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Abstract. — We study the subgroupB0(G) of H2(G, Q/Z) consisting of all ele-
ments which have trivial restrictions to every Abelian subgroup ofG. The group
B0(G) serves as the simplest nontrivial obstruction to stable rationality of algebraic
varietiesV/G whereV is a faithful complex linear representation of the groupG. We
prove thatB0(G) is trivial for finite simple groups of Lie typeA`.
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0. Introduction

In this article we answer a group-theoretical question related to the problem of
stable rationality of quotient spacesV/G whereG is a finite (algebraic) group and
V is a faithful complex linear representation ofG. In algebraic terms, rationality
of V/G means that the field of invariantsC(V )G is a pure transcendental extension
of the constant fieldC, and stable rationality means that there exist a finite number
of independent variablesy1, . . . , yk such thatC(V )G(y1, . . . , yk) becomes a pure
transcendental extension ofC. Simple arguments (based on the geometric version
of Hilbert-90 theorem) show that stable rationality ofV/G does not depend on an
individual faithful representationV of G but only on the groupG itself. Explicit
computations of invariants show that the varietiesV/G are rational in some non-
trivial cases like, for example, the standard representation of the symmetric group
Sn.

However, this is not true in general. The first examples of nonrational and even
nonstably rational varietiesV/G were obtained by D. Saltman [S84]. These solu-
tions of the so-called Noether problem were obtained by showing that some bira-
tional invariant, which we denote byB0(G), is nontrivial for some series of groups
G. For any finite groupG, B0(G) is the subgroup ofH2(G, Q/Z) consisting of all
elements having trivial restriction on every Abelian subgroup ofG. It was shown in
[Bo88, Bo90] thatB0(G) coincides with geometric birational invariant of a smooth

projective modelṼ/G for V/G, the so-calledunramified Brauer group, introduced
earlier by Artin and Mumford [AM ]. Namely,

B0(G) = Brnr(V/G) = H3(Ṽ/G, Z)tors.

This fact reduces the computation of the Artin-Mumford invariantV/G to a purely
group-theoretical question.

The groupB0(G) is, in fact, the first of the series of birational invariantsH i
nr(G)

of the varietiesV/G constructed via group cohomology (see [CO] for general def-
initions and properties, and also [Bo88, Bo93, S95]). In this notation,B0(G) =
H2

nr(G).
However, some results and conjectures in algebraic geometry indicate that for

finite simple groups this kind of birational invariants must vanish. Our leading
hypotheses are the following:
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Hypothesis 0.1. — For any finite simple groupG the quotientV/G is stably ratio-
nal.

There is no much evidence to support this statement and, at the moment, there
are no methods to approach this problem except for the groupA5 = PGL(2, F4)
where it holds. It follows from the fact thatA5 has a three-dimensional faithful
linear representationV and the corresponding quotient has a natural structure of
a principalC∗-fibration over the unirational surfaceP2(V )/A5 which, in fact, is
rational by classification theory of algebraic surfaces (for example, see [VP], [Vo]).

Hypothesis 0.2. — For any finite simple groupG the nonramified cohomology
groupsH i

nr(G) = 0.

In this article we test this general hypothesis, formulated in [Bo93], for the first
nontrivial invariantB0(G) = H2

nr(G) in the case of finite simple groupsG of Lie
typeA`. Every group of Lie typeA` is isomorphic to the projective special linear
groupPSL(n, Fq) over a finite fieldFq, and the corresponding second cohomology
groups can be found in [Go]. The following theorem contains our main result

Theorem 1(Main) . — For every finite fieldFq of orderq and every integern > 2,

B0(PSL(n, Fq)) = 0.

Remark 1.1. — In his seminal paper [Q] D. Quillen obtained a general description
of the cohomology of linear groupsGL(n, Fq) which supports the Hypotheses0.2
for higher cohomology groups ofPSL(n, Fq).

Acknowledgments.We would like to thank Arnaud Beauville for pointing out an
error in the proof of Lemma4.1, part (2), in the initial version, and Yuri Tschinkel
for useful comments. We also want to thank the referee for his thoughtful remarks.

The first and the third authors were partially supported by the NSF grant DMS–
0100837. The second author was supported by the Instituto Politecnico Nacional -
Mexico.
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2. The groupB0(G)

In this section we briefly recall some basic properties ofB0(G). LetG be a group
andH2(G, Q/Z) be the set of equivalence classes of central extensions

0 −→ Q/Z i−→ G̃
j−→ G −→ 1

of G by Q/Z. LetA be the set of all Abelian subgroups ofG.

Definition 2.1. — The subgroupB0(G) of H2(G, Q/Z) is defined by

B0(G) := {γ ∈ H2(G, Q/Z) | γ |H= 0 for all H ∈ A}.(2.1)

Lemma 2.2. — LetG be a group and

0 −→ Q/Z i−→ G̃
j−→ G −→ 1

be an extension ofG byQ/Z. LetA be an Abelian subgroup ofG. For the restriction

0 −→ Q/Z i−→ Ã
j|Ã−→ A −→ 1

to be trivial, it is necessary and sufficient thatÃ be an Abelian group.

Proof. — This lemma is equivalent to saying that an elementγ′ ∈ H2(A, Q/Z) is
trivial if and only if the corresponding extensioñA of A is an Abelian group. It
is clear that the trivial extension is an Abelian group sinceA is a direct product of
cyclic groups andQ/Z is a divisible group. To prove the triviality of the extension
Ã it is sufficient to find a sections : A → Ã. If x ∈ A has ordern, then there is
an element̃x ∈ Ã, with j(x̃) = x, of ordern. To find such an element first we take
anyy with j(y) = x. Thenyn ∈ Q/Z. We have the following possibilities

– If yn = 0, then we set̃x := y;
– If yn 6= 0, thenyn = an, wherea ∈ Q/Z, since the groupQ/Z is infinitely

divisible. Now we can takẽx := ya−1.

Hence for any cyclic subgroup inA we can find a sections. SinceA is a direct sum
of cyclic groups, the sum of these sections provides a section forA. Therefore,Ã
is a semi-direct product ofA andQ/Z, but since it is also a central extension, it is
a direct product. This implies that̃A is a trivial central extension ofA if and only
if Ã is an Abelian group. Therefore, the fact that the preimageÃ = j−1(A) is an
Abelian group is equivalent to the triviality of the restriction ofγ ∈ H2(G, Q/Z)
onA.
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Corollary 2.3. — Let G be a group andX be the set of subgroups ofG generated
by two elements whose commutator is the identity element ofG. Then

B0(G) = {γ ∈ H2(G, Q/Z) | γ |H= 0 for all H ∈ X}.

This fact appeared previously in [Bo88] and [S90].
The description above also yields a simple criterion for a given elementγ of

H2(G, Q/Z) not to lie inB0(G). Let G̃ be a centralQ/Z-extension ofG defined
by γ ∈ H2(G, Q/Z). Denote byKγ ⊂ Q/Z the subgroup inQ/Z which lies in the
kernel of every character̃G → Q/Z. The groupKγ is always a finite cyclic group.

Corollary 2.4. — An elementγ of H2(G, Q/Z) does not belong toB0(G) if and
only if some nonidentity element ofKγ can be represented as a commutator of a
pair of elementsa, b ∈ G̃.

Proof. — If γ ∈ B0(G) then the preimages of any commuting pair of elements in
G commute inG̃ as well. Thus if a nonzero elementh ∈ Kγ can be represented as
h = aba−1b−1, then the elementsj(a) andj(b) commute, buta andb do not. This
implies thatγ is not inB0(G). Notice that any character of̃G is trivial onaba−1b−1,
and hence any element of the formh = aba−1b−1 always belongs toKγ.

Corollary 2.5. — If the generator ofKγ can be represented as a commutator
aba−1b−1, then any quotient of̃G by a cyclic subgroup ofQ/Z not containingKγ

represents a central extension ofG which is not inB0(G).

Lemma 2.6. — LetG be a finite group and

H2(G, Q/Z) =
⊕

p

H2(G, Q/Z)(p)

be the primary decomposition ofH2(G, Q/Z), where byH2(G, Q/Z)(p) we denote
thep-primary component ofH2(G, Q/Z).

1. We have
B0(G) =

⊕
p

B0,p(G),

whereB0,p(G) := B0(G) ∩H2(G, Q/Z)(p).
2. For every Sylowp-subgroupSylp(G) of G we have an embedding

B0,p(G) ⊂ B0(Sylp(G)).
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Proof. — The assertion(1) is a consequence of the fact that a central extension of
a finite Abelian group is nilpotent and therefore decomposes into a direct product
of p-groups.

The statement in(2) follows from the fact that we have an embedding from
H2(G, Q/Z)(p) into H2(Sylp(G), Q/Z).

Corollary 2.7. — Let G be a finite group andSylp(G) be a Sylowp-subgroup of
G. If Sylp(G) is an Abelian group, then

B0,p(G) = 0.

Proof. — We haveB0,p(G) ⊂ B0(Sylp(G)) but the latter is zero sinceSylp(G) is
Abelian.

We will also use several results concerningp-groups from [Bo88].
Let G be a central extension of an Abelian groupA andC be the center ofG.

There is a natural map
∧2 A → C where∧2

A := {x ∧ y | x, y ∈ A}.

The group
∧2 A is the quotient ofA⊗ZA by the subgroup generated by all elements

x⊗x. In particular, the wedge productx∧y is bilinear, and for anyx ∈ A, x∧x = 0.
The image ofx∧ y ∈

∧2 A under this map is equal tõxỹx̃−1ỹ−1 wherex̃ andỹ are
any two preimages ofx andy, respectively, inG. We denote byS the kernel of the
map

∧2 A → C. Obviously, this is a subgroup of
∧2 A. Consider the elements of

the formx ∧ y ∈ S and denote bySΛ ⊂ S the subgroup inS generated by these
elements. The elementx∧y ∈ SΛ corresponds to a pair of elementsx, y ∈ A which
lifts to a commuting pair of elements inG.

Lemma 2.8. — Letf : G → A be a central extension of an Abelian groupA byC.
Then

1. The groupB0(G) is contained in the image

f ∗H2(A, Q/Z) ⊂ H2(G, Q/Z).

2. There is an isomorphism

f ∗H2(A, Q/Z) ∼= Hom(S, Q/Z).

3. The is an isomorphism

B0(G) ∼= Hom(S/SΛ, Q/Z).
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Proof. — See [Bo88], Lemma 5.1.

There are also several results for the more general case of meta-Abelian groups.

Lemma 2.9. — Let G be a finite group containing a normal Abelian subgroupA
such that the quotientG/A is a cyclic group. ThenB0(G) = 0.

Proof. — See [Bo88], Lemma 4.9.

This result serves as a tool to computeB0(G) for some meta-Abelian groups.
Let G be a finite meta-Abelian group,A = G/[G, G], andf : G → A be the

canonical projection. Denote by

Gc := G/[G, [G, G]].

Let S be the kernel of the linear map
∧2 A → Gc andS ′

Λ be the subspace inS
generated by elementsx ∧ y, wherex, y ∈ A, such that there is a pairx′, y′ ∈ G
with f(x′) = x, f(y′) = y, and[x′, y′] = 1.

The exact sequence of groups

1 −→ [G, G] −→ G
f−→ A −→ 1

defines the spectral sequence

Ep,q
2 (G) := Hp(A, Hq([G, G], Q/Z))

which computes the groupH2(G, Q/Z). Moreover, this spectral sequence provides
H2(G, Q/Z) with a filtration

f ∗H2(A, Q/Z) ⊂ K ⊂ H2(G, Q/Z),

so thatK is the kernel of the restriction map:

H2(G, Q/Z) −→ H2([G, G], Q/Z).(2.2)

Therefore, the quotientH2(G, Q/Z)/K has a nontrivial restriction on[G, G] and
K/f ∗H2(A, Q/Z) admits an injective map

r : K/f ∗H2(A, Q/Z) −→ H1(A, Hom([G, G], Q/Z)).(2.3)

This filtration is functorial with respect to the group homomorphisms. Namely, if
A′ ⊂ A is a subgroup then denote the subgroup

i : f−1A′ ↪→ G,
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asG′. Then we have an embeddingG′ ↪→ G, and a natural cohomology map

i∗ : H2(G, Q/Z) −→ H2(G′, Q/Z).

This map is a map of filtered groups. Namely, if

1 −→ [G, G] −→ G′ f1−→ A′ −→ 1

is the exact sequence of groups forG′, induced from the corresponding sequence
for G, then we obtain a natural homomorphism of spectral sequences

Ep,q
2 (G) −→ Ep,q

2 (G′),

which is the restriction map

Hp(A, Hq([G, G], Q/Z)) −→ Hp(A′, Hq([G, G], Q/Z)).

This provides the map between cohomology with an invariant filtration. Namely, if

f ∗
1 H2(A′, Q/Z) ⊂ K ′ ⊂ H2(G′, Q/Z)

is the induced filtration onH2(G′, Q/Z), theni∗ mapsK to K ′, andf ∗H2(A, Q/Z)
to f ∗

1 H2(A′, Q/Z).
Consider the case of the cyclic subgroupA′ = Z(i)

m ⊂ A wherei ∈ I runs over
all cyclic subgroups ofA. Denote byσi the natural restriction map

σi : H1(A, Hom([G, G], Q/Z)) −→ H1(Z(i)
m , Hom([G, G], Q/Z)),

and byσ the sum of such maps over all cyclic subgroups inA. The next result is a
weaker version of Theorem 4.2 in [Bo88] which is better adapted to our setting.

Lemma 2.10. — Consider the map

σ : H1(A, Hom([G, G], Q/Z)) −→
∑

i

H1(Z(i)
m , Hom([G, G], Q/Z))(2.4)

whereZ(i)
m ⊂ A runs through all cyclic subgroups ofA. If σ is an embedding, then

the groupB0(G) ⊂ f ∗H2(G, Q/Z) andB0(G) ∼= Hom(S/SΛ, Q/Z).

Proof. — The groupB0(G) is contained inK since, by definition, every element of
B0(G) restricts trivially on the Abelian group[G, G]. We want to show thatB0(G)
belongs to the kernel of the mapr onK which coincides withf ∗H2(A, Q/Z).

Assume the contrary, thatγ ∈ K, γ ∈ B0(G), andr(γ) 6= 0. If γ /∈ Ker(r) then,
by assumption on the injectivity ofσ, there is a cyclic subgroupZ(i)

m ⊂ A such that
(σi ◦ r)(γ) 6= 0.



UNRAMIFIED BRAUER GROUPS OF FINITE SIMPLE GROUPS 9

This implies that the restriction ofγ on G′ = f−1(Z(i)
m ) ⊂ G is nontrivial.

It means that the restriction of the cocycleγ ∈ H2(G, Q/Z) to H2(G′, Q/Z) is
nontrivial as well. Notice thatG′ contains a normal Abelian subgroup[G, G] so
that G′/[G, G] is a cyclic group. By Lemma2.9, the groupB0(G

′) is trivial and
hence the restriction ofγ in H2(G′, Q/Z) does not belong toB0(G

′) = 0. Hence
γ /∈ B0(G) from the very beginning and we obtain a contradiction.

Therefore, ifγ ∈ B0(G) theni∗(γ) = 0 for any cyclic subgroup inA. Hence,
by our assumption on theA-moduleHom([G, G], Q/Z), we obtain thatB0(G) ⊂
Ker(r) and therefore it belongs tof ∗H2(A, Q/Z).

The imagef ∗H2(A, Q/Z) in H2(G, Q/Z) can be identified withHom(S, Q/Z).
Indeed, sinceA = G/[G, G] any element ofH2(A, Q/Z) which has a trivial image
in H2(G, Q/Z) becomes trivial already inH2(G/[[G, G], G], Q/Z). Thus the im-
agef ∗H2(A, Q/Z) ⊂ H2(G, Q/Z) coincides withHom(S, Q/Z) by Lemma2.8.

By definition, an elementf ∗(a) belongs toB0(G) if for every Abelian subgroup
B ⊂ G with two generators the restrictionf ∗(a) |B= 0. We have to check this prop-
erty only for subgroupsB which project onto subgroupsf(B) with two generators
in A. If a′, b′ are two commuting elements inG generating a subgroupB then they
define an elementf(a′)∧ f(b′) ∈ S and the restriction ofγ ∈ f ∗H2(A, Q/Z) onB
coincides with the value ofγ on f(a′) ∧ f(b′) where we identifiedf ∗H2(A, Q/Z)
with Hom(S, Q/Z) andH2(B, Q/Z) with the cyclic groupHom(

∧2 B, Q/Z).
Therefore,

B0(G) ∼= Hom(S/SΛ, Q/Z) ⊂ Hom(S, Q/Z) ∼= f ∗H2(A, Q/Z).

The lemma follows.

From Lemma 5.6 in [Bo88] we also easily obtain

Corollary 2.11. — Anyp-groupG with B0(G) 6= 0 has order≥ p6.

3. Simple groups andH2(G, Q/Z)

The invariantB0(G) ⊂ H2(G, Q/Z) has an analogue, denoted byH i
nr(G), for

group cohomology in any dimension. For more details we refer to the articles
[CO],[C], [Bo88], [Bo93], [S95] (though, the definitions are different). In this
notation,B0(G) = H2

nr(G). According to the Bloch-Kato conjecture [BK ] all the
cohomology of Galois groups of algebraic closures of function fields are, roughly
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speaking, induced from the Abelian quotients of these Galois groups. A more geo-
metric version of these conjectures (for example, see [Bo88, Bo93]) is that, in fact,
most of the finite birationally invariant classes in the cohomology of algebraic vari-
eties are induced from the similar birational classes of specialp-groups. Somehow
it looks like finite simple groups do not produce nontrivial birational invariants of
algebraic varieties which leads to the general hypothesis that all nonramified coho-
mology of a finite simple group are trivial (see [Bo88]).

Unfortunately, the computation of general nonramified cohomology groups is a
highly nontrivial task. However, there is a description of all groupsH2(G, Q/Z)
for all finite simple groupsG (see [Go], [Gr ]). This fact, together with the rather
well understood structure of Sylow subgroups of finite simple groups, leads to the
following conjecture, which is a particular case of the general hypotheses stated
above:

Conjecture 3.1(Bogomolov[Bo93]). — If G is a finite simple group, then

H2
nr(G) = B0(G) = 0.(3.1)

By now the complete list of finite simple groupsG is well known. It is contained,
for example, in [Go]. Apart from a finite number of sporadic groups all the other are
of Lie type. They are parameterized by a finite number of infinite series depending
on the rank of the corresponding Lie algebra and on the finite base fieldFq.

Thus any of the simple groups of Lie type has a naturally attached prime number.
The advantage of using a simple groupG is that there is a uniquely defined universal
covering groupG̃. The groupG̃ is a universal central extension ofG with the group
H2(G, Q/Z) as a center, so that any central extensionG′ of G with [G′, G′] = G′ is
a quotient ofG̃.

All the groupsH2(G, Q/Z) are also listed (see [Go]). The general feature of
the corresponding list is that most of the groups inH2(G, Q/Z) which appear for a
given groupG in the series are related to a central extension of the corresponding
algebraic Lie groups. The relevant central extensions have a very simple descrip-
tion. It is easy to show that they define trivial elements inB0(LG) for a Lie group
LG over complex numbers (see [Bo88], [Bo90]). Similarly, in each Lie series of
finite groups, apart from a finite number of cases, we have a description of the cor-
responding extension in terms of Lie groups.

In this article we prove this result for finite simple groups of Lie typeA` where the
groups arePSL(n, Fq). The groupSL(n, Fq) is a covering group for allPSL(n, Fq)
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except for the following cases:

(n, q) = (2, 4), (2, 9), (3, 2), (3, 4), (4, 2).(3.2)

Therefore, our strategy will be the following:

– First, we consider the general case whenSL(n, Fq) is the universal cyclic
extension ofPSL(n, Fq) by the cyclic groupZgcd(n,q−1) where the group
Zgcd(n,q−1) is represented by diagonal matrices. To prove the result in this case
it is sufficient to represent the generatorµp of any Sylow subgroupZpn, where
p is a prime, of diagonalZgcd(n,q−1) matrices as a commutatorABA−1B−1,
whereA, B ∈ SL(n, Fq).

– Second, we consider the above five exceptional pairs (3.2). Here we do not
know the exact description of the corresponding central extension. We prove
the theorem by establishing a stronger result thatB0(Sylp(G)) = 0 for all
primep dividing the order ofH2(G, Q/Z).

4. The groupSL (n, F ) as a central extension

Let F be a field and letµ be a primitivepn-th root of unity inF .

Lemma 4.1. — Assume thatm is divisible bypn wherep is prime. The scalar ma-
trix µIm, which belongs to the center ofSL(m,F ), can be written in a commutator
form [A1, B1] = A1B1A

−1
1 B−1

1 , whereA1, B1 ∈ SL(m, F ).

Proof. — We have the following possibilities:

1. Let p be an odd prime andA, B be two square matrices of orderpn over the
field F such thatA = (ai,j) = (δi,jµ

i), andB = (bi,j) with
– bi,i+1 = bpn,1 = 1, and
– bi,j = 0 otherwise.

ThenA andB belong toSL(pn, F ), and[A, B] = ABA−1B−1 = µIpn.
2. If p = 2 andn = 1, then the matricesA =

(
a b
b −a

)
, wherea2 + b2 = −1,

andB = ( 0 1
−1 0 ) satisfy the required condition. For a finite fieldFq, with q

odd, sucha and b always exist. IfF = Fq and q = 4k + 1 then−1 is a
square and we can takea = i, wherei2 = −1, andb = 0. If q = 4k + 3
then the set of all elements of the formx2 + y2 coincides withFq. Indeed, it
contains all quadratic residuesx2, and it is invariant under the multiplication
by an arbitrary elementz2, wherez ∈ Fq. Therefore, if it contains at least
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one non-quadratic element, then it coincides withFq. If not, then quadratic
residues form an additive subgroup inFq. However,Fq does not have an
additive subgroup of index2 for oddq. Therefore,Fq is the set of elements of
the formx2 + y2. In particular, there area andb such thata2 + b2 = −1, and
they provide entries forA.

3. If p = 2 andn > 1, we selectA = σ1X andB = Y σ2 whereX andY
are diagonal matrices andσ1, σ2 are commuting permutation matrices. In this
case we have an equality

ABA−1B−1 = σ1XY σ2X
−1σ−1

2 σ−1
1 Y −1

sinceσ1 andσ2 commute.
Thus the equation

ABA−1B−1 = µI(4.1)

is equivalent to

XY (σ2X
−1σ−1

2 )(σ−1
1 Y −1σ1) = µI(4.2)

where all the matricesX, Y, (σ2X
−1σ−1

2 ), and(σ−1
1 Y −1σ1) are diagonal. As-

sume thatσ1 has order2k, k ≥ 1 andσ2 has order2n−k, n − k ≥ 1. Then
the corresponding linear space has a special coordinate systemzi,j, 1 ≤ i ≤
2k, 1 ≤ j ≤ 2n−k with the property thatσ1 cyclically permutes coordinates
zi,j with the same indexi andσ2 cyclically permutes coordinateszi,j with the
same parameterj.

Therefore, if we denote byxi,j andyi,j diagonal elements of the matrices
X and Y above, then the equation (4.2) becomes equivalent to a series of
equations

xi,jyi,jx
−1
i+1(mod 2k),j

y−1
i,j+1(mod 2n−k)

= µ(4.3)

for the diagonal elements. If we denote by
– ui,j := xi,jx

−1
i+1(mod 2k),j

, and

– vi,j := yi,jy
−1
i,j+1(mod 2n−k)

,
then ∏

i

ui,j =
∏

j

vi,j = 1.

The equation (4.3) above becomesui,j = µv−1
i,j and hence we have obtained

equations only for the parametersui,j.



UNRAMIFIED BRAUER GROUPS OF FINITE SIMPLE GROUPS 13

Thus our initial matrix equation (4.1) was reduced to equations forui,j:∏
i

ui,j = 1,
∏

j

ui,j = µ2n−k

.

These parametersui,j define the complementary set of parametersvi,j. Notice
that for anyui,j, vi,j satisfying

∏
ui,j =

∏
vi,j = 1 we can findxi,j, yi,j so that

ui,j = xi,jx
−1
i+1(mod 2k),j

, vi,j = yi,jy
−1
i,j+1(mod 2n−k)

,

and hence we can obtain solutions of the equation (4.1).
Therefore, there are many matrix pairsA, B that satisfy (4.1). For example,

we can decompose2n coordinates into two groups of order2n−1 and take the
diagonal matrixX to have[1, 1, . . . , i], [1, 1, . . . ,−i] on the main diagonal,
where brackets show the boundaries of each block. The elementi, with i2 =
−1, is contained inFq since, by our assumption,4 dividesq−1. Similarly, take
Y to have[1, µ, . . . , µ2n−1−1], [µ, µ2, . . . , µ2n−1

] on the main diagonal. The
permutationσ2 has order2 and interchanges these two blocks of variables,
andσ1 permutes variables cyclically within each block. Recall thatµ2n−1

=
−1. ThenX(σ2X

−1σ−1
2 ) = [−1, 1, . . . , 1][−1, 1, . . . , 1] andY (σ−1

1 Y −1σ1) =
[−µ, µ, . . . , µ][−µ, µ, . . . , µ] and hence

XY (σ2X
−1σ−1

2 )(σ−1
1 Y −1σ1) = µI.

If we takeA = σ1X, B = Y σ2 ∈ SL2n(F ), then[A, B] = ABA−1B−1 =
µI2n.

4. If m is divisible bypn, then matricesA1 andB1, consisting ofm/pn diagonal
blocks of matricesA andB respectively, also satisfy the relation[A1, B1] =
A1B1A

−1
1 B−1

1 = µIm.

The lemma follows.

Corollary 4.2. — Any element of the groupH2(PSL(n, F ), Q/Z) that defines a
central extension ofPSL(n, F ) which is isomorphic to the quotientSL(n, F )/Zh,
whereZh is a central subgroup, does not belong toB0(PSL(n, F )) (see Corol-
lary 2.4). In particular,B0(PSL(n, F )) = 0 unless the pair(n, q) is one of the five
exceptional cases in(3.2).

This finishes the proof of our theorem in the general case.
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5. Special simple groups of Lie typeA`

Consider the remaining cases. These are the following groups:

1. G1 = PSL(2, F4), H
2(G1, Q/Z) = Z2;

2. G2 = PSL(2, F9), H
2(G2, Q/Z) = Z2 ⊕ Z3;

3. G3 = PSL(3, F2), H
2(G3, Q/Z) = Z2;

4. G4 = PSL(3, F4), H
2(G4, Q/Z) = Z3 ⊕ Z4 ⊕ Z4;

5. G5 = PSL(4, F2), H
2(G5, Q/Z) = Z2.

Lemma 5.1. — In the cases(1)− (3) above the groupB0(G) = 0.

Proof. — In the cases(1)− (3) the relevant Sylowp-groups have order< p6, and
therefore, by Corollary2.11, B0(G) = 0.

Lemma 5.2. — The groupB0(G4) = 0.

Proof. — Consider first the element of order3 in H2(G4, Q/Z). The correspond-
ing central extension ofG4 = PSL(3, F4) is the groupSL(3, F4), and hence, by
Lemma4.1, the element of order3 does not belong toB0(G4). The similar re-
sult for the elements of order2 in H2(G4, Q/Z) follows from the following more
general result.

Lemma 5.3. — The groupB0(Syl2(G4)) = 0.

Proof. — The groupSyl2(G4) is a central extension of the Abelian groupF 2
4 = Z4

2

by F4 = Z2
2. Thus we again can use the general formulaB0(Syl2(G4)) = (S/SΛ)∗.

We have two generators〈x, y〉 overF4, which is linearly generated overZ2 by 〈1, s〉
with s2 + s + 1 = 0. The commutator map

∧2 Z4
2 → F4 coincides with the map

between the second exterior power ofZ4
2, considered asZ2-space, and the second

exterior power of the same space, considered asF4-space. ThusSΛ is generated by
elements[u, su] whereu ∈ Z4

2 = F 2
4 . The spaceS has dimension4 overZ2 and a

basis〈x, y, sx, sy〉. To finish the proof we will show that the elements

[x, sx], [y, sy], [x + y, s(x + y)], [x + sy, s(x + sy)]

are linearly independent overZ2. Indeed, this set is linearly equivalent to

[x, sx], [y, sy], ([x, sy] + [y, sx]), ([x, y] + [x, sy] + [sy, sx]),

and the last one is linearly independent overZ2. Therefore,SΛ = S and the group
B0(Syl2(G4)) = 0, which implies thatB0(G4) = 0.
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Theorem 5.4. — The groupB0(Syl2(G5)) = 0.

Proof. — The groupSyl2(G5) is a meta-Abelian2-group. We are going to use
Lemma2.10in order to compute the groupB0(Syl2(G5)).

The groupSyl2(G5) is the group of upper-triangularZ2-matrices. It is generated
by the elements〈ai,i+1〉, with i = 1, 2, 3. Here(ai,j) denotes the matrix having1’s
on the main diagonal and0’s everywhere else apart from the(i, j)’th entry, which
is equal to1. Denote the groupSyl2(G5) by G to simplify the notations. The group
[G, G] = Z3

2 is generated by the elements〈a1,3, a1,4, a2,4〉.

Lemma 5.5. — The conditions of Lemma2.10 are satisfied for the groupG =
Syl2(G5).

Proof. — The moduleHom([G, G], Q/Z) = Z3
2. For simplicity, we will denote it

by W . Denote the generators of the quotientA = G/[G, G] by ai,i+1, i = 1, 2, 3,
and the generators ofW by a∗

1,3, a
∗
1,4, a

∗
2,4, respectively.

The groupA acts onW . The action ofA is trivial onV = 〈a∗
1,3, a

∗
1,4〉 ⊂ W , and

on the quotientW/V = C. We have an exact sequence

H0(A, C)
δ−→ H1(A, V ) −→ H1(A, W ) −→ H1(A, C).

Since the action ofA is trivial onV andC, any element inH1(A, V ) andH1(A, C)
restricts nontrivially on some cyclic subgroup ofA.

Now we have to prove the same forH1(A, V )/δH0(A, C). The cohomology
groupH0(A, C) = Z2, and we denote the only nontrivial element in this group
by w. Denote the corresponding nontrivial element ofH1(A, V ) by δw. We have
that A = Z3

2, V = Z2
2 andH1(A, V ) = A∗ ⊗ V . Thus we can select generators

〈x1, x2, x3〉 of A and〈v1, v2〉 of V so that either

– δw = x∗
1 ⊗ v1, or

– δw = x∗
1 ⊗ v1 + x∗

2 ⊗ v2.

Here〈x∗
1, x

∗
2, x

∗
3〉 is a basis forA∗, such thatx∗

i (xj) = δi,j.
In order to finish the proof, we need the following lemma

Lemma 5.6. — Let y ∈ A∗ ⊗ V be a nonzero element such thaty 6= δw. Then
there is a projection

py : A∗ −→ Z2,(5.1)
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such that the images of the elementsδw andy under the induced projectionA∗ ⊗
V → Z2 ⊗ V are different, and the image ofy is nonzero.

Proof. — Let y =
∑

bi,jx
∗
i ⊗ vj.

– If bi,j 6= 0 for (i, j) 6= (1, 1), then the projection ofy on one of the groups
Z2x

∗
1⊗V, Z2x

∗
2⊗V, or Z2x

∗
3⊗V is nonzero and different fromδw. Otherwise,

y = δw which proves the result in the first case.
– If b3,j 6= 0 for somej, then the restriction ofy on Z2x

∗
3 ⊗ V is nontrivial and

nonequal tow.
– If either b1,2 or b2,1 is nonzero, then the restriction ofy on eitherZ2x

∗
1 ⊗ V or

Z2x
∗
2 ⊗ V is nonzero and different from the corresponding restriction ofδw.

Therefore, we can assume that either
– y = x∗

1 ⊗ v1, or
– y = x∗

2 ⊗ v2.
In both cases, the restriction ofy onZ2(x

∗
1 +x∗

2) will be nonzero and different from
the restriction ofδw.

Thus if we take the subgroupp∗
y : Z2 ↪→ A, wherep∗

y is dual to the map in (5.1),
then the restriction ofy on p∗

yZ2 is nonzero inH1(Z2, W ). This finishes the proof
of Lemma5.5.

Corollary 5.7. — By Lemma2.10, we obtain thatB0(Syl2(G5)) is contained in the
imagef ∗H2(A, Q/Z) whereA is the maximal Abelian quotient ofSyl2(G5).

Now, in order to finish the proof of the triviality ofB0(G) we have to compute
the groupsf ∗H2(A, Q/Z) andS in the above case. Denote the basisZ2-characters
of the groupSyl2(G5) by 〈a∗

i,i+1〉, i = 1, 2, 3.

Lemma 5.8. — The groupf ∗H2(A, Q/Z) = Z2 and it is generated by an element
a∗

1,2 ∧ a∗
3,4 which is nontrivial on the commutative group generated by〈a1,2, a3,4〉.

Proof. — The groupH2(A, Q/Z) = Z3
2. Let us show that both elementsa∗

1,2∧a∗
2,3

anda∗
2,3 ∧ a∗

3,4 belong to the kernel off ∗. Consider two projections ofSyl2(G5)
onto a central extension ofZ2 ⊕ Z2, which is the upper-triangular group of3 × 3
matrices. The first one is given by deleting the fourth column, and the second one
by deleting the first row. This shows that the elementsa∗

1,2 ∧ a∗
2,3 anda∗

2,3 ∧ a∗
3,4 are

trivial already on the corresponding triangular groups, and hence they are trivial on
Syl2(G5). The group〈a1,2, a3,4〉 is an AbelianB = Z2 ⊕ Z2-subgroup ofSyl2(G5).
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The elementf ∗(a∗
1,2 ∧ a∗

3,4) is nontrivial onB which shows thata∗
1,2 ∧ a∗

3,4 6= 0, and
it does not belong toB0(Syl2(G5)).

Thus we proved in particular thatB0(G5) = 0 which finishes the proof of Theo-
rem5.4.

Simultaneously we finished the proof of our main Theorem1, stated in the intro-
duction.
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