+ 02,1
1 e (Ry(2.0)) e (R3((§,2’))’ )
; (1,1,0)

F1G. 5.1. Integer-valued indices of eigenvalues combined into rays in the x3 direction. The sign
=+ denotes indices of multiplicity two. €(R3(2,0)),€(R3(1,1)),€(R3(0,2)) denote end points of the
rays.

F(@)|,,o—e® F@),_,= > > ( 1)Pie*3)Fy A+ @ (z), (5.5)

(s,6)EN2 HER; (s,t)

where Ni is the set of nonnegative integers, not both zero.

Functions ('-)g) (x) are orthogonal for fixed j on the surface of the unit cube. For
the integrals (3.11) of nonzero components of ew (z) we have (cf. (3.11))

st,m
(0%n(@).0%@) = [ |04),.@) as

1 ifs,t>0
= 570 i #£m, j,m=123. (56
{%, ifs=00rt=0,'77ém Sm (56)

We calculate quadratic form (3.11) of the operator M; on the eigenfunction expansion
of F (x) (4.2) to estimate its norm. From (5.5) we have

2

uwER= > [ ¥ | ¥ a-ipetna,«0f @) ds

J=1 Vi (s,t)ENZ |pER;(s,t)

ii Z Z ‘ (])F B(J) ‘ Z Z ‘ dlr(R )F B(dlr(R)) (k)

J=1(5,t)ENZ pER;(s,t) Re’RpeR
(5.7)
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where
Bg) (k) =(1— (_1)Pjeikj)3g) (5.8)
. 51’21112 P3.93> Jj=1,
ai(u]q) =19 Opi.a0psas, J =2, (5.9)
5P1,q15p2,q25 .7 = 3;
and R = U?Zl R; denotes the set of all rays (5.1) in the first octant.

For further analysis it is constructive to rewrite representation (5.7) in the pro-
jection form. To this end, we introduce an infinite-dimensional vectors %8 whose

components are three-dimensional vectors Bg) (k). If we sort points p in ascending

order of |p| taking into account their multiplicity, then (5.7) suggests to represent %
as the following sum

Bk) = B (k) + B (k) + B k), (5.10)
where
B (k) = { B 1(k), BY) 1 (k), BY) o(k), BY) 1, (k), BY) ,_(k), BS) ,(k),
BY) 2(k), BEY1 (k), BY o(k), BS) o(R), ...}, j=1,23.  (5.11)

In a similar manner we introduce infinite-dimensional vector .# whose scalar compo-
nents are the Fourier coefficients Fj, of the function F () (4.2)

F={Fo11,Fi01,F110,Fiai1+,Fi11—,Fo21,Fo12, Fro1,Fr02,Fa10,---}-
(5.12)
Quadratic form (5.7) is given now by

1 2
(Mi(k)F, F) = 7 > [(F Bk (5.13)
ReR
5.2. Properties of the projection representation. Representations (5.7)
and (5.13) allow to prove efficiently that the perturbation operator M;(k) (3.11)

is relatively compact to My (2.16), i.e., the operator (k) is compact. The norm of
the operator M (k) (3.12) can be estimated through its quadratic form

3 3
1 . 2 1 ] 9
(OM(k)F,F) = i E E E ‘beg)(k)‘ =3 E E |(§’ b(])(k)) :
3=1 (s,1) GN?'. ﬁERJ‘ (s,t) =1 ReR
(5.14)
where
; 4 ©) p e o

@ (k) = {al) b Wy | By (k)/Ipl if ¢ = p(Ry), )

o {appbp (k)}7 b (M) { "o otherwise. (5.15)

From (5.14) it follows that operator (k) is the sum of projections on vectors b¥) (k)

3
M(k) = iz S P69 (k)), with P(b)a = (b,a)b. (5.16)
J=1 ReR
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Since b is not a unit vector ||P|| = ||b||?.
Quadratic form (5.14) yields matrix elements of the operator (k)
Ly ) (k)59 (k
N " a@py J (J) —1)Pigiks
42 PP b 4|p||q| Z ]
[1— (1)@ it (Bg),Bf{)) . pgek (5.17)

For example, if p = (0,1,1) and § = (1,1,1+) then

1 ) )
[(M(k)],4 = 7[1 — ML+ e M (Ap 04y 2 + Ap34g3)

z sin kq

= 2\/_ (Ap’QAq,Q + Ap,gAq’3) . (518)

In the case when p = g = (0,1,1) we obtain

[9M(k) — M1 —e ] (A2, 4+ A25) +2[1 + 2[4+ e 242,

]11 4\/_{

+ 2L+ e[l + e7#]A2 ) = —coskr)(AZ, + A2 5)

2\[{

+ 2(1+ cosky)A2 5 +2(1 4 cosks) A2, } . (5.19)

Properties of the projection vectors b/ (k) are summarized in
LEMMA 5.1. Vectors b9 (Rj,k) associated with direction x; have the following
properties:
(i) The only nonzero components of vector b (R;,k) are those whose vector-
index P belongs to R;

() , :
. BY(k)/|p|, ifpeR;,
<6i:;b(])(Rj,k)) —_{ 5 (0)/|P| ;f£¢ 1 (5.20)
3 .R],

where e are vectors of the standard basis in lo(P)

(i) If two wvectors b9 (R;, k) correspond to different nonintersecting rays then
they are orthogonal

(b(m> (Bon, k), ™ (R, k)) =0 if RN Ry = 2. (5.21)
(iii) Components of vector b9 (R;, k) are bounded by

\b;,ﬂ (k)‘ < % when p € ;. (5.22)

(iv) Infinite-dimensional vectors b9 (R;, k) are bounded by

- 1 ™
169 (R;, k)12 532( e+ — ) (5.23)
PR le(R;)”  le(k;)|
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Proof. Relations (5.20)—(5.22) readily follow from the definition (5.15) of vectors
bg )(k). To show (5.23) we make use of the inequality

n>m b2 +n2 - n>m/"_1 b2 +t2 /Tn.—l b2+t2 b (2 arctan b )7

(5.24)

where m > 1 and b > 1. Then
1 1 1 1 s
Y =ty e <ot o (5.25)
2 1 2 2 212 = p2
7120b +n b 7121b +n b 2b
The latter together with (5.22) give the desired result. O

5.3. Relative compactness. Representations (5.14) and (5.16) suggest the fol-
lowing decomposition of the operator M (k) along the rays R;, j = 1,2, 3,

M(k) = MV (k) + M (k) + MO (k), (5.26)
where
M) (k) = iZP(b‘j) k), j=1,2,3. (5.27)
R;

For numerical computation of spectrum we define the truncated counterparts of the
operators M(k) and M) (k)

M(k)= Y MRE), MIk)= > MR, k). (5.28)
|&(R)|<s |e(R;)|<s

The basic properties of the operators M(k), M) (k), and M(R, k) are given in
LEMMA 5.2.
(i) The rank of the operator IMM(R, k) is either one or two depending on the
number of projections in the sum (5.27). Its norm is bounded

(R, k)| < [[b(E, k) > < 32 (ﬁ N @) . (529)

(i) All operators M(R;, k) associated with one fived direction x;,j = 1,2,3, com-
mute. Moreover,

MR, k) MR k) =0 if dir BV =dir B, RV £RP. (5.30)

Hence, representation (5.27) is block-diagonal with the block dimensions one
or two. .

(i4i) Truncated operators ms) (k) converge in operator norm to MY (k) so that
the following estimations hold

IO @) - FO @I = sup (R Rl < ZEET )
Rjile(R)|<s i
199 (ko) || = sup [|9(R;, k)| < 32(1 + ) (5.32)

R;
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() Operators m) (k) and ﬁs(k) converge in the operator norm to MY (k) and
M(k), respectively, as s — oo uniformly in k € K.

(v) Each operator m) (k) has a finite rank and each operator MY (k) is com-

pact. Therefore, M(k) is also compact.

Proof. From (5.15)-(5.16) it follows that the rank of 9(R, k) is the same as the
rank of the vector Bg ) (k) which can be only one or two. Then the norm estimate is
given by (5.23).

Since projection vectors ) (k) (5.16) corresponding to two nonintersecting rays
Rg-l) and R§2) are orthogonal (5.21) so do the operators WI(R§1), k) and ZUZ(RE-Q), k).
Therefore, representation (5.27) is block-diagonal and then (5.29) implies the esti-
mates (5.31)-(5.32). Convergence of the operators my (k) and 9, (k) follow straight-
forwardly from (5.31) and (5.26).

To show compactness of M(k) observe that the number of rays R for which

le(R)| < s is finite and hence operator my (k) defined by (5.28) is a finite sum of the

operators of rank one or two. Thus m (k) must be of finite rank and, in particular,
compact. Operator M7 (k), as an operator norm limit, is therefore compact. This
completes the proof of the lemma. O

6. Computation of the spectrum. We employ perturbation techniques for
the spectral analysis of matrix .# given by (3.10)

M= My + T}%l, (6.1)

where .4 is block-diagonal matrix and 7 is a small parameter. For computation of
highly degenerate spectrum of matrix .# we use the approach outlined in [2]. Using a
similarity transformation, we transform matrix .# to a unitary equivalent matrix 2~
that has the same block-diagonal form 2 = diag { X", X(®, ...} as the unperturbed
matrix #:

X =e 5 eSS = Mo+ T+ X+ ..., (6.2)

S=’I751 +T)2SQ+..., (6.3)

where matrices Sj, j = 1,2,..., do not depend on n and Z7, Zs, ... are diagonal
block-matrices whose block dimensions coincide with those of matrix .#,. The per-
turbation is then partitioned into the blocks corresponding to the distinct eigenvalues.
Thus, instead of infinite-dimensional perturbation .#; we obtain an infinite series of
independent finite-dimensional perturbations for each of the blocks. In the case of
our problem the linear perturbation term .2 is calculated exactly. Calculation of
the higher-order matrices involves truncation error.
Matrix % can be written using Hausdorf’s representation

K=o Sl &S = M+ M)+ L[ MS)S) + .. (6.4)

where the brackets denote the commutator of two matrices

[, B) = AP — B
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Substituting (6.2)—(6.3) into (6.4) and equating the terms of like power in 7, we obtain
the following expressions for the matrices Z; involved in (6.2)

21 = (Mo, 5] + M, (6.5)

Dy = [ Mo, Ss] + [ My, S1] + %[[,///0,51],51],... . (6.6)

To find expansion (6.2) we represent matrix .#; as the sum of block-diagonal

matrix .# ; and the matrix .#; whose diagonal blocks are zeros (so-called integrable
matrix [2]):

My =M+ M . (6.7)
Then
X = [ Mo, S1)+ M1+ M (6.8)
and to get rid of the integrable part of .#; we take S; to be a solution of the equation
[%0,51] = — %1 .
Solution of this equation in block form is
1 o]
[Sl]mn:_§ ¢ (A )mn, m#n, mn=12..., (6.9)

while diagonal blocks of S; are zeros.
In a similar manner one can find first two terms of the expansion (6.2)

X = diag My = M 1, (6.10)
Zs = % diag[,/ﬂol,Sl]. (6.11)

Implementing the above procedure we obtain expansion of the first block X (1)
of matrix 2 = diag {X®,X® ...} corresponding to the eigenvalue £ = 272 of
multiplicity three

q(k17k25k3) ) 07 0
XM =2r2r 42| 0, qka, ks, k1), 0 | +7°XD + 0@, (6.12)
07 07 q(k37k17k2)

where I is the 3 x 3 identity matrix (hereafter its dimension will be clear form the
content), ¢(z,y,z) = —cosz + cosy + cosz + 3, and Xz(l) is the first block of the
matrix Zo (6.11).
The second perturbed eigenvalue is defined from the matrix
3 3
2 cosky + cos ks + cosks + 4, —£ cosk2+§cosk3

X = 372] + 29 3

3 V3 2 5 5
—3 cos kg + 3 cosks, 3 cosk; + 3 cos kg + 3 cosks +4

+72x$2 + o(®), (6.13)
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TABLE 6.1

Quadratic approrimation of the first 11 upper bounds of the spectral bands.

i 1 o N bound
cigenvatue multiplicity indices p alll)%ggiin?;;?on

272 3 (0,1,1),(1,0,1),(1,1,0) 27?4+ 127 — 2.0172

372 2 (1,1,1)+ 372 + 167 — 2.3172
0,1,2),(0,2,1),(1,0,2

571_2 6 (a 7)!(1 ) )5(5 ) )a 57T2+1277—129772
(2,0,1),(1,2,0),(2,1,0)

672 6 (1,1,2) 4, (1,2, 1)+, (2,1, 1)+ 672 + 16n — 1.43n2

8n? 3 (0,2,2),(2,0,2),(2,2,0) 872 + 12 — 1.08n2

or? 6 (1,2,2)+,(2,1,2)+,(2,2, 1)+ 972 + 16n — 0.30n2
0,1,3),(0,3,1),(1,0,3

1O7r2 6 ( Pt )5( [} )’( L) )s 1071_2_'_1277_0.977]2
(37 0’ 1)5(1’3’ 0)’(371!0)

1172 6 (1,1,3)+,(1,3,1)+,(3,1,1)+ 1172 + 12 — 1.2872

1272 2 (2,2,2)+ 1272 + 127 — 0.8272

(05273)5 (0535 2)5 (27 0!3)5 b

1372 6 1372 + 12 — 1.0072
(37 052)5(2535 0)5(37 2!0)
1,2,3)+,(1,3,2)+,(2,3,1

147{'2 12 ( P )i:( s )ﬂ:a( 0 )ﬂ:: 1471_2_'_12”_0.277’2

(2,1,3)%,(3,1,2)%, (3,2, 1)+

where X{? is the second block of the matrix 25 (6.11).
For the third perturbed eigenvalue we obtain the system

X® = 52T+ 21

17

t(k1,k2,k3),0,0,0,0,0
0, t(ki,ks,k2),0,0,0,0
0,0, t(ks, k1,k3),0,0,0
0,0,0, t(ks,k1,k2),0,0
0,0,0,0, t(ka, k3,k1), 0
0,0,0,0,0, t(ks, ko, k1)

+? X 1 0@®),  (6.14)

2 8
where t(z,y,2) = —cosz + —cosy — —cosz + 3. The calculations for the first 11

eigenvalues are given in Table 6.1.

Table 6.1 shows quadratic approximation of the upper bounds of the first 11
spectral bands. The linear term of the approximation is given exactly whose value is
defined by the following rule. If among the indices of the eigenvalue £ there are indices
of multiplicity two (which do not contain zeros) then the linearized upper bound of
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,_\
T

perturpaton n

o
T

0 @ 27 3 4‘n2 52 6P 7;12 g o 10 118 121¢ 1312 1418

w?/c?

perturpaton n

1417 1én2 16“>le 172 18 197¢ 2012 218 2217 2§n2 241 2518 2612 27 28TP
w?/c?

Fi1G. 6.1. Dependence of the spectral bands of photonic crystal calculated numerically (shades
areas enclosed by solid curves) on the perturbation parameter n = (55)*1. Dashed lines denote the
upper bound of the bands in linear approrimation calculated explicitly. Dotted lines correspond to
quadratic approximation.

the band has the form & + 16n. Otherwise, when all indices of the eigenvalue £ have
multiplicity one and contain zeros, its upper bound of the spectral band in the linear
approximation is £ 4+ 12n.

7. Numerical results. Figure 6.1 shows dependence of the spectral bands of
¢ = w?/c? calculated numerically (shaded areas) on the perturbation parameter 7 =
(e6)~'. The eigenvalues were calculated through truncation of the matrix .# to
the order 2273 yielding 138 distinct eigenvalues of the greatest multiplicity 48. The
computations were carried out on the SGI Origin 2000 parallel computer on a uniform
10 x 10 x 10 grid over the reduced Brillouin zone. Dotted lines indicate the upper
bound of the bands. Dashed lines denote the upper bound of the bands in the linear
approximation, while solid lines correspond to the quadratic approximation (see Table
1). The latter agrees closely with the numerical bound to the point of closing the gaps
(n=2).

Since spectral bands in the model depend only on the parameter (¢6)~!, one can
find the minimum value of the permittivity emi, for which the first gap opens up

1
A= (= D
where f is the filling fraction of the optically dense dielectric. Figure 6.1 also sug-

gests that for high frequencies the linear approximation gives good estimations of the
spectral gaps.

(7.1)
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