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Abstract — We suggest a twisted version of the categorical McKay correspondence and prove sev-
eral results related to it.
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1. Introduction

The original McKay correspondence starts with a finite subgreup SL(2, C) and its natural
linear action onC2. It turns out that the singular quotiefi /G admits a unique resolution
X — C?/G with trivial canonical class, and that the cohomologyXthas a basis labeled by
irreducible representations Gf. Its generalization assumes that a finite gréugcts on a smooth
irreducible variety overC in such a way that

(i) for anyg € G the codimension of the fixed point J€t is > 2,
(i) theG-action preserves the canonical bundlé/giand
(iii) the quotient//G admits acrepantresolutionX'.

2000Mathematics Subject Classification— 14F22 (Primary); 14L30, 14E30 (Secondary).
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Then the cohomology ofX has the same dimension as the orbifold cohomology groups
H: . (U;G), see [R] for definition of orbifold cohomology and [], [Y] for the proof of the
assertion.

A more generatategoricalversion of the McKay correspondence, still largely conjectural,
states that in this situation there is an equivalence

Dg(U) —— D*(X)

of the bounded derived category@fequivariant coherent sheavesidmand the bounded derived
category of coherent sheaves &n As explained in Ba], once such equivalence is established,
one can apply the cyclic homology construction and obtain an isomorphigngfaded vector
spaces

H2,y (U3 G) =~ H*(X)

recovering the usual (i.e., homological) McKay correspondence.
The goal of this paper is to describe a conjectural “twisted" version of the categorical McKay
correspondence.

— On one hand, given a classe H?(G,C*) one can define the twisted equivariant derived
categoryD?, ,(U) and the twisted orbifold cohomolo oba(U; G), cf. [AR], [VW] and
Section 2 of this paper.

— On the other hand, if4 is an Azumaya algebra oi, cf. [Gr], then we have the corre-
sponding derived catego®®( X, .A) and its (co)homology theorif* (X, A).

One might therefore ask the following

Question. In the above situation, when are the twisted derived categories equivalent (resp. their
homology groups isomorphic)?

By a standard construction reviewed in Section 2 any dlasg®ees define a natural Azumaya
algebra4“ on a dense open subsgy C X. Our first result describes when the class4fin
thecohomologicaBrauer group

Br(X,) := H%(X,, 0%,

cf. [Gr], extends taX . After proving in Section 3 thaBr(.X) is the same for all resolutions of
U/G (not necessarily crepant) we explicitly describe a subgByfl/) C H?*(G, C*) (here we
use the notation of:{o2]) which fits into a commutative diagram
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Br(X) —— Br(Xy)

Bg(U) — H?*(G,C¥)
In the important case wheli is a vector space with a lined&r-action one haf3;(U) =
Br(X). Our proof follows rather closely the projective case considere&ir]] Even though
it is still an open question, se& ], whether or not the cohomological Brauer group describes
Azumaya algebras up to equivalence, by Section 4Zef any classG € Br(X) still leads to
a twisted derived categor®(X, 3) (when 3 does come from an Azumaya algebda this is
equivalent to the category of-modules). This leads to the following

Conjecture. (Twisted McKay correspondence) In the situation desribed above, B (U).
Then there exists a derived equivalence

D¢, (U) — D"(X, ).

When theGG-action is free, we havB;(U) = H?*(G, C*) and the above equivalence immediately
follows from definitions. In Section 4 we give an example of a less trivial case.

In Section 5 we consider the cohomological consequence of the twisted McKay correspon-
dence. It turns out that, in characteristic zero, the homologh%fX, «) is simply H*(X). For
affine X this was proved essentially by Weibel and Cortifias, ¢i\/\[], and in Theorem! we
deduce the general case from their result. On the other hand, generatizingd also prove in
Theorems5 that the homology OD%,Q(X) can be identified with the twisted orbifold homology
H:(U;G) described in /\W]. Since the definition oB;(U) implies that fora € B;(U) one
has a vector space isomorphism

H(U,G) ~ H*(U;G),

the twisted McKay correspondence on homological level simply reduces to the untwisted version
(not very exciting, but it is hard to expect anything else since the Brauer group captures only
torsion information). Itis quite possible that homology with finite coefficients can give something
different in the twisted case, but we do not pursue this topic here.

Finally, in Section 6 we discuss some related open problems.

Remark. Perhaps it is appropriate to mention here two more versions of the cohomological
Brauer group:

(i) the analytic Brauer groupr,,(X) = H2,(X,Oz,), and

(ii) the topological Brauer groupr,,,(X) = H*(X,Z)iors-
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One can show thaBr(X) = Bry,(X).rs for all X, and thatBr(X) ~ Br,,(X) whenever
Hgn(X, Oun) = 0.

Acknowledgements.We are grateful to Fedor Bogomolov and Helena Kauppila for the useful
conversations.

2. Projective cocycles and twisted derived categories

A finite abelian groupd which can be generated by (at most) two elements is chil®alic.
Thus, eitherA is itself cyclic, or it is isomorphic to a product of two cyclic groups.

The next theorem deals with the Schur multiplié#(A, C*) of A in the second case. We
assume that 2-cocycles are normalized: g) = ¢(g,1) = 1.

Theorem 1 — Let A ~ (' x Cs with C1, C; cyclic. Then
(@) H*(A,C*) = Hom(C} ®z Cy, C*);
(b) A 2-cocycle:: A x A — C* is a coboundary ift(g, h) = ¢(h, g) forall g, h € A.

Proof. — Part (a) follows from the general results in ic]]. The “only if* part in (b) follows

from the definition of a coboundary and the fact tHat abelian. To prove the “if" part note that

the symmetry condition is preserved if we adjust a cocycle by a coboundary, and by part (a) this
adjustment can be made in such a way that the valuégof.) will depend only on the image of

g in C7 and the image ok in C,. By symmetry such a cocycle is trivial. ]

Let G be a finite group acting on an affine variéfy= Spec(R). Fix a 2-cocycle
c:GxG Cc*

representing a class ii?(G, C*). Thetwisted group algebraz[G] is the set of all linear com-
binationszgeG r - g With the multiplication rule

(r1-g1) * (r2 - g2) = (g1, 92)(1191(r2) - G192)

The cocycle condition for is equivalent to associativity dt°[G]. Up to isomorphismR¢[G]
depends only on the classof cin H?(G, C*), hence we can (and will) denote it B [G]. Since
cis normalized,l € R gives a unity inkR°[G].

Note further thatz¢[7] is naturally an algebra over the ring of invariafiS. Moreover, if the
G-action is free R°|G] gives an Azumaya algebra ovBF. Localizing this construction, for any
G acting freely on a quasiprojective varidty and any clase € H*(G, C*) we get an Azumaya
algebraA® onU/G (defined up to isomorphism).

In general, leU; C U be the open subset on which the action is free. For any resolution of sin-
gularitiesX — U/G denote byX, the preimage ot/;/G. Then by pullback our construction
gives an Azumaya algebr4® on X, for anya € H?(G, C*).
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3. The Brauer group of a resolution

In this paper avaluationwill always mean a discrete rank one valuation. All varieties are over
the field of complex number€. LetY be a reduced irreducible variety with field of rational
functions K, and denote by (Y') be set of all valuations ak” which become divisorial osome
resolutionZ — Y (i.e., the corresponding map: K* —— Z simply computes the order of a
rational function along a fixed prime divisor &f). If Y is properS(Y') is the set of all valuations,
and whentY” = Spec R is affine and normab(Y) is the set of valuations such that? c O, C
K, whereO, = v~!(Z>o). The next result clarifies the role 6fY") in the computation of the
cohomological Brauer groupr(X) = H%(X,O*). We send the interested reader ta ] for
the relation ofBr(.X) and the group of equivalence classes of Azumaya algebras.

Remark. Note that in [5r] the groupBr(X) is denoted byBr’(X).

Theorem 2 — If X —— Y is a resolution of singularities, then

Br(X)= () Br(0,) C Br(K).
veS(Y)
In particular, the Brauer group does not depend on the choic& oMoreover, onceX is fixed,
in the above intersection it suffices to consider only the divisorial valuatiois of

Proof. — Leta € Br(X) and letD C Z be a prime divisor on some resolutidh giving a
valuationv. After removing a codimension 2 subs€tC Z we can construct a regular birational
mapZ \ Z/ —— X. The pullback ofx gives a class iBr(Z \ Z’). Localizing atD we get

a € Br(0,).

Now let« be a class in the right hand side of the formula. There exists an affime X such
thatae C Br(Up). Let Dy,..., D, be the irreducible components &f \ U, andvy, ..., v, the
corresponding valuations. Sineec Br(O,,) for all i, there exist affine open subséfssuch
thatU; N D; # @ anda € Br(U;). Thereforea € Br(|J,_, U;) which is equal toBr(X) by
the Purity Theorem, cf.(jr], sinceX \ (|J,_, U;) has codimension at most 2 ii. The same
argument shows that the divisorial valuationsXofire sufficient to defin&r(.X). O

Let G be a finite group acting on a smooth variéfyalmost freely (i.e., the action is free on
some open dense subgét C U). If L = C(U) is the field of rational functions ofY, then
K = C(U/QG) can be canonically identified with®.

By Hilbert Theorem 90 we have an exact sequence

1 — H*G,C*) — Br(K) — Br(L).

In terms of the previous section, a classs H?*(G,C*) gives an Azumayds -algebral®[G],
which has a class in the cohomological Brauer gréupk’). Since the Brauer group @f,/G
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(resp.Up) is a subgroup of3r(K) (resp.Br(L)) we actually have an exact sequence
1 — H*(G,C*) — Br(Uy/G) — Br(Uy).

Again, a classy maps to the class representing the Azumaya algdbrdefined in the previous
section. By the previous result, the Brauer grdgig X') of a resolutionX —— U/G does not
depend on the choice of. We can assume thaf —— U/G is an isomorphism ovel/, /G,
then Br(X) naturally becomes a subgroup 8f(U,/G). Denote

Be(U) = B(X)n H(G,C).

The next theorem gives a direct computation/f(U) in terms of fixed point subvarieties of
G in U. lts proof is an adaptation o5pZ] to our (possibly) non-compact case. We say that a
bicyclic subgroupA C G actscyclically on a subvariety/’ C U if U’ is A-invariant andA acts

on U’ via some cyclic quotient ofl.

Theorem 3 — Let G be a finite with an almost free action on a smooth variéty

B(U) = (] Ker(H*(G,C*) — H?(A,C"))
ACG
where the intersection is taken over all bicyclic subgroups/hich act cyclically on a closed
irreducible subvariety)’ C U.

Proof. — Letv € S(U/G) be a divisorial valuation of. Associated ta, and the extension
K = L% c L, is the decomposition subgroup, C G and its inertia subgroup,, cf. [Sd.
In characteristic zerd, is cyclic and central inD,. Takea € H?*(G,C*) C Br(K), then
a € Br(0,) iff the restrictiona|p, is induced from the quotier®, = D, /I, (cf. proof of
Theorem 1.3’ in BoZ)). To restate this condition note that?(1,, C*) = 0 sincel, is cyclic; so
by Hochschild-Serre we have an exact sequence

H*(G,,C*) — H*(D,,C*) — Hom(G,,, Hom(I,,C*))

(any cocycleD, x D, C* after possible adjustment by a coboundary descends, ta
D, —— C*, and then the second arrow restricts itip x 1,,).

Next we reduce to the case whéhand A are p-groups. Suppose the assertion is known for
all Sylow subgroupgs, C G. Given a bicyclic subgroup! as in the theorem and an element
a € Bg(U) we can find a diagram of resolutions

X

p

U/G, U/G
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and deduce that|c, € B, (U) for all p. Writing A = P, 4, we immediately conclude that
a|4, = 0 because all, also act cyclically and each, is conjugate to a subgroup 6f, (recall
that conjugation acts trivially on cohomology). Since

H*(A,C*) = @ H*(A,,C),
p

this means that|, = 0, as required.

In the other direction, itx ¢ B (U) there is a valuation € S(U/G) such thatn gives a
nonzero element offom(G,, Hom(I,,C*)). Taking thep-components, we find a Sylow sub-
groupG, C G and an extension, of v to L®» such that|g, ¢ Br(O,,), thusa ¢ Bg, (U). If
the theorem is known fas-groups, there exists a bicycliegroup 4, = A acting cyclically on
somel’, for whicha| 4 # 0.

Next we show that
a € Bg(U) < ala=0for all A € Bic(G,U)

where Bic(G, U) is the set of all bicyclicA C G, such that for some € S(U/G) one has
A C D, and the image ofl in G, = D, /I, is cyclic. (At this step we will not use thegroup
assumption.) Ifx|p, maps to zero in

Hom(G,, Hom(I,,C")),

thena|, maps to zero in
Hom(A/ANI,, Hom(ANI,,C")).

Since bothA N I, and A/A N I, are cyclic, H?(A, C*) is a subgroup of the latter group, thus
ala = 0. On the other hand, i& ¢ Br(0O,), then we find a cyclic subgroup C G, which
has nonzero image iHom(1,,C*). The preimage of” in D, is a bicyclic subgroupd C D,
satisfyinga|4 # 0.

It remains to show that for a bicylig-subgroupA of a p-groupG the following conditions are
equivalent:

(i) A acts cyclically on a closed irreducible subvariétyc U, and
(i) forsomev € S(U/G) we haveA C D, C GandA/AN I, is cyclic.

To prove (ii)= (i) choose a resolutiod —— U/G and a prime divisolD corresponding to
v. There exists &--equivariant birational map" —— U with smoothY’, and a commutative
diagram
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U U/G
Let D’ be the preimage of the divisd? and D” C Y an irreducible component which domi-
natesD. ThenD” is A-invariant (sinced C D,) and A acts onD” via a cyclic quotient (since
AJ/AN I, is cyclic). The imagd/’ of D" in U is a closed irreducible subvariety on whigdhacts
cyclically.

To prove (i)= (ii) first assume that/’ C U has codimension 1. L&D be the image oV’ in
U/G. SinceU/G is non-singular in codimension 1, we can find a resolufidn—— U/G such
that the preimagé’ of D in X' is an irreducible divisor. The valuatiancorresponding td)’
clearly satisfies the conditions of (ii).

In general, choose a locally closed smo6tmnvariant subvariety” C U such that

Vi=UNVcCcV

is irreducible of codimension 1 and the generic orbitlodn V' is free. By the earlier part of this
proof and the codimension 1 case we at(V') = 0. Finding a diagram of resolutions

Z X

V/IA—U/A
we conclude that every non-zero
v € H*(A,C*) C Br(K)

is not in the image oBr(X) — Br(K), otherwise by applying pullbackr(X) — Br(Z)
we would get a contradiction with ¢ B4 (U). ThereforeB,(X) = 0. In particular, takey to be
an element of order in

H*(A,C*) ~ Z/p*Z.
By the earlier part of the proof, there is a bicylic subgroipc A and a valuationv of L4
such thatd’ ¢ D,, andA’/I, C A’ is cyclic while~|4 # 0. However, sincey vanishes when

restricted to any proper subgroup df(this is where we finally use the-group assumption),
we must haved’ = D, = A. Restrictingv from L4 to L¢ (and possibly dividingy|;¢ :
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(LY)* — Z by an integer to make it surjective), we get a valuation satisfying (i), finishing the
proof. ]

4. An example

Consider an almost free action@fon a vector spacgé and assume that for ajle G we have
codim V9 > 2. TakeU to be the complement of @-invariant closed subsét of codimension
> 2. ThenPic(U) =0, Br(U) = 0, and hence the Brauer group of any resolutor— U/G
is equal to the subgrouB;(U) C H?(G, C*). We can further identify this as follows:

Bo(U) = {a € H*(G,C*)| a(g,h) = a(h, g) whenevel/? # & andgh = hg}.

Note that the condition on the right hand side is preserved when a cocycle is multiplied by a
coboundary. For instance, whéh= U, is the subset of all vectors ¥ with trivial stabilizers,
we haveB;(U) = H*(G,C*); whenU = V we get the subgroupB,(G) of classes iff*(G, C*)
which restrict to zero on any abelian subgroupCbf This subgroup, known asnramified co-
homology ofGG, was studied extensively ifBp1]. Observe, thai3,(G) does not depend on the
choice ofV/ - itis simply the group formed by classes which vanish when restricted to any abelian
subgroup.

Groups withBy(G) # 0 are relatively rare and the condition tHatG admits acrepantres-
olution puts a further restriction on the pdlr, ) (see the last section of this paper). However,
it is relatively easy to find a a grou@ with By(G) # 0 and an open subsét in a representa-
tion V' such that//G is not smooth but admits a crepant resolution (we will automatically have
Ba(U) # 0 since it containgB,(G) # 0 as a subgroup). We now proceed to describe such an
example.

Letp be a prime and consider a central extension of the form

1 Z G Z, 1
If (a,b,c) is the basis o%f, and(xy, o, x3, x4) a lift of a basis fromZﬁ to GG, it was proved in
[Bo]] (cf. Example 3 before Lemma 5.5) that the relations

[$17$2] = [9037I4] = a; [I1,$3] = [91317%’4] =1 [96’27I4] = b; [$2,$3] =c

(where[z, y] = xyz~ty~'), imply that By(G) ~ Z,. To describe an exact representatior:oet
€= exp(%) and choose a pair @f x p matricesP, ) such tha{P, G] = 1. Forp = 2 we can

take the Pauli matrices
0 1 0 2
P‘(—10)Q_(io)’

for odd p we can takeP to be the operator which permutes the basis vectors. .., v,)
cyclically: v; — wv;4; fori = 1,...,p — 1, andv, — wvy; while @) is the diagonal matrix
diag(1,e,&%, ... eP71h).

LetV ~ CP’+2% = (C? @ CP) & C? & C? be the representation given by
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n—— (PRI®IDI; To—— (QRI) & PaP
33— (IQP)® I3 Q; pu——(1Q)®Q a1
ar——c(I@NDIDI; b—— (I@D)@el I c—— (I Idel

One can check directly, that non-scalar elements in the gfdupf orderp® generated by
(P, Q) all havep distict eigenvectors with eigenvalugs:, . . ., P!, For each of these eigenvec-
tors, the stabilizer i1, is isomorphic tdZ,,.

Simlarly, all non-scalar element%, in the group of ordep® generated by

P1,Q1,19P 10Q

havep eigenspaces of dimensign with the same eigenvalues. Again, each of the eigenspaces
has stabilizer inf/, which is isomorphic td&,.

It follows, that for eachy € G the fixed point subspadé’ has codimensio» p and for odd
p the codimensiomp fixed subspaces are precisely

-VP=(CPoCP)®pCr®0,and

- Ve=(CPeCP)a 0o Cr.

Forp = 2 in addition toV* andV ¢ one also has the fixed point subspace
Vi =V o C*o C?
wherel”’ is the(+1)-eigenspace of ® 1.

To describe & -invariant open subsét C V' let Z be the union of those fixed point subspaces
V9 which have codimensior (p + 1). DefineU = V' C Z, then the singularities d /G are
the images of/?, V¢ (andV*! if p = 2). A single canonical blowup gives a crepant resolution
X —— U/G. By the Purity Theorem, cf.gr], andcodim Z > 2 we conclude thaBr(X) =
B(U) and this group is non-zero since it contains the subgi@gr) ~ Z,,.

Further similar examples can be obtained with other fipiggoups listed ino1].

5. Homology of categories

Even if theG-action onU is not free, for everyG-invariant affine open subsét c U with
algebra of functions? we can still consideR*[G], cf. Section 2, and modules over this algebra.
Localizing atG-invariant affine open subsets &f we get a notion of am-twisted equivariant
sheafF: this is a sheaf of>-modules oV such that for any7-invariant open subsét C U, the
group F (V) is equipped with arO(V)*[G]-module structure, and for different invariant open
subsets such structures agree with restriction of sections. Morphisms$wasted equivariant
sheaves are given by those morphism®efodules which commute with th@(1")*[G]-action
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for everyG-invariantV. Considering the bounded complexes of coheretwisted equivariant
sheaves and localizing at quasi-isomorphisms we get the bounded derived cﬂ%@cﬁy) of
a-twistedG-equivariant sheaves dn.

Alternatively, denote by the same lettela cocycle representing the cohomology class. There
exists a central group extension

l1—72,—G — G—1

and a charactep : Z,, — C* such thatx(g, h) = w(gﬁgNhfl), whereg, etc. denotes some lift
of g € GtoG. The groqu~ acts onU via its homomorphism t6:. Since the subgrous, C G
acts trivially onU, the stalk of a@-equivariant sheaf ofi at any point has a natural structure of a
Z.,-module. The derived category of equivariant sheaﬁ?géU) splits into orthogonal direct sum
of subcategories corresponding to different charactes, oft follows from the above definition
thatDbG,a(U) is equivalent to the subcategoryD%(U) corresponding to the character For

affineU this reduces to the statement tiR¥[G] is isomorphic to a quotient a®[G] by the ideal
J generated byt — ¢ (t)1) with t € Z,.
If now o € Br(X) anda corresponds to an Azumaya algebtan X we defineD’(X, ) to
be the bounded derived category of finitely generated modules4wvkra does not come from
an Azumaya algebra (which should never happen, by a conjecture due to Grothendieck), we can
apply the construction in Section 4 d@i{] and still get a derived categofy®( X, «).
Suppose that we have a derived equivalence

(5.1) D¢ ,(U) ~ D*(X, )

By a construction explained ir<f] both derived categories have a series of homological invari-
ants, including

(i) Hochschild homologyd H.,

(i) cyclic homologyH C,,
(i) periodic cyclic homologyH P,, and
(iv) negative cyclic homology /..

We denote by any of these homology theories.

Since the derived equivalence induced an isomorphism of homological invariant$egf. [
(under an additional assumption, always satisfied in a geometric situation such as ours), the above
equivalenceX.1) should imply an isomorphism of homology.

Let H*(X) be the homology oD’(X, a) and H(U) the homology ofDg, ,(U). Fora = 0
we drop the superscript. First, we show that the definiton éf“(.X') does not give anything
new.

Theorem 4 — The natural inclusion of algebra® —— .4 induces an isomorphis (X) ~
H*(X).
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Proof. — In suffices to prove the claim for Hochschid homolody & H H.,), the other cases
being a consequence by Proposition 2.4@i].

In the affine case the derived category homology coincides with the usual Hochschild homol-
ogy of rings, hence the result is proved inj/].

In general, we coveX with affine open subsetd’; }.; and recall that by a result of Gabber
a|y, does come from an Azumaya algebra. Therefore, applying the Mayer-Vietoris sequence and
Noetherian induction we finish as in Proposition 3.3Gm]. ]

The computation of/&(U) is given by a theorem parallel to Theorem 7.44]. For anyg € G
denote byZ, the centralizer of; and observe that the fixed point subvariéty is Z -invariant.
Following [ARR] we denote by’ the one dimensional representationfyfon whichh € Z, acts

by a(g, h)a(h, g)~".

Theorem 5 — Let U be a smooth complex variety with an action of a finite gréupnd let
a € H*(G,C*). Then

Zg
He(W) = P (B @ L)
(9)
where the sum is taken over all conjugacy classes.of

Proof — LetG, « and« be as in the beginning of this section. By the main resultaf the
homology ofD”é(U) can be identified with

(P HW)"

feG
where an elemerite G sends
U gt

inducing an action on homology. Since the derived categbgﬂj) splits into orthogonal

direct sum of subcategories labeled by charactel®, 0t G, we just have to extract from the
above expression the component corresponding to

It follows from Step 2 after the proof of Proposition 3.2 ind], that the induced.,-action
on@,.z H(U’) can be describe as follows: an elemént Z, sendsH (U/) to H(U") (both
fixed point spaces are the same, bygermutes different copies of the same homology group in
the direct sum). Sincg,, is central inG and acts trivially onl/, this action commutes with the
earlierG-action. )

To compute the component of in (EBfE@ H(Uf))G we split the direct sum by grouping
together thosg’ which map to the same conjugacy classin For a conjugacy class' ¢ G
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consider
We= @ HU)
w(f)eC
DenoteZ, = 7~*(Z,) C G, then theG-moduleW is induced from theZ,-module
w,= @ HU).
m(f)=yg

As aZ,,-module the latter space is just a multiple of the regular representation &y definition
of G the component of in the latter sum, viewed asg-module, is simply (U?) @ L3 . Taking
the invariants and summing over all conjugacy classe&s wfe obtain the right hand side of the
formula stated in the Theorem. O

In our last result we specialize to periodic cyclic homology, which is equal to the usual topological
cohomology by a result of Feigin-Tsygan, ct.1[]. This result provides an indirect confirmation
of the twisted McKay correspondence conjectured in this paper.

Corollary 6. — Let X —— U/G be a crepant resolution. For any € Bg(U) the derived
categoriesD’(X, ) and DY, , have periodic cyclic homology of the same dimension.

Proof. One one hand, any homology theoryf( X, «) is isomorphic to that of*(X). On
the other hand, by definition dB.(U) the character.; vanishes whenevdr? is non-empty.
Therefore the previous theorem implies that alsp ,(U) and D%(U) have the same cyclic
homology theories. Applying periodic cyclic homology®§,(U), resp.D?(X), we get orbifold
cohomology ofU, resp. usual cohomology of. But these have the same dimension by ],
[Y]. O

6. Open problems

In conclusion we state the following open problems:

(i) If would be interesting to construct an example of a firitewith a linear action on a
vector spacé/, such thatB; (V) = By(V) # 0 andV//G admits a crepant resolution.
Such examples should be relatively rare; for instance the standard symplectic ekample
W @ W+ will definitely not work, for in this casé’/G admits a crepant resolution iff
acts onlW by complex reflections which implieB,(G) = 0 (this is becausé,(G) does
not depend on the choice &f and1¥/G is isomorphic to an affine space).

(i) The second problem refers to the subgrdyy(U) c H?(G,C*). Assume for simplicity
that Br(U) = 0 then Br(X) = Bg(U) for any resolutionX —— U/G. Is it possible,
however, to define a “derived Brauer group” purely in terms of the (enhanced) derived cat-
egory D*(X), which would give the full Schur multiplief/?(G, C*) in this case, and in
general contairBr(X) as a subgroup? We ask this question by analogy with the derived
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Picard group, which is a natural extension of the usual Picard group. The Merkurjev-Suslin
Theorem suggests that some answer may perhaps be obtaineddfrdmnt for practical
purposes it should be more computable thgn

(i) The third problem is related to the above two. Suppose we have an actioomof vector
spaceV andV/G admits a crepant resolutioli. As we have seen in this paper, not all
Brauer classes of (V)¢ extend toX. For example, wheiti = Sy is the symmetric
group acting oft/ = (C?)®", the Hilbert schemd7ilb" (C?) of points onC? provides a
crepant resolution of’/G and it is easy to check thdr(Hilb"(C?)) = 0. In general, if
a € H*(G,C*) \ By(G) it would be interesting to find an interpretation of the orbifold
cohomologyH¢, (V') in terms ofX. To restate the same question: what type of geometric
objects onX will correspond to projective representationg##
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