PRODUCTS OF PROJECTIONS IN VON NEUMANN ALGEBRAS
TIMUR OIKHBERG

ABSTRACT. We describe the elements of von Neumann algebras which can be
represented as products of orthogonal projections and idempotents, and estimate
the minimal number of terms in the product.

1. INTRODUCTION AND THE MAIN RESULTS

We investigate whether an element @ in a von Neumann algebra N can be repre-
sented as a product of projections in A/, and if yes, what is the minimal number of
projections required (this number is denoted by M(a)).

Throughout this paper, all von Neumann algebras and C*-algebras are assumed
to be acting on a fixed separable Hilbert space. An element a € N is called an
an idempotent if a = a®. A self-adjoint idempotent is called a projection. For a
von Neumann algebra A/, we denote the set of its projections by P(N). If F is a
subspace of a Hilbert space H, pr(FE) denotes the projection onto the closure of E.
E is said to be affiliated with a von Neumann algebra N if pr(FE) € N — B(H)
(equivalently, by [10], E is the range of an idempotent in N).

Throughout, ran and ker denote the range and kernel of an operator, respectively.
The usual Murray-von Neumann relations on P(N) are denoted by <, >, and ~.
For p,q € P(N), we say that p n-majorizes ¢ (p >>, q) if there exist n mutually
orthogonal projections ¢i, ..., ¢, € N such that ¢ = ¢1 +...+¢,, and ¢; is equivalent
to a subprojection of p for 1 < j < n. We say that a projection p € N is n-majorant
if p >>, 1y —p = p*. Similar notation is used for subspaces affiliated with N, which
are identified with the projections onto them. For instance, we say that subspaces
E and F' are equivalent, and write E ~ F'| if pr(E) ~ pr(F).

Theorem 1.1. Suppose N is a von Neumann algebra, acting on a separable Hilbert
space H.

(1) Suppose p € P(N), a € N satisfy a = p* + pap, ||pap|| < 1, p <, kera,
and (rana)t ~ kera. Then a can be represented as a product of at most
yn/(1 — ||pap||) projections (v is an absolute constant).

(2) Suppose a = py, ...p1, with p1,...,pn € P(N). Then kera ~ (rana)*, and
there exists p € P(N) such that a = p* + pap, with ||a&|| < ||€]| for any
¢ e ranp\{0}, and p — pr(ran (pap)) <<,_1 pr(kera).
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The estimate on the minimal number of projections in part (1) is optimal:

Proposition 1.2. (1) Suppose p is a projection in a von Neumann algebra N, such
that ker p is k-majorant, but not (k — 1)-majorant. Then M(—Ap) > max{k, (1 +
A)/(L=A)}
(2) Moreover, suppose T is a faithful normal finite trace on a von Neumann algebra
N,pePN), and X\ € (0,1). Then
T(p) 1+
M=) 2 =57

More can be said about self-adjoint elements.

Theorem 1.3. Suppose N is a von Neumann factor, and a € N is self-adjoint. Then
a is a product of projections if and only if o(a) C (—1,1], and ker a is n-magjorant,
for some n. If kera is n-majorant, and o(a) C [, 1] for some A € [0,1), then
M(a) < v'n/(1 — X), where ' is a constant.

Furthermore, we can describe precisely which positive operators can be represented
as symmetric products of projections.

Theorem 1.4. Suppose 0 < a < 1 is an element of a von Neumann algebra N, and
n 1s a natural number. Then the following two statements are equivalent:

(1) rana © ker (1 — a) <, kera.
(2) @ =p1...PPpg1Pn - - -p1 for some py, ..., ppi1 € P(N).

A similar result was obtained in [1], in relation to almost sharp quantum effects.

Observe that our estimate for the minimal number of projections in a “symmetric”
product representing a is sharp: if tana © ker (1 — a) <<,,_; kera is not true,
then we cannot write a = ¢1...¢,—1¢nqn-1...¢1. Indeed, suppose, for the sake of
contradiction, that the representation as above exists. By the observations in the
beginning of Section 2.1, it suffices to consider the case of ker (1 —a) = 0. Let
U = ¢nGn_1---q1, and observe that a = u*u. By Lemma 2.15, tanu <<, _; ker u.

However, tanu ~ rana, yielding a contradiction.
We also describe the closure of the set of products of projections in the strong or
weak operator topologies.

Theorem 1.5. Denote by T the weak operator topology, the strong operator topology,
or the weak* topology on a separably acting von Neumann algebra N'. Then the T-
closure of all products of projections in N coincides with the unit ball of N if and
only if N has no M-summands of type I, (n € N).

Finally, we deal with the products of idempotents (not necessarily self-adjoint) in
von Neumann algebras. We say that subspaces E and I’ of a Hilbert space H are
at positive angles with each other if ||pr(E)pr(F)|| < 1, or equivalently, pr(E)*|x is
an isomorphism.



PRODUCTS OF PROJECTIONS IN VON NEUMANN ALGEBRAS 3

Theorem 1.6. Consider an element u of a von Neumann algebra N, acting on a
separable Hilbert space H .

(1) If u is a product of n idempotents from N, then keru ~ (ranu)*, and there
exists a subspace E, affiliated with N, such that (i) u|g = Ig, (i) E and u(F')
are at positive angles, where F' = H & (E + keru), and (iii) F <<, ker u.
If ker u is trivial, then E = H.

(2) Conversely, suppose for for a given u there exist E, F', and n as above. Then

u is a product of at most v"n idempotents, where " is a constant.

Note that, in part (1), F is at positive angles with ker u.

The minimal number of idempotents needed to represent an element of A is not
known to us. It is tempting to conjecture that this number coincides with n from part
(1) of the theorem above. Indeed, this is true for finite type I factors [2]. However,
the “conjecture” fails for infinite factors, see Propositions 3.6 and 3.4, as well as [5].

For the particular case of the von Neumann algebras B(H ), some descriptions
of products of projections were obtained by the author in [I3]. That paper also
contains references to other related articles. An overview of products of other types
of operators can be found in [16]. Linear combinations of products of projections of
fixed length were described in [3].

2. PROOFS OF THE MAIN RESULTS: PRODUCTS OF PROJECTIONS

2.1. Preliminary notes. (i) Suppose py, ..., p, are projections in a von Neumann
algebra N (acting on a Hilbert space H), and p = p; Apa A ... A p,. Then, for each
J, 0y = pip- = p*p; = p; — p is a projection. Moreover, p,...p1 = p+pl,...p}.
The domain and range of p/,...p| are orthogonal to ranp. Finally, ranp = {¢ €
H|llpn-..pi€ll = €]}

(ii) Suppose Z is an index set, (N, )aer are von Neumann algebras, and u, € N, for
each a. Let N = ®qezN,, and u = )" 7 us. Then u is a product of n projections
iff u,, is a product of n projections for each a.

(iii) Suppose u € N, and p is the projection onto ker (u—1,) = {£ € H |ué = £}
Let Vi = p*Ap*, and u; = ptup®. Then the following are equivalent:

(1) u is a product of n projections in N

(2) wy is a product of n projections in Nj.
Indeed, (2) = (1) follows directly from Observation (ii). To see the converse, suppose
U =py...p1. Then, by (i), w1 = (pn —p) ... (p1 — D).

(iv) Because of (i) and (iii), we are especially interested in those u € N <— B(H)
for which ||u|| < [|£]| for any £ € H\{0}. However, characterization of such elements
is difficult, see [13]. To make the problem more manageable, we concentrate on the
case ||ul| < 1.
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Lemma 2.1. Supposeuw = q, ...q, forq,...,q, € P(N). Then there exist p, ..., pn
€ P(N) such that w = p,,...p1, keru = ker p,, ranp; = ran (p;pj_1...p1), and,
for 2 < j < mn, p; is surjective on ran (pj_q...p1).

Proof. Let p; = g Apr(keru)t. Then u = g, . ..qp:, and ker u = ker p;. Therefore,
ker g, Nran (qx—1...qp1) = {0} for 2< k < n.
Suppose py,...,pr have already been defined (1 < k < n) in such a way that

ranp; = ran(p;pj_1...p1) for j < k, and v = ¢, ... q41Pk---p1- Let pppy =
pr(ran (ggi1pr.-.p1)). Clearly, this projection has the desired properties: u =

Gn - - - Qr+2Dk+1 - - - D1, and pgq is surjective on ran (py ... p1) (otherwise, ker u strictly
contains ker p;, which contradicts our definition of py). [

Henceforth, we will always assume that any product u = p,, ... pap1, the projections
D1, - .., Pn satisfy the conditions of the lemma above.

Below we collect some facts about the relation <<,,. Note first that, if p,q € P(N)
are such that p <, ¢, and e € P(N) is central, then pe <<,, ge. Conversely, suppose
(€a)acr 18 a family of central projections in A/, whose sum equals 1. If p,q € P(N)
satisfy pe, <<, ge, for each «, then p <, q.

Lemma 2.2. Suppose p,q,r € P(N), and r < q¢ <<, p. Then r <<, p.

Proof. Write ¢ = q1+. . .+¢, (a sum of n mutually orthogonal projections, dominated
by p). Our goal is to write r as a sum of n mutually orthogonal projections 71, . .., 7y,
dominated by p. Let r; = pr(ran (rq;)). Clearly, r; < ¢; < p.

Now suppose 71, ...,7 have been defined in such a way that, for 1 < i < k, (1)
ri < @, and (2) 11+ ...+ 7, =pr(ran(r(¢g + ...+ ¢))). Set rpy = pr(ran (r(q; +
coot qer1))) — (r1+ ...+ 7). Then rpyqrg; = 0 for 1 <@ < k, hence

Tkt1 = pr(ran (rpgr(g + ...+ @ey1)))

= pr(ran (r417¢41)) < Gk+1 < D,
as desired. ]

Lemma 2.3. Suppose p € P(N) is n-majorant, ¢ € P(N), and ||p — q|| < 1. Then
q s n-majorant.

Proof. We have: |[p—q|| = |[p* —¢*|| < 1. Then (see e.g. [17]) there exists a unitary
u € N st. ¢ = upu and ¢t = u*ptu. Now suppose pt = p; + ... + p,, where
P1,---,Pn are equivalent to subprojections of p. Taking ¢, = u*pru (1 < k < n), we
are done. ]

Next we describe n-majoration in specific types of von Neumann algebras. By
Section 1.22 of [11], for any £ € NU{0}, any separably acting von Neumann algebra
of type I, can be represented as Lo (€, p, B(¢%)), where y is a o-finite measure on
(we take £5° to mean ().
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Lemma 2.4. Suppose p is a o-finite measure on €2, and n € N.

(a) Suppose N = Loo(Q,u, M) (k € N). Then p € P(N) is n-majorant iff
rank p(t) = m = [k/(n+1)] for almost every t € Q).

(b) Suppose N = Loo(Q, i, B(ls)). Then p € P(N) is n-majorant iff p(t) has
infinite rank for almost every t € Q. In this case, p = p=.

(¢) Suppose N is a von Neumann algebra of type I, I, or IT1. Thenp € P(N)
is n-magjorant iff p = p=.

(d) If N is a type 111 von Neumann algebra, then p € P(N) is n-majorant iff
p#0.

The following technical result must be known to specialists, but we haven’t been
able to find a reference to it in the literature.

Lemma 2.5. Suppose N is a von Neumann algebra, ju is a o-finite measure on
Q, and p € P(Loo(, u, N)). Then for every e > 0 there exist disjoint measurable
subsets S; C Q (1 € N), and projections p; € P(N'), such that ||[p—_. xs, @ pill < €.

Proof. Suppose € € (0,1/2). It is known (see e.g. Section II.1 of [6]) that separably
valued functions are dense in L., (€2, 1, ). Thus, there exist (.5;) as in the statement
of the lemma, and a; € N s.t. ||p —a|| < €/2, where a = ), xs, ® a;. By passing
from a; to (a; + a})/2, we can assume that all the a;’s are self-adjoint. Note that
lp — Al = max{|A[, |1 — A}, hence o(a) C [—¢/2,e/2]U[1 —¢/2,1+4¢/2]. Set

0 s<eg/2
fls) =9 (s—¢/2)/(1-¢) e/2<s<1-¢/2,
1 s>1—¢/2

andlet ¢ = f(a) =3, xs,f(a;). Then ¢ is a projection, and ||¢g—a|| = maxecq(q) | f(5)—
s| <e. n

Proof of Lemma 2.4. (a) If p is n-majorant, then, for almost every t € Q, p(t) is
n-majorant in M. Therefore, nrank p(t) > rank p(t)* = k — rank p(t), which yields
rank p(t) = m.

Suppose rank p(t) > m for almost every t. By Lemmas 2.5 and 2.3, we can assume
that p = > ,cnxs; @ p¥, where pl) € P(Mj,) for each i, and U;S; = Q. Then
we can write 1, — pl) = Z?Zl pg-i), with rankpgi) < m. Letting, for 1 < 5 < n,
Pi = D ien XS; ®p§i), we conclude that p is n-majorant.

(b) is proved in a similar fashion. If p is n-majorant, then p(t) is n-majorant for
almost every t, hence p(t) is infinite almost everywhere. If this is the case, we can use
Lemma 2.5, and assume that p = Y, xs, ® p¥, where p) € P(B((s)) is infinite
for each ¢, and U;S; = 2. Then p = 1 — p.

(¢) Suppose p is a projection in a I'I,, von Neumann algebra /. Then there exists

a central projection e in pN'p such that eNe and (p — e)N (p — e) are von Neumann
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algebras of types Il; and Il respectively. It suffices show that e = 0. Then, an
application of Halving Lemma will complete the proof.

Denote the central cover of e (in A) by f. As e and p — e have no equivalent
central projections, Proposition 6.1.8 of [9] implies that the central cover of p — e is
disjoint from f. Therefore, the central cover of p — e equals 1 — f (otherwise, there
exists a central projection g € N, disjoint from the central cover of p; in particular,
no subprojection of ¢ is equivalent to a subprojection of p, which contradicts the
n-majoration assumption).

Suppose, for the sake of contradiction, that f # 0. Write 1 —p = >} s,
where the projections py are mutually orthogonal, and, for each k, p, < p. Then
pef < pf =e, hence f = >, ppf + e is finite (as a sum of finitely many finite
projections). This, however, contradicts the definition of type 1.

Finally, (d) follows directly from the Halving Lemma. ]

2.2. Products of projections: sufficient conditions. We first establish two lem-
mas, dealing with representing “nice” operators on “small” subspaces as products of
projections. The first of these lemmas essentially comes from [12].

Lemma 2.6. Suppose N is a von Neumann algebra, p € N is a projection such
that p < pt, and a € N satisfies 0 < a < 1. Then there exists g € P(N') such that

pap = pqp, and q < p.

Proof. The construction seems to be folklore (see e.g. [1, 12]), but we reproduce it
here for the sake of completeness. Without loss of generality, assume that rana =
ranp. Find a unitary v € A s.t. py = uw'pu < p*. Then ¢ = a + (a — a®)"?u +
u*(a — a®)"? +u*(1 — a)u is a projection, and a = pgp. Moreover, v*qu = p, where
v=a?+u(p—a)’?+ (p—a)?*u — ua?u. ]

Corollary 2.7. Suppose N is a von Neumann algebra, and a € N is such that
0 < a <1, and Tana © ker (1 — a) is n-majorated by kera. Then there exist
DLy Png1 € PN), such that a = py ... pupryiPn - - - D1

Proof. As noted above, we can assume that ker (1 —a) = 0. Let p = pr(rana). By
Observation (ii) in Subsection 2.1, we can assume that N is of type I}, (k € NU{o0}),
IL, II, or ITI. By Lemma 2.4, if N is infinite, then p < p*. In this case, by
Lemma 2.6, a is a product of 3 projections.

Now suppose N is a finite von Neumann algebra, and there exist mutually orthog-
onal projections ¢,...,q, st. p = ¢, + ...+ q,, with ¢, < p* for each k. Then
we can write p = ¢; + ... + ¢, (as sum of mutually orthogonal projections), such
that, for each i, ¢; ~ ¢/, and ¢;a = ag;. Indeed, by Theorem 1 of [3], there exists a
subprojection ¢; of p, equivalent to py, s.t. ¢a = aq;. Then (p — ¢1)a = a(p — q1).
Moreover, by Proposition V.1.38 of [I5], p—q¢1 ~p—¢q; = ¢+ ...+ ¢,. By a
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repeated application of Theorem 1 of [8], we obtain ¢y, .. .q, with the desired prop-
erties. Note that ran (ag;) C rang; for any i, and Tana = ran (¢; + ...+ ¢,), hence
ran (ag;) = rang;.

Let rj, = p*, and define inductively the sequences of projections (ry,)?_, and (1,)%_,
as follows: on the k-th step, select r, < 7}y + qr s.bt. qerrqr = aqr and g ~ g (this
is possible, by Lemma 2.6). Let 7, = ry_1 + qx — rx. By Proposition V.1.38 of [17],
7. ~ rg—1. Note that 7, < p* 4+ q1 + ...+ q, hence it is orthogonal to ¢; for j > k.
Moreover, by induction we show that r; and r) are orthogonal to r;, for j < k.

Now let p1 = p, ag = a, and, for k > 1,

Pkt1=T1+ ... +Te+ Q1+ ...+ qn, ag =711 +...+7+aqkr1 + ...+ aqy.
Then pragpr = ax—1 for any & < n. Therefore, a = py ... pPps1Pn - - -D1- [

Proof of Theorem 1.4. Lemma 2.7 yields (1) = (2). To show (2) = (1), suppose a =
D1+ PnPniiPn - --p1- Without loss of generality, p; A ... Ap,y1 = ker (1 —a) = {0}.
Let w = ppy1Pn ... p1. Note that a = u*u, hence ker a = ker u, and Tana = ran u*.
By Proposition 6.1.6 of [9], Tanu ~ ranu*. By Lemma 2.15, ranu* <<, ker u.
Therefore, rana <, ker a. []

Lemma 2.8. Suppose N is a von Neumann algebra, p € P(N), and uw € N is a
unitary, for which upu* < pt. Fiz X\ € (0,1), and let n = [72/(8(1 — \))]. Then
there exist py,...,p, € P(N) such that p, ...pi1p = Aup.

Proof. Note that, for each o € R, cos>a = 1 —sin®a > 1 — o®. Therefore, by the
choice of n,

w2 w2

T\ n/2
(cos—) 2(1——) >1—— >\
2n 4n? 4n
Therefore, there exist 0 = ¢g < ¢1 < ... < ¢p_1 < ¢, = 7/2, such that [[}_, cos(¢,—
¢r—1) = A. For 1 < k < n, denote by py, the projection onto ran (cos ¢yp + sin ¢pup).
Pick an orthonormal basis (fi(o))iez inranp. For 1 <k < n, let fi(k) = COS qﬁkfi(o) +

sin ¢,€u5§°). It is easy to verify that
(55“, 5;6)) = (cos ¢y, cos ¢y + sin ¢y, sin ¢y)d;; = cos(Pr — P¢)0i;

(here 0;; is Kronecker’s delta). In particular, pk@(k_l) = cos(gf)k—qbk_l)fi(k). Therefore,
0 _ e
o -pi& = | cos(on — ¢0)&™,
k=1
and we are done. n

Lemma 2.9. Suppose N is a von Neumann algebra, p € N is a projection, such
that p < pt. Suppose, furthermore, that u € N is a unitary, and u(ranp) C ker p.
Then, for any X € (0,1), M(\up) < 2[72/(8(1 —VN))].
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Proof. Find a unitary v € N such that ¢ = vpv* < p*. Apply Lemma 2.8 twice -
first to v wp, then to v uv*q. [ ]

Corollary 2.10. Suppose N is a von Neumann algebra, p € P(N), and p* is n-
magorant. Suppose, furthermore, that u € N is a unitary, and u(ranp) = ranp.
Then, for any A € (0,1), M(Aup) < 2n[n?/(8(1 —V/N))].

Proof. As before, we can consider the cases of N being infinite, and N being finite,
separately. If N is infinite, then p < p' by Lemma 2.4, and an application of
Lemma 2.9 completes the proof. If A is finite, use Theorem 1 of [8] to write p as
a sum of mutually orthogonal projections pi,...,pn, s.t. px < p- for each k, and
upy = pru. Then pu = [[;_,(pru + p — pi), and, by Lemma 2.9, M(pyu + p — pg) <
2[7%/(8(1 = V). .
Proof of Theorem 1.53. By [12], o(a) C (—1,1] whenever a is a self-adjoint product
of projections. Suppose o(a) C [A, 1]. Consider a function

z x>0
o0 ={ ¢ 120
and let a, = ¢(a), a_ = a — ay. By the spectral theorem, p, = rana; and
p_ = Tana_ are mutually orthogonal. By Corollary 2.7, ay (viewed as acting on
py +pt) is a product of 2n + 1 projections. By Theorem 1.1(1), a_ (viewed as acting
on p_ + pt) is a product of yn/(1 — \) projections. This yields an upper estimate
for M(a). n

Lemma 2.11. Suppose p,q € P(N) are such that p ~ q and p* ~ g+. Fiz \ €
(0,1) , and let n = [272/(1 — X)]. Then there exist p1,...,p, € P(N) such that
Pn-..pi(ranp) =rang, and ||p, ...pi&|| = M|&|| for any € € ranp.

Proof. Find partial isometries v,w € N s.t. v*v = p, vw* = ¢, w*w = p*, and
ww* = ¢-. Then u = v + w is a unitary. Write u = exp(ia), where a € N is
self-adjoint, with |ja|]| < 7. Let n = [272/(1 — A)]. For 0 < k < n, denote by py
the projection onto ran (exp(ika/n)p) (in this notation, py = p, and p, = ¢). For
1<k <n,|lpr—pe1ll < | explia/n) — 1| < |la||/n < 7/n. Therefore, for every

norm 1§ € ranpy1, ||ppé =&l < 7/n. Thus, [|pil|* = €[> —lpr€ —&I* = 1—72/n.
Therefore,

Ipn---pi&ll = (1= 72/n2) "€ > (1= =2/ @n)]l > Al

for any £ € ranp. |

Remark 2.12. For a von Neumann algebra A and p € P(N), denote by S(p) the
set of all ¢ € P(N) s.t. p ~ ¢ and pt ~ ¢-. The above proof shows that S(p)
is path-connected, and moreover, any such p and ¢ can be connected by a path of
length at most 7. See [4] for more on this topic.
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Proof of Theorem 1.1(1). By Section 2.1, it suffices to consider the case of ||a|| < 1.
Denote the initial and terminal projections of a by p and ¢, respectively. Let A =
|a||'/?. By Lemma 2.11, there exists b € N s.t. for any £ € ran p, we have bp € rang,
lop]| = €|, and M(b) < [272/(1—N)] < [47%/(1—||a|)]. Aspt ~ ¢*, there exists
a partial isometry v s.t. vv* = pt and v*v = ¢*. Then ¢’ = (bp + v) 'a € N fixes
ranp, ba' = a, and ||| < [|(blranpy) ol < A.

Write @ = ||d'||up - ||d’||"!|a’|, where v € N is a unitary, fixing ranp. By
Lemma 2.7, M(||a'|7*]a’]) < 2n+ 1. By Lemma 2.10,

M(|la'|lup) < 2n[x?/(8(1 — [l'['*)] < 2n[n*/(2(1 — ||a])].

Together, the estimates on M(b), M(||d’||up), and M(||||"*|a’]) yield an upper es-
timate on M(a). n

2.3. Necessary conditions and lower bounds.

Lemma 2.13. Suppose pi,...,p, are projections in a von Neumann algebra N .
Then ran (p, ...p1)" is equivalent to ker (p, ...py).

Corollary 2.14. Suppose p1,...,p, € P(N). Then there exists a unitary u € N,
mapping ker (p,, ...p1) ontoran (p, ...p1)", andker (p, ...p1)*" ontoran (p, ...p;1).

Proof. By Proposition 6.1.6 of [9],

ran (p,...p1) ~ran((p,...p1)*) = ker (p, .. .pl)L.

An application of the previous lemma finishes the proof. ]

Proof of Lemma 2.13. This statement can be proved by induction over n. The
case of n = 1 is trivial. We handle the case of n = 2 by showing that, for any
two projections p,q € N, ker (pq) is equivalent to (ran (pg))t. By passing to
the orthogonal complement of p A ¢ if necessary, we can assume that p A ¢ = 0.
Let p; = pr(ran(pg)) = p — p A ¢- (cf. Proposition 2.5.14 of [9]), and ¢ =
pr(ker (pq))* = pr(ran(¢qp)) = ¢ — g A p-. Then p; is injective on rangq;, and
ran (p;q;) = ran (pq) is dense in ranp;. We show that

(2.1) pi(rangi) = ranp;.
Indeed, suppose ¢ € ran pi is orthogonal to pigin for any . Then
{ain, &) = {arn,pré) = (prain. &) =0,

hence ¢ € ranq, and (2.1) follows. Therefore, pj < ¢i-. Similarly, we show that
pt = qi-- Thus, pi- ~ gi".

Now suppose the statement is true for n, and pi,ps, ..., pn, Pni1 are projections
in N. By Lemma 2.1, we can assume that, for 1 < j < n+ 1, ker (p;...p1) =
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kerp; (hence, kerp; Nran (p;—1...p1) = {0}), and ranp; = ran (p] .p1). Let
7= pn A pi.q, and pl, = p,r-. By assumption, ker p,; Nran(p, ...p;) = 0, hence

ker (p/,pn_1...p1) = ker (p,pppn_1...p1) = ker (p,...p1) = ker p;.

Note that ran (p/,p,_1...p1) = ranp). By the induction hypothesis, kerp/ ~
ker p;. Moreover, p,+1(p, —pl,) = 0, hence ppi1py - .. D1 = Ppy1PhyPn—1--.p1. In par-
ticular, ran (pn41p},) = ranpy,i. Finally, pnyi1|ranp, is surjective, hence ker (p,1p},)
= ker p/,. However, as shown above, ran (p,11p},)* ~ ker (p,,1p/,). Taken together,
all the equivalences of the last paragraph complete the proof. [

Lemma 2.15. If n > 2, and p1,...,p, € P(N) are such that py A\ ... A p, = {0},
then ran (p,, ...p1) <<,—1 ker (p,...p1).

Proof. By Lemma 2.1, we assume that, for each k, ker p, Nran (py_1...p1) = {0}
(hence ker (py, ...p1) = ker py), and ranp, = ran (py ... p1).

The lemma is proved by induction over n. If n = 2, we have to show that, given
p1,p2 € P(N) with p; A pp = {0}, we have ran (pop1) < ker (pap;). By Kaplansky
Formula,

pr(ker (pop1)) = pr(kerp;) = (p1 V p2)* + (p1 V p2 — p1)
~ (p1 V p2)" + p2 = p2 = pr(ran (psp)).
Now suppose the statement of the lemma holds for n, and prove it for n + 1.
By Lemma 2.13, kerp, ~ kerp; for 2 < k < n+1. Let r = py A... A p,, and

q = pr(ran(p,...p1)) — r. Clearly, » commutes With pk (1 < k < n). Applying

the induction hypothesis to the projections pprt (1 n), we conclude that

)
q <<n_1 1t —rip; < pi. Moreover, r A p, = {0}, hence ker (pqr) = {0}. This

implies r < py 1 ~ pi. Thus, by Lemma 2.2,

pr(ran (pys1-..p1)) < pr(ran (p,i(q +7))) < g+ <<, py-

Corollary 2.16. If py,...,p, € P(N) , then
ran (p,...p1) © (Af_ipk) <<n—1 ker (p,...p1).

This result can be reformulated as follows: suppose a = p,,...p;. Then Tana ©
ker (1 —a) <, kera.

Proof. Note that the projection p = (A?_,pr)* commutes with py for each k. Let

Pl = ppr. Then A7_,p, = {0}, ker (p,,...p1) = ker (p),...p}), and ran (p,...p1) ©
(AR_ypk) = ran (p), ...p}). An application of Lemma 2.15 completes the proof. =

Proof of Theorem 1.1(2). Combine Corollaries 2.14 and 2.16. n
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Remark 2.17. The conditions ||ul| < 1, keru ~ (ranu)* are not sufficient to
guarantee that u is a product of projections. Indeed, suppose N' = ((R), where
R is a I, factor. Fix A € (0,1). By Theorem 1.2, for every n € N there exists
pn € P(R) s.t. —Ap, cannot be represented as a product of less than n projections.
Consider v = (uy,)nen. Clearly, |Ju]| = ), and keru ~ (ranwu)*, yet u is not a
product of projections.

Proof of Proposition 1.2. (1) Suppose —Ap = p,,...p;. Pick a norm one £ € ranp.
For 1 <k < n, let ug = p, and up = pg...p;. Note that up_1 — up = pﬁpk,l .o D1,
hence ||(u—1 — up)§||* = af, where ay, = ([ug—1€]|* — [[w&|]*)'/?. But

1= 2 = [l€]® = llpn- .- p&lI* =) _ o
k=1

Thus,

n

L+A=] Z(uk—l —up)l < ) ap < \/ﬁ(z )% = /nv1 = )2,
k=1 k=1

k=1
hence n > (1+ X)/(1 — ).

Now suppose —Ap = pj...p1, and show that pt is k-majorant. Clearly, p; A
... Apr = {0}. For notational simplicity, let pj, = po = p. For 1 < i < k, define
pi=pApiA...Ap;, and ¢; = p,_; — p;. Note that the projections ¢; are mutually
orthogonal, and p = Zle gi- Moreover, for each 7, p;§ # £ for any £ € rang;
(otherwise, we would have & € ran(p A p1 A ... Api_1 A p;)), hence ppilrang 18
injective. Thus, ¢; is equivalent to pr(ptp;q;), and therefore, p* is k-majorant.

(2) Suppose p is as in the statement of the theorem, and —Ap = p,...p; =
Dn--.-p1p- As above, let ug = p, and up = p...p1p for 1 < k < n. For such k,

1

let v, = ug_1 — ux = pipr_1...p1p- Note that p < py for each k, hence 7(p;
1—7(pr) 2 1—7(p).

Denote the matrix units in M, by E;; (1 < i,j < n). Let M,(N) be the von
Neumann algebra of all n x n matrices with entries in A. Equip M,(N) with
the trace 7, defined by 7,(3°",_, Eyj ® ay) = >, 7(ai). We identify N with
E1 @ N — M, (N) (that is, with the upper left corner of M, (N))). Define v, w €
M,(N) by setting v = > | By ® v, and w = > | Ey; ® pi-. Then (1+ \)p = wo,
hence ||(1 + Apllz2 < |Jw|2||lv]| (here, ||a|s = (7n(a*a))/? for a € M,(N)). But
(14 N)pll2 = (1 + X)7(p)'/2. Moreover,

n n
ww* = Zpépkq - -p1pp1 - - .pk_ﬂﬁ < Zpﬁ,
k=1 k=1

hence
n

lwll2 = 7 (w*w) = T(ww") < Y 7(pr) < n(l —7(p)).
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Finally, |[v|| < V1 —A2. To see this, view N as acting on a Hilbert space H. If
¢ € ranp, then the reasoning of part (1) shows that

lvel|* = ZII (i1 — u)€])* = Z(Huz 1€l = flusg|?) = (1 = A)[€11"

As v =v()_, B ®p), we obtain the desired estimate for ||v]|.
By the above inequalities, (1 + \)?7(p) < n(1 — 7(p))(1 — A?), which yields the
lower estimate for n. |

2.4. Closure of products of projections. For the proof of Theorem 1.5, we need
a technical lemma (it may be known to specialists).

Lemma 2.18. Suppose N is a separably acting von Neumann algebra without sum-
mands of finite type I. Then there exists a double indexed sequences of projections
o in N (k €N, 1< n<2%) such that:

(1) For each k, the pm]ectwns (]),(1))“’c 1 are mutually orthogonal, equwalent to

each other, and Zn 1pn = 1. If N is properly infinite, then pn ~ 1 for
any n or k.
(2) The sequence (sz))keN converges to 0 in the strong operator topology.

Proof. By the type decomposition, we can assume that either A is finite (hence
of type I1Iy), or it is properly infinite. Part (1) can be obtained by a repeated
applications of the standard “halving” results (see e.g. Propositions V.1.35 and V.1.36
of [15]). Moreover, we have pit’ = p&h 4+ p+) for any 1 < n < 2%,

To tackle (2), recall that N is a WOT closed subalgebra of B(H), where H is a
separable Hilbert space. Suppose (&;);en is a dense subset of the unit sphere H. It
suffices to show that there exists a sequence (ny)gen such that pgi)fz — 0 for every
i. More precisely, we shall select sequences (ny) and (ks) so that Hp(ks &l < 278
whenever 1 <7 < s.

By the Pythagorean theorem,

(2.2) Z IpP&|> =

for each i and k. More generally, for any i, k >m, and 1 </ < 2™,

2k—my
(2.3) S 1Pl = (I
n=2k-m({—1)+1
We select k; and ny using (2.2). Suppose nq, ..., ns, ki, .. ., ks satisfying our inequal-

ities have been selected. Let kyy1 = ks+s+2, and find ng € (2kst17Fap 2Fs1=kep ]
with the desired properties. To this end, for 1 <i < s+ 1, let

Si = {n € (kaﬂ_ksnm QkSHRS] ‘ Hpgzk)&H < 2_(S+1)}7
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and S¢ = (2ks+17kep 2ksri=kin 1\ G, By (2.3),

2](?7165 N

Yoo IpPalrr <2

n=2k—ks (ngs—1)+1

for 1 <i<s, and

2](?7165 ns

Yoo el <

n=2k—ks(ngs—1)+1
Therefore, |S¢| < 4 for 1 <i < s, and |S¢, | < 226+, But

s+1
|(2Ferrhop, gberiho ]| = ghenihe 5 ot s >3 781

=1

and therefore, by the pigeon-hole principle, there exists n, € UfillSZ [

Proof of Theorem 1.5. First suppose N has no summands of type I,,. It suffices to
show that any v € N with ||u]| < 1 belongs to the 7-closure of the products of
projections.

Write N' = N @ N, where the von Neumann algebras N; and N} are finite and
properly infinite, respectively. The identities of the summands are denoted by 1p;
and 1[f respectively. By Lemma 2.18, there exist mutually orthogonal projections
( € ./\/[f and (p[z] )2, € Ny, so that

(1 ~ pff]) it m # n, and p(k) ~ 1y for any n;

)
) p
(2) Zn 1P[z] = 1p, and Z lp[f = L3
(3) the sequences (pf])Qk)keN and (p (f])Qk)keN converge to 0 in the SOT.

For k € N and o € {i, f}, let v = p&) 2kup&€ o Clearly, vy + vy — w in the

topology 7. It remains to approximate v}, in the norm topology by products of

\)

projections.

Denote the initial and final projections of v}, by D p[a} . and p p[a k, respectively.

First consider vjs . By Proposition V.1.38 of [15], 1jy — pfa}’) 1y — pg})

(k)
2k
2_majorant. By Theorem 1.1, v[f),k 1 a product of projections.

That is, ker vy, ~ (ran vm,k)L. Moreover, ran p,,’ — ker vy, hence ker vy is

Now consider vy . Then ker vy, = pfs)% ~ 1y, hence ker vy, is 1-majorant.
Moreover, (ran vy ;)" > p%gk ~ 1y, hence ker vy, ~ (ran vy ;)*. By Theorem 1.1,
vjk 18 a product of projections.

Now suppose zN is a type I, von Neumann algebra for some central projection

z € N and n € N. It suffices to show that —z does not belong to the WOT closure of
the products of projections in zN. We shall find a WOT continuous linear functional
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fon zN s.t. f(z) =n, and, for any product of projections u, either |f(u)] <n —1,
oru = z.

By Theorems 9.3.2 and 9.4.1 of [9], 2 is unitarily equivalent (via a unitary U) to
M, ® Lo (2, 1) @ I, where K is a Hilbert space, and p is a o-finite measure on a set
2. Denote by (e;)’, the canonical basis in ¢4, and fix norm one vectors & € Lo(u)
and n € K. Define f by setting, for a € 2N,

fla) =) ((Ual)e; @ E@n,e; @€ @),
i=1
Clearly, f(z) = n. Moreover, if u € zN is a product of projections, different from
z, then (U*ulU)(w)|mecy has norm not exceeding 1, and rank less than n, for almost
every w € . Then, |f(u)] <n—1. u

3. PRODUCTS OF IDEMPOTENTS

In this section, we consider products of idempotents in von Neumann algebras. A
subspace F, affiliated with a von Neumann algebra N, is called a complement of E
if there exists an idempotent p € N s.t. ranp = E and kerp = . A complement
need not be unique. However, all the complements of a given E are equivalent to
each other. Indeed, suppose F; and F;, are two complements of F, corresponding to
the idempotents p; and ps, respectively. Then 1 — p; is a bijection from F, to F}.

Moreover (see e.g. [3, 10]), if ¢ is an idempotent in a C*-algebra (not necessarily
a von Neumann algebra) A/, then there exists a (unique) projection p € N onto the
range of ¢ (equivalently, pg = ¢ and gp = p). Furthermore, there exists an invertible
u €N s.t. ¢ =pu and up = p. Indeed, consider

u=q+p (1—q =p +qg=1+gp (1-q).
Then v is invertible (u=! = 1 — gp*(1 — ¢)), and the above inequalities can be easily

verified. In fact, u maps ker ¢ onto ker p (u(1 —q) = p).
Extending this to a product of several idempotents, we obtain:

Lemma 3.1. Suppose qi, ..., q, are idempotents in a C*-algebra N'. Then there exist
projections p, ...,p, € N, and an invertible element v € N, such that N}_,ran p; =

n _ _
ﬂk:lran 4k, dn ---4q1 = UPp - .. D1, and ’U’ﬂzzlranpk - [ﬂzzlranpk'

Proof. Proceed by induction over n. The base of induction (the case of n = 1) has
already been established. Suppose the statement is true for n — 1, and prove it for
n. Suppose qi,...,q, are idempotents. Then there exist projections pi,...,pn_1
and an invertible u s.t. ¢,_1...q1 = up,_1...p1, and the set of fixed points of u
contains ﬂZ;%ran Pr = ﬂZ;%ran qs. Write v 'g,u = wp,, where the projection p,
has the same range as u~'q,u, w is invertible, and Wlranp, = Iranp,. Therefore,
Gn---q1 = VUDy ...p1, With v = ww, has the desired properties. ]
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Proof of Theorem 1.6(1). Suppose a is a product of n idempotents, belonging to a
von Neumann algebra N, acting on a separable Hilbert space H. By Lemma 3.1,
we can write a = vp,, ...p;, where v is invertible, and p1,...,p, € P(N) s.t. a =
UPy . ..p1. Moreover, v fixes F = N}_jranp,. Let ' = H © (FE + keru) (clearly,
E +keru is closed). Then F' = p,,...p;(F) is orthogonal to E (cf. Observation (iii)
of Section 2.1). Let G = v(F”’). As v is invertible, G and E are at positive angles.
An application of Lemma 2.13 and Corollary 2.16 completes the proof. [

To prove Theorem 1.6(2), we need some auxiliary results.

Lemma 3.2. Suppose N is a von Neumann algebra, and the projections pi,ps € N
satisfy ||pipe|]| < 1. Then for any u € N satisfying u = pyupy there exists an
idempotent h € N such that hpy = u, and p1h = h.

Proof. By the proof of Theorem 2.1 of [10], there exists an idempotent ¢ € N s.t.
qp1 = p1, P1q = ¢, and gpe = 0 (in other words, ran ¢ = ran p; and ker ¢ D ran p,).
Then h = qu(l — q) + ¢ is an idempotent (h? = h). Moreover, gps = 0, hence
(1 —q)p2 = p2, and hpy = qupy = qpiupy = prupy = u. Finally, p1g = ¢, hence
p1h = h. ]

Proof of Theorem 1.6(2). Consider u and F as in the statement of the theorem.
Then the spaces G = u(F) and G’ = pr(E)*(G) are affiliated with N'. Let po, p
and ¢ be the projections onto E, G', and (E + G)*, respectively. Moreover, let p’ be
the idempotent whose range is F, and whose kernel is G + (E + G)* (it belongs to
N, by Theorem 2.1 of [10]). Note that ker p = ker p/, hence, by the remark before
Lemma 3.1, there exists an invertible w € N, s.t. wp = p/, and Wlkerp = Ikerp-

Let ¢ = (2||pupr(F)||)~!, v = po + cpupr(F), and v = py + ¢~ 'p'. Then u = vu/.
By Theorem 1.1, ' is a product of 2yn projections. It remains to show that v is a
product of 2n idempotents.

There exist mutually orthogonal projections py,...,p, s.t. p1 + ...+ p, = p, and
partial isometries wy, with the property that p, = wjws, and ¢, = wpwy, < q. Let
p; = wp;. Note that pp; = pwpp; = pp'p; = pp; = p;, hence

PP} = Pipp; = Pipi = { 7 j ;z

Furthermore,
;o
= ={ 5 17
Finally, pip; = wp;p; = 0 if i # j, = p’; otherwise.

Note that ¢ is orthogonal to py+p for each k, hence, by Lemma 3.2, for 1 < k < n
there exists an idempotent hy; € N s.t. hgi(po + p) = wy. Moreover, pr(ranpj) is
at positive angles with py, and orthogonal to ), 41, Pi, hence, by Lemma 3.2 again,
there exists an idempotent hyy € N s.t. hya(qr + po + >, pi) = vwy. Note that



16 T.OIKHBERG

ran hy; = rang; and ran hgy, = ranp, (by definition, v takes ranp; onto ranpj).
Then h}; = hi +p0+2#k pi is an idempotent. Furthermore, let pr = pr(ran pyp},).
By [10], there exists an idempotent p} € N s.t. prp) = P}, Pipx = Dk, and
Pi(po — Pe+ Y _pi+ 1 +q) =0.
itk
Then hjy = hya + po — Pr. + P + Dz Pi is an idempotent, and

k2l = ploprk + Zpi + Po-
itk
From the above formulae on the products of p;’s and p/’s, [[;_, (hjohi,) = v. Thus,
v is a product of 2n idempotents. [

Proposition 3.3. Any product of idempotents in a von Neumann algebra N belongs
to the norm closure of invertible elements of N.

Proof. Combine Theorem 1.6 with Theorem 1 of [7]. |

Proposition 3.4. Suppose N is a von Neumann algebra without finite type I sum-
mands, acting on a Hilbert space H. Then for every ¢ > 0 there exists u € N s.t.
ranu < kerw, and ||ul| = ¢, yet u cannot be written as a product of less than three
idempotents in B(H).

Lemma 3.5. Suppose N is a von Neumann algebra without finite type I summands,
and pi,...,pp € N are mutually orthogonal, mutually equivalent projections, such
that p1 + ...+ p, = 1. Then p1N'p1 has no finite type I summands.

Proof. Suppose, for the sake of contradiction, there exists a central projection z; €
piNp1 st. zipiNpr = 21N s of finite type I. For 2 < k < n, there exists u, € N
s.t. wpuy = p; and ujuy = py. Then z = z; + ZZZQ Uz Uy is a central projection in
N Indeed, any x € N can be written as x = > )", prwpe. Note that

* * * * * * *
2praPr = Upzupupupzu e = uy(2p1) (ugruy )y = uy (upru)) 21y = pRIpez,

which shows the centrality of z. Then zA is isomorphic to M, (z1.N'), hence of finite
type I. [

Proof of Proposition 3.4. By [15], Proposition V.1.35, any von Neumann algebra M
with no finite type I summands contains a projection p s.t. p ~ p*. By Lemma 3.5,
pMp has no finite type I summands. Denoting 1 by p(()o), and applying these results,
we obtain the existence of projections (p,(gn)) (n €N, k €{0,1,2,3}), such that, for

each n € N, the projections (p,(c")) (k =0,1,2,3) are mutually orthogonal, mutually

equivalent, and 377, p,(cn) = pén_l). For n € N and k& = 2,3, there exist partial
isometries u,(gn) € N s.t. u,(cn)u,(gn)* = p,(;i)l, and u,(gn)*u,(cn) = p,(cn). Define u € N by

setting u = ¢3.0° S u\™ As shown in [5], u cannot be a product of less than
three idempotents. [
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Theorem 3.6. Suppose N is a separably acting von Neumann factor, and v € N is
such that both pr(ker u) and pr(ranu)t are equivalent to 1. Then u is a product of
three idempotents.

In the statement of the theorem, N is a factor of type I, 1, or I1I. The type
I case was handled in [5].

Lemma 3.7. Suppose N is an infinite von Neumann factor, and the projections
p1,p2 €N are such that (1) ||pip2|| < 1, and (2) pi and py are infinite. Then there
exists an infinite projection p € N s.t. ||pps|| <1 fori=1,2.

Proof. If py is finite, then p = pi- A py is an infinite projection. Indeed,
Py =Py APt ~py Vpr —pi <1 —pi=pi,

hence py < py Apf +p1. If pis a finite projection, then py is also finite, which yields
a contradiction.

Thus, we can assume that both p; and p, are infinite, and p; V py is finite.
Consider the polar decomposition p;ps = UA, where A is a positive operator, and
U is a partial isometry. Suppose first that there exists ¢ > 0 s.t. ¢ = x[¢,1)(A) is an
infinite projection. Then E = rangq is a subspace of F' = ranpy. As U is a partial
isometry, p;(E) is orthogonal to p,(F © E). Then p; (E) is orthogonal to pi (F O E).
Indeed, for € € Fandne FFo E,

Let p = pr(py(E)). Then p is infinite (it is equivalent to q), pp; = 0, and ||pps|| =
Ipiq|] < V1 — ¢ (the last inequality follows from the Pythagorean Theorem). Thus,
p has the desired properties.

Suppose X0.1,1](A) is a finite projection. Then ¢ = psxo,0.1](A4) is infinite, and so
is g1 = p1 — pr(ran (p;(p2 — q))). Moreover, for any £ € rang,

lprell” = lI€1* = Ipagl* = llEl” — 1A€]* > 0.99]¢]>

Therefore, pi is injective on ran g, and ¢ = pr(ran (pi-q)) is infinite.

Consider a partial isometry u s.t. u*u = ¢ and uu* = ¢;. Let v = (ugs + C]2)/\/§
(this is a partial isometry), and p = pr(ranv). Then p ~ ¢y, hence it is infinite.
For any ¢ € ranp, |qé]l = [l = [€]/v2. Therefore, |gopll = llaupl| = 2712
Note that p; — ¢ is orthogonal to both ¢; and ¢ < p;, hence (p; — ¢1)p = 0, and
lpipll = llarpl| = 2712
lap|l < |lg2pll + |lg — ¢z2||, it remains to establish that ||¢ — ¢2|] < 0.11.

By Akhiezer-Glazman formula (see e.g. [11, 17]),

. Furthermore, (p2 — q)p = 0, and therefore, psp = gp. Since

(3.1) lg = g2l = max{llaz all, la~ a2}
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Recall that ¢, was defined in such a way that ||¢3¢|| = ||p1¢|| < 0.1. Furthermore, for
any norm one £ € ran gy there exists n € rang s.t. £ = g, and ||p||* < 1/(1—-1072).
Then

lg=&lI* < 1€ = nll* = lInl* — lI]* < 1/99,

and therefore, ||gtq:| < 9972 < 0.11. Plugging the estimates for ||¢* gz | and ||¢3 q||
into (3.1), we complete the proof. [ ]

Proof of Theorem 3.6. Let p; = pr((keru)*) and p, = pr(ranu). By Lemma 3.7,
there exists ps ~ 1 s.t. ||psp1l], [|psp2l| < 1. Denote by v the partial isometry
satisfying vv* = p3, v*v = p;. By Lemma 3.2, there exist idempotents ¢o, g3 € N s.t.
q@2p1 = v, and g3p3 = wv*. Then g3qap1 = up; = u. u
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