REPRESENTATIONS OF BANACH ALGEBRAS AS ALGEBRAS
OF COMPLETELY BOUNDED MAPS

TIMUR OIKHBERG

ABSTRACT. We use the notion of IIy-hyperreflexivity to construct, for a wide va-
riety of Banach algebras A, an operator space X and a representation 7 : A —
CB(X), such that CB(X) consists of 2-summing perturbations of 7(.A). This gives
rise to some examples of operator spaces with interesting properties.

1. INTRODUCTION
In this paper, we try to answer two related questions.

(1) Suppose a unital Banach algebra A, and a unital contractive faithful repre-
sentation 7 : A — B(F) (F is a Banach space), are given. Can we equip
E with an operator space structure X, such that CB(X) = 7(A) + [I(X),
where TI5(X) denotes the set of 2-summing operators on X?

(2) Suppose a unital Banach algebra A is given. Can we construct an operator
space X, and a unital contractive faithful representation 7 : A — CB(X),
such that CB(X) = 7(A) + I15(X)?

Here, II, is the ideal of 2-summing operators (see Section 2 for its definition and basic
properties), and C'B(X) denotes the set of completely bounded maps on an operator
space X (see e.g. [13, 27, 31] for more information). For certain Banach algebras A
(and certain representations ), we give a positive answer to the above questions in
Section 3 (Theorem 3.1, Corollary 3.3). In Section 4, we construct further examples
of Banach algebras A, representations w, and operator spaces X as above. This
gives rise to operator spaces with unusual and interesting properties (Theorems 4.3,
4.6). The proofs require an investigation into hyperreflexivity of spaces and sets
with respect to the ideal II;. In Section 2, we review hyperreflexivity with respect
to operator ideals, and prove some preliminary results.

In a slightly different context, the problems of representing Banach algebras in a
“nice” way has recently been considered in [8, 9, 20, 36]. We briefly describe these
results in Section 3 (Remark 3.7).
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2 T.OIKHBERG
2. PRELIMINARY RESULTS ON HYPERREFLEXIVITY

In this paper, we use the notion of hyperreflexivity with respect to an operator
ideal, introduced in [23]. Suppose B is a maximal Banach operator ideal. That is,
for any pair X, Y of Banach spaces, B(X,Y) is a subset of B(X,Y"), equipped with
the norm B3(-) in such a way that (B(X,Y),3) is a Banach space. By convention,
we set B(T) = o0 if T € B(X,Y)\B(X,Y). The ideal property means that, for
any Banach spaces Xy, X,Y)Yy, and every T € B(X,Y), Ty € B(Xy, X), and
Ty € B(Y,Yp), we have B(TyvTTx) < || Iv||B(T)|Tx||. The ideal B is maximal
if, for every T € B(X,Y), B(T) = sup B(¢Ti), where i : E — X is an injection,
q:Y — Fis a quotient, and the spaces F and F' are finite dimensional. For further
information about operator ideals, see [10, 11, 29, 35].

In this paper, we concentrate on the ideal Il; of 2-summing maps. Recall that
the 2-summing norm of T' € B(X,Y’) (denoted by m(7')) is defined as the smallest
positive constant ¢ such that, for every z,..., 2, € X,

(SITal?) <e s (Yl

rreX* ||lz*||<1 P

The ideal of 2-summing operators is denoted by Il,. If X and Y are Hilbert spaces,
then it is well-known that IIy(X,Y) = S3(X,Y), and mo(T') = ||T||o. Here, S, and
| - ||2 denote the space of Hilbert-Schmidt maps, and the Hilbert-Schmidt norm,
respectively.

Suppose A is a non-empty convex balanced subset of B(X,Y’), and B is an oper-
ator ideal. For T' € B(X,Y) denote by d4(7T") the infimum of all A > 0 with the
property that, for any v > 1, B(uTv) < Ay whenever the contractions v : F — X
and v : Y — F (E and F are finite dimensional) satisfy B(uav) < v for every
a € A. Equivalently, d45(7) > A iff there exists v > 1 and contractions u, v s.t.
B(uTv) > Ay, yet B(uav) < v Va € A.

Observe that, for any A € C, a € A, and S € B(E, F), we have B(u(la + S)v) <
|A|y 4+ B(S) for any pair of contractions u, v, with the property that B(uav) < ~ for
every a € A. Thus,

(2.1) dam(ra+5) < [A+B(5).

The definition of Azoff-Shehada hyperreflexivity given below arose from an attempt
to reverse this implication: namely, to conclude that any 7" € B(F, F') with finite
da»(T) belongs to CA+B(E, F).

For C1,Cy > 0, we say that A is (C1,Cs) — B-Azoff-Shehada hyperreflexive
((Cy,Cy) — B-ASHR, for short) if, for any T € B(X,Y) with ds»(T) finite, and
any ¢ > 0, we can write 7" = Xa + S, with a € A, A € C, S € B(X,Y),
A < Cidas(T) + ¢, and and B(S) < Cadas(T) +e. A is said to be B-ASHR
if it (C4,Cy) — B-ASHR for some C; and Cs.
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Throughout the paper, we work with maximal Banach ideals. In this case, the
condition that E and F' are finite dimensional is redundant.

Now suppose A — B(X,Y) (throughout the paper, we use the notation “Z; —
Zs” to mean “Z; is a closed linear subspace of a Banach space Z,”). It is easy
to see that, if A is (C’,C) — B-ASHR, then it is (¢,C) — B-ASHR for any ¢ > 0
(indeed, in the definition above, |A\| can be made arbitrarily small). In this case,
we say that A is C' — B-hyperrefliexive. A is called B-hyperreflexive if it is C' — B-
hyperreflexive for some C. It as observed in [23] that A is C' — B-hyperreflexive
iff inf,eq B(T —a) < Cdyes(T), and dys(T) = sup B(uTv), with the sup taken
over all finite rank contractions v and v with uAv = 0. Note that, in this case,
dans(T) = sup B(¢T"), where the supremum runs over all injections i : £ — X and
quotient maps ¢ : Y — F', for which E and F' are finite dimensional, and ¢.A7 = 0.

The definitions presented above were introduced in [23] (although the definition
of the Azoff-Shehada hyperreflexivity given there is slightly different). Numerous
examples of sets which are, and are not, ASHR, can be found there. The same paper
explains the connection with the classical notion of hyperreflexivity (see e.g. [0, 7, 19]
for more information).

The following proposition (essentially proved in [23]) illustrates the connection
between the connection between the hyperreflexivity of a space, and the ASHR of
its unit ball.

Proposition 2.1. Suppose (B, B) is a maximal ideal, and let A be a C' — B-hyper-
reflexive subspace of B(X,Y). Then Ba(A) is (C + 1,C) — B-Azoff-Shehada hyper-
reflezive.

As in the classical theory of hyperreflexivity, we can use ampliations to create
hyperreflexive spaces (or ASHR sets). To this end, consider a symmetric sequence
space £ (that is, a space with a 1-symmetric basis). Denote by &, (n € N) the span
of n elements of the canonical basis of £&. For T' € B(E,F) and n € NU {oo},
the n-th ampliation of T (on &) is defined as T = [ @ T € B(E(E),E(F)).
For A € B(E,F), set A™€) = {TM™€)|T ¢ A}. When there is no possibility of
confusion, we will omit &, and simply write 7 and A®™.

Theorem 2.2. Suppose A is a convexr balanced subset subset of the unit ball of
B(E,F) (E and F are Banach spaces), closed in the topology induced by EQF*. Sup-
pose, furthermore, that (9B, B) is a mazimal Banach operator ideal, andlim,, B(Ig,) =
0o, where € is €, (1 < p < 00) or co. Then A€ is a (5,25) — B-ASHR subset of
B(E(E),E(F)).

The lemmas below lead to the proof of Theorem 2.2. For the sake of brevity,
introduce some notation. For € as above, £ = £(E) and F = £(F). For F C N,
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define the contractive projection Pr € B(E) by setting
0 1eF
Proi = { 0 i¢F

where (d;) is the canonical basis for £. Abusing the notation somewhat, we use Pr

.....

on the first n elements of the basis of £ (with the conventions described above). An
operator T € B(E, F) is called diagonal if T = Y, Py TPy (convergence in the
strong operator topology). We also write T" = (diag (Pp;T Ppy)).

Lemma 2.3. Suppose € is an unconditional sequence space, B is a mazimal operator
ideal, E and F are Banach spaces, and A C B(E, F) is closed in the topology induced
by EQF*. Suppose, furthermore, that T' € B(E, F) satisfies d 0 (1) < 1. Then
there exists a diagonal operator T s.t. B(T —T") < 4. Consequently, d o) (1) <'5.

Proof. Denote by T' the diagonal part of 7", that is T' = ) P,y T" Py, (convergence
in the strong operator topology). Let T =T" — T. For any n € N,

QuT"Qn=2"""> " (Qu— Pr)T'Pr.

However, (Q, — Pr)B(E, F)*®) Pz = 0, hence B((Q, — Pr)T"Pr) < 1. Therefore,
B(Q,T"Q,) < 4 for every n.

By the maximality of B, B(7") < 4. Indeed, otherwise there exists a finite rank
contraction u s.t. B(T"u) > 4. However, lim,(Q,u — u) = 0 (this follows from the
fact that, for any finite rank map S, B(S) < v1(S), where v4(-) denotes the nuclear
norm). Therefore, we can assume that @Q,,,u = u (m is sufficiently large). In a similar
fashion, we find n > m s.t. B(Q,T"Qu) > 4. Therefore, 3(Q,T"Q.,) > 4, which
contradicts the results of the previous paragraph.

By (2.1), dA(oo)7%(T) < 5. |

Lemma 2.4. Suppose £ is a symmetric sequence space, B, E, F, and A are as in
the previous lemma. Suppose, furthermore, T = diag(T;) € B(E,F) is a diagonal
operator, and d g o(T) is finite. Then the sequence (T;) converges in norm.

Proof. Without loss of generality, d ) (1) < 1. We show that there exists 7f €
B(E, F) s.t. lim; [|T; — Ty|| = 0. Indeed, suppose otherwise. Then there exist ¢ > 0
a sequence n; < mp < ng < mo < ..., and a sequence of norm-1 vectors e; € F,
s.t. ||(Th, — T, )eil| > ¢ for every i. Consequently, we can find a sequence of norm-1
vectors [ € F*, s.t. (T, — T, )eis f1) > c.

Fix N € Ns.t. B(lg,) > 4/c. Denote by (6;)7°, the canonical basis of £. Consider
the contractions u : Ey = span([dy,...,0n] — F and v : F — Ey, defined by

N
1
ud; = € ® (Op, + 0m,)/2, U(; fi®8)=> o Ui = fnis J)00

i=1
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Then v Ay = 0, and vTud; = ¢;6;, where, for each 4, ¢; > ¢/4. Therefore,
1> BwTu) > EB(ISN) > 1,
a contradiction. ]

Consider T' = diag (T}) € B(E, F), for which d 4 (T is finite. By the previous
result, 7y = lim 7} exists. For brevity, write 7 = TO(OO).
Lemma 2.5. Suppose E, F', A, £, and B are as above, and the diagonal operator
T € B(E, F) satisfies d o) (1) < 1. Then B(T — T) < 4, and dA(oo),%(T) <1

Proof. Suppose, for the sake of contradiction, B(T—T) > 4. Then ﬁ(Qn(T—T)Qn) >
4 for some n. Find a finite rank contraction uy : Ey — ran@, s.t. B(Q.(T —
T)Quup) > 4. Fix e > 0, and find N > n so large that ||T; — Ty|| < ¢/(nrank ug)
for i > N. Let Sg be the right shift operator on E, defined by Sg((e1,es,...)) =
(0,e1,€,...). Then B((T — T)SNQ,uo) < e.

Let u = (ug + SNug)/2. Define v € B(F) by setting

v((fi, fas 1) = %(fl — Int1s s fo = N0, 0,0,..)

Then u and v are contractions, satisfying vB(E, F)*)u = 0 Furthermore,

vT'u = %“(T —T)(uo + Spug) = i((T — Tug + (SF) T - T)SJJEVUO)>

where Sy is defined similarly to Si. However, B((T —T)SNug) < &, hence B(vTu) >
1 — /4. As € is an arbitrary positive number, we arrive at a contradiction.

Now suppose u and v are finite rank contractions s.t. B(va®u) < (y > 1) for
any a € A. We shall show that B(vTu) < v. Let vy = SN and uy = SE. Then,
for any N, B(vb™u) = B(vxb>uy) for any b € B(E, F), hence, in particular,
B(uya®uy) < 7. On the other hand, limy B((T — T)uy) = 0, and therefore,

B(wTu) = BonTuy) = lim B(oyTun) <7,
as desired. n

Lemma 2.6. Suppose, E, F, E, B, and A as above, and T € B(E, F) is such that
dA(oo)7%(T(oo)) <1. Then T € A.

Proof. As A is convex, balanced, and (B(E, F), E® F*)-closed, there exist ¢ > 0 and
anorm-1 s € EQF*, s.t. |{a,s)| < c for any a € A, yet (T, s) > c¢. Moreover, we
can always assume that s belongs to the algebraic tensor product £ ® F*. Write
s = le\il vie; @ [, where ey, ... en, f7,..., fi are are norm-1 elements of £ and F*,
respectively, the numbers (v;) are positive, adding up to 1. We can write v; = «;(3;,
where the positive scalars (o;) and (3;) satisfy ||(c;)M,]le =1 = ||(3)Y,

E*-
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Fix M > 2/c, and define the linear maps u : £y — F and v : F — &), by

N M N
ud; = ZO‘]’(SNH—]’ @ e, U(Z 0; ® f;) = ZZﬂj<fNi+ju f7)6i

J=1 J i=1 j=1
(here, as before, (0;) stands for the canonical basis of £). Clearly, v and v are
contractions. For any a € B(E, F), va®)u = diag ({a, s)) (repeated M times). Thus,
for a € A, B(va™u) < cMB(Ig,), and B(vT ) > cMB(Ig,). This contradicts

our assumption that dA(oo)v%(T(oo)) <1 ]

Proof of Theorem 2.2. Suppose 1" € B(E(E),E(F)) is such that d4 »(1") < 1/5. By
Lemma 2.3, there exists a diagonal T" € B(E(E),E(F)) s.t. B(T —T") < 4/5, and
dan(T) < 1. By Lemmas 2.5 and 2.6, there exists a € A s.t. B(T — a!>®)) < 4.
Therefore, B(T" — a'>®)) < 24/5. |

3. REPRESENTATIONS OF BANACH ALGEBRAS

In this section, we apply II,-ASHR to constructing operator spaces with prescribed
families of c.b. maps (see e.g. [21, 22, 24, 25] for other work in this direction). More
precisely, for a given subset A of B(FE), we seek to equip E with an operator space
structure X s.t. C'B(X) consists of 2-summing perturbations of CA. Furthermore,
for a given unital Banach algebra A, we look for a representation 7 : A — CB(X),
st. CB(X) = w(A) + IIo(X). 2-summing operators are strictly singular, hence
CB(X) is comprised of “small perturbations” of 7(.A).

Theorem 3.1. Suppose E is a Banach space with separable dual, and A is a balanced
convex subset of Ba(B(E)), closed in the topology induced by EQE*, containing the
identity, and such that ab € A whenever a,b € A. Suppose, furthermore, that A is
(Cy,Cy) — IIo-ASHR. Then there exists an operator space X, isometric to E, such
that CB(X) = CA+ I1y(FE). More precisely:

(1) If a € A, then ||a|le < 1. If S € TIo(X), then ||S||a < ma(S).

(2) If T € CB(X), then there exists S € lI1(X) and a € A, so that T = X a+ S,

a€ A, |N <AC||T o, and w3 (S) < 4Co||T| cp-

Remark 3.2. Proposition 2.1 shows that the above theorem can be applied when
A is a Ilp-hyperreflexive subspace of B(FE).

An application of Theorem 2.2 immediately yields:

Corollary 3.3. Suppose E is a Banach spaces with separable dual, and A is a convex
balanced subset of Ba(B(E)), closed in the topology induced by EQE*, containing the
identity, and such that ab € A whenever a,b € A. Denote by £ the sequence space
l, (1 <p<o0)orcy. Then there exists an operator space X, isometric to E(E),
such that CB(X) = A +1Iy(X). More precisely:
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(1) Ifa € A, then ||a®| s < 1. If S € Hy(X), then ||S||a < ma(S).
(2) IfT € CB(X), then there exists S € Iy(X) anda € A, so that T = \a'*)+S,
ac A, N <257, and m(S) < 1207 -

Note that the decomposition 7' = a(*) +5 is unique, since any 2-summing operator
is strictly singular.

In our previous work (see [23] and references therein), we dealt with representations
of Banach algebras on Hilbertian operator spaces. However, for a given algebra, non-
trivial representations on a Hilbert space need not exist (see [3]). Thus, the results
of this paper cover a wider class of Banach algebras.

Recall that a dual Banach algebra is a Banach algebra which is dual as a Banach
space, such that multiplication is separately weak® continuous.

Corollary 3.4. Suppose A is a dual Banach algebra with a separable predual. Then
there exists a separable reflexive Banach space E, a unital isometric weak*-to-weak*
continuous representation m : A — B(FE), and an operator space X, isometric to
U5(E), such that CB(X) = w(A) ® Iy, + II3(X). More precisely, T € B(X) is
completely bounded if and only if T = w(a) ® I, + S, with a € A and S € TI5(X).
(1) If S € TIo(X), then ||S||e < ma(S). If a € A, then ||7(a)||s = ||al|-
(2) Every T € CB(X) can be written as T = 7w(a) + b, with a € A, S € TI(X),
m2(5) < 120(|T[|ep, and [la] < [IT7]].

Remark 3.5. Reasoning as in [25], we can show that the space X we construct in the
proof of this corollary fails the Operator Approximation Property (OAP). Examples
of other “interesting” spacing without the OAP can be found, for instance, in [23, 24].

Remark 3.6. The term II(X) in the statement of Corollary 3.4 cannot be avoided.
Indeed, ¢(Z), equipped with its convolution product, is a dual Banach algebra (see
Section 4.4 of [33] for further results in this direction). However, the space C'B(X)
cannot be isomorphic (in the Banach algebra sense) to ¢1(Z). Indeed, if this were the
case, X would need to be infinite dimensional. As any finite dimensional subspace
of X is completely complemented, C'B(X) contains infinitely many idempotents.
However, ¢,(Z) contains only two idempotents: 0 and 1.

Remark 3.7. Gelfand-Naimark-Segal theorem shows that every C*-algebra can be
represented as an algebra of operators on a Hilbert space. For a general Banach
algebra, however, non-trivial representations on a Hilbert space need not exist [3].
Thus, we have to consider representations on larger classes of spaces. Recently,
several results reminiscent of Corollary 3.4 appeared. M. Daws [3] showed that any
dual Banach algebra has an isometric representation on FE, for some Banach space
E. M. Daws [9] and, independently, F. Uygul [30] showed that every completely
contractive dual Banach algebra is completely isometric to a weak*-closed subalgebra
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of CB(X), for some reflexive operator space X. However, in these constructions, a
generic element of B(E) or C'B(X) need not be a “small perturbation” of the image
of an element of the algebra.

Finally, [20] gives examples of “natural” representations of certain algebras A,
arising from a non-abelian group G, of the form 7 : A — CB(B(Ly(G))). Here, once
again, the small perturbations of 7(.A) do not “fill” C'B(B(Ly(G))).

The proof of Corollary 3.4 follows from the fact that any 2-summing operator is
strictly singular, and the following lemma:

Lemma 3.8. Suppose A is a dual unital Banach algebra with a separable predual.
Then there exists a separable reflexive Banach space E, and a unital contractive
weak*-to-weak® continuous representation 7w : A — B(FE).

Proof. A recent result of M. Daws [8] states that, for any dual Banach algebra, A,
there exists a weak*-to weak* continuous isometric representation ¢ : A — B(F),
where F' is a reflexive Banach space. We first show that F' may be selected to be
separable if A is separable in the weak* topology.

The existence of a countable fundamental, total, and bounded biorthogonal system
in (A, A) (see [26, 28]) implies the existence of a weak*-dense sequence (a,)nen in
¥ (A). For each n,m € N, find a norm one f,,, € F's.t. ||anfoml = llanll/(1+27™).
Let Iy = spanf, and, for n > 1,

Fn = Span[&kfi,ja@anfla anl ’ 1 < i;j? k; < 77,]

Clearly, F,, is finite dimensional, hence G = U, F}, is separable. Moreover, a;F,, C
F, 1 for 1 < k < n, hence apG C G for each k. We shall show that aG C G for every
a € P(A). Indeed, suppose af ¢ G for some f € G. Pick f* € F* s.t. f*g = 0,
and (f*,af) # 0. Pick a sequence (ng)ren s.t. a,, — a in the weak® topology. In
particular,

0= (f*,an f) — (f*,0f) £0,
a contradiction.

Define ¢ : A — B(G) by setting, for a € A, ¢(a) = ¢(a)|g. Clearly, ¢ is
an isometric representation. To show that ¢ is weak*-to-weak* continuous, suppose
a; — 0 in the weak* topology of A, and show that lim; Y "~ (g7, ¢(a)gx) = 0 whenever
(gr) C G and (g;) C G* satisty >, ||gxlll|gill < oo. Find (fy) C F* s.t. || fi]l = llgill,
and f|c = gi. Recall that ¥(a;) — ¥ (a) weak* in B(F'), hence

o0 o0

S (gi dla)gr) = S (fi da)g) — .

k=1 k=1

Now denote by e the identity in \A. Then p = ¢(e) is a norm 1 idempotent in
B(G). Let E = p(G), and define 7 : A — B(FE) by setting w(a) = ¢(a)|g. It is easy
to show that 7 is isometric, unital, and weak*-to-weak* continuous. [
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The proof of Theorem 3.1 uses some ideas of [23]. To define the space X, pick a
sequence (n;)°; C N, in which every positive integer occurs infinitely many times. By
[25], there exists a family (F;)$2, of finite dimensional operator spaces such that: (i)
E; is isometric to 57, and (ii) for any operator u : Ef — E;, we have ||ul];/(44+27%) <
[ulley < llullyif @ = 7, l[ulles = [lull2 if @ # j. Here, |[- |1 and || - [|2 are, respectively,
the trace class norm and the Hilbert-Schmidt norm on operators between Hilbert
spaces (they coincide with v(+) and ms(-)).

Find a sequence of operators u; : E — ¢3' such that mo(u;) = 1 and, for any £ > 0,
n € N, and u : E — (4 with mo(u) = 1, there exists ¢ € N for which n; = n and
v1(u; —u) < e. We identify the range of u; with the space F; described above. Denote
by Kq the space of compact operators on ¢y with finitely many non-zero entries. We
define the operator space X as follows: for x € F ® K, let

(3'1) ||‘rHX®/C0 = sup {H(ula ® I/Co)x| E;®Ko ‘ €N, a€ A}

In other words, X is Banach isometric to the space £, embedded into (), ;) via
the map e — (u;e);. Therefore, X is an operator space (Ruan’s axioms hold). It is
easy to see that X is isometric to F (as a Banach space). A is a unital semigroup,
hence ||a|ls, < 1 for any a € A. Moreover, all 2-summing operators on X are
completely bounded:

Lemma 3.9. If Y is an operator space, and T : Y — X is a 2-summing operator,
then || T || < m2(T).

Proof. By (3.1),
Tl = sup{||w;aT || | i € N,a € A} < sup{vi(u;aT)|i € Nya € A}.
We have to show that, for any Banach spaces X and Y, u € B(Y,X), and v €
B(X, %), we have vy (vu) < mo(v)ma(u). By duality,
v1(vu) = sup{tr(vuw) |w € B((3,Y), ||w| < 1}.
By Lemma 1.16 of [30], tr(vuw) < mo(v)me(uvw) < mo(v)ma(u). |

To estimate the c.b. norms of operators from below, we need:

Lemma 3.10. Suppose Y is a subspace of X. Consider the operators T :' Y — X,
u: X =05, and v : 0y =Y, such that my(u) =1 = ||[v||. Let C' = sup{||uav]||;|a €
A}, Then || T || = [|[uT 0|1 /(4 max{C,1}).

Proof. Fix € > 0, and find i € N s.t. n = n;, and vy(u — u;) < &, and 47 < & (we
identify ¢3 with E;). We view u and v as maps from X to F; and from E} to Y,
respectively. By (3.1), ||v]|s = sup{||ujav||s|j € N,a € A}. If i = j, then, for any
a€ A,

|lwiav||ep < ||wav])y < |Juav||; + v1(u —u;) = C + ¢.
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If j #1,
lujav]ler < llujavlly = ma(ujav) < ma(uy)laf o]l < 1.

Therefore, [|v]|ap < max{C + ¢, 1}.
By (3.1), ||uilles = 1, hence ||ul|ep < ||willep + v1(u — u;) < 1+ e. Therefore,

[uTvller |uT ][
[[wllel|v]len g (14+¢)(4+¢)max{C + ¢, 1}

1T ep =

However, € can be chosen to be arbitrarily small. [

Proof of Theorem 3.1. By (3.1) and the remark following it, a is completely contrac-
tive whenever a € A. By Lemma 3.9, ||S]|a < m2(S) for any S € I15(.S). This proves
part (1) of the theorem.

To prove part (2), pick 7" € CB(X) with [|T||s < 1/4. Suppose, for the sake of
contradiction, that we cannot represent 7' = Aa + S, with a € A, |A\] < (4, and
mo(S) < Cy. Then there exist v > 1, finite dimensional spaces Fy and Fp, and
contractions ug € B(Ey, F), v € B(E, Fy), s.t. m(vpaug) < «y for any a € A, yet
mo(voTug) > . By the remark on page 10 of [30], we can assume that Ey, = £3.
By trace duality (p. 19 of [30], or [35]), there exists w € B(Fy, (%), s.t. m(w) = 1,
and tr(wvgTug) > . Moreover, |[wvgauglly < mo(w)ma(voauy) < v for any a € A.
Lemma 3.10 then yields ||T||s > 1/4, a contradiction. u

4. EXAMPLES AND APPLICATIONS

By Corollary 3.3 (see also Corollary 3.4), an infinite ampliation of any contractive
unital weak*-to-weak® continuous representation 7 : A — B(E) gives rise to an
operator space X, isometric to l2(E), s.t. CB(X) = 71(A) ® I, + II3(X). In some
cases, however, we can prove that 7(A) is I[I,-ASHR without resorting to ampliation.
Some examples can be found in [22, 24]. These examples are used to construct
“pathological” operator spaces. Below, we present further representations 7 with
this property, and operator spaces arising from them (Theorems 4.2, 4.3, 4.6).

4.1. The long James algebra. We show that the unit ball of the “long James al-
gebra”, viewed as a set of diagonal operators on /5, is [I,b-ASHR. As a consequence,
we construct a separable Hilbertian operator space with a complete transfinite ba-
sis, but without the Complete Bounded Approximation Property (and consequently,
without a complete basis). This answers the non-commutative version of a question
asked in [32]. For the construction, we need the notion of the long James space,
introduced in [12]. The construction we present here is slightly different, but it is
easy to check that it yields an equivalent norm on the same Banach space.
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Suppose 7 is an infinite ordinal. Denote by Z,, or simply Z, the set of all ordinals
a < n which are not limit ordinals. For f :Z — C, define

11y = sup { (3 1f (1) — flaz)®)"? | ()2, € Fy n € N}
k=1

Here, the set F,, = F,,(n) consists of all 2n-tuples (;)?"; of members of Z, for which
either ap < ap < ... < Qg1 < Qg OF gy < 0 < g < ... < igy_1. Then ||+ || is
a seminorm on cy(Z) + C1, with the kernel C1. We define by J(n) the completion
of cpo(Z) + C1 with respect to || - ||

For the sake of convenience, we introduce a new norm on J. Let Z/ = ZU {n, n+}.
Extend f:Z — C to f : Z' — C by setting f|z = f, f(n) = f(n+) = 0. Set

11 = sup { (" 1F(azir) — Flam)®)"? | ()2, € Fuln ++), n € N}.

Then || - || is a norm on J(n). Moreover, any f € J(n) has a unique representation
fo+ A1, with A € C and fy € ¢l'lv. For future reference, we need the following
easy inequality: for any f € J(n),

(4.1) max{[| £l | Fllo} < 11 < (LFI3 + 201 £12) %

Next we use the techniques of [2] to make J(7) into a commutative unital Banach
algebra. For any [ € (. (Z), set || flla = sup{||fall| lg]] < 1}. We call A(n) ={f €
U D) ||| flla < oo} the long James algebra. Clearly, it is a unital Banach algebra.
The next lemma shows that A(n) and J(n) coincide as sets, and describes useful
properties of A(n).

Lemma 4.1. Suppose n is an infinite ideal.

(1) For any f € Loo(Z), [ flla = I flloo-
(2) Suppose v1 < v < 1 are ordinals. Define

0 otherwise

Then either f =0, or ||f||la= 1.
(3) A(n) and J(n) coincide as sets. For any f € J(n),

AL/ V2 < Nflla < 2011

Proof. (1) Fix a € Z, and define g : Z — C by setting

ﬂmz{égig-

Then fg = f(a)g, hence |[f].a > |f(a)l.
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(2) Tt suffices to show that, for any g € J(n) and (a;)?"; € F.(n + +), we have

(4.2) Z\f k1) G(2r-1) — floar)dlo)]” < llgl*.

We consider the case of a; < ay < ... < ag,; the other possibility is handled
similarly. By erasing the pairs (ag;_1, ao;) for which f(ag—1) = f(a) = 0, we can
restrict our attention to one of the following three cases:

(Z) TR a <o < ... < gy < Yo

(1) g <y <ag<...<ag, <y;

(ZZZ) T <ag < ... < Qo1 <V < Qop;

(Z’U) ap <71y < ... < Qo1 < Y2 < Qo
In case (i), the inequality (4.2) clearly holds. In case (ii), consider o} = 7, and
ol = q; for 2 < i < 2n. Then (a})?", € F(n+ +), and

Z’f Qg — 1 Oézk 1) f(%k) (Oézk)\Q

n

’g(@ékq) - f/(o/zk)!Q < HQHQ
k=1

The case (iii) is handled in the similar fashion. Finally, if (iv) occurs, we pass to

af =n+, o, =n, and o = «; for 2 <i < 2n — 1.
(3) To show the inequality || f||4 = HfH/\/§ note that, by part (1),
LA A
Iflla> S ===

I v2
To obtain the upper estimate on || f||.4, observe that fg = f§. Suppose (a;)?", €
Fn(n++). Then

Z\f op—1)g(Qop—1) — f(OéQk) (aop)]? =
Z‘f aor—1)(g(agr— 1)—51(042]@))—1—(]?(042]{71) f(@2k)) (Oézk)\Z <

22 (1 f(azn—1) PG (1) — Glao)? + | Flaz—1) — flaz)*lg(az)]?)

k=1
2(1£ 15 gl + £ I*1gl1%) < 411l

(here, we use the left hand side of (4.1). Taking the supremum over all (o;)?*, €
Fn(n++), we obtain the inequality || fg| < 2||f]||lg], as desired. u

Denote by (eq)aez the canonical orthonormal basis in ¢5(Z). Consider the “natu-
ral” representation 7 : A(n) — B(l2(n)) by setting 7(f)eq = f(a)eq. It follows from
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the discussion above that 7 is a unital contractive representation. A particular case
of the following lemma is implicit in [22].

Theorem 4.2. Suppose 1 is an infinite ordinal. Then w(Ba(A(n))) is (1076, 4)-I1,-
ASHR.

Proof. For the sake of brevity, let H = ¢5(Z). Suppose T' € B(H) is such that
|uTv||s < 1/5 whenever the finite rank contractions u and v satisfy ||Jur(a)v|]s < 1
for any a € Ba(A(n)). We shall show that T'= T} + «(f), where ||T1||s < 4/5, and
1flla < 26,

For o € Z, set f(a) = (Teq, eq). Let Ty be the diagonal part of T (that is, The, =
f(a)e, for any a € 7), and let Ty = T — T be the off-diagonal part. Suppose S; and
Sy are disjoint finite subsets of Z. Let Pg, and Pg, be the corresponding orthogonal
projections. Then Pg m(a)Ps, = 0 for any a € Ba(A(n)), hence ||Ps, T Ps, |2 < 1/5.
An averaging (cf. the proof of Lemma 2.3) argument yields ||77||2 < 4/5. Moreover,
if the finite rank contractions u and v satisfy ||um(a)v|s < 1 for any a € Ba(A(n)),
then [|[uTovlls < ||uTv|l2 + |12 < 1.

Recall that Tpe, = f(a)es. It suffices to show that ||f|l4 < 2v/6. To this end,
note first that || f||.c < 1. Indeed, otherwise there exists a € Z s.t. |f(«)] > 1. Let u
and v be equal to the orthogonal projection onto Ce,. Then ||um(a)v||z < 1 for any
a € Ba(A(n)), yet ||uTyvlla > 1, a contradiction.

Next consider (o) € F,, and show that >, |f(aak—1) — f(a)|* < 4 (and
therefore, || f]|; < 2). Indeed, denote by (dx)7_; an orthonormal basis in ¢5, and
consider

v 6721 — H: 576 = (60121%1 + 601%)/\/57

and
1
u:H — 63 o Z —<£76a2k_1 - €a2k>5k‘-
= V2
If S is a diagonal operator with Se, = g(a)e, for a € Z, then

1
uSvék = 5(9(04%—1) - 9(04%))51@7

hence
(4.3) [uSvl3 =" [g(an—1) — glom)|/4
k=1

Then, for any a € A(n), ||lur(a)v|2 < |lall; < |la]] < 1, by (4.1) and Lemma 4.1.
Thus, [[uTyv|ls < 1. By (4.3), ||fll; < 2. By (4.1), ||If|| < v6. By Lemma 4.1,
I f]la <2V6. m
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4.2. Transfinite bases. The notion of a transfinite basis in a Banach space was
introduced by C. Bessaga [1]. We refer the reader to that paper, and to Section 2
of [32], for more information. Here we present a non-commutative version of the
same definition. Suppose X is an operator space, 7 is an ordinal, and (P, )o<y<; 18
a family of projections on X such that sup, || Pl < 00, PoPs = Phin{a,sy, Fo = 0,
P, = Ix, and for each x € X, the map v — P,z is continuous on [0,7] (here,
[0,1] and X are equipped with the order, resp. norm, topology). Then the family
(Py)o<y<y 1s called a complete transfinite Schauder decomposition (of length ). If, in
addition, dim (P,4 — P,) = 1 for any -, then (P,)o<,<, is called a complete transfinite
(Schauder) basis (of length n). Note that (complete) transfinite bases of length w
(the first infinite ordinal) in Banach (operator) spaces are just the usual (complete)
bases.

Recall that an operator space X is said to have the Completely Bounded Compact
Approzimation Property (CBCAP for short) if there exists a constant C' s.t. for
every finite dimensional £ — X there exists a compact operator T' € CB(X) s.t.
1T\l < C, and T'|g = Ig. The definition of the Completely Bounded Approzimation
Property (CBAP) is similar, but more restrictive: the operators T are required to have
finite rank. For Banach spaces, the Bounded (Compact) Approximation Property
(BAP, CBAP) are defined in a similar fashion.

Clearly, every operator (Banach) space with a (complete) basis has the CBAP
(resp. BAP). It was shown in [32] that every Banach space with a transfinite basis has
the Approximation Property (which is strictly weaker that the BAP — see e.g. [5] for
the connections between the two properties). The problem of whether the existence
of the transfinite basis implies the Bounded Approximation Property is open. We
give a negative answer to the non-commutative version of this question.

Theorem 4.3. There exists an operator space with a transfinite basis, failing the
Completely Bounded Compact Approximation Property.

Proof. Consider the ordinal n = w?. For simplicity, let A = A(n). In the previous
subsection, it is shown that m(Ba(.A)) is II,-ASHR. We build an operator space X
“around” this set. More precisely, we use the results of Chapter 3 to construct an
operator space X, isometric to f5(Z) on the Banach space level, such that T' € B(X)
is completely bounded iff ' € 7w(A) + So. Moreover, for any a € A and S € S,
we have ||7(a) + S|la < |lal]|a + [|S|l2, while there exists a constant ¢ s.t. every
T € CB(X) can be represented as T' = 7w(a) + .5, with |la|| 4 + ||S]l2 = ¢[|T]| eb-
For v < n, define f, by setting, for o € Z,
f(a) = { 1 a<y

0 a=~y

By Lemma 4.1(b), || f,][4 = 1 unless v =1, and ||1 — f,||4 = 1 unless v = 7.
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Therefore, for any v < 7, the projection P, = 7(f,) is completely contractive.
Moreover,

o <7y
Pvea:{oa o>

for any a € Z. Thus, the family (P,) defines a completely transfinite basis on X.

Suppose, for the sake of contradiction, that X has the CBCAP. For each n, consider
E,, = spanle,, €, . . ., €n] — X. Then there exists a compact operator T = 7 (f)+S
st Iflla+ ISl < € (C is a constant), and T'|g, = I, . In particular,

D 1fGw) =17 = 19¢]1* < [IS]I5 < €.
j=1 j=1

Suppose n > 32C%. Then the set
G ={1<k<n||f(jw) -1 <1/4}

is such that |G¢| < 16C2.
On the other hand, w(f) is compact, hence for any j € [1,n], there exists o; €
(jw, (j + 1)w) s.t. |f(a;)] < 1/4. Then

: Gnl _n
17> 3 1) - G > 25 2.
kegn
By Lemma 4.1, || f||l4 = +/n/4, which yields the desired contradiction. u

Remark 4.4. As in Section 2 of [32], we can show that any operator space with a
complete transfinite basis has the Strong Operator Approximation Property (SOAP).
Thus, Theorem 4.3 yields an example of an operator space with the SOAP, but with-
out the CBCAP. The classical counterpart of this result is the existence of Banach
spaces with the Approximation Property, but without the Bounded Compact Ap-
proximation Properties (see Section 8 of [5] for the examples).

Remark 4.5. We can generalize the definition of the long James space in the follow-
ing way. Suppose £ is a symmetric separable sequence space, which is mononormaliz-
ing (in the terminology of p. 88 of [11]; see also Section 3 of [23]). That is, we require
that two conditions be satisfied: (i) if lim,, ||(z1,...,2,,0,0,...)|][¢ = C' < oo, then
(xi)ien € &, and [|(x;)ien]|le = C; and (ii) if (z;)ien € &, then lim,, [[(z,, Tpi1, .. )]le =
0. The space & is nice if, in addition, lim,, [(1,...,1,0,...)|ls = occ.

We denote by Sg the operator ideal, corresponding to a nice space £: for a compact
operator T, denote by (0;(7")) the sequence of singular numbers of 7', and set ||T'||¢ =
(i (T)) le-

For any infinite ordinal 7, and for any nice sequence space £, we define a modified
long James space: for f:7Z — C, define

[f1l7e = sup {H(f(@%fl) — flaok)i<k<n)lle } (@1)?21 e F,,ne N}.
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Here, the set F,, = F,,(n) consists of all 2n-tuples («;)?", of members of Z, for which
either oy < ag < ... < Qgp_1 < Qap, OF Qg < a4 < g < ... < Qgp—1. Then || - ||, is
a seminorm on cgo(Z) + C1, with the kernel C1. We define by Jg¢(n) the completion
of ¢oo(Z) + C1 with respect to || - || .-

Similarly, we define on ¢g9 + C1 the norms || - ||¢ and || - || 4., (analogues of || - ||
and || - [ 4@ )- As above, we show that the norms || - ||¢ and || - || 4.¢;) are equivalent
to each other, and both of them are equivalent to || - || ;. on cgp.

Denote by m¢ the identity representation of Ag(n) on the diagonal of B(ly(Z)). As
before, we show that mg(Ba(Ag(n))) is Se-ASHR.

Now suppose the ordinal 7 is countable, and the formal identity map ¢, — &£
is bounded. By [23], we can equip f5(Z) with an operator space structure X, s.t.

CB(X) = n(Ag(n)) + Se(la(T)).

4.3. Almost multiplicative functionals. An old problem in Banach algebras asks
whether every “almost multiplicative” linear functional on a given Banach algebra
is near multiplicative. More precisely: suppose A is a Banach algebra. We say
that f € A* is o-multiplicative |f(a)f(b) — f(ab)| < dlal/||b|| for any a,b € A. 0-
multiplicative functionals are referred to simply as multiplicative. A Banach algebra
A is called AMNM (almost multiplicative near multiplicative) if there exists a function
e on (0,00), with lims_ge(d) = 0, such that for any d-multiplicative f € A* there
exists a multiplicative g € A* s.t ||f — g < €(9).

Describing the AMNM Banach algebras is a long-standing open problem. There
reader is referred to [16, 17], and references therein, for a brief introduction. Here,
we mention several results: (1) The algebras Cy(K) (K locally compact Hausdorff)
are AMNM. (2) The disk algebra is AMNM. Moreover, any singly generated uniform
algebra is AMNM [15] (3) There exists a uniform algebra which is not AMNM [34].
(4) If G is a locally compact abelian group, then L;(G) is AMNM. (5) It is not known
whether H* is AMNM (that is, whether H> has “almost corona”).

No examples of Banach spaces F for which B(E) is not AMNM are known. Note
that, if £ is isomorphic to 7 (F) for some n, then B(F) is AMNM. Indeed, in this
case, there exist idempotents p1, ..., p, € B(E), s.t. pip; = 0;jp;, and > p; = Ip,
and uy, vy, ..., Up, U, € B(E)s.t. wv; = pi, and viu; = Ig. Let K = max; ||wl|||v]|. If
[ € B(E)* is 6-multiplicative, then | f(Ig)? — f(Ig)| < d. Therefore, either |f(Ig)| <
®(0), or |f(Ig) — 1] < ¢(6), where ¢ is a continuous map on [0,00), s.t. ¢(0) = 0. In
the former case,

|f(TIg) = F(T)fe)| = [f(TD1 = f(Ie)| < )T

for any T' € B(FE), hence || f|| < ¢(0)/(1 — ¢(J)). The latter case can be ruled out as
follows: if |f(Ig) — 1| < ¢(d), then

|f(us) f(vi) = 1] < [ f(vi) f(wi) — fFU)| + | f(Ie) — 1| < K6+ ¢(0).
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However, |f(u;)f(vi;) — f(pi)] < K6, hence |f(p;) — 1| < 2K+ ¢(9) for each i. Then

n—1-¢(8) < |f(Ig) —n| < Z!fpz — 1] < n(2K3 + 6(9)),

which is clearly impossible for § small enough.

The spaces E which are isomorphic to (2 (E) include the Orlitz spaces, the Schat-
ten spaces, and more.

For many classes of Banach spaces, however, it is not known whether B(F) is
AMNM. For instance, suppose E a hereditarily indecomposable space. Then for
every T' € B(FE) there exists a (unique) Ay € C s.t. T — Aplg is strictly singular.
It is well-known (see e.g. [18]) that the spectrum of any strictly singular operator
is countable, 0 its only possible cluster point, and all isolated points are finite rank
eigenvalues. By [l], f(S) = 0 whenever f € B(FE)* is multiplicative, and S is
finite rank. Moreover, by [l] again, f(S) € o(S) whenever S € B(F), and f is
multiplicative.

This shows that the only non-trivial multiplicative functional on B(FE), with E as
above, is defined by f(T) = Ar, with Ay defined in the previous paragraph. We have
no good description of §-multiplicative members of B(F)*.

The same reasoning could be repeated for the algebras C'B(X). In this case,
however, we can exhibit an example of X s.t C'B(X) is not AMNM.

Theorem 4.6. There exists an operator space X such that CB(X) is not AMNM.

Proof. We recapitulate B. Johnson’s construction (Example 9.1 of [16]). There, it is
shown that there exists a sequence of unital Banach algebras A,, s.t., for each n € N,
(1) A, is C" with pointwise multiplication; (2) there exists f,, € A* s.t. || full = f(1,)
(1, is the identity of the algebra A,); (3) |fn(a)fn(b) — fn(ab)| < |lal|||b]|/n for any
a,b€ Ay (4) ||fa — fIl =1 —1/n whenever f € A* is multiplicative.

Consider now the Banach algebra A = C1 &, (D, A;)e,. It has a predual A, =
C @ (3, Af)ey- We shall show that the multiplication in A is weak® continuous.
By commutativity, it suffices to show the following: suppose y € A, and a net (z,)
converges weak* to x € A. Then x,y — xy weak*. By triviality of multiplication by
1, we it suffices to consider y = (y;), with y; € A;. Furthermore, write z = al + (z;),
and z, = aq1 + (z4;). Clearly, lim, a, = a. Therefore, we can assume a = 0, and
ao = 0 for each a. Then zy = (z;1;), and x,y = (24y;). We have to show that, for

any (z;) € (32 Ao,
1i£n Z<$aiyi, Z;) = Z<xzyu ).

i
We can identify AF with C™ as a vector space. Let 2] = y;z; (with pointwise multipli-
cation). A standard Banach algebra calculation yields ||z|| < ||y;]|||z:||. Therefore,
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7= (2) € (2 Af)ey- Thus,
lim Z(xaiyi, z) = lim(z,, ') = (x2') = Z(xiyi, Zi),

as desired.

Now extend the functional f,, € A’ to the whole algebra A, by setting ¢, (a1l &
(2i)ien) = a+ fn(x,) (here, z; € A;). By definition, ||g,|| = 1. We shall show that g,
is n~!-multiplicative. Indeed, consider norm 1 2 = al@® (z;) and y = b1 & (y;). Then
In(7) = a+ fu(wn), gn(y) = bn + fu(Yn), gn(zy) = ab+ af(yn) + bf (xn) + fu(Tayn),
and

|90 (2) g0 (Y) = gn(@Y)| = | fa(@n) fu(yn) = Fr(Znyn)| < 07t |znll[lyall <271

1

The last inequality shows that g, is n~"-multiplicative.

Next we show that ||g, —g|| = 1 —n~! whenever g € A* is multiplicative. Indeed,
then g| 4, is also multiplicative, and ||g,, — g|| = ||fn — 9|4, || = 1—n"", per the result
of B. Johnson described above.

By Corollary 3.4, there exists a Banach space E, an operator space X, isometric
to l3(F), and a unital isometric representation 7 : A — B(FE) s.t. CB(X) =7(A)®
Iy, + TI5(X). For n € N, define g, € CB(X)* by setting §,(7(a) ® I, +5) = gn(a)
whenever a € A, and S is 2-summing. Clearly, g, is well-defined, ||g,|| = 1, and g,
is n~l-multiplicative. Moreover, for any multiplicative g € C'B(X)*, define g € A*
by setting g(a) = g(n(a) @ Ip,). Then |[gn — Gl = llgn — gl| = 1 — n~', which shows
that C'B(X) is not AMNM. |
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