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0. Introduction

Let X be an algebraic variety of dimensianover C. One says thak is rational

if its function field C(X) is isomorphic toC(z, ..., z,). The study of rationality
properties of fields of invariantS(X)“ = C(X/G) is a classical theme in algebraic
geometry. For a finite grou@g ¢ PGL,, acting onX = P"~! the problem is referred

to as Noether’s problem (1916). It is still unsolved for= 4. Another class of
examples is provided byoduli spacesBirationally, they are often representable as
guotients of simple varieties, like projective spaces or Grassmannians, by actions of
linear algebraic groups, likeGL,. Rationality is known for each of the following
moduli spaces:

— curves of genus< 6 [1€], [37], [20], [21], [31];

— hyperelliptic curves1d], [7];

— plane curves of degreds + 1 and3n [37], [19];

— Enriques surfaces’f];

— polarized K3 surfaces of degree 187,

— stable vector bundles (with various numerical characteristics) on curves, Del
Pezzo surface®? [27], [5], [11],[25].[29];

and in many other cases. For excellent surveys we refeiipgnd [33]. We
will study rationality properties of moduli spaces of smooth nonisotrivial Jacobian
elliptic fibrations over curves

m & —C

with fixed global monodromy group = I'(€) C SLy(Z). In [] we developed
techniques aimed at the classification of possible global monodramiehe
present paper gives a natural application of these techniques.

Let B be an irreducible algebraic family of Jacobian elliptic surfaces. Then the
set of subgroupB C SL,(Z) such thaf is the (global) monodromy group of some
£ in this family is finite. Moreover, for every such grolipthe subset of fibrations
with this monodromy

B :={beB|I(&§) =T}

is an algebraic (not necessarily closed) subvariet§.of

Generalizing this observation, we introduce (maxinpejameter space$: of
elliptic fibrations with fixed global monodromy (considered up to fiberwise bi-
rational transformations acting trivially on the base of the elliptic fibration). These
parameter spaces can be represented as quotients of quasi-projective varieties by
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algebraic groups. In particular, we can considlesducible connected components
of the parameter spadg-, which we callmoduli spacesEven though these moduli
spaces need not be algebraic varieties, we can still make sense of their birational

type.

Theorem. LetT'  SL,y(Z) be a proper subgroup of finite index. Then all moduli
spaces of (Jacobian) elliptic rational or elliptic K3 surfaces with global monodromy
I" are rational.

Notice that the finite index condition in the theorem is not a restriction since it
always holds for nonisotrivial Jacobian elliptic fibrations, considered in this paper.

Corollary. For all T with moduli 7+ of dimensior> 0 there exists a number field
K such that there are infinitely many nonisomorphic elliptic K3 surfaces éver
with global monodromy'.

Remark 0.1 — Our method shows that many other classes of moduli of elliptic
surfaces oveP! with fixed monodromy are rational or unirational. However, we
cannot expect a similar result for all moduli spaces of elliptic surfaces over higher
genus curves, since the moduli space of higher genus curves itself is not uniruled
(by a result of Harris and Mumford p).

We proceed to give a more detailed description of our approach. First of all, we
can work not with the monodromy groupitself but rather with its image

' C PSLy(Z)
under the natural projectidtl,(Z) — PSLy(Z). Let
H={z€C|Im(z) >0}
be the upper half-plane and
H=HUQU {oo}.

The naturalj-map
j o C—P'=H/PSLy(Z)
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decomposes as
| = jF o j€>

where

jg: C — MF == ﬂ/l—‘

jp: MF — ]P)l ﬁ/PSLQ(Z)
Here My is the j-modular curvecorresponding ta’; it is equipped with a special
triangulation, obtained as the pullback of the standard triangulati€a ef P(C)
(by two triangles with vertices &t 1 andoo) under the mapgr (which ramifies only
over(0, 1 andoo). We call the obtained triangulation éf- a jr-triangulation. Let
Tr be the preimage id/r of the closed intervalo, 1] ¢ P!. The graphlt is our
main tool in the combinatorial analysis bBf

Denote byy(&) the Euler characteristic &f. It splits equivalence classes of
Jacobian elliptic surfaces (modulo fiberwise birational transformations)aige
braic families In particular, ifC = P! then thealgebraic varietyF, parametrizing
(equivalence classes of) Jacobian elliptic surfaces with giu&h) is irreducible;
here we put = x(£)/12. Our goal is to analyze the birational type of (irreducible
components)

.7'—7,71: C F.

parametrizing fibrations with fixed monodromy graiplt suffices to study param-
eter space$, - corresponding td' C PSLy(Z), since every irreducible component
of F, r coincides with a component ¢, r.

From now on we assume that = My = P'. Denote byR, the space of
rational map$! — P! (of degreed) with prescribed ramification (encodedTi).
The spaces, 1 are quotients, by GL, x Hr, of fibrations overk, with fibers
(Zariski open subsets ofym‘(P') (for appropriated and ¢). Here PGL, acts
(on the left) by changing the parameter on the bdse P! and Hy is the group
of automorphisms ofi/ = P! stabilizing the embedded grafiiy (acting on the
right). The nontriviality of i means that there isld C PSL,(Z) containingl” as
a normal subgroup witlt/- = I""/I". So in most cases in order to prove rationality
of F,r it is sufficient to establish it foPGL,\R,r, which can be deduced from
general rationality results fd*GL,-quotients (seeq], [18]). To coverall cases we
need to set up a rather extensive combinatorial analysis.
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Here is a roadmap of the paper. In Sectibwe discuss finite coverd/; —
P! in the spirit of Grothendieck’s “Dessins d’Enfants” program (s&d,[34] and
the references therein) and introduce the invarigfiigl’), RD(I') andET(I"). In
“ideal” casesT(I") coincides with the number of triangles in thetriangulation
of Mr (the notationET(I") stands for Effective Triangl€y. In Section2 we recall
basic facts about elliptic fibrations and introduce the invadiaint€). For an “ideal”
elliptic fibration one ha®fT(I') = ET(£). In Section3 we discussmoduli of
elliptic fibrations with fixed monodromy. In Sectioffsand 8 we formulate and
prove several rationality results f®/GL, and related quotients. In SectiGnwe
classify families of rational elliptic surfaces and elliptic K3 surfaces with different
monodromy groups. In Sectiofy we study relations between the combinatorics
of the graphl” and the topology of. And finally, in Sectionl0 we list (certain)
relevant subgroups C PSLy(Z) (represented by trivalent graplis). There are
too many monodromy groups of elliptic K3 surfaces to be drawn on paper, but we
show how to obtain them from our list by simple operations.

1. Finite covers

LetT" be a subgroup of finite index iASL,(Z). The latter is isomorphic to a free
productZ/3 x 7Z,/2. Consider the map

H/T = My 25 P! = H/PSLy(Z),

ramified over the points, 1,00 € P!. Denote their preimages it by A, B and

1, respectively. The possible ramification orders arer 1 for A-points, 2 or 1

for B-points and arbitrary fof-points. The point$), 1 andoco subdivide the circle
PY(R) = S! into three segments and, together with the upper and lower hemi-
sphere, define a decomposition®f(C) = S? into three triangles. This induces

a special triangulation af/ with vertices inA, B and /-points which we call the
jr-triangulation The preimage of the segméft 1] c P! defines a grapli which
determines thgr-triangulation uniquely. Interior vertices @t are marked bydg

and ends are marked by eithéj or Bs.

Notations 1.1 — Thegraph datumGD(I") of 7t is the formal sum
GD(T') := [agAs + a2As + b By,



6 FEDOR BOGOMOLOV, TIHOMIR PETROV & YURI TSCHINKEL

whereq; (i = 6, 2) is the number of4; vertices and is the number oB3,-vertices.
Denote byr® = 79(T') the number of vertices ¢t (including the ends), by! =
71(T") the number of edges and by = 7(T") = 7o(Mr \ T).

Remark 1.2 — For givena,, b, there is a unique group with
GD(F) = [AG + CLQAQ + bng].

Forgetting the markings af we obtain a connected unmarkieghologicalgraph
T with (possibly some) ends and all interior vertices of valeBey- a trivalent
graph

Lemma 1.3 — Let X be a compact orientable Riemann surface of genus)
and7T" C X an embedding of a connected trivalent graph such that

— the setX \ T is a disjoint union of topological cells;
— all interior vertices of/™ are trivalent;
— the ends of ™ are arbitrarily marked by two colors!, and B,.

Then there exist a subgrodp C PSL,(Z) and a unique complex structure on
such thatX = Mr andT" = T{.

Proof. — Assume that we have an embedded graphC X satisfying the condi-
tions above. Mark by all trivalent vertices and enlarge the graph by putting

a B-vertex in the middle of any edge bounded by twevertices. Put oné-vertex
into every connected component &f\ 7 and connect all-vertices withA and
B-vertices at the boundary of the corresponding domain. By assumption, every
connected component of \ 7" is contractible. Consider the boundary of the in-
dividual cell. EveryA-vertex of the boundary is connected by edge&ituvertices
only. Similarly, the B-vertices are connected by edges onlydtwertices. Hence
every triangle of the induced triangulation has vertices colored by three cdloFs:
and!. This gives g-triangulation ofX. Following Alexander [], we observe that

a jr-triangulation defines a map

h: X — P!
which is cyclically ramified overl, B and/ (see E]). The trivalence ofl ™ implies

that 4 has only3 or 1-ramifications ovel) € P! and only2 or 1-ramifications
overl € P'. SincePSLy(Z) = Z/3 * Z/2 there is exactly one subgroup C
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PSLy(Z) (of finite index) which corresponds to the coverifig— P!. Any graph
T constructed via a subgrolipC PSL,(Z) satisfies the conditions above. Indeed,
we have already described tjyetriangulation on\/-. Triangles adjacent to a given
I-vertex constitute a contractible cell and the division\gf into neighborhoods of
I-vertices is a cellular decomposition dfr. Hence after removing-vertices with
open edges from them we obtain the preimagf of|. If we forget theB-vertices
which lie between twaod-vertices we obtain the graghft. ThusT} ¢ X = Mr

is the boundary of this cellular decomposition afdis simply 7} with an A, B-
marking of the ends. O

Remark 1.4 — Graphs which are isotopic iX (modulo diffeomorphisms ok
of degreel) define conjugated subgroupsiefly (7).

Remark 1.5 — Even if we omit the condition of compactness.fwe still get a
bijection between conjugacy classes of subgroups of finite indésof(Z) and
embedded trivalent graphs with marked ends.

Remark 1.6 — The topology ofX restricts the topology of{*. The graphl}
must contain somé-skeleton ofX. In particular, the mapr (7)) — m(X) is
surjective. Hencd} can be a tree only ik = S2.

For X = P! the connectedness 6f guarantees that all the componentsof7™
are contractible. Hence we can classify graphXis= P! by drawing them on the
plane. In general, connectednesd ¢fis necessary but not sufficient.

Definition 1.7. — Define

ET(F) = 67’0 = 6(&6 + as + bg)
A(T) = 6ag+ 2ay

Thus bothET(T") and A(I") depend only on the marking of the ends but not on
the embedding of the graph. Observe thdl") is thenumber of trianglesn the
correspondingr-triangulation ofM and that

[PSLy(Z) : T = A(T)/2.
Remark 1.8 — If My arises from an elliptic fibration as in the Introduction then

A(I')/2 equals the number ddehn twistsin I" around the multiplicative singular
fibers.
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Notations 1.9 — Let f : C' — P! be a cover of degreéandp € P! a ramification
point of f. Thelocal ramification datunis anN-valued vectow = (vi), O v =
d), whereuy, is the order of ramification of at a pointc, € f~!(p). A reduced local
ramification datums a vector obtained fromv by omitting all entries, = 1. The
vectorv is defined up to permutation of the entries.

For f = je : C — My = P* we have distinguished ramification points, namely
those overd- and B-vertices of the graplit C M. The (global)je-ramification
datum is the vector

RD(]E) = [ULAa ceoyUn Ay Unt1,By - - - 7vn’,B7@n’+17 cee 76n"]7
where thev; 4 are local ramification data ovet-vertices fori = 1,...,n, (resp.
v; g for B-vertices;i = n+1,...,n') andy; arereducedocal ramification data for

unspecified other points ih/r- for ¢« > n’ (distinct from A- and B-vertices ofMr).
For f = jr : My — P! the distinguished (and the only) ramification points are
0,1, co. We write
RD(jr) = [vo, V1, Vo]
for the globaljr--ramification datum.
Example 1.10 — Assume thatGD(I") = [nAgs + Az + B, is the graph datum of
Tr C My and letje : P! — M = P! be a finite cover. Then thg-ramification
datum
RD(]S) = [(2’ S)Av (27 2, 1)Bv (2)7 (2)]

means thatleg(js) = 5, thatje has ramification points of ord€and3 over one
point A, € Tr and(2, 2, 1) over oneB,-point and ramifications of ord@rover two
other unspecified points /.

2. Elliptic fibrations

In this section we briefly recall some basic facts of Kodaira’s theoiy ¢f elliptic
fibrations. For more details we refer tg][[14] and [35]. Let

7. & —C
be a smooth nonisotrivial relatively minimal Jacobian elliptic fibration over a
smooth projective curv€’. This means that:

— £ is a smooth compact complex projective surface amgla proper holomor-
phic map;
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— the generic fiber ofr is a smooth curve of genus

— the fibers of€ do not contain exceptional curves of the first kind, i.e., rational
curvesE' such that %) = —1 (relative minimality;

— there exists a (global) zero sectien C — £ (Jacobian elliptic fibration;

— the j-function which assigns to each smooth fiker' (p) = £, C € its j-
invariant is a nonconstant rational function ©@r(nonisotriviality).

It is well known thats? < 0. We define
ET(E) := —245%
Lemma 2.1 — We have
ET(E)/2 = —125% = x() = »(€).
Proof. — Well known, but we decided to include an argument. Sifice smooth
and relatively minimal its canonical bundké: is induced from a one-dimensional

bundle K on the bas€’. The sheafr* K (C) is a subsheaf of(¢. Since there are
singular fibers we have the following equality

RE, Q) =h'(E,0) =y
whereg is the genus of”. By Riemann-Roch we obtain
X(0) =1-g+h"(E Ke) = x(£)/12.
We also know that? + sK¢ — 2g + 2 = 0 (genus formula). Therefore,
1—g+h%E Ke) = deg(K) — 29+ 2 = x(£)/12
sincedeg(K) > 2g — 2 and hencé'(C, K') = 0. Further,
sKe = deg(K).
Thuss? + sKg — 2g + 2 = 0 transforms tos? + x(€)/12 = 0. O

Let C*i"¢ = {p;,...,px} C C be the set of points on the base corresponding
to singular fibers. The topological Euler characteristi€) = ¢»(€) is equal to
the sum of Euler characteristics of the singular fib&rs= 7~*(p;) (since every
generic fiber has Euler characteristic equdl)toTherefore,

ET(E)= Y ET(,),

Di eCsing
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where the summation runs over all singular fiber€@dndET(E,,) is the contri-
bution from the corresponding singular fiber. Since the fibration is Jacobian every
singular fiber has a unique representative from Kodaira’s list and it is defined by the
local monodromy. The possible types of singular fibers and #i€xcontributions

are:
ET ET

I, | 12
L |2n| I' |2n+12
| 4 |IV'| 16
| 6 || 18
V| 8 [II'| 20

Herel, is a smooth fiben,, is a multiplicative fiber withm-irreducible components.
The typedI, IIT andIV correspond to the case of potentially good reduction. More
precisely, the neighborhood of such a fiber is a (desingularization of a) quotient
of a local fibration with smooth fibers by an automorphism of finite order. The
corresponding order isfor the casdll and3 in the case$l, IV. The fibers of type

I;, (resp. I, IT*, I1I*, IV*) are obtained from fiberk, (resp. I,,, IV, III II) (after
changing the local automorphism by the involution— —z in the local group
structure of the fibration). We shall call therfibersin the sequel.

Remark 2.2 — The invariantET(€,) has a monodromy interpretation. Namely,
every element of a local monodromyjat C*"¢ has a minimal representation as a
product of elements conjugated(tpi ) in SL»(Z). The length of this representation
equalsET(&,)/2. This explains the equalityT(&;;) = ET(&,) + 12 —the element
(o' %) € SLy(Z) is a product ofs elements conjugated {g | ) (elementary Dehn
twists).

3. Moduli spaces

Every Jacobian elliptic fibratioi — P* admits aWeierstrass modél. Its geomet-
ric realization is given as follows: there exists a pair of sections

g2 € HO(PI, Op1 (47‘)),

g3 € HOYPY, Op(6r))
such that is given by

(3.1 Yz = 42 — gonz? — g32°,
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insideP(Op1 & Op1(21) & Op1(3r)), subject to conditions
— the discriminantA = g5 — 27¢3 is not identicallyo;
— for every pointp € P! we have

(3.2) min(3v,(g2), 2v,(g3)) < 12,

wherev, is the valuation corresponding toc P*
(see 4] or[13], Section 7).

Two pairs(gs, g3) and(gs, g4 ) define isomorphic Jacobian elliptic surfa¢éss)
and(&’, ') iff there exits anh € GL4(C) transforming(g., g3) into (g5, g4) under
the natural action ofsL, on (theGL,-linearized)Op: (). We defineF, as the set
of isomorphism classes of paifg;, g;) subject to the conditions above.

The parameter spac®é. has a natural structure of a (categorical) quotient of some
open subvariety/,. of the sum of two lineatL,-representations

HO (Pl, OPI (4T)) ) HO(PI, O[pl (6T))
by the action oiGL,. Equivalently,F. is a (categorical) quotient of the open sub-
varietyU! = U, /G,, of the weighted projective space
]P)47",6r (47‘ + ]_, 67” + ]_)

by the action ofPGLs,.
Lemma 3.1 — The varietyU, is a disjoint union of locally closed subvarieties
U;f, each preserved under the action®fL,, such that for every. € U;f one
hasI'(§,) =T.
Proof. — The monodromy group of an elliptic fibration does not change under
deformations preserving the topological type of singular fibers (it is encoded in the
topology of the smooth part). Thus it can change only on algebraic subvarieties
where the topological type of singular fibers changes. The monodromy grdip of
Is upper-semicontinuous under changes ofit can only drop on a closed subset
of the parameter space. Fore U/ the corresponding-map has a decomposition
Ju = jr o je. By (3.1),(3.2), j, is nonconstant of degree 12r. Thus

[PSLy(Z) : T'| = deg(jr) < 12r

and the set of possiblE is finite. Similarly, there are finitely many C SL,(Z)
which can appear as monodromy groups of elliptic fibrations parametrizéd.by
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Sincel defines;jr there are only finitely many possible which can appear for

u € U!. For every fixedjr, a decomposition of, = jr o s,u € U,, wheres is

a rational maps : P! — P! deg(s) > 1, determines &,,-homogeneous set of
algebraic equations on the pair, g;) defining the point: € U,. Thus there is a
closed algebraic subvariety. r wherej,, = jr os. The monodromy of the fibration

&, foru € U, r surjects ontd’ unlessu is in U,.r, wherel” C I'. There are finitely
many suchl” (with the above degree bound) and hence finitely many algebraic
varietiesU, r» such that for every, € U, r — |JU,.rv the monodromy group of,
surjects ontd” C PSL4(Z).

Let M be an irreducible component of . — (J U} .. The monodromy group of
E.,u € M is either constant o/ or drops when the topology of singular fibers
changes. This can occur only on a finite number of closed algebraic irreducible
subvarieties\; in M. Since the monodromy group surjects onti can only drop
from the groupl’ at a generic point if the map — I has a kernel of ordet. If
the above map is an isomorphism then the monodormy group is constant ¢n
the monodromy group oi/ does change of/; thenT; (for a genericu € M;) is
isomoprphic tol’ and hence does not change . The varieties\/ and M; are
all preserved under tHeGL,-action. Thus there is one monodromy grdufor a
generic point of\/. RenamingM — (| M; asU’ - and M; asU’ r, We obtain the
algebraic stratification of the lemma. ’ ’ O

The unstable points of theGLs-action on the weighted projective space cor-
respond to sectiong,, g3 with high order of vanishing at some poipt Namely
vp(g2) > 2r,1v,(g3) > 3r. However, the inequality3(2) implies that6r < 12.
Thus, forr > 2, F, is aPGL,y-quotient of some open subvariety of the semistable
locus

Py 6. (4r + 1,61 +1) C Py (4r +1,6r +1).

It follows that F. is a quasi-projective algebraic variety. This variety is clearly
unirational and in fact rational byi .

Moreover, forr > 2 we can define a set (s‘ubvarietiesﬁj C F, such that
for everyb € F,; the corresponding Jacobian elliptic surfaég, s) has global

monodromy groug’.

Remark 3.2 — Notice that the mapg for elliptic fibrations corresponding to dif-
ferent points of the same irreducible componenfpf. can have differenRD(j¢),
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even over thed, or Bo-ends oflT- € Mr. Thus, for a given irreducible component,
we have the notion of genericramification datuniRD(j¢) and itsdegenerations

The case' = 1, corresponding to rational elliptic surfaces, is more subtle - the
subvarietyU; contains unstable points. The quasi-projective locus of semistable
pointsU*’ is a disjoint union of locally close®GL,-semistable subsets™.; tak-

ing quotients we obtain varietie’, . parametrizing rational elliptic flbratlons with

global monodromy.
Let W] = U; — U be the complement. It consists of pafrs, g3) with

g2 = l3f27 gs = l4f37

wherel is a linear form (vanishing at a poiptand) coprime tg, f; anddeg(f2) =
1,deg(fs) = 2. Forw € W! we havedeg(j) < 4. The case of’ # SLy(Z)
corresponds tdeg(jr) > 2. Thus we have to consider two cases:

— deg(jr) = deg(je) = 2;

— deg(jr) < 4,deg(je) = 1.
The first case does not occur singe (0) has ramification of typg3, 1) (by the
assumption thaf, is coprime tol and that3v,(g2) < 12). Thus thej-map cannot
be decomposed even locally into a product of two maps. The second case leads to

Lemma3.3 — If w € W} andI'(£,) # SLy(Z) thendeg(je) = 1 and one has
one of the following graph and ramification data:

GD(F) ‘ RD jr

[Ag + Ay (3,10, (2,2)1, (3, 1) 0]
[AG + AQ + 232} [(3 1)0a (27 17 1)17 (4)00]
[A6 + 3B,] [(3)o, (1,1, 1)1, (3)oc]
[Ag + B [(3)0, (2, 1)1, (2,1)oc]

Proof. — The formula; = 1f3/(lf5 — f2) shows thatr has a point with local
ramification datun{3, 1) or (3), corresponding to

[PSLy(Z) : T'(€)] = 4 or 3.

Since only two more branch points are allowed and one of them(vgith local
ramifications 1 or 2), the Euler characteristic computation gives the ramification
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data listed in the statement plus one more:

[(3’ 1)0’ (2’ 2)1’ (27 2)00]'

However, this datum is impossible for topological reasons (the only possible graph
datum is[4g + A,] and there is a unique embedded grdptwith this datum).
If deg(j) = 3 then one has a cyclic point of ord&rleading to the data above]

Corollary 3.4 — Every irreducible component// . C Wj such thatl'(£,,) #
SLy(Z) for w € W/ - is rational.

Consider an irreducible componef  and the corresponding decomposition
je = (Jeo.jes) : P — Mp =P
is a pair of homogeneous polynomials in 2 variables. Let
G = {(g2,93)} € H'(P", Op: (4r)) & HO(P', Ops (61))
be the subset corresponding to smooth elliptic fibrations. Put
Jr:={j|3je : P! = My s.t. j = jroje}.

Lemma 3.5 — If j € Jr N Jr with T # I” then there exist an € PSLy(Z), a
groupI” Cc T NnAl’h~! and a mapj : P! — My~ such thatj = jer o jro.

Proof. — The monodromy group and its image 51, (Z) are uniquely deter-
mined by the smooth part of the elliptic fibration. Therefore, in any smooth family
of elliptic surfaces

['(generic fiber) D I'(special fiber).

Sincel is defined modulo conjugation by elementsSih,(Z) the claim follows.
O

Corollary 3.6 — We have a decompositigh= | | Gr into a finite (disjoint) union
of algebraicGL,-stable subvarieties such that for @ll= (g2, g3) € Gr the mon-
odromy group’(&,) C SL4(Z) is a subgroup of a central /2-extension of .

Remark 3.7 — For a givery € Gr the mapj¢ is not unique. Lejc andj;: be two
such maps. Thepe = hr o j;, wherehr € Aut(7r) is an automorphism ab/r,
preservinglt.
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Lemma 3.8 — We have a decomposition
gF - |_| gf‘7k
k

into a finite union of algebraidrreducible GL,-stable subvarieties such that
I'(&,) =T forall g € Gz,

Proof. — Assume that somg € gr belongs toGr ; N Gr ,, wheregy ,, G, are
different (nonconjugated) lifts df into SL,(Z). Lemma3.5implies that there exists
apropersubgroug™ c T" such thaty belongs tagr, contradiction. O

Let Gr = Gr,, be an irreducible component 6f as in Lemma.8andg € G
its generic point. It determines a set-efibers on the basB'. We denote their
number by/. Choose (one of) thg: , with ramification datunRD = RD(j¢,). We
geta map

du Uy — U, x (PH
wherel{, C Gy is a neighborhood of andl{;, C R(RD) is a neighborhood of the
mapj, = je, in the space

R(RD) := {j : P' — P'| RD(j) = RD}
of rational maps with ramification datuRiD.
Lemma 3.9 — The mapy,, is a local (complex analytic) surjection.

Proof. — It suffices to show that the variation gfin the space of maps with
RD(j) = RD(j¢,) lifts to a variation of the elliptic fibratior,. Observe thafl/r
minus the preimages d, 1, oo} carries a natural “projective” local systeR\Lp
with fiber Z @ Z modulo+1. This local system lifts onto a similar local system
J*PLr onP!. Since the fundamental group Bf minus;—'({0,1,c0}) is a free
group the projective local systejiiP L can be lifted to a linear local system with
fiberZ & 7Z.

By a theorem of Kodaira, a nonisotrivial elliptic fibration ovBris uniquely
determined by the nonconstant map B — P! = H/I" and the lifting of the
induced projective monodromy dt \ ;7!({0,1,00}) with (Z & Z)/(Z/2) as a
fiber to the linear monodromy with © Z as a fiber. Therefore it suffices to lift the
variation of j¢ to a variation of the corresponding local system with fiber

H(&)=Z®Z, teP' —j;'({0,1,00}).
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Any such lifting corresponds to an elliptic fibration with Jacobian mapHowever,
its topological type depends on the lifting.
A linear lifting is defined by the choice of local monodromy elementSlin(Z)
at every point in the preimage of the corresponding projective monodipray
PSL,(Z). Namely, for every local projective monodrongyc PSL,(Z) we have
a choiceg,,,, —g,,» Whereg,, corresponds to the minimal lifting - the lifting with
a minimal Betti number for the corresponding singular fiber (see the next section
for a more detailed discussion ¢id]). The topological type:(&,) is a function of
RD(€) and the number of nonminimal liftinds The existence of a lifting depends
only on the product of local liftingsl(or —1), which can be calculated usifyD ()
and!. In particular, since it id for £, the same holds for a variatignof jg, (with
constant). ‘
According to Kodaira, a simultaneous lifting of the variationjefand the varia-
tion of the linear system faf, as above is equivalent to the existence of a variation
of the elliptic surface,. This completes the proof of the lemma. O

Corollary 3.10 — Let 7' C F, be an (irreducible) component with generic
ramification datumRD. ThenZ . surjects (rationally) onto the quotient of the
variety of rational mapsR (RD) by Hr.

Proof. — Since bothF’ - and R(RD) are algebraic varieties the local complex

analytic surjection from Lemma 9 extends to an algebraic correspondence. More-
over, two decompositions of the mams; = jr o jg differ by an element infr.
This gives a map to the quotient space, which is a (global) rational surjectian.

Proposition 3.11 — Every irreducible componetf, . contains an open patt’
with the following properties: 7
— ]—";f is a quotient of an algebraic varieﬂy?{” by the (left) action oPGL,
and (right) action of a subgroup/- of Aut(7t);
— U - , admits a fibration with fiber (an open subset ®fm’(P') and base the

varietyR,.r of mapsf : P! — Mr with fixed local ramification data ovet,
and B;-points of Tt € Mr;
— the action of°GL, on U; y is induced from the standatlGL,-action onP!;

— the groupAut(7t) is a subgroup oPGL; (acting onMr).
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Proof. — Elliptic surfaces parametrized by a smooth irreducible variety have the
sameET (), which depends on the numbéof «-fibers in&, on the degree of;

and on the ramification properties over the endsofOnce/ is fixed, for any given

je, thex-mark can be placed over arbitrafypoints of P'. Their position defines a
unique surfac€. Thisimplies thaU;M is fibered with fibers (birationally) isomor-

phic to Sym‘(P') = P*. The ramification properties g remain the same on the
open part o’ .., (since the number of-fibers remains the same). Thus the base

of the above fibration is the space of rational mgps P! — P = My with fixed
ramification locus. Any such map defines an elliptic surfdoeith givenI" (see
[€]). The PGL-action onU’ - , identifies points corresponding to isomorphic sur-
facese. Additional nontrivial isomorphisms correspond to exterior automorphisms
of I, coming from the action oy, i.e., automorphisms of the grafih. O

Remark 3.12 — If the PGL;y x Aut(7r)-action onU;m is almost free then the
rationality ofPGLQ\U;’iO/Aut(TF) implies the rationality the corresponding quo-
tients for all/. In the other cases the degreejefis small and they are handled
separately (see SectiGn

Most of the graphdT have trivial automorphisms. In particular, any nontrivial
automorphism acts on the ends of the graph. In general, automorphisms of the
pair (Mr, Tr) correspond to elements of/I" wherel” C PSLy(Z) is a maximal
subgroup with the property théitis a normal subgroup df’.

Lemma 3.13 — The groupAut(7T) acts freely on the set of ends and end-loops.

Proof. — Considerjr : My — P! Thenh € Aut(Tt) is any elementi?GL,(C)

such thayr(hz) = jr(z) forall z € Tr C Mr. If h stabilizes an end or an end-loop

of Tt then it stabilizes the unique adjacent vertex and its other end. Any element of
PGL,(C) preserving a closed interval is the identity. O

Corollary 3.14 — For r < 2, the only possible group&ut(7t) are cyclic, dihe-
dral or subgroups 06,. More precisely, for graphs with one eddit(71) = 1 and
graphs with two enddut(7t) is a subgroup of /2.

Lemma 3.15 — Let
R:={f:P' - P}
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be the space of rational maps with ramifications over exacpdoc. ThenR is a
G,,.-fibration over the product of symmetric spaSgsn™ (P!).

Proof. — Indeed any two cycles, andc, of fixed degree are equivalent dH.
Therefore, there is a rational functighon P! with ¢; = f~1(0) andc, = f~!(c0).
If ¢;,co do not intersect thedeg(f) = deg(c;) = deg(cy). The functionf is
defined modulo multiplication by a constant. The space of cygles) . n;p; is a
product of symmetric powei$ym™ (P') wherem is the number of equal;. [

4. Combinatorics

In this section we investigate relations betwéen(&) andET(I"). We keep the
notations of the previous sections.

Lemma 4.1 — Letj : £ — C be an elliptic fibration. Then
(4.2) ET(E) = deg(je)A(T) + 8ag + 4ayq + 65, + 12¢.

Here a; and a, equal the number of points ovelr,-ends ofl- with ramification
multiplicity 1 (mod 3) and2 (mod 3), respectivelyf3, is the number of odd ramifi-
cation points over thé;-ends and is the number o%-fibers of€.

Proof. — The summandieg(j<)A(I") corresponds to multiplicative fibers &f.
The next summands are the contributions of those singular fibérswiich are in
the preimage ofi, or B,-ends offt. If the ramification order at a poiptover aB,-
end is even then the corresponding fiber with minifdi&lis smooth and hence does
not contribute taET(E). If it is odd then the fiber with minimakT is of typelll
and we have to ad@l3;. Similarly, for the preimages ol;-ends andc-twists. [

Corollary 4.2 — In patrticular,
ET(E) < deg(je) ET(T) + 12¢,
with equality if

2@2 + a1 = Qa9 - deg(]g)
B = by -deg(je).

Definition 4.3, — We call7 saturatedf all vertices of7} are trivalent and aree
if it is contractible.
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Remark 4.4 — For saturated graph&(I") = 12rk m;(Tt), where
I‘k’ﬂ'l(TF) = rkHl(Tp)
is the number of independent closed loopgpfC Mr.

The following simple procedures produce new graphs:

— If T} andT5 are (unmarked) trivalent graphs we can j@inand7; along two
edges. For the resulting graffhwe have

ET(T") = ET(Ty) + ET(Ty) + 12.
If T; are marked and the marking of the end§°6is induced from the marking
of the corresponding ends @f and7; then
A(T") = A(Th) + A(T) + 12.
— We can glue an engof 77 to an edge of;. In this case
ET(T") = ET(Ty) + ET(T3).
The change oA depends on the marking of the end:
AT = {A(Tl) +A(T) +6 ifp=D
A(T)) + A(Ty) +4  if p= As.

Remark 4.5 — Any connected grapti’ can be uniquely decomposed into a union
of a saturated graph and a union of trees.

Lemma 4.6 — ET(I) is divisible by12.

Proof. — Every vertex ofl1 has either one or three incoming edges. Therefore,
the number of edges
1
T = §(Tf+7:?),
(7P is the number of vertices witiredges). Thus® = 70 + 7 is even and since
ET(T') = 67° we are done. O

Example 4.7 — If Tt is a tree withk + 2 vertices then

ET(T) =12k + 12
= 6k if all ends are Bs,
A(T) { > 6k otherwise.
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Lemma 4.8 — For all I" one has
A(l) > ET(I")/2 + 6(rk H,(TT) — 1).

Proof. — A direct computation shows that for saturated graphs one has an equality.
Suppose thalt is a concatenation of a saturated graph and a tre€li,... The
number of ends drops by one and the numbedgtertices increases by. Thus

the tree will add12k + 12 to ET(T") but A(T") will change by6k + 6. Finally, the

ratio A(T") /ET(T") only increases if we chang®,- to A,-markings for some ends.
Indeed,A(I") increases without changirgI'(T"). O

Corollary 4.9 — If A(I") = ET(I") /2 thenTr is a concatenation of a loop and
some trees. Moreover, all the endsigfare of typeB,.

Proposition 4.10 — Let £ — C be an elliptic fibration withET(E) < ET(T).
Then:

— My = P! andTrt is a tree withoutd,-ends and witfeT(T") > 24;

— deg(je) = 2 and it is ramified in all (3;) ends ofl (and, possibly, some other
points);

— & hasl1 or 2 singular fibers of typé,,.

Proof. — From4.1 and4.8 we conclude thatk H,(7r) = 0 which implies that
Tr is a tree andV/r = P!. By LemmaZ2.1 and our assumptioryT(T") > 24,
which implies thatdeg(js) < 2. If deg(je) = 1, we apply Corollaryt.2 and get a
contradiction to the assumption. Féwg(je) = 2 combine Definitionl.7and @.1):

ET(S) = ET(F) + 4@2 + 4@1 + 8042 + 6ﬁ1 — 12

Sinceay, resp. 3, is twice the number of unramified,, resp. By-ends, and, is
the number of ramifiedl,-ends we see that if at least one of them is not zero, then
ET(E) > ET(T"). The claim follows. N

Corollary 4.11 — For every elliptic fibration — P! one has
ET(E) > ET(D).
Further, if deg(j¢) = 2 and j¢ is ramified over only oné,-point then
ET(£) > 2ET() — 12.
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Proof. — If deg(je) = 2 andC = P! thenj¢ ramifies in two points. If neither
of these points i3, then, by Lemmat.1, ET(E) > 2ET(I"). If both of these
points areB,-points then the coveringe corresponds to a subgrodip of index 2

in " andC' = My, contradiction. Otherwise, the claimed inequality follows from
Lemma4.l [

5. Elliptic K3 surfaces with deg(js) > 1

In this section we assume th@dt= P!, thatjs > 1 and thaf" is a proper subgroup
of PSL4(Z). We consider

general families : ET(E) —12¢ = deg(js) ET(I),
special families : ET(E) — 120 < deg(je) ET(I).

In Section3 we showed that the main building block in the construction of moduli
space of elliptic surfaces with fixddis the space of rational maps : C' — M of
fixed degree and ramification restrictions over certain points. gemaralfamily
there are no such restrictions and the corresponding moduli spaces are rational by
classical results of invariant theory for actionsRs§k L, and its algebraic subgroups
(see Sectiory). For specialfamilies the corresponding space of rational maps is
more complicated.

Lemma 5.1 — There are no special families of ellipti€3 surfaces with
ET(T) = 48, 36.

Proof —

— If ET(I') = 48 thenA(I") > 18 anddeg(js) < 2. However,deg(js) = 2
contradicts Corollaryt. 11(ET(E) > 96 — 24 > 48).

—If ET(I') = 36 and A(I") > 16 thendeg(je) = 2, contradicting to4.11
We are left withA(I") = 16, 14,12 for deg(js) = 3 and A(I') = 12 for
deg(je) = 4.

— If deg(js) = 4thenTt is atree withGD(I') = [2A45+4B,]. By Lemma4.1, alll
ramifications over thé3,-ends are even, which contradicts= P! (compute
x(C)).

— If deg(js) = 3 thenTr is a tree (by4.8) and

GD(P) = [2146 + CLQAQ + (4 — CLQ)BQ]
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with a9 < 2. We have
48 > ET(E) > 3(12 + 2a5) + 4oy + 8ay + 6034,

where; > 2 (sincedeg(je) is odd there is odd ramification over sorfe-
end). Thereforeg, = 0 and consequentlyj; > 4, contradiction.

O

Lemma 5.2 — If Tt is not a tree and¢ is special (and generic for the correspond-
ing irreducible component of, ;) then

ET(I') | deg(je) | GD(T) RD(je)

24 4 245 + 2B,] [(2,2)5,(2,2)5,(2), (2)]

24 3 246 + 2Bs) [(2,1)5,(2,1)5, (2), (2)]

24 3 246 + Az + Bo] | [(3)4,(2,1)5, (2)]

12 6 [Ag + Ay] [(3,3)4,(3,3)4,(2), (2)]

12 5 [Ag + Ay [(3,1,1) 4]

12 | 5<d<8|[As+ By 16 = (8:)5, (2)%],
where

BeN, Y B =d, #odd 5, <8—d

and

d = 2d — #nonzero ;.

Proof. — Follows from Lemma4.1. First observe thaf\(I") < 16, which implies
thatas = 2 anday < 2. If a; = 2 thenA(T") = 16 and

a;=ay =3 =0.

Hence botM,-ends have a 3-cyclic ramification and the cover corresponds to a sub-
groupl” C I' of index 3. This exclude&D(I") = [246 +2A,]. If deg(je) = 4 then

A(T") = 12 which implies that all preimages db,-ends have even ramification.
The description of all other ramification data follows similarly from Lenm#a
Notice that the (omitted) possibilities

ET(T) | deg(je) | GD(T) | RD(je
12 6 | [As+ Ao] [ [(6)a4,(3,3)4]
12 5 | [As + A2] [ [(3,2) 4]

are degenerations of the listed cases (see Regayk O
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Lemma 5.3 — If Tt is a tree andj¢ is special (and generic for the corresponding
irreducible component af;, ) then

deg(je) | GD(T') RD(je)
J1 4 [Ag + Ay +2Bs] | [(1,1,1,1)4,(2,2)5,(2,2)5,(2), (2)]
jQ 4 [A(j + A2 + 232] [(3, 1)A7 (2, 2)3, (2, 2)3] + %
j3 4 [Aﬁ + A2 + 232] [(37 1)A> (27 2)Ba (27 L, 1)Ba 2)]
Ja 3 [Ag + 245 + Bs] | [(3)a,(1,1,1)4,(2,1)5]
j5 3 [A6 + Az + 2B2] [(17 1? 1)A7 (27 1)B> (27 1)Ba (2)7 (2)]
j6 3 [Ab + AZ + 282] [(3).47 (17 17 1)37 (27 1)Ba (2)]
or GD(I') = [As + 3B,] and
deg(je) | RD(je)
j? 8 [(2727272)37(2727272)37(2727272)37(2)7(2)]
Js 6 [(2,2,2)5,(2,2,2)5,(2,2,1,1)5,(2),(2)]
J9 6 [(2,2,2)5,(2,2,2)5,(2,2,2)5, (2)] + *
jl() 5 [(272’1)37(272’1)37(272’1)37(2)7(2)
jll 4 [(271’1)37(271’1)37(272)37(2)7(2)]
jl2 4 [(27171)Ba<2a2)37(272)37(2)] + *
j13 3 [(17171)Ba<2a1)37(271)3]
j14 3 [(27 1)37 (27 1)B; (27 1)37 (2)] + %

or ET(I") = 12 andGD(I") = [2A,] with deg(je) = 4 — 10, 12.
(Inthe above tablesi-* means that there exists a moduli space of elliptic surfaces
with the sam&D(j¢) and with an additionak-fiber over an unspecified point.)

Proof. — Assume thaET(I") = 24 andTr is a tree with
GD(I') # [As + 3By].

First observe thatleg(je) < 6, sinceA(I') > 8. If deg(js) > 5 then, by4.1,
GD(I') = [Ag+Az+2Bs). If deg(je) = 6 thenje has to be completely ramified over
all ends and no other ramifications are allowed by Euler characteristic computation.
Therefore, it is a group-covering and can’'t e If deg(js) = 5 then there are two
odd ramifications oveB,-ends, and by.1, ET(I") > 48.
We are left with
GD(T") = [As+ 34,),
= [Ag + 245 + By,
= [As+ Az + 2By
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and3 < deg(je) < 4. If there are at least twd,-ends withouB-cyclic ramification
points over them theRT(E) > 48 (seed.1). The first case is impossibldeg(je) =

4 does not occur (the degree is not divisible by 3jleif(j<) = 3 and there is at most
one3-cyclic ramification over amd,-end then, byt.1, ET(E) > 48, contradiction.
Consider the second case atg(js) = 4. ThenA(I') = 10 and4a; +8as+63; <
8. Sincea; > 2 we haveny; = ; = 0 anda; = 2. The only possible

RD(]E) = [(3’ 1)147 (3’ 1)A7 (27 2)B]a

which corresponds to a group covering, contradiction.

Similarly, if GD(I') = [As + A2 + 2B,] anddeg(js) = 4 thenA(I") = 8 and
4o + 8an + 66 < 16. We havea; > 1 and8as + 4a; = 16 or 4. In the
first case, bothB,-ends are completely ramified, and we get The second case
splits into subcases? = 0 or 2, leading toj,, resp. j;. If deg(je) = 3, then if
GD(T") = [As + 2A; + Bs] then exactly one of thel,-ends has cyclic ramification.
It follows that 3, = 1, which leads toj,. If GD(I') = [As + Ay + 2B,] there
are two subcases: there is cyclic ramification over Aheend or not. In the first
subcase, possibleD(j¢) include((2, 1)z, (2,1) 5], which is excluded as it gives a
group covering. The other case leadg¢oln the second subcase, we get

Consider the casgr = Ag + 3B,. HereA(I') = 6 and
ET(€) > 6deg(je) + 6n,

wheren is a number of points with odd ramification ovBs-vertices. It follows
that

48 > 6 deg(ji) + 651

andp; > 3if deg(je) is odd and the number of odd ramifications ogachB,-end
is congruent taleg(j<) modulo 2.

If deg(je) = 8 then all preimages oB,-vertices ar&n-ramified. Ifdeg(jr) is
odd thenET(E) > 6deg(jr) + 18, which excludesleg(jr) = 7. Now assume
deg(jr) = 6. The number of possible odd ramifications over dhyend is even
by 4.1 and it cannot excee?l. There are two possibilities listed above. Assume
thatdeg(je) = 5. The minimal possible ramifications a2 2, 1) over all Bo-ends.
Sincel0 — 6 = 4 we can add two more points.
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In deg(js) = 4 we could have furtheRD:

RD(jE) = [(272)Ba(2’]‘71)3a( )
= [(272)Ba(27171)3 ( )
[(2,2)5,(2,1,1)p, (2,

but they are obtained as degenerationg oand .

The onlyGD(T") which allowdeg(je) > 12 are[As+ Bs] and[2As]. The first case
corresponds t®SL(Z) (which we don’t consider). The second case corresponds
to subgroupd”™ C PSLy(Z) of index2. For a generi&€ in each moduli space the
ramification datunRD(j¢) is one of the following:

RD(je) = [(3,...,3n, 1, ., 1)a, (3,030, 1,00, D) g, (2)9] + %,
whereny, no, d are nonnegative integers such that
deg(je) — (n1 +ng) < 4,

3ny,3ne < deg(je) and, d < 2(deg(je — (n1 + ng + 1))).
(In particular,d < 4). O

2
1
1

)Bv
71)3’( )
1)

6. Rational elliptic surfaces withdeg(je) > 1

Lemma 6.1 — There are no special families of rational elliptic surfaces with
ET(T) = 24.

Proof. — If deg(j¢) = 2 thenjs cannot be ramified over more than oBg-end
(otherwise it is a group covering). Therefore, we can apply Coro#laty and get
ET(E) > 2-24 — 12 > 24, contradiction (to2.1). Thusdeg(js) = 3 or 4 and
ag = 1. Moreover,A(I") < 8. This leaves the cases:

GD(I') = [Ag+ 3By,
= [Aﬁ + AQ + 232]
In the first caseleg(js) = 3 is impossible, andeg(js) = 4 leads to
RD(JS) = [(27 2)37 (27 2)37 (27 2>Bv (27 2)3]

which corresponds to a group covering. In the second daggs) # 4 (since
A(T") = 8) anddeg(js) = 3 implies that3, > 2 andET(E) > 36, contradiction.
0
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Lemma 6.2 — If j¢ is special (and generic for the corresponding irreducible com-
ponent of7 ;) then

deg(je) | GD(I') | RD(je)
Jis| 6 |[24] [(3,3) 4, (3,3) 4, (2), (2)]
Ji6 4 [2A2] [(37 1>Aa (3’ 1)Av (2), (2)]
Jir 3 [2142] [(3)147 (17 L 1)A7 (2)7 (2)]
Jis| 4 | [Ae+ Ba | [(2,2)5,(2),(2),(2), (2)]
J19 3 [As + Bao] | [(2,1)B,(2), (2)]
J20 3 [As + Ag] | [(3)a,(2), (2)]

Proof. — If ag > 1 thendeg(js) = 4 or 3. In the first case, = 0 andGD(I") =
[As + By] and we have complete ramification over fBeend. This givegs. In the
second case the ramification oveyis (2, 1) s and we gejiyo. If GD(I') = [As+A,]
thendeg(je) = 3 anday = as = 0, leadingjy.

It remains to consideGD(I") = [2A4,]. We apply the same formulas as in the
proof of Lemmab5.3, with the inequality

deg(je) —mn1 —ng < 2.
We havedeg(je) < 6 anda; = ay = 0. Notice thatdeg(je) = 5 is impossible. [

7. General rationality results

Notations 7.1 — We will denote byS,, the symmetric group on letters, by2(,
the alternating group, b®,, the dihedral group and by,, = Z/n the cyclic group.
In particular,&, = €, = Z/2 and®, = Z/2 x Z/2 (sometimes we prefer the
notationS, over ¢, to stress that the action is by permutation). We w@ié€k, n)
for the Grassmannian df-planes in a vector space of dimensieandV; for the
space of binary forms of degree We will denote byGL,, PGL,, G,, etc. the
correspondingomplexalgebraic groups. For a group, we denote by, the cen-
tralizer ofg € G and byZ its center. We denote hyl, = V; @ V; the space of
2 x 2-matrices. We writd) —— X or simpIyL X for alocally trivial (in Zariski
topology) fibration) over X with generic fiberl/. We will often write G-map
(etc.), instead ofs-equivariant map.
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We say that two algebraic varietié§ and X’ are birational, and writeX ~ X',

if C(X) = C(X’). A variety X of dimensionn is rational if X ~ A", k-stably
rational if X x A* ~ A"** andstably rationalif there exists such A € N. We say
that X is unirationalif X is dominated byA". The first basic result, a theorem of
Castelnuovo from 1894, is:

Theorem 7.2 — A unirational surface is rational.

Already in dimension three, one has strict inclusions
rational C stably rational C unirational

(see the counterexamples i, [2],[10],[6]). There is a very extensive literature
on rationality for various classes of varieties. We will use the following facts:

Lemma 7.3 — LetS — B be a ruled surface with basB andn : C — S a
conic bundle ovef. Assume that the restriction efto a generidP! C S is a conic
bundle with at most three singular fibers. Thér- A% x B.

Lemma7.4 — Letw : C — S be a conic bundle over an irreducible variety
andY C C a subvariety such that the restrictionotto Y is a surjective finite map
of odd degree. Thefd has a section and ~ S x A'.

Let G be an algebraic group. A (gooditional actionof G is a homomorphism
Pras = G — Bir(X)

such that there exists a birational modglof X with the property thap..; extends
to a (regular) morphisrx x X’ — X'. We consider only rational actions. We write
X ~¢ Y for aG-birational & G-equivariant birational) isomorphism betwe&n
andY. We will denote byG\ X a model for the field of invariant§ (X )©.

Let ¥ — X be a vector bundle. Anear action of G on E is a rational action
which preserves the subspace of fiberwise linear functiorfs.dn particular, there
is a linearG-action on regular and rational sectionstf
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We are interested in rationality properties of quotient spaces for the actions of
PGL,, its subgroups and productsie&G L, with finite groups. The finite subgroups
of PGL, are

Q:n7 ©n7 9’[47 647 22’[5'
We denote by@n, D, etc. their lifts toGL, (as centralf,-extensions). We denote
by
B, T =C* Nt

the upper-triangular group, the standard maximal torus and the normalizer of this
torus inPGL, and by

B,T,N;
the corresponding subgroups@®i., (or SLs).

Let V be ann-dimensional vector spac€; C GL(V) a subgroup and: its
projection toPGL(V), acting naturally ori?(V'). Determining the rationality of
quotientsG\P(V) (at least for finite groups) is known as Noether’s problem.

Corollary 7.5(of Theorem7.2). — For all n < 3 the space&s\P(V) is rational.

Theorem 7.6 — [29],[36] A quotient ofP(V') by a (projective) action of a con-
nected solvable group, a torus or a finite abelian subgroup of a torus is rational.

A fundamental rationality result is the following theorem of Katsylo:

Theorem 7.7 — [17] For any representatiorl” of GL, or PGL, the quotient
PGL,\P(V) is rational.

In general, the quotients need not be rational (see Saltman’s counterexamples in
[30]). We now describe some patrtial results foe= 4, which we will use later on.
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Definition 7.8. — A finite groupG ¢ GL, = GL(V) is calledimprimitive if there
exists a decomposition = ¢,V such that for alle andg € G there is ann’ with
gV =V, OtherwiseG is calledprimitive.

Remark 7.9 — There are 29 types of primitive subgroupsk.,. For some of
them, like
s, A7, PSLy(F7), S,

rationality of the quotient is still unknown.

Theorem 7.10 — [26] For every primitive solvable subgroup C PGL, the quo-
tient G\P? is rational.

Remark 7.11 — In [26] it is shown that
G\Pg ~G G/\Xg,

where X3 is the Segre cubic threefold ad is a quotient ofG. The problem is
then reduced to the (easy) case of imprimitive actions.

We will also need to consider quotients bgnlinearactions.

Lemma 7.12 — The quotient ofiL, (or PGL,) by the involution : z — x71is
rational.

Proof. — The involution decomposes as a prodiet i; o i, Where
.. foa b L —atd b
net=l e —atd —c a

iy 1y y-det(y) .
are two commuting involutions. Another set of independent generators of
C(a,b,c,d) is given by {a,b,c,det(z)} (write d = (det(x) + bc + a?)/a).
Now the involutions take the form

and

iy : (a,b,¢) — (—a,—b, —c)

and
iy : det(x) — det(z)
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and we can write down independent generators of the field of invariants. If

det(z) +1
" det(x) — 1
then
19 : D — -D
i1 : (a,b,c,D) — (—a,—b,—c,—D).
This finishes the proof. O

A (rational) slicefor the action ofG is a subvarietys € X such that the general
G-orbit intersectsS in exactly one point. (The slicé need not be a rational variety.
To avoid confusion, we will always refer t§ as a slice.) A subvariety’ C X is
called a(G, H)-slice(whereH C Gis asubgroup)ifs-Y ~ X andgy € Y implies
thatg € H. Clearly, G\X ~ H\Y. Moreover, iff : X — X'is aG-equivariant
morphism and”’ is a(G, H)-slice in X’ then f~!(Y”) is a(G, H)-slice in X..

Notations 7.13 — For (a reductive group(s acting (rationally) onX we denote

by
Styen = Stgen(G, X)

the generic stabilizer (defined up to conjugacy). The action is called/aaction
(almost fregif St,., is trivial.
We use a more precise version of Theorém

Theorem 7.14 — [17] Letp : PGLy — PGL(V) be a representation and a
lifting of p to a representation oL, — GL(V). Let
G" 1= Styen(GLy, V) and G := GLy/G".
If the central®, ¢ G” then
]P’(V) ~qg G X S,
whereS is a rational variety (with trivialG-action).
If ¢, ¢ G” then

— either thePGLy-action onP(1') hasnoslice andG\P(V') is rational
— or
]P’(V) ~G G x 57
where the slice is a rational variety (with trivialG-action).
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We now explain some general techniques in the study of rationality of quotient
varieties.

Lemma 7.15 — Let F — X be a vector bundle of rank = rk (E£). LetG be an
(affine) reductive group acting o' such that the generic orbit &k in E projects
isomorphically onto a generic orbit &k in X. Then

EN(;XXAT

with trivial G-action on the affine spaa¥’.

Proof. — Denote byO the G-orbit through a generic point iff. Shrinking (equiv-
ariantly) X, if necessary, we may assume that the map

7 HYX,E) — H°(O,E|o)

Is surjective. With our assumptions, there exists a basis., s, such that for each
J, the G-orbit of s; projects isomorphically onto its image i and generates a
trivial 1-dimensionalG-equivariant sub-bundle of the restrictidt{, of F to the
orbit O. It follows that E|p = @}_,G - s;. In particular, H°(O, F) contains the
trivial G-module M generated by, ..., s,. Moreover,M generates°(O, E|o)
over every point of. Sincer is a map ofG-modules and is reductiveH° (X, E)
contains a submodul®/’ such thatr(M’') = M (asG-modules). The elements of
M’ generate over a generic point oK. A basiss’, ..., s. of M’ gives the desired
splitting of the action. O

Corollary 7.16 — Let G be a reductive group and
F'—F —- X

a G-equivariant sequence of vector bundles such that the getenchit of £’
projects isomorphically onto its image. Choose a genérequivariant sectior’
of £/ — X and denote by”, the restriction of£” to this section. Then

’
El/ ~G Eg// X AT’

(wherer’ = rk E'), with trivial G-action onA"".
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Proposition 7.17 — Let X be a variety with an actiop : G — X of a linear
algebraic groupG. Let E — X be a vector bundle and : G — E a G-action
lifting p. Consider a generic orbi€ - = ¢ X and the linear action of> on the
space of section&°(X, E).

Assume tha€ is reductive and/ is a linear representation oft which is con-
tained in H°(X, E). Then there exists an affine op&l C X such that the vector
bundleE — X’ admits aG-map onto aG-representatiori/*.

If the action of G on X is almost free we may think ok as being (birational
to) a principal fibration over the quotiefit\ X with fiber G. If G is affinewe
may assume that’ andG\ X are also affine. Let us also recall a standard general
construction ofG-maps: if the ringC[X]| is a direct sum ofs-modules then any
G-submodule/ C C[X] defines a5-map X — Spec(V'). We also have a vector
bundle version of the above construction: ket- X be aG-vector bundle and a
G-orbit through a generic point. Assume tiat(O, E) (the restriction of the space
of sections ta)) containsV” as a submodule. We obtaircamap

v: H(O,E)—V*
(the dual module, considered as a vector bundle over a point).

Lemma 7.18 — There exists &:-stable Zariski ope/ C X and a rational G-
map of H*(U, E) — V* extending.

Proof. — A generic orbitO has aG-equivariant neighborhoadd, with U/G affine,
such that
H°(U,E) — H°(O, E).

The moduleH°(U, E) is a direct sum of finite dimensional irreducilfemodules.
We can now take any submodule ¢ H°(U, E) which surjects isomorphically
onto a submodule i/’ (O, E). O

Lemma 7.19 — If X has ana f-action of PGL, then
X x P(Vag) ~par, X x P(Vag),

with diagonalPGLs-action on the left and triviaPGL,-action onP(13,) on the
right.
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Proof. — We know thatC[PGL,], as aPGL,-module, is sum of all even modules
Vaq. This gives @ GLy-maps : X — P(V4,). The quotient

PGL\X x P(Vay)

is a projective bundle over the quotieRGL,\ X, with a section obtained from
s. Therefore, it is birational to the produ@GL2\X) x P(V4,), which gives the
claimedPGLs-isomorphism. O

Corollary 7.20 — Let X be a variety with am f-action of PGL,. ThenX is a
(PGLg, Nr)-slice in

X x P(V3)
(with diagonalPGL,-action).

Lemma 7.21 — Assume thak has anaf-actionp of PGL,. LetV Y, X bea
vector bundle oveX with an actionp of GLs lifting p. Assume tha contains
a PGLy-orbit Y ~ PGL, such that theGL,-module H°(Y, Vy) containsV, for
some oddi. Then

P(V) ~PGLo PGL2 X S,
(with trivial PGLs-action onS). Otherwise) is induced from & L,-vector bundle
onPGLy\ X.

Proof. — Let Y be an orbit such that/’(Y,Vy) containsV;, for some oddd.
Shrinking X, if necessary, gives a surjective map(af,-modules

HO(X, V) — H(Y, Vy).

Since H(Y, Vy) is an algebra oveH"(Y, Oy) = @4>0Va4, it containsV; as a
submodule. We obtainBRGL,-equivariant surjective map

P(V) — P(V}) = PL.

Since the stabilizer of a point i is solvable, we get a slicé C P(V), as claimed.
Assume that there is an orldit ~ PGL, such thad)y contains only even weight
GL3-submodules. Then the cent® C GL, acts trivially onVy.. If follows that
Vy is a trivial PGL,-bundle, andH?(Y, Vy) a trivial PGLy-module. The semi-
simplicity of thePGL,-action implies thaf7°( X, V) containsH’(Y, Vy) as a sub-
module. ShrinkingX if necessary, we can find linearly independettl,-invariant
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sections, whose specializationstogenerate’(Y, PGL,). Therefore) is lifted
from the quotienPGL,\ X. O

Lemma 7.22 — LetV be a representation df of dimension> 2 (with G acting
on the left). Thew & V is aG x GLs-space (with rightGLs-action) and

V&V ~axaL, Y
lMg:Vleavl
Gr(2,V),
a vector bundle with fiber x 2-matrices (with rightGL,-action).

Proof. — Consider the map
VeV — Gr(2,V)
(v,0') = (v,0'),

defined on the opel; x GL,-invariant subset of noncollinear pairs v') € VeV
(with fibers consisting of pairs spanning the same 2-space)GIheaction on the
fibers is the right multiplication on matrices:

(v,0") = (av + ', cv + dv').
[

Assume thaiG is reductive and denote by” := St (G, Gr(2,V)) and by
G’ := G/G” the quotient group ofs which acts effectively ofisr(2, V).

Corollary 7.23 — Assume that the action &f on Gr(2, V') has a sliceS so that
Gr(2,V) ~ S x G'. Let Vs be the restriction ofy to S (this makes sense by
Corollary 7.16. Then

G\V/GLy ~ G'\Vs.

Remark 7.24 — The groupG” acts as scalars an = V; & V; (it commutes with
GLo).
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Lemma 7.25 — Assume that we are in the situation of Corollaty23 G = GL,
andH C GL, has finite image i’GL,. ThenG\V/H is rational.

Proof. — By Corollary7.24 the sliceS is 3-stably rational, since
S x PGLy ~ Gr(2,V)

andGr(2, V) is rational. The quotient dfs by a fiberwise linear action is birational
to (My/H) x S (every vector bundle admits afrequivariant trivialization over an
open subset of). There is a left action 062 C GL, on M, = V; & V; which
commutes withH. ThusM,/H is (birationally) a three-dimensional variety with
an a f-action of G,,. The quotient (a surface) is unirational, hence rational (by
Theorem?.2), and

G\(VeV)/H~Sx (Ve V)/H~S x C>

]

The groupPGL; acts onP(M,) on both sides. We will need an explicit descrip-
tion of the action for some of its subgroups.

Lemma 7.26 — We have
Stgen(NT X NT,P(MQ)) = (’:2.

Proof. — IndeedN+ contains
Gp={t} : (z,y) — (tz,t7y),
i Do(wy) = (y,3).
The corresponding actions @iM,) are
(a,b,c,d) — (titaa, ty ' tab, tity e, t7 My d)

and

t1: a—c, b—d

19 a—b, c—d,
respectively. A matriXa, b, ¢, d) € M, can be transformed {d, 1, 1, d) by a unique
element ofG,, x G,,, the G, x G,-orbit of which consists of two elements (for
d,d™1). O
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Corollary 7.27 — The groupNt x C* acts almost freely off(M,). There is an
open,Nt x Nrp-stable subvariety/ C P(M,) such that

U
\L(C*XC*
C* c P!,
with a transitive action o£* x C* C Nt x Nt on the fibers. The diagonal subgroup
G52 C 6y x Gy = (Np x Np)/(C* x C¥)

acts on each fiber as an involutian— z~!. The factors, = (&, x &,)/65 acts
on the basé&* C P! as an involution without fixed points, on the first factor in the
fiber asz — z~!, and as identity on the second factor.

Corollary 7.28 — Let® C Nt be a dihedral subgroup such that\Nt = C*.
Then theC*-bundle
C =D\P(My) — Np\P(My)
is induced from th&€*-bundle
D\P(M;) /Nt — Np\P(My)/Np = P!
and is hence birationally trivial.

Proof. — Indeed, the left and the right actions 8 commute. By Lemm&.26
Stgen(N1 x Ny, P(M,)) = &,, which implies that the bundle is induced. [

Lemma 7.29 — For every dihedral grou® and everydH C N the conic bundle
Cu = D\P(My)/H — Np\P(My)/H,
has a section.
Proof. — The quotien®©\U/H from Corollary7.27admits a fibration
D\U/H
J{cg xCy;/ Gz

P!/Gs.
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HereC% x Cj; is the quotient of the fibe€* x C* of U — C* by the intersection
of ®, H with the diagonalC’}, C C* x C*. Isomorphism<£}; — C* andCy, — C*
induce a birational fiberwise isomorphism

Cu = Q\P(M2)/H ~ GQ\P(MQ)/62 = Co

i l

NT\P(M,)/H NT\P(Ms)/&,

and it suffices to considé = G5, H = G,. In this case, an alternative equivariant
completion ofU is given by

UcC P} xP} xPl,

|

P
with an action ofS, x &5, where the firstS, acts as an involution on the first two

factors and identity on the base while the complemen@nacts only on the base.
Thus the quotient is a conic bundle over the complement in

P! x P!/, x &y = P! x P!
to the branch locus of the quotient map. Here the left (resp. rightacts as an
involution on the left (resp. rightiP! and the branch locus is exactly the union of

four lines. By Lemma/.3, this conic bundle has a section (it is nonsingular on a
pencil of lines minus at most two points). O

Lemma 7.30 — Let G be a subgroup ofL,, not equal to2;, andV a linear
representation ofz. ThenG\PP(V) is rational.

Proof. — For G = SL, this is a theorem of Katsylol[/]. We now consider proper
subgroupss C SL,. If G is solvable and connected then rationality for the quotient
follows from a theorem of Vinberg3[]. For compaciG the proof is similar to the
dihedral case described below. Assume now €has finite and not equal t@ls.
ThenG is either

1. afinite subgroup of™*,
2. a dihedral group or
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3. Ay, 64.

The first case is easy. For dihedral groups all irreducible representatidns of
have dimensior< 2 and the corresponding quotients are rational by Theofein
Let V' be a faithful representation of a dihedral gradotherwise, we are reduced
to a quotient group). Thug = W @ W', wheredim W = 2 anddim W’ > 1.
Denote byG’ = G/ the quotient acting faithfully o’ (¢’ is a cyclic group).
We havelV ~5 C* x P!, with trivial action of® on C* and trivial action of¢’ on
P!. By Lemma7.15

C* x Pl x W' ~qgr (C* X P1> X W,,
with trivial action of G’ onC* x P'. Thus
D\V ~ (D'\W') x (C* x P')

and we can apply induction. )

We turn to the last case. An irreducible representatiod.af either a character,
or a faithful two-dimensional representation, or a three-dimensional representation,
trivial on the center (a faithful representation2bf). An irreducible representation
of &, is either a faithful two-dimensional representation, a faithful four-dimensional
representatiom” := Sym®(1}) or a representation @&, (of dimension< 3).

For irreducible representations of dimensior rationality for the quotient fol-
lows from Theoreny.2. We turn toll/. Recall that

W =Sym® (Vi) = Vi @ V7%,

as a§l4-representation, wheé* =V, @ x,V X=V, @y !and

X% —7Z/3CC”
is the cubic character. A pair of (generic) points

Py EP =P(VX) p_ € P =P(V7X)

defines a liné®! c P(WW). This shows that

P(W) ~s, )

|:
P! x P!

whereS, acts on the basé|, acts Iipearly on the fibef. and &, = é4/64 acts
as an involution on the fibet. Thus&,\P(1V) is a conic bundle over the rational
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surfaceS,\ (P! x P'). We now analyze the geometry of this bundle in more detail.
Consider the actio®, C &, onP! x P! and onP? = Sym?(P!). Every involution

i € D, has two invariant points;, y;. Consider the graph&' connecting the points
(xi, ;) — (vi, x;). Their set is equal t&#* and there is a graph:

L (zi,yi) — (yi, ;) C PP x P!

consisting of pointgx,i(x)). The linel; is exactly the subset afinvariant points
in P! x P!. The action ofD, is free outside the three linési € D,,i # 1. There
are exactly6 points which are invariant undey,.

The corresponding action dP can be described as follows. There are three
points corresponding tor;, y;) which are stable undéd, and three lines (images
of [;) so that the action is free on the torGs x C* (the complement ifP? to the
union of ;). The group®, acts onC* x C* as a translation by the subgroup of
points of order.

The quotient?? := D,\P? is a nonsingular variety isomorphic B (indeed the
only possible singularities come from the thr®e-invariant points inP? but the
quotient by the local action is nonsingular). The diagdialc P! x P! projects
onto a conicC' C P2, which is invariant unde®,. The conicC intersects the
“vertical” and “horizontal” subgroups ift* x C* c P? in two points and does not
intersect the line at infinity.

Thus inP? = D,\P?, the image of?} intersectsC* in one point. Therefore, the
images ofP, and ofi; are lines (since pairwise intersections of thare equal to
1) and the(¢&;)?-coveringP' x P' — P? is ramified exactly over a union of four
lines. If suffices to observe that every conic bundle d?ﬁ;has a section. Indeed,
let p be the intersection point of two lindsand/;; and consider the pencil of lines
in IPg throughp. Each line in this pencil intersects the ramification locus in at most
three points and we can apply Lemma.

~ Now we turn to reducible representations= ©,c 4V of 2,. If V is faithful for
%I, then there is an, € A such that/*° is a three-dimensional irreduciblaithful
representation dil, and

V g, VO X (Bapap V)

with trivial action of 2, on Daza, V" (by Lemma7.19. If V is faithful for 2,
thenV contains a faithful irreducible three-dimensional representatioi,cdnd
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we can apply the same argument. In all other cdsésa sum of one-dimensional
representations and we are reduced to Case 1.

Finally, consider reducible representatidn®f &,. If V is faithful then it con-
tains either a faithful irreducible two-dimensional representation or the faithful rep-
resentatioi’V. Again, we apply Lemma.15as before. IV is faithful for S, then
it contains a faithful irreducible representation of dimensio and we conclude
as above. In all other cas&sis a sum of one-dimensional representations. []

Lemma 7.31 — Let V be a representation ofi C SL,, with G # ;. Then
G\ Gr(2,V) is rational.
Proof. — The relevant group& can be subdivided as follows:

1. G is a subgroup of the normalizer of a maximal torus;
2. G an infinite subgroup of a Borel subgroup;

3. G =y, Ay;
4. G = Gy, 6,.
LetV = W @ W’ be a reducible representation@f Then (birationally)
Gr(2,V)
iHom(Ci,W)
Gr(2,W)

(wherez is a point on the base). In particulardifm 1/ < 2 then
Gr(2,V) ~g Hom(W' W),

with linear G-action onHom (W', V). This reduction suffices for the relevant in-
finite groups (for example, for connected solvableve can apply Lemma&.6).
Further,

— if Stgen (G, Gr(2,V)) = 1 then (birationally)
G\ Gr(2,V) — G\ Gr(2, W),

a vector bundle.
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— if Styen(G, Gr(2,V)) = € C Zg (a cyclic subgroup) then (birationally)
G\ Gr(2,V)

i ¢\ Hom(C2,W)
G\ Gr(2,W).
We now conside®l,, §l4, S4. The rationality ofG\ Gr(2, V') for irreduciblerep-
resentations of these groups follows from the fact that all of them have dimension
< 3. Assume now that = W @ W’, with W irreducible of dimensior3. The

classification of these representations implies that the action of the center must be
trivial. Then, birationally,

Gr(2,V)
lHom((Ci,W’)
P2 = P(W*).
The G-action is equivalent to &-action on a vector bundle

G\ Gr(2,V)

|

G\ Gr(2, W) = G\P2.

Finally, let us consider the case 6f,. Let W be its unique irreducible repre-
sentation of dimension four (as in Lemmig30). We claim thatS,\ Gr(2, W) is
rational. Indeed, a&,-modules, we have

W=W*xo WX,

wherelVx, IV~ are two copies of the standard representatiol,abf dimensior2
andy (resp.—y) indicates the eigenspace decomposition for the nontrivial character

XU —7Z/3CC

Further,
Gr(2, W) ~ Hom (WX, W™X),
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with a linear(,-action (since the center acts trivially) and a permuta@gnnvert-
ing the mapw € Hom(WX, W~X). More precisely)}y X = (WX)* and

Hom (WX, W™X) = Sym*(WX) @ C,

where(C corresponds to skew symmetric maps &hdacts onC; by y. The invo-
lution &, = &,/ acts onC; and onSym?(W ~X) ast +— t~'. In particular, if
C* x C* is the diagonal group acting ¢fym?(W —X) @ C, then&, acts as

X —s1X,
wheres € C* x C* andX € Sym?(W~X) @ C,. There is an equivariant map

f : Hom(WX W—X) — (Y,
s = (2, 5(y) — (s(2),y),

with an effective action of5; = &,/9, on the targe;, which to a subspace
s € C?> C WX @ WX assigns the value of theform (x, s(y)) — (s(z),y). The
fiber of f is D,-birational toSym?(1WX) = P2, We have already seen in the proof
of Lemma7.30 that ©,\P? = P2. Thus&,\ Gr(2,W) is a C*- bundle over a
P2-fibration overG,\C;. It is clear that thisP?-fibration is trivial. The quotient
conic bundle is nondegenerate over a producPofvith an open subvariety in
C,/G3. Hence it has a section. Rationality &f,\ Gr(2, W), and more generally,
S,\ Cr(2,W @ --- @ W), follows (the latter is a vector bundle over the former).

Assume now that” = nW @ V', wheredim V' > 1, andn € N. Since the
Sg-action onGr(2, nW) is af there is a5 ,-equivariant homogeneous rational map
f : Gr(2,nW) — V' sending the generi& ,-orbit in IV to the genericS 4-orbit in
V. Notice that the cente®, acts as a scalar diiom (¥, V). We have (birationally)

(7.1) S,\ Gr(2,V) ~ C*x
le\Hom(Ci,V’) P(Hom(C2,V"))

S\ Gr(2, nWW) G4\ Gr(2,nW)
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(with rational bases). The projective bundle on the right has a section. Indeed,
(7.2)
\LHom(C?“V’)
Gr(2,nW)
is an equivariant quotient bundle of the trivial bundle with fibern (1, V). The

map f defines ar6,-equivariant section( f) in the projective bundle in/(1). The
(equivariant) linear projection

Hom (W, V') — Hom(C2, V")

mapss(f) to an equivariant section of the bundle inZ). Thuss(f) projects onto
a section of the bundle on the right in.{), making it birationally trivial. O

We proceed to describe possildé,, resp. PGLy-actions on Grassmannians.
(If all weights in1” are of the same parity therr(2, V') carries thePGL,-action,
otherwise theésL,-action.)

Lemma 7.32 — LetV be a faithfulSL,-representation of dimension 3. Then

1% Stgen
dim>5]| 1
Vi <,
Vs Dy
Vo Vo | &
Va Nt
ieWy | C*
VieV,| B

Further,

— Gr(2,V,) has a(PGLy, Np)-sliceS = Sym?(P?) with ana f-action ofN /&5,
(wherec, is the center oN7);

— Gr(2,V3) has a(PGLy, 2,4)-slice birational toP!, with 2(, acting onP*! as¢;.

Proof. — Consider first irreducible representatioris= V,; = Symd(Vl) and as-
sume that the stabilizer of a generic lif®é¢ C P(V) contains a nontrivial cyclic
group€. Then¢ fixes at least two points in thig'. Any orbit of € onP! is a union
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of a zero-cycle - = and a zero-cycle supported in the fixed points. In particular,
the subvariety of points i) which are fixed by has dimensior< d/|¢|. The
dimension of the variety af-fixed lines inP(V) is therefore< 2d/||. The subva-
riety of distinct cyclic subgroupé C PGL, has dimensioR anddim Gr(2, V) =

2d — 2. Sinced/|€| < d/2 the inequalities

2d—4>2d/2 and d—4 >0

imply the result.

Assume thal” = @;c;Vy,, |J| > 2 and thatSt,.,, # 1. Thend; < 2, for all
j € J. Indeed, the stabilizer of a genefi¢ through a generic point € P(V;) is
a subgroup of the stabilizer @f which stabilizes some generic line in the tangent
space ap. This group is trivial ford > 2 and equal ta, for d = 2.

If V. =1V,® V', withdimV’ > 2, thenGr(2,V) is (birationally) a fibration
over Gr(2, V3), with fibers Hom(C?, V') so thatSty,, = 1if dimV’ > 3. If
V = Vi, @ V; thenSt,, is the same as the (generic) stabilizer of Mg-action
onHom(V', V1), V' € Gr(2,V») = P?, hence trivial. Fol/ = V5 & Vp, Styen, = €s.

In the remaining case$; = 0 or 1, for all j € J. If V contains at least three
copies ofV; then the argument above shows that the actiomfis Similarly, if
V =Vi®VthenSty,, = Cand ifV = V; @ V; @ || thenSt,.,, = 1. For
Vi @ 3V, the generic stabilizer is the same as for three linear functionals - which is
zero. 0

Lemma 7.33 — The quotienPGL,\ Gr(2, V) is 2-stably rational.
Remark 7.34 — Forevend > 10, PGL,\ Gr(2, V) is rational by B7].

Proof. — By Lemma7.32 if dimV' > 5 then theSt,,, = 1 and we can apply
Lemma7.19and Corollary7.20to conclude that

PGL,\ Gr(2,V) x C* ~g N1\ Gr(2,V).

The claim follows from Lemm&.31 It remains to consider:
1. Gr(2,Vy),
2. Gr(2,V3),
3. reducibleV.
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In the first caseSt., (PGLs, Gr(2,Vy)) = &,, with normalizerNy C PGLs.
We claim that the subset C Gr(2,V}) of &,-invariant points is dPGLy, Nt)-
slice. Indeed, there is a Zariski open subdgset X such that the stabilizer of each
pointin U is exactlyS,. In particular,g - U intersectd/ only if g € Nt. Consider
theP? c P(V;) consisting of&,-invariant subschemes containidagoints. Any
line in U joins a pair of points in thi®2. Therefore, we have a (birationa¥);-
isomorphism of/ andSym?(P?). The stabilizer of a generic point i is a central
subgroup iNN+ whose action ofP? is equivalent to a linear action di¥. (Indeed,
Sym? (V1) = C @ WS>, whereC is the trivial representation - the invariant symmetric
form - andlV;, is a faithful two-dimensional representatiomof /S,). Thus instead
of X with theNrt-action we can considér? x C? with the (Nt/G,) x &,-action
(where the secon&, interchanges the factors). In particular, (by linearity)

N\ X ~ C* x Np\P?,

and is hence rational.

In the second case&Gr(2,V3) has a surjection of degree 2 onfgl,). The
connected component of the preimage of (R&L,, S4)-slice P! in P(V}) is a
(PGLy, 2l,)-slice, isomorphic t@®'. The quotient is rational.

If V' is reducible and th€ GL,-action on the Grassmannian has nontrivial stabi-
lizer thendim V' < 5. Rationality follows sincelim Gr(2, V) < 4 and the generic
orbit has dimension at lea3t O

Proposition 7.35 — Let G, H be finite solvable subgroups Bf5L,. Then
G\PGL.y/H

is rational.

Proof. — The action is birational to the (projective) action@fx H on P(M,),
whereG acts on the right anl on the left. The group&:;, H are either:

— cyclic;

— dihedral or

-2y, 6y
The case oprimitive solvable groups is covered by Theor@mQg, [26]. If V is re-

ducible then there is a nontrivial action©f on G\P(V')/H, leading to rationality.
This covers the case when eitl@ror H is cyclic.
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We claim that ifl” is irreducible and imprimitive (for thé x H-action) then either
G or H is dihedral. By definition} := M, = ®,V?, such thatjV’® = V' for
all g € G x H. Moreover, by irreducibility, all’“ must have the same dimension,
= 1 or 2. Notice that imprimitivity for an action of a grou@’ implies imprimitivity
for the induced action of every subgroGg C G’ (with the same decomposition of
V). We now claim that the actions &f; x 2(,, and consequently &, x &, and
&4 x G4 are primitive. Indeed)l, x 2, contains®, x D, as a hormal subgroup,
for which the imprimitive structure is either a sum of two subspaces of dimension
2 or four subspaces of dimensidn corresponding to the choice of a subgroup
S, C 5. The first possible imprimitive structure f@, x ©, does not extend
to one ford, x 2, (which has no indeX subgroups). The second structure is
also impossible?|, rotates the subgrougd, C ©,, hence there is n@l -invariant
imprimitive structures fo, x D,.

It remains to consider the case when béttand H are dihedral. On/; there

IS a unique imprimitive structure, corresponding to the eigenspacgs, of the
elements ofs. In particular, there is an imprimitive structure on

My=VigV]=(CiaC)) ®(CydCy).
We claim that (birationally)

G\PP(M,)/H

|

P2 = G\Sym?(P*)

Is a conic bundle degenerating precisely over the image of the diagonal and the
subvarieties if®* with nontrivial stabilizers.
Indeed, sincél C Nt (a&,-extension ofC*), (birationally)

G\P(M,)/H
i(C*zNT/H

N1\P(Ms)/H.
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The quotientC*\P(M,) is (birationally) a fibration ove! x P!, with &, act-
ing by permutation, where the coordindtés are the projectivizations of the two-
dimensional eigenspaces for tG&-action onM,. Thus

P(M)/H

|

P2 = P! x PI/GQ

is a conic bundle nondegenerate outside a conic (the image of the diag@atin
P). TheG-action commutes with th¥r-action and is effective on the base. This
proves the claim.

We haveG C Nt and
G\PQ — NT\]P)Q

is a conic bundle. Since the left and right action®&efcommute G\P? contains an
open subvariety/ x C* where the restriction of the conic bundle is nondegenerate.
HereC* = G\Nt andU is a subset aP! = N1\P2. Therefore the conic bundle has
at most2 singular fibers on any completion of the fidér ¢ U x C*. Rationality
follows.

We can now describe some open subvariety in the quodieiit{ M) /H explic-
itly. Consider the action of* C Nt on both side€*\P(M,)/C*. With respect to
this actionP(M,) is birationally equivalent to a triviaC* x C*-fibration overP!.
Now we add the action ab, on both sides. The produ€f; x &, acts on the base
P'. The group&, contains a normal subgro, C Nt and the action of each
S, C D, inverts the respectiv€* action. Thus (birationally)

Np\P(M,)/NT

P! — 3 pts,
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where the deleted points are the ramification points of the Biap> P!/D,. In
particular, there is an opén such that

G\P(Mz)/H

|e

U
|
P! — 3 pts.
By Lemma7.3, the conic bundles are trivial.
Finally, the conic bundles oR*/&, andP? /2(, have sections. Indeed, bath
and &, contain dihedral subgroups of index 34, resp. ©,). The image of the

section in the conic bundle ovex,\P? (resp.®,\P?), has odd degree in the conic
bundles oveRl,\P? and&,\P?, respectively. We apply Lemmia4. O

Proposition 7.36 — Let V' be an irreducibleGL,-representation andl C SL, a
finite group, not equal t@(;. Then

GL\(VeV)/H
is rational.
Proof. — Firstof all,V; & V;/H is rational. Next, by Lemma.22,
VeV ~aL,xaL, v
Me=V16V1
Gr(2,V).

First we assume thdt" has odd weight. The Grassmanni@n(2, V') carries
the action ofPGL,. If we restrict the bundlé@’ to a genericPGL,-orbit O in
Gr(2,V) then the corresponding modulé’(O, V) containsV; as a submodule.
By Lemma7.18 this gives an equivariant map

V-oVieh
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with a 1-transitive action of5L, on the target. Thus
(7.3) GL;\V/H ~ H\ Gr(2,V)

(with the samesubgroupH C GL, appearing on the left). IndeetiL, C (V; &
V1) = My and multiplication byH on the right gives an orbit - H. This orbit is a
(GL, x H, H® x H)-slice (withH” = zHx~') and it is stabilized exactly bji” x H,
acting doubly transitively on the sBF - z. It follows that every point’ € z-His a
(H* x H, H*)-slice of the orbitz - H. The quotientl\ Gr(2, V') is rational by7.31

Assume thal” has even weight. If theGL,-action isa f then
GL:\V/H ~ (PGL,\ Gr(2,V)) x (C*\(V; & V1)/H).

Ifitisnotaf, then, by Lemm&.32 V =V, or V4.

ForV = V, we have thgPGL,, Nt)-slice X = Sym?*(P?) with the Ny-action
which we can replace b§? x C? with a (Nt/€,) x €,-linear action. In particular,
we identify the quotient with a quotient @? ¢ C? @ V; @ V; by a linear action of
Nz x G2 x H (whereN; C GL,). The action ofN; x H on V] is transitive with
stabilizer®, x H. Hence it is equivalent to the action®, x HonC? ¢ C?> @ V;,
which is aC?-vector bundle (permutation of the anti-invariant part@®j-action)
overC? x V;, with ®, x H action. The latter quotient is rational. Fgr= V, the
action is transitive ortir(2, V') = P? and the quotient has dimensi@n rationality
follows. [

We will also need a more general result b= G,.
Proposition 7.37 — Let

X y= [1e(va,)
jeJ
be aGL,-homogeneous line bundle. If at least ahe# 2 thenGLy\ X x X/, is
rational.

Proof. — Case 1.|J| = 1. If d = d, is even or ifd is odd and the line bundle has
odd degree of?(V;) then

X xX ~GL2x &2 ‘/:i@vd
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and we apply Proposition.36 If the line bundle has even degree then it is trivial
andGL, acts aP GL, x C*. If the PGLs-action onP(V;) is af we have

]P)(Vd) ~PGLo S % PGLQ,

for a rational sliceS (with trivial PGLs-action). We have 8 GL, x C* x G,-action
on

C xPGLy x S x C x PGLy x S.
The quotient variety is a vector bundle oV&&L,\PGL, x PGLy /S, (rational by
Lemma7.12). The claim follows. If thePGL,-action is not f, thenV = V5 or V.
ForV; the quotient is rational by dimensional reasons. Fowe have a projection

CxP3xCxP?
iplxpl
Gr(2,V3)
commuting with both actions. Recall that(2, V3) hasP! as a(PGL,, 2l,)-slice,
with 2, effectively acting as a cyclic grou@; = 2,/D, on P! (the group®,

acts trivially on the(PGLy,2,)-slice P! c P* and similarly forGr(2,13), see
Lemma7.32. Thus the quotient is the same as for the bundle

\LPIX(CXIFMXC
Pl
under the action dll, x G,. In particular, itis a vector bundle oved = D,\ P! x
P! /&, -fibration overP! = P!/¢&;3, hence is rational.
Case 2.|J| > 2. If at least onel; is odd and> 1 or if all d; = 1 and|.J| > 2,

then there is a slicd and thePGL,-action isa f. We can writeY” as (the total space
of the) line bundle:

X

lL
S x PGL2
and, using Lemma.21, reduce to either a vector bundle over

PGL,\PGL; x PGL,/6,
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whenL is trivial on PGL,, or to
GLQ\GLQ X GLQ/GQ

otherwise. In both cases the base is rational by Lemma
If d; = 1foreveryj € Jand|J| = 2 then the there is a map

(P — B(Vi) = Sym' (P') = P*

(of degree24, mapping4 points to a form of degre¢). The preimage ifP!)* of

the (PGL,, &4)-slice P} = P! of P*, will be a set of six linesP} ;, labeled by a

pair of generatorg, h € D, (which act trivially onP! c P*). More precisely, the
line P , is the set given byz : gz : hx : ghx) € (P')*, forz € P'. The map
P;, — P. = P; /D, has degree. ThusP, , is a(PGLy, D,)-slice of (P')* and

the quotient of a vector bundfé p! by a linear action o, is rational.
Assume that alil; are even. Thed is (birationally) trivial. Unlesg.J| = 2 and
d, = dy = 2, there is a decomposition of
Y XY =P(V)) xY' xP(Vy) xY’
such that théGL,-action isa f and
P(Vy) x Y x P(Vy) x Y ~par,xe, (Y xY') x (P(Vy) x P(Vy))

(with trivial PGLy-action onP(V;)), by Lemma7.19 The quotient is birational to
a vector bundle ovePGL, x C*\ X' x X’/G,, whereX’ is the trivial line bundle
overY”.

We have reduced tp/| = 1 treated in Case 1 or to/| = 2 andd; = dy = 2,
treated in Lemm&.38 O

Lemma 7.38 — The quotient
X 1= PGLy\(P1(Va) x Py(Va) x P1(Va) x Pa(V2))/S

is rational, whereP; (V) and Py (V%) are different copies aP? = P(15,) and &,
acts by permutation.

Proof. — Consider the projection
X — PGLQ\]P)l(‘/Q) X ]P)la/g)/GQ
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and thePGL, x G,-equivariant map of degree

pr . P(V3) xP(Va) —  P(V))
(Ql; QQ) = Q1 Q.

The spaceP(V,) has a(PGL,, &,)-slice P! (the D,-invariant polynomials). The
zeroes of a (polynomiaj) € P! form an orbit unde®,. The preimager—(P!) C

P? x P? consists of3 lines, each invariant unded,. Indeed, the ordered pair
(@1, Q) corresponds to a choice of a generatar ©, such that:, g(x) are zeroes
of @ andh(x), hg(x) are zeroes of),. Thus the lineP, c P* x P* consists
of tupels{(z, gz), (hz, ghx)}, wherez is an arbitrary point irP* and (x, gx) =
Q1, (hz, ghx) = Q2. The maﬁP’; — P! has degree two and its fibers coincide with
orbits of i (sinceg acts trivially onPP;). The action of is given by

h : {(z, gz), (hz, ghz)} — {(hz, ghx), (z, gx)}.

Thush(Q1,Q2) = (Q2,Q1) and the action oh coincides with the restriction of
the permutation action of® x P> to P}. The linelP; is invariant unde®, x &,
(considered as a subgroup @fGL, x &5)). The groupS, permutes the lines in
pr~'(P}). EachP} is a(PGL, x &5, x &,)-slice of P? x P?. Therefore,

X ~D\P x P? x P?/&,.

The spacé® x P? contains a subspad® x C? with alinear action of®, x &,.
Indeed, the action gD, onP' corresponds to the irreducible representatio®of
onC? = V. Under the® 4-action, one has a decompositispm?(V) = V' @ V",
wheredim V' = 2, dim VV” = 1 and the action oD, onP? is equivalent to the linear
action onV’. The additionalS, permutes th@? and hence acts by permutation on
V'@ V'. Thus
]P)l X ]PZ X ]P2 DX G

iV’EBV’

]P>1
(a vector bundle).

Consider the effective action of (the nonabelian gradp)x &, onP!. It has a
normal subgrou®, x &, with generatorg, i, k and an element ;> = 1 which
commutes withy, £ and acts o asihi = gh. The stabilizer of a generic point
onP} is a normal abelian subgroup generatedjbyk. Thus®, x &, acts onP*
effectively through the quotier®,/(g, hk) = D,. The action of thisD, on P! is
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almost free. Indeed, the action kfcoincides with the action ot and permutes
Q1, Q2. Thus the orbits of. andk on P, coincide with fibers of the map, — P.
On the other hand,acts nontrivially oriP.. We claim that

@4\(‘// D V/) X Pl/Gg

|

@4\(‘/, X ]P)l)

is a vector bundle. Indeed, consider the subspggec V'@V of invariant vectors
(under the permutation). The action®f x S, on ((V'& V") /V! ) x P! is almost
free. Hence

@4\(V/ D V/) X Pl/GQ

|

DNV @ V) V,) x PG,
is a vector bundle with base a quotient of the vector bufdlen V'/V,,) — P,
by ©, x &,. The variety(V' @ V'/V. ) x P! has a fiberwise (scalaf)*-action

commuting with theD, x &,-action. Since ever{Z*-action has a slice,
X =2\(V @ V")/Vi,) x P! /&y,

is rational by dimensional reason&” /C* is a unirational, therefore, rational sur-
face and
X'~ (X'/C*) x C.

Proposition 7.39 — Let X be V @ V, whereV = V; is an irreducible GL,-
representation{ > 0 andH C SL, with H # 5. Then

GL\X x P(V;)/H
is rational (whereH acts trivially onP(1})).

Proof. — If ¢ is even and the action dkL, or a quotient ofGL, by a central
subgroup is:f then we apply Lemma.19combined with Propositiofi.36 resp.
7.37.



54 FEDOR BOGOMOLOV, TIHOMIR PETROV & YURI TSCHINKEL

If /is odd and the action isf then there exists a slice, which is a rational variety,
by Lemma7.31resp.7.30 Rationality follows.

Now we assume that the action is ngt. This means thaf < 4. The subcases
with d < 2 are trivial since the action on the corresponding Grassmannian is transi-
tive. If /is odd, then théGL,-action onGr(2, V') x P(V,) has a rational slice and
our claim follows.

If d = 3, the action ofPGL, on Gr(2,V3) has a(PGL,, 24)-sliceP!. For even
¢ > 0 the action of2, onP* is faithful and it lifts to a linear representation off.
Further2(,-acts onP! is through a cyclic quotient. Thus

(P' x P(V) ~ay, ' x P(V;)
with trivial 2(4-action on théP! on the right. This implies that the quotient is equiv-
alent to
P' x (P*/24) x (Vi & V4)/C* x H,
a product of rational varieties.
If d = 4, the action oPGL, onGr(2, V) has a(PGLy, N)-slice X’. The action

of Nt onP(V,) is linear and the quotient ok x P’ is a vector bundle over the
guotient of X, which is rational. O

Proposition 7.40 — Let X = (—= Y)2, whereY = []
Then

P(Vy,) andZ > 0.

jeJ

GL\X x P(V})/6,
is rational (whereS, acts trivially onPP(1;) and by permutation oiX).
Proof. — The same argument as in the proof of Proposifio®9 shows that it
suffices to assume that the action &nis notaf. This happens only i = P2 or

P!. The cas&” = P? reduces to Proposition.39 (Grassmannian). ¥ = P! then
the action ofPGL, onP! x P! is transitive and

GLo\ X x P(V;)/Gy ~ (C*\P(V})) x (C*/C* x &),
a rational variety. O

8. Special rationality results

In this section we collect rationality results for spaces of rational nfdps-
P! with prescribed (special) ramification over exactly three distinguished points
(0,1, 00) and unspecified ramifications over other points.
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Let R(r0, 71,7+ ) be the space of rational mags: P! — P! with local ramifi-
cation data (vectorsy, r1, o, over the point9$, 1, co.

Proposition 8.1 — Assume thatrg, 1, 7, ) satisfies one of the following:

— all entries of the vectors,, r, are even and some fixed number of entries of
ry IS even,;

— all entries of the vectorsy, r., are even and a fixed number of entries-pfs
divisible bys3;

— all entries of the vectors,, r., are divisible by3 and all entries of-; are even.

ThenR(rg, 1, 7) is a finite union of irreducible rational varieties.

Proof. — In these cases the map = f,/f~ IS given by coprime polynomials
satisfying the equations:

- 3= 1% = gidi;

- fo - f% = 9195

- fo — I% = gidL,
whereg; is an arbitrary polynomial. The first equation leads to

(fo = foo)(fo + foo) = 9101
and, by coprimality, to
Jo—Jfoo = 9%19117
fot fo = Gha9la,
with arbitraryg;1, ¢1;, 912, 91 (Satisfying the obvious degree conditions) — a union
of rational varieties.
The second case is analogous. Consider the third case: [§incg? is a square
we obtain
fO - foo = gg
fO - Cfoo 92
fO - C2foo g%
(where¢?® = 1) and we need to solve
2( 2 1 _C 2 _ 2

+ ——g5 = g5.
1+491 1+<92 g3

Now we apply the parametrization as above. O
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Corollary 8.2 — LetR(ro,r1,7) be asin8.1 Then
PGLQ\R(T(), T1, roo)

is rational.

Proof. — We have established an explicit parametrizatioriRdgi, r1,7,) as a
direct sum of spaces of polynomials (with different weights as irreduciile-
representations). By the theorem of Katsyld4, the corresponding quotients are
rational. O

Remark 8.3 — Only the first case witly; = 1 can admit a nontrivial action dff-

(which necessarily iZ./3). But even in this case the action %f/3 is linear and
it commutes with the action dkL, on pairs of polynomials. Lemma31implies
rationality.

Lemma 8.4 — Every irreducible component of the varig®yof rational mapsf :
P! — P! of degrees and prescribed global ramification datum
RD(f) = [(27 27 1)07 (27 25 1)17 <2a 27 1)007 (2)a (2)]

is rational.

Proof. — Changing the variables (fixing two ramification points ovee P! as
0, c0), we can writef = Fy/F, where

Fi(z) = fi(x)%n(z)?h(2)
Fy(z) = fa(z)%az(x)?ba(x)

wheref,, f», a1, ds, by, by are linear forms inc. Since the leading coefficients &t
and F, are equal we can assume that they are both equalkfud write f; (x) =
x4+ fi,... ,Bg(x) = x + by, with some nonzero constanfs . . ., b;. Since we have
one free parameter (under the actiorPefl,) we can assume that = 1. Thus

Fi(@)?a (z)%as(z) — fol2)?bi(2)2bs(2) = Zgﬂi = 12’ (x + ¢3)

7

with arbitrary constants;, c,. We get a system of equations on the coefficignts

2b1 T
2b2 T

91 =0,91=0,90 = 0.
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Remark that the coefficients @f are symmetric functions on paifg;, a;) and
(f2,a9). To parametrizék we introduce the following variables:

Xi=a+ fi, i=af1, Xo = fa+ ag, Yo = faaz, by, bs.
Write the equations on the coefficientsas

2X1 + bl = 2X2 + bg
Y2b, = Yib
}/12 + 2X1§/1b1 = }/22 + 2X2Y2b2
Sinceb; = 1, for a fixedb, we get
2X1 + 1 - 2X2 + b2
Vi = £VhY,
bQYé + 2\/@)(1 — }/2 + 2X2b2.

This is a union of two (affine) lines. After a rational coverifgb,) our surface is
(rationally) aP*-bundle oveiP!, a rational surface. O

Lemma 8.5 — Every irreducible component of the varig®yof rational mapsf :
P! — P! of degreet and ramification datum

RD(f) = [(2,2)0,(2,1,1)1,(2,1,1) ]
is a rational surface.

Proof. — Using thePGL,-action on the preimage' we can assume that the points
(2,2) are+1, —1, respectively, and that the point of deggegn the local ramifica-
tion datum(2, 1, 1)) over0 is co. Thus we can write

(2 = 1) —c(z + 1) (T + o) (2 + c3)* = (),

wheregs, is an arbitrary polynomial of degree 2 ants some constant. We get two
equations

c=1,
01+CQ+203:O.
Thus we have a (rational) surjection®f ontoR.. O

Lemma 8.6 — Every irreducible component of the varig®yof rational mapsf :
P! — P! of degreet with ramification datum

RD(f) = [(27 2)07 (37 1)17 (27 L, 1)007 (2)7 (2)]
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is a rational curve.

Proof. — A generic map with this ramification datum is given by the equation

f = fi/fa, where
fi=@* =12 fo=(z+ca)(z+ce)lr+c)?
and
fi—fo=(@* =1 —clz+c)(r+e)(r+e3)? = gi(x),
whereg, (x) is linear. Thus: =1 and

Cl+C2—|—203:O,

c1¢y + 2¢1c3 + 2c9¢3 + 2 = 0,
clearly rational. ]

Lemma 8.7 — The irreducible component of the varie®/ of rational mapsf
P! — P! of degree3 with ramification datum

RD(f) = [(27 1)07 (27 1)17 (2’ 1)007 (2)]
is a rational curve.

Proof. — Reduces easily to the rationality of a cuspidal cubic curve. O

9. Rationality of moduli

Theorem 9.1 — Any connected component of a moduli space of rational or K3
elliptic surfaces with fixed monodromy group is rational.

Proof. — In Proposition3.11we have identified (Zariski open subsets of) the cor-

responding moduli spacés, . as quotients (by the lef®GL, and rightHr-action)
PGLQ\L{;M/HF.

Here

Z/l;m ~PGLy x Hr Symz(]}pl) X RF
and

Rr={f:P' —P'}
is the space of rational maps (with prescribed ramification). For elliptic rational or
K3 surfaced < 3 and Hr is either trivial, cyclic, dihedral or a subgroup &f; (see

Corollary3.14). The actions ifPGL, and H commute and{r acts only orRr.
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First we considegeneral families
ET(E) — 120 = deg(je) ET(T).
Ford = (di, ...,d;) € N* we put

k

P = [ P(va).

j=1

Recall thatR is (birationally) the total space of a line bundle over the space
P x PY,

wherey"" 4, =S d;

j=1"J"

Case 1.d # d'. Then, by3.14 Hr = 1 and rationality ofPGL,\Rr (in all
cases) follows from the rationality of
PGL,\P? x P,
which is the theorem of Katsyl6.14

Case 2.d = d' andk > 2. By Corollary3.14, Hr = &, (permutation of the
factors). This case is covered by Propositiof?.

Case 3.d = d’ = (d). This case is covered by Propositior3a

Now we discuss thepecial families
ET(E) — 12¢ < deg(je) ET(T).

We use the classification of these families established in SeBtiohll families
listed in Lemmab.2 are covered by Propositions37 and the Theoreny.14
Consider the families listed in Lemma.3 Lemma 7.30 covers the cases
J1, Ja, Js, J6, J13- The casejs, js and j;» are covered by Propositiod.1, j3 by
Lemmas8.6, jz, jo, j10 by 8.1and8.3, j;; by Lemma8.5. The case, is covered by
Lemmas8.7. Finally, the familiesj;5 andj;¢ (listed in Lemmab6.2) are covered by
Proposition7.37and the remaining familieg; — jo0 by Theorem7.14 O
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Remark 9.2 — Our methods extend to some moduli spaces of elliptic surfaces
with higher Euler characteristic. In particular, the results of Secdiamply that

any moduli space of Jacobian elliptic surfaces dvesuch that a generic surface

in this space has only singular fibers of multiplicative type is rational. However, we
expect that there are nonrational moduli spaces already for Euler characteristic 36.

10. Pictures

In this section we give a combinatorial description of monodromy groups of el-
liptic K3 surfaces. More precisely, we describe a simple procedure which allows to
enumerate all the possible graghsvith given ET(T). Let£ — P! be an elliptic
K3 surface. We have shown in Sectidthat

48 = ET(€) > ET(I)

and thatET(T") is divisible by 12. ThudsiT(I") equals12,24, 36 or 48 and all
possiblel’ C PSLy(Z) are described by connected trivalent graffhswith < 8
edges embedded in3, with an arbitrary bicoloring of the ends.

CaseET(I') = 12 : There is only one tre@;, with ET(715) = 12

FIGURE 1. The tre€l’s.

The ends ofl}, can be eithe or B-vertices. To obtain all possible graphs
with ET(I") = 12 we just need to attach @, a single loopL.

C}

FIGURE 2. The loopL.

This gives the following list of graphs:
There is only one saturated graph from the list above which has no outer loops
(Figure4).
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o O O
D OO

FIGURE 3. The cas&T(I") = 12.

FIGURE 4.

This graph will be a basic building block in the construction of graphs with
ET(T") > 12 - we will attach trees and loops to its edges. The edges are numbered
to simplify the count of all possible outcomes.
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CaseET(I") = 24: Again, we have only one topological trég, with ET(T") = 24:

A

FIGURES. The tre€ls,.

CaseET(I') = 36: There are onl\3 saturated graphs without end-loops (modulo
equivalent embedding into the sphere):

Do T

FIGURE 6. The cas&T(I") = 36.

Any other graph is either a tree or a sum of a saturated dgraphith ET(7") =
0, 12,24 with trees (with complementarlyT). There is only one topological tree

T with ET(TgG) = 36.

FIGURE Y.

The number of possible markings of the tree or loops at the ergdshst due to
the symmetry of the graph the actual number of graghsorresponding to different
placement of loops at the end and markings is smaller: therglateferent 7 of
this type.

The number of markings f;; is 16 but due to its symmetry the number of differ-
ent graphdt is 7. (Recall that two graph® give the samé&' modulo conjugation
if they are isotopic in &2).
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The graphs of tree type with one end loop are topologically equivalent to:

There are8 possible markings of the above graph and they all give diffeéfent
with ET(I") = 36. We havel2 different7t with 2 end-loops§ with 3 end-loops
and one withd end-loops.

All topological graphs which are sums of a loop and a tree can be obtained by
placing a loop into a tree. Thus there are two types:

o<

FIGURE 8.

This gives8 graphsit in the first case and in the second case.

CaseET(I') = 48: We have one tre@,s with ET(I") = 48:

1<

FIGURE 9. The tre€lys.

Here is the list of all saturated graphs wiR'(I") = 48.
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FIGURE 10. Saturated graphs in the caS€(I") = 48.
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