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0. Introduction

In this article we answer a group-theoretical question related to the problem of
stable rationality of quotient spac&3G whered is a finite (algebraic) group and
V' is a faithful complex linear representation Gf In algebraic terms, rationality
of V/G means that the field of invarian®1)“ is a pure transcendental extension
of the constant field", and stable rationality means that there exist a finite number
of independent variableg,, . ..,y such thatC(V)%(yy,...,y:) becomes a pure
transcendental extension @f Simple arguments (based on the geometric version
of Hilbert-90 theorem) show that stable rationalitylgfG does not depend on an
individual faithful representatio” of G but only on the groug- itself. Explicit
computations of invariants show that the varietiég~ are rational in some non-
trivial cases like, for example, the standard representation of the symmetric group
Sh.-

However, this is not true in general. The first examples of nonrational and even
nonstably rational varietieB /G were obtained by D. Saltmas$4. These solu-
tions of the so-called Noether problem were obtained by showing that some bira-
tional invariant, which we denote by, (G), is nontrivial for some series of groups
G. For any finite groug, By(G) is the subgroup off?(G, Q/Z) consisting of all
elements having trivial restriction on every Abelian subgrou@ oft was shown in
[ ! ] that By (G) coincides with geometric birational invariant of a smooth

projective model//G for V/G, the so-calledinramified Brauer groupintroduced
earlier by Artin and Mumford4.V]. Namely,

By(G) = Bro(V/G) = H(V/G, L)1ors.

This fact reduces the computation of the Artin-Mumford invariepé to a purely
group-theoretical question.

The groupBy(G) is, in fact, the first of the series of birational invaria@ts, (G)
of the varieties//G constructed via group cohomology (se€&]] for general def-
initions and properties, and alsB{s§, ! ]). In this notation,B,(G) =
HZ,(G).

However, some results and conjectures in algebraic geometry indicate that for
finite simple groups this kind of birational invariants must vanish. Our leading
hypotheses are the following:



UNRAMIFIED BRAUER GROUPS OF FINITE SIMPLE GROUPS 3

Hypothesis 0.1 — For any finite simple grouf the quotient//G is stably ratio-
nal.

There is no much evidence to support this statement and, at the moment, there
are no methods to approach this problem except for the gfoup: PGL(2, Fy)
where it holds. It follows from the fact that; has a three-dimensional faithful
linear representatiof’” and the corresponding quotient has a natural structure of
a principal C*-fibration over the unirational surfad®(1")/As which, in fact, is
rational by classification theory of algebraic surfaces (for example,&&e[\o]).

Hypothesis 0.2 — For any finite simple grougs the nonramified cohomology
groupsH: (G) = 0.

In this article we test this general hypothesis, formulatecin9[], for the first
nontrivial invariantBy(G) = H? (G) in the case of finite simple grougs of Lie
type A,. Every group of Lie typed, is isomorphic to the projective special linear
groupPSL(n, F,,) over a finite fieldF,,, and the corresponding second cohomology
groups can be found irijo]. The following theorem contains our main result

Theorem 1(Main). — For every finite fieldF;, of orderq and every integen > 2,

Bo(PSL(n, F,)) = 0.

Remark 1.1 — In his seminal paperj] D. Quillen obtained a general description
of the cohomology of linear grougsL(n, F;,) which supports the HypothesBs?
for higher cohomology groups &fSL(n, F,).
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for useful comments. We also want to thank the referee for his thoughtful remarks.
The first and the third authors were partially supported by the NSF grant DMS—
0100837. The second author was supported by the Instituto Politecnico Nacional -
Mexico.
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2. The group By(G)

In this section we briefly recall some basic propertieSgfG). Let G be a group
andH?*(G,Q/Z) be the set of equivalence classes of central extensions

0—Q/Z-5G-1G6—1

of G by Q/Z. Let A be the set of all Abelian subgroupsGf

Definition 2.1 — The subgroumB,(G) of H?(G,Q/Z) is defined by

(2.1) By(G) :={y € H*G,Q/Z) | v |x= 0 forall H € A}.

Lemma 2.2 — LetG be a group and
0—Q/Z -GG —1

be an extension @f byQ/Z. Let A be an Abelian subgroup ¢f. For the restriction
0— Q/Z - A4 41

to be trivial, it is necessary and sufficient thate an Abelian group.

Proof. — This lemma is equivalent to saying that an elemgnt H?*(A,Q/Z) is
trivial if and only if the corresponding extensioh of A is an Abelian group. It
Is clear that the trivial extension is an Abelian group sirdcis a direct product of
cyclic groups and)/Z is a divisible group. To prove the triviality of the extension
A it is sufficient to find a section : A — A. If z € A has ordem, then there is
an elemeng € A, with j() = =, of ordern. To find such an element first we take
anyy with j(y) = z. Theny" € Q/Z. We have the following possibilities

— If y* = 0, then we sef := y;

— If y™ # 0, theny™ = a™, wherea € Q/Z, since the grou)/Z is infinitely

divisible. Now we can také := ya 1.

Hence for any cyclic subgroup ia we can find a section. SinceA is a direct sum
of cyclic groups, the sum of these sections provides a sectioA.faterefore, A
is a semi-direct product of andQ/Z, but since it is also a central extension, it is
a direct product. This implies that is a trivial central extension of if and only
if A is an Abelian group. Therefore, the fact that the preimdge j1(A)is an
Abelian group is equivalent to the triviality of the restrictionpfe H*(G,Q/Z)
on A. [
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Corollary 2.3 — Let G be a group andY be the set of subgroups 6fgenerated
by two elements whose commutator is the identity elemeint ®hen

Bo(G) = {y € H*(G,Q/Z) | 7 |u= 0 forall H € X}.

This fact appeared previously iB 389 and [S9(.

The description above also yields a simple criterion for a given elemenit
H?(G,Q/Z) not to lie in By(G). Let G be a central)/Z-extension ofG defined
by v € H*(G,Q/Z). Denote byK., C Q/Z the subgroup ifQ/Z which lies in the
kernel of every characte¥ — Q/Z. The groupk, is always a finite cyclic group.

Corollary 2.4 — An elementy of H?(G,Q/Z) does not belong t®3,(G) if and
only if some nonidentity element Af, can be represented as a commutator of a
pair of elements, b € G.

Proof. — If v € By(G) then the preimages of any commuting pair of elements in
G commute inG' as well. Thus if a nonzero elemetc K., can be represented as
h = aba='b~!, then the elementia) andj(b) commute, but: andb do not. This
implies thaty is not in By(G). Notice that any character 6f is trivial onaba =101,

and hence any element of the fofm= aba~'b~! always belongs tdx.,. O

Corollary 2.5 — If the generator of X, can be represented as a commutator
aba~'b~!, then any quotient off by a cyclic subgroup of/Z not containingk’,
represents a central extension@fwhich is not inBy(G).

Lemma 2.6 — LetG be a finite group and

H*(G,Q/Z) = (P H*(G.Q/Z),

be the primary decomposition &f*(G,Q/Z), where byH?(G,Q/Z), we denote
the p-primary component of/?(G, Q/Z).
1. We have
By(G) = D B (@),
p

whereB, ,(G) := By(G) N H*(G,Q/Z) ).
2. For every Sylow-subgroupSyl, (G) of G we have an embedding

Bop(G) C Bo(SyL,(G)).
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Proof. — The assertiori1) is a consequence of the fact that a central extension of
a finite Abelian group is nilpotent and therefore decomposes into a direct product
of p-groups.

The statement ir{2) follows from the fact that we have an embedding from
H?(G,Q/Z) into H(SyL,(G), Q/Z). O

Corollary 2.7. — Let G be a finite group andyl,(G) be a Sylowp-subgroup of
G. If Syl (G) is an Abelian group, then

BOvP(G) - O

Proof. — We haveB, ,(G) C By(Syl,(G)) but the latter is zero sincgyl,(G) is
Abelian. u

We will also use several results concernjrgroups from Bogd.
Let G be a central extension of an Abelian grodpand C' be the center of5.
There is a natural map,”> A — C where

2
/\ A={zNy|xyec A}l

The group/A\” A is the quotient ofd®;, A by the subgroup generated by all elements
x®uz. In particular, the wedge produet\y is bilinear, and forany: € A, xtAz = 0.
The image of: Ay € A® A under this map is equal tojz '~ wherez andy are
any two preimages of andy, respectively, inG. We denote bys the kernel of the
map/\> A — C. Obviously, this is a subgroup gf> A. Consider the elements of
the formz A y € S and denote bys, C S the subgroup irt generated by these
elements. The element\y € S, corresponds to a pair of elements; € A which
lifts to a commuting pair of elements .

Lemma 2.8 — Let f : G — A be a central extension of an Abelian grodpoy C.
Then

1. The groupB,(G) is contained in the image
[*H*(A,Q/Z) C H*(G,Q/Z).
2. There is an isomorphism
f*H?*(A,Q/Z) = Hom(S,Q/Z).
3. The is an isomorphism
Bo(G) = Hom(S/S4, Q/Z).
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Proof. — See | ], Lemma 5.1. ]

There are also several results for the more general case of meta-Abelian groups.

Lemma 2.9 — Let G be a finite group containing a normal Abelian subgradp
such that the quotiert® /A is a cyclic group. ThemB,(G) = 0.

Proof. — See Bo8d, Lemma 4.9. O]

This result serves as a tool to compilig G) for some meta-Abelian groups.
Let G be a finite meta-Abelian groupl = G/[|G,G|, andf : G — A be the
canonical projection. Denote by

G. = G/[G,[G.G]].

Let S be the kernel of the linear mafy> A — G, and S, be the subspace if
generated by elemenisA y, wherez,y € A, such that there is a paif,y’ € G

with f(z) =z, f(y') = y, and[z’, '] = L.
The exact sequence of groups

1—>[G,G]—>GL>A—>1
defines the spectral sequence
EF(G) == HP(A, HY([G, G],Q/Z))

which computes the groufi?(G, Q/Z). Moreover, this spectral sequence provides
H?*(G,Q/Z) with a filtration

ffH*(A,Q/Z) Cc K C H*(G,Q/Z),
so thatK is the kernel of the restriction map:
(2.2) H*(G,Q/Z) — H*([G,G],Q/Z).

Therefore, the quotient’?(G,Q/Z)/K has a nontrivial restriction ofz, G| and
K/f*H?*(A,Q/Z) admits an injective map

(2.3) r: K/f*H*(A,Q/Z) — H'(A,Hom(|G,G],Q/Z)).

This filtration is functorial with respect to the group homomorphisms. Namely, if
A’ C Alis a subgroup then denote the subgroup

i fTrA G,
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asG’. Then we have an embedding — G, and a natural conomology map
i*: H*(G,Q/Z) — H*(G',Q/Z).

This map is a map of filtered groups. Namely, if
1—>[G,G]—>G’LA’—>1

is the exact sequence of groups &, induced from the corresponding sequence
for G, then we obtain a natural homomorphism of spectral sequences

EY(G) — EFIG,
which is the restriction map
HP(A,HY([G,G],Q/Z)) — H"(A', HY([G, G],Q/Z)).
This provides the map between cohomology with an invariant filtration. Namely, if
[TH*(A,Q/Z) C K' C H*(G',Q/Z)
is the induced filtration o7*(G’, Q/Z), theni* mapsK to K’, andf*H?*(A,Q/Z)
to f{H?*(A',Q/Z).
Consider the case of the cyclic subgradp= 7 c Awherei € I runs over
all cyclic subgroups ofd. Denote by; the natural restriction map

o; : H'(A, Hom(|G,G],Q/Z)) — H'(ZY) , Hom([G, G],Q/Z)),
and byo the sum of such maps over all cyclic subgroupstinThe next result is a
weaker version of Theorem 4.2 i6$3g which is better adapted to our setting.
Lemma 2.10 — Consider the map

(24) o:HY (A Hom(|G,G],Q/Z)) — Z HY (2 Hom(|G,G],Q/7Z))

whereZ!Y ¢ A runs through all cyclic subgroups of. If o is an embedding, then
the groupB,(G) C f*H*(G,Q/Z) and By(G) = Hom(S/Sy, Q/Z).

Proof. — The groupB,(G) is contained ink” since, by definition, every element of

By (@) restricts trivially on the Abelian groujg7, G]. We want to show thaB,(G)

belongs to the kernel of the man K which coincides withf* H*(A, Q/Z).
Assume the contrary, thate K,y € By(G), andr(y) # 0. If v ¢ Ker(r) then,

by assumption on the injectivity ef, there is a cyclic subgrou@ﬁf} C A such that

(0:07)(7) #0.
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This implies that the restriction of on G' = f—l(ZE,?) C @ is nontrivial.
It means that the restriction of the cocyelec H?*(G,Q/Z) to H*(G',Q/Z) is
nontrivial as well. Notice tha&’ contains a normal Abelian subgroi, G| so
that G’ /|G, G] is a cyclic group. By Lemma&.9, the groupB,(G’) is trivial and
hence the restriction of in H?(G’,Q/Z) does not belong t®,(G’) = 0. Hence
v ¢ By(G) from the very beginning and we obtain a contradiction.

Therefore, ify € By(G) theni*(y) = 0 for any cyclic subgroup im. Hence,
by our assumption on thé-moduleHom([G, G|, Q/Z), we obtain thatB,(G) C
Ker(r) and therefore it belongs b H*(A, Q/Z).

The imagef*H?*(A,Q/Z) in H*(G,Q/Z) can be identified witfHom (S, Q/Z).
Indeed, sincel = G/[G, G] any element of/?( A, Q/Z) which has a trivial image
in H?(G,Q/Z) becomes trivial already it/*(G/[|G, G|, G], Q/Z). Thus the im-
agef*H?*(A,Q/Z) C H*(G,Q/Z) coincides withHom (S, Q/Z) by Lemma2.8,

By definition, an element*(a) belongs toBy(G) if for every Abelian subgroup
B C G with two generators the restrictigii(a) | = 0. We have to check this prop-
erty only for subgroup# which project onto subgroup4 B) with two generators
in A. If ¢/, b are two commuting elements {# generating a subgroup then they
define an elemenft(a’) A f(b') € S and the restriction of € f*H?*(A,Q/Z) on B
coincides with the value of on f(a’) A f(V') where we identified* H?(A, Q/Z)
with Hom(S, Q/Z) and H2(B, Q/Z) with the cyclic groupHom(A\* B, Q/Z).

Therefore,

Bo(G) = Hom(S/Sx,Q/Z) C Hom(S,Q/Z) = f*H?*(A,Q/Z).
The lemma follows. O

From Lemma 5.6 inffo89 we also easily obtain

Corollary 2.11 — Anyp-group G with B,(G) # 0 has order> pS.

3. Simple groups andH?(G,Q/7Z)

The invariantBy(G) C H?*(G,Q/Z) has an analogue, denoted By (G), for
group cohomology in any dimension. For more details we refer to the articles
[COLIC) [ 1 [ ], [S99 (though, the definitions are different). In this
notation, By(G) = H2.(G). According to the Bloch-Kato conjectur&f] all the
cohomology of Galois groups of algebraic closures of function fields are, roughly
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speaking, induced from the Abelian quotients of these Galois groups. A more geo-
metric version of these conjectures (for example, Se&§, ]) is that, in fact,
most of the finite birationally invariant classes in the cohomology of algebraic vari-
eties are induced from the similar birational classes of spgagabups. Somehow
it looks like finite simple groups do not produce nontrivial birational invariants of
algebraic varieties which leads to the general hypothesis that all nonramified coho-
mology of a finite simple group are trivial (see{3d]).

Unfortunately, the computation of general nonramified cohomology groups is a
highly nontrivial task. However, there is a description of all grolf{G, Q/Z)
for all finite simple groupg~ (see [50], [Gr]). This fact, together with the rather
well understood structure of Sylow subgroups of finite simple groups, leads to the
following conjecture, which is a particular case of the general hypotheses stated
above:

Conjecture 3.1(Bogomolov| 1). — If G is a finite simple group, then
(3.1) H2(G) = By(G) = 0.

By now the complete list of finite simple groupsis well known. It is contained,
for example, in {>0]. Apart from a finite number of sporadic groups all the other are
of Lie type. They are parameterized by a finite number of infinite series depending
on the rank of the corresponding Lie algebra and on the finite basefjeld

Thus any of the simple groups of Lie type has a naturally attached prime number.
The advantage of using a simple grauifis that there is a uniquely defined universal
covering group’. The group( is a universal central extension Gfwith the group
H?*(G,Q/Z) as a center, so that any central extensgibof G with [G’, G'] = G’ is
a quotient ofG.

All the groups H?(G,Q/Z) are also listed (see=[0]). The general feature of
the corresponding list is that most of the groupsiit( G, Q/Z) which appear for a
given groupG in the series are related to a central extension of the corresponding
algebraic Lie groups. The relevant central extensions have a very simple descrip-
tion. It is easy to show that they define trivial elementBjji LG) for a Lie group
LG over complex numbers (seB{3d, [ ]). Similarly, in each Lie series of
finite groups, apart from a finite number of cases, we have a description of the cor-
responding extension in terms of Lie groups.

In this article we prove this result for finite simple groups of Lie typevhere the
groups aré@’SL(n, F;,). The grougSL(n, F,) is a covering group for alPSL(n, F,)
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except for the following cases:

(3.2) (n,q) = (2,4),(2,9),(3,2), (3,4), (4,2).
Therefore, our strategy will be the following:

— First, we consider the general case whdn(n, F,) is the universal cyclic
extension ofPSL(n, F,) by the cyclic groupZgcq»4—1y Where the group
Zgca(n,q—1) 1S represented by diagonal matrices. To prove the result in this case
it is sufficient to represent the generatgrof any Sylow subgrouf,., where
p is a prime, of diagonal,.q(,,,—1) Matrices as a commutatetBA~'B!,
whereA, B € SL(n, F,).

— Second, we consider the above five exceptional p&id.(Here we do not
know the exact description of the corresponding central extension. We prove
the theorem by establishing a stronger result tBgiSyl,(G)) = 0 for all
primep dividing the order off?(G, Q/Z).

4. The groupSL (n, F') as a central extension
Let F’ be afield and let: be a primitivep™-th root of unity inF'.

Lemma 4.1 — Assume thatr is divisible byp™ wherep is prime. The scalar ma-
trix u1,,, which belongs to the center 8f.(m, F'), can be written in a commutator
form[A}, By] = A\ B AT'B; ', whereA,, B, € SL(m, F).

Proof. — We have the following possibilities:

1. Let p be an odd prime and, B be two square matrices of ordgt over the
field F such thatd = (a; ;) = (d;;1*), andB = (b; ;) with
- bi,i—i—l = bpn71 =1, and
— b;; = 0 otherwise.
ThenA andB belong toSL(p", F), and[A, B] = ABA™' B~ = puln.
2.If p = 2andn = 1, then the matricest = (¢ * ), wherea® + v* = —1,
andB = (% {) satisfy the required condition. For a finite fielq, with ¢
odd, sucha andb always exist. IfF" = F, andg = 4k + 1 then—1is a
square and we can take= i, wherei? = —1, andb = 0. If ¢ = 4k + 3
then the set of all elements of the forrh + > coincides withF,. Indeed, it
contains all quadratic residues, and it is invariant under the multiplication
by an arbitrary element®, wherez € F,. Therefore, if it contains at least
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one non-quadratic element, then it coincides with If not, then quadratic
residues form an additive subgroup k). However, F;, does not have an
additive subgroup of index for oddq. Therefore [} is the set of elements of
the formz? + 2. In particular, there are andb such that:? + »* = —1, and
they provide entries foA.

Af p = 2andn > 1, we selectA = 0;X andB = Yo, whereX andY

are diagonal matrices and, 0, are commuting permutation matrices. In this
case we have an equality

ABAT'B™' =01 XYoo X oy oty

sinces; ando, commute.
Thus the equation

ABAT'B™' = uI
Is equivalent to
XY (02X oy (oY oy) = ul

where all the matriceX, Y, (0, X o, '), and(o; 'Y ') are diagonal. As-
sume thatr; has order”* k& > 1 ando, has order™* n — k > 1. Then
the corresponding linear space has a special coordinate sysfem< i <
2F 1 < j < 2n~F with the property that-; cyclically permutes coordinates
z; ; with the same indexando, cyclically permutes coordinates,; with the
same parameter

Therefore, if we denote by; ; andy; ; diagonal elements of the matrices
X andY above, then the equatiod.@) becomes equivalent to a series of
equations

qjivjyivjxi_—l—ll(mod Qk),jyi_,]'l+1(mod on—ky = [

for the diagonal elements. If we denote by

-— .. -1
= Uij = TiTi ) (mod 2+ and

— Vi = yi,jyi7j+1(mod on—ky

then
[[ws=1Tvs=1
i j

The equation4.3) above becomes; ; = /“)w‘l and hence we have obtained
equations only for the parameters;.
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Thus our initial matrix equatiorv(1) was reduced to equations foy;:
n—k
[Tuwis=1 [Tuws=0""
i j

These parametets ; define the complementary set of parameters Notice
that for anyu; ;, v; ; satisfying] [ w; ; = [ [ v;; = 1 we can find; ;, y; ; SO that

U/LJ - xlﬁxi—‘,—l(mod Qk),j7 Uz,] - y’b,‘jyihj_;'_l(mod 2n7k)7

and hence we can obtain solutions of the equatiof) (

Therefore, there are many matrix pa#sB that satisfy {4.1). For example,
we can decompos® coordinates into two groups of ord&t—! and take the
diagonal matrixX to have[l,1,...,d,[1,1,...,—i] on the main diagonal,
where brackets show the boundaries of each block. The elemeith i =
—1, is contained irF, since, by our assumptiotidividesg—1. Similarly, take
Y to have[l, u, ..., ¥ ', [ 4%, ..., ¥ '] on the main diagonal. The
permutations, has order2 and interchanges these two blocks of variables,
ando, permutes variables cyclically within each block. Recall th#t ' =
—1. ThenX (0, X 1oy, ') = [-1,1,...,1][-1,1,..., 1] andY (o] 'Y "1oy) =
[— gy fhy - oy pt)[—p, 1, - . ., ) @nd hence

XY (02X oy (o7 'Y roy) = ul.

If we take A = 01X, B = Yoy € SLan(F), then[A, B] = ABA™'B™! =
/,L[Qn.

4. If m is divisible byp", then matrices\; and B;, consisting ofn /p" diagonal
blocks of matricesd and B respectively, also satisfy the relati¢a;, B;| =
AlBlAl_lBl_l = ,UIm

The lemma follows. O

Corollary 4.2 — Any element of the groufi?(PSL(n, F'),Q/Z) that defines a
central extension oPSL(n, F') which is isomorphic to the quotieSi.(n, F)/Zy,
whereZ,, is a central subgroup, does not belong B(PSL(n, F)) (see Corol-
lary 2.4). In particular, By(PSL(n, F')) = 0 unless the paifn, ¢) is one of the five
exceptional cases if8.2).

This finishes the proof of our theorem in the general case.
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5. Special simple groups of Lie typeAd,

Consider the remaining cases. These are the following groups:
1. G1 = PSL(2, F4) H2<G1,@/Z) = Zo;

2. Gy = PSL(Q, Fg) H2<G2, Q/Z) = Zo & ZLs;

3. Gy = PSL(3, 1), H*(G3,Q/Z) = Z;

4, G4 = PSL(?), 4) .[‘.12(G47 Q/Z) Z3 B 2y D L,
5. G5 =PSL(4, Fy), H*(G5,Q/7Z) =

Lemma 5.1 — In the casegl) — (3) above the groudB,(G) = 0.

Proof. — In the casesl) — (3) the relevant Sylow-groups have order p°, and
therefore, by Corollarg.11, By(G) = 0. O

Lemma 5.2 — The groupB,(G4) = 0.

Proof. — Consider first the element of ord&iin H*(G4, Q/Z). The correspond-
ing central extension off, = PSL(3, F}) is the groupSL(3, F}), and hence, by
Lemma4.1, the element of orded does not belong td,(G4). The similar re-
sult for the elements of orderin H?(G,, Q/Z) follows from the following more
general result. O

Lemma 5.3 — The groupB(Syl,(G4)) = 0

Proof. — The groupSyl,(G,) is a central extension of the Abelian grofp = Z;
by F, = Z3. Thus we again can use the general formB&Syl,(G,)) = (5/Sy)*.
We have two generato(s, y) over F;, which is linearly generated ovEk, by (1, s)
with s + s + 1 = 0. The commutator map\” Z4 — F, coincides with the map
between the second exterior powerZ), considered a&,-space, and the second
exterior power of the same space, considerefagpace. Thu$, is generated by
elementgu, su] whereu € Z3 = F?. The spaces has dimensiod overZ, and a
basis(x, y, sz, sy). To finish the proof we will show that the elements

[z, sz], [y, syl, [x+y,s(z+y)], [z + sy,s(z + sy)]
are linearly independent ov&s. Indeed, this set is linearly equivalent to
[z, sz, [y, sy, ([z,sy] + [y, sz]), ([z,y] + [z, sy] + [sy, sa]),

and the last one is linearly independent o¥er Therefore,5y, = S and the group
By(Syl,(G4)) = 0, which implies thatB, (G,) = 0. O
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Theorem 5.4 — The groupB,(Syl,(G5)) = 0.

Proof. — The groupSyl,(Gs) is a meta-Abeliar2-group. We are going to use
Lemmaz2.10in order to compute the grouB, (Syl,(Gs)).

The groupSyl,(G5) is the group of upper-triangul&@,-matrices. It is generated
by the elementsga; ; 1), withi = 1,2, 3. Here(a; ;) denotes the matrix havings
on the main diagonal andls everywhere else apart from tlig j)'th entry, which
is equal tol. Denote the groufyl,(G5) by G to simplify the notations. The group
|G, G] = Z3 is generated by the elemerts 3, a1 4, az.4).

Lemma 5.5 — The conditions of Lemma.10 are satisfied for the groug: =
Sy12(G5)

Proof. — The moduleHom([G, G], Q/Z) = Z3. For simplicity, we will denote it
by V. Denote the generators of the quotieht= G/[G, G| by a; 41,7 = 1,2,3,
and the generators oF by aj 3, aj 4, a3 4, respectively.

The groupA acts onl¥. The action ofd is trivial on V' = (aj 5, a] ;) C W, and
on the quotientV/V = C. We have an exact sequence

H(A,C) - HY(A,V) — H'Y(A, W) — H'(A,C).

Since the action ofl is trivial on V andC', any element iff!(A, V) andH' (A, C)
restricts nontrivially on some cyclic subgroup 4f

Now we have to prove the same féf' (A, V)/6H°(A,C). The cohomology
group H°(A,C) = Z,, and we denote the only nontrivial element in this group
by w. Denote the corresponding nontrivial elementrbf(A, V') by dw. We have
thatA = Z3,V = Z3 and H'(A,V) = A* ® V. Thus we can select generators
(x1, 19, x3) Of A and(vy,vy) of V' so that either

— dw = ] ® vy, OF
— 0w = 2] @ v + 25 ® v,.
Here(z7, 25, 2%) is a basis fortd*, such that:} (x;) = 9, ;.
In order to finish the proof, we need the following lemma

Lemma 5.6 — Lety € A* ® V be a nonzero element such thatt éw. Then
there is a projection

(5.1) Py AT — Ty,
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such that the images of the elemefisand y under the induced projectioA* ®
V — Z, ® V are different, and the image gfis nonzero.

Proof. — Lety =) b, ;x; ® v;.
—If b, ; # 0for (i,7) # (1,1), then the projection o on one of the groups
Loz @V, Loz @V, Or Loz @V is nonzero and different frow. Otherwise,
y = dw which proves the result in the first case.
— If b3 ; # 0 for someyj, then the restriction of on Z,z; ® V' is nontrivial and
nonequal taw.
— If either b, , or by ; is nonzero, then the restriction gfon eitherZ,z; @ V or
Zsxy @ V' is nonzero and different from the corresponding restrictiofuaf
Therefore, we can assume that either

-y =1x] vy, 0r

-y = x5 va.
In both cases, the restriction gon Z, (x} + x3) will be nonzero and different from
the restriction obw. O

Thus if we take the subgrouyj : Z, — A, wherep; is dual to the map ing.1),
then the restriction of on p;Z; is nonzero inH'(Z,, W). This finishes the proof
of Lemma5.5. O

Corollary 5.7 — By Lemm&.10, we obtain thatB3,(Syl,(Gs)) is contained in the
imagef*H*(A,Q/Z) whereA is the maximal Abelian quotient 8f1,(Gs).

Now, in order to finish the proof of the triviality aB,(G) we have to compute
the groupsf* H%*(A,Q/Z) andS in the above case. Denote the bdsjscharacters
of the groupSyl,(Gs) by (a;,;,1), 7 = 1,2, 3.

Lemma 5.8 — The groupf*H?(A,Q/Z) = Z, and it is generated by an element
ai o A a3, which is nontrivial on the commutative group generateddys, as 4).

Proof. — The groupH?*(A, Q/Z) = Z3. Let us show that both element$, A a3 5
andaj; A a3, belong to the kernel of*. Consider two projections dyl,(Gs)
onto a central extension @, ® Z,, which is the upper-triangular group 8fx 3
matrices. The first one is given by deleting the fourth column, and the second one
by deleting the first row. This shows that the elemefjtsA a3 ; andaj 5 A a3, are
trivial already on the corresponding triangular groups, and hence they are trivial on
Syly(Gs). The group(as 2, as 4) is an AbelianB = Z, & Z,-subgroup obyl, (G5).
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The elemenf*(aj , A a3 4) is nontrivial onB which shows that} , A a3 4 # 0, and

it does not belong t@3,(Syl,(Gs)). O
Thus we proved in particular thét,(G5) = 0 which finishes the proof of Theo-
remsS.4. ]

Simultaneously we finished the proof of our main Theoferstated in the intro-
duction.
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