THE NON-COMMUTATIVE GURARII SPACE
TIMUR OIKHBERG

ABSTRACT. We construct a “universal space” for 1-exact finite dimensional oper-
ator spaces (an analogue of the Gurarii space).

1. INTRODUCTION

The main result of this paper is a construction of an “almost universal space for
finite dimensional inclusions of 1-exact spaces.” Recall that an operator space X is
called c-ezact if, for every finite dimensional subspace E of X, and for every ¢ > 0,
there exists a subspace F' of M, satisfying du(E, F') < ¢+ €. Following [4], we say
that a separable l-exact space X is non-commutative Gurarii (NG for short) if it
satisfies the following condition: suppose a finite dimensional operator space F is 1-
exact, I is a subspace of F', E’ is a subspace of X, and u : £ — E’ is an isomorphism.
Then for any § > 0 there exists a subspace I’ of X, containing E’, and linear map
@: F — F'  such that @|g = u, and ||@]|s|a " e < (14 0)[Jullellu™| -

Following the classical theory of L..-spaces (found, for instance, in [8]), we say
that an operator space X is an OLq .-space (¢ > 1) if, for every finite dimensional
subspace E of X, there exists a finite dimensional C*-algebra A (recall that A =
(>, My, )oo), and a subspace F' of X, containing E, s.t. dg(F,A) < ¢. X is
an OLx cv-space if it is an OLy 4.-space for any ¢ > 0. We say that X is an
OL-space if it is an OL ~-space for some ¢ > 1.

More generally, the classical £,-spaces have a non-commutative analogue, namely
OL,-spaces. The investigation of the latter class of operator spaces has been very
active lately, see e.g. [5] and the references contained therein.

Clearly, every OL. -space is c-exact. By [2], every separable l-exact space
embeds into a separable OL ;4-space completely isometrically. One can easily
see that any NG space is an OL., 11-space. We shall show that, moreover, every
separable OL, ;4-space is contained in some separable NG space. More precisely:

Theorem 1.1. Suppose Y is a separable OL, 14+-space. Then there exists a non-
commutative Gurarii space, containing Y as a completely contractively complemented
subspace.
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This theorem is proved in Section 3. We also show the “almost uniqueness” of
an NG space: any two NG spaces are c-completely isomorphic, for any ¢ > 1. Fur-
thermore, we establish that an NG space cannot be isometric to a unital Banach
algebra.

The necessary ingredients are collected in Section 2.

Throughout the paper, we are freely using the standard operator space and Banach
space terminology and results. The reader is referred to [3, 11, 12] for operator spaces,
and [9] for Banach spaces.

2. PRELIMINARIES

Below we introduce some constructions involving operator spaces, to be used
throughout the paper.

2.1. The functor MIN,,. Recall that, if E is an operator space, and n € N, then
MIN,,(E) is isometric to E as a Banach space level, and

[ lvx e, = supl{l|(u @ Ik, x|l |u € CB(E, My), [ulle, < 1}

for v € E® I, (Ko denotes the space of infinite matrices with finitely many non-
zero entries). More information of these spaces can be found in [7, 10]. Some useful
properties of the functor MIN,, are summarized in the following lemma:

Lemma 2.1. Suppose E and F' are operator spaces.

(1) If u € B(E,F), then
HUHCB(E,MINTL(F)) = H[Mn ® UHB(Mn(E),Mn(F))'

In particular,

|ullesoim, @) M, (7)) = 1, @ ull B, (2),00 (7)) -

(2) If E is a subspace of F, then MIN,,(E) is a subspace of MIN,,(F).

Proof. (1) follows from Smith’s lemma (Proposition 2.2.2 of [3]). An application of
Stinespring Extension Theorem yields (2). |

For an operator space F and n € N, let a,,(E) = ||id : MIN,,(E) — E|| (this
number can be finite or infinite). Clearly, a,,(E) < o, (F) if E is a subspace of F.
Moreover, a;(E) > as(E) > .... If E is finite dimensional, then lim, o, (F) = ex(E)
(the exactness constant of E).

It is easy to see that, if a,(F) is finite, then F embeds into ¢(Z, M,) (Z is an
appropriate index set) a,(E)-completely isomorphically. If F is finite dimensional,
then we have:
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Lemma 2.2. Suppose E is a finite dimensional operator space, and € > 0. Then
there exists an operator space X , o, (E)-completely isomorphic to a finite dimensional
C*-algebra A, and a subspace F' of X satisfying de(E, F) <1+ ¢.

The above result follows immediately from the following technical lemma:

Lemma 2.3. Suppose Cy,Cy > 1, the operator spaces E and F' are CCy- completely
isomorphic, and F is a subspace of X. Then there exists an operator space Y, i
subspace G and operators v : G — E and v : X — Y, such that ||u|a < C’l,
[ut o <1, fvlles < Co, ([0 |ew < 1, and v(F) = G.

Proof. Find an operator T : F' — E s.t. ||T || = C1Cy and ||T ||, = 1. Let Fy = F,
and define the new operator space structure F; on F in by setting

[zl mexe = (T ® Ix) ()| Box,
for any z € F®Ky. Let G = (Fy, F)g, where 6 € [0, 1] satisfies (C1C5)? = Cy. Then
lid : Fo — Glloy < |lid : Fo — Follg, °llid : Fo — Filg, < Co,

and similarly, ||id : G — Fi||la < C, |lid : G — Fo|la < 1, and ||id : Fo — G||a <

(¢d denotes the formal identity map). Since Fj is completely isometric to E, we
obtain the existence of an operator u as in the statement of the lemma. To define Y,
note that G embeds completely isometrically into B(H ), for some Hilbert space H.
By Stinespring Extension Theorem, there exists S € CB(X, B(H)) s.t. ||S]|s < Co,
and S|p =id: F — G. Define Y by setting

1Yllyere = max{[|yllxex,, (S @ L) W) Bener, }
for y € X ® Ky. The formal identity map from X to Y now works as v. ]

2.2. Direct sums and quotients of operator spaces. Recall first that, for a
family (Z;) of operator spaces, the ¢ direct sum Z = (). Z;)1 is defined as follows:
any element z € Z ® Ky can be represented by a family (z;), with z; € Z; ® Ky. We
set

121l zaxo = sup | > (T @ Iic) Zil| by

where the supremum is taken over all Hilbert spaces H (we can restrict their density
character appropriately), and all families of complete contractions 7; : Z; — B(H).
On the Banach space level, this definition yields the classical £; sum of Banach spaces
(this follows from Hahn-Banach theorem). If the family (Z;) is finite, we also use the
@, notation as an alternative.

If Z is a subspace of an operator space Y, then the quotient operator space Y /Z
is defined by setting, for x € Y/Z & Ko,

2 lly/zex, = mi{{[yllyer, [+ = (¢ ® Ik)y},
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where ¢ : Y — Y/Z is the quotient map.

Throughout the paper, we are going to use the following construction: suppose
(Zi)o<i<nv (N may be either finite or infinite) is a family of operator spaces, (E;);>1 is
a family of subspaces of Zy, and, for each i € [1, N|, we have a ¢.b. map u; : E; — F,
where F; is a subspace of Z;, and u; ! is a complete contraction. We define the space

7 = (ZZi)l/E’ where E = span[(z,0,...,0, —u;2,0,...)|z € E}]
i>0

(it is easy to see that E is a closed subspace of (> Z;)1).

Lemma 2.4. In the above notation, denote by Ji, (k = 0) the formal identity map
from Zy into Z. Then:

(1) Jo is a complete isometry.

(2) Fork =1, Jy is a complete contraction, and || J, || < ||ur]|e-

Proof. Clearly, J is a complete construction for every k.

To show that Jy is a complete isometry, consider = € Zy ® Ky. Then

1(Jo @ Iicy) ()| zico = infsup [[(To @ I,)(x = > ) + > _(Tows @ I, ) (e,
(e (1) i>1 i>1
where the infimum and the supremum are taken over all selections of e; € E; ® Ko,
and all the complete contractions T; : Z; — B(H), respectively. Let Ty : Zy — B(H)
be a complete isometry. For ¢ > 1, Stinespring Extension Theorem guarantees the
existence of complete contractions T : Z; — B(H) for which Tj|r, = Tyu; . Then
I(To @ Ic,) (@ = Y es) + Y (Tos @ Iicy) ()| = [(To @ Iy ()| = ]
i>1 i>1

which proves (1).

It remains to prove that ||J, || < ||uslle for k& > 1. To this end, take z € Z;, ®K,.
Then

1T @ Tico ) (@) || zeoxcy

(T ® Iico) (2) + > (To ® Iy ) (&) — (T @ Ty ) (e4)) |,

i>1

= inf sup ||
() (1)
where e; € FE; ® Ky, and the maps T; : Z; — B(H) are complete contractions.
Now suppose T' : Z;, — B(H) is a complete isometry, and let T, = T'/||ugl||s. Let
Ty : Zy — B(H) be a complete contraction for which Ty|g, = Tyug. For i ¢ {0, k},
find a complete contraction T : Z; — B(H) so that Tj|r, = Tou; '. Then

105 @ I @l zor, > 1T @) + Y (T Te)er) — (T @ i )(e)
(T ® Ie) (@) = 14

e lep
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2.3. The general form of a separable OL, .-space. Following [6], we use “in-
ductive limits” to describe separable OL .-spaces. Suppose we are given a se-
quence of complete contractions u; : E; — Fiy; (i € N), such that [, [|u;'||e < oo
(abusing the notation somewhat, we view u; ' as a map from u;(E;) to E;; u; ' need
not be defined on the whole E;; ;). Then the inductive limit lim,,) E; of the sequence
a

(£:) contains a [, ; [lu; " [|-completely isomorphic copy of Ej, for any j.

Lemma 2.5. For a separable infinite dimensional operator space X, the following
statements are equivalent:
(1) X is an OLx .+ -space.
(2) For any sequence (£;)32, of positive numbers, satisfying ), e; < 0o, there ex-
ists a sequence of finite dimensional spaces (Y;)52,, such that du,(Y;, A;) < ¢
(A; is a finite dimensional C*-algebra), and a sequence of complete contrac-
tions u; : Y; — Yii1, such that ||u; | < 1+ &, and X = lim,,) Y;.
(3) The statement of (2) holds for some sequence (€;)52, with ), &; < 00.

Proof. The implication (2) = (3) is trivial, and (3) implies (1) by the discussion
above. It remains to show that (1) = (2). Find a sequence (J;) of positive numbers
satisfying (1 + 6;41)%> < 1+ 8; < /1+¢; (for any 7). By definition, there exists
a sequence (X;) of finite dimensional subspaces of X, such that X; — Xy — ...
X = U;X;, and d(X;, A;) < c(1+6;), where, as before, A; is a finite dimensional C*-
algebra. By Lemma 2.2, for any ¢ there exists and operator space Y; s.t. du(A;,Y;) <
c, and there exists T; : V; — X; s.t. ||Till = (14 ;)7 and || T; e < (14 6)%
Then u; = T;;1T; is a complete contraction, and [lu; '[|s < (14 6;)% < 1 +&;. ]

3. PROOF OF THE MAIN RESULT

In this section, we establish Theorem 1.1, and show some properties of NG spaces.

A word about notation: if u : X — Y is a linear map, we shall use u=! for an
operator from u(Y’) to X.
Proof of Theorem 1.1. Fix a decreasing sequence (d;);eny of positive numbers; s.t.
>.;0; < oo. By Lemma 2.5, there exists a sequence (Y;):2, of finite dimensional
C*-algebras, and operators u; : Y;—1 — Y; (¢ > 1), such that Y = lim,,) Vi, ||wille <
(1 +6;)7Y2 and ||u; |l < 1+ d;. Find an increasing sequence (n;) such that
Y, embeds into M,,, completely isometrically. For simplicity, assume that Yj is 1-
dimensional, and take ng = 1.

Fix a sequence (¢;)°, C (1,00), increasing without a bound. We are going to

construct a sequence of separable spaces (X;)2,, such that:
(1) an(X;) = 1.
(2) There exists a complete contraction v; : X;_; — X;, such that ||v; || =
oy < 1+ 5.
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(3) There exists a completely isometric embedding J; : ¥; — X;, and a completely
contractive projection P; from X; onto J;(Y;), satisfying Jyu; = Pw;J;_1.

(4) If E is a subspace of X;_; of dimension less than n?, and the operator T :
E — M,, is such that |T||s < ¢;, and T~! is a complete contraction, then
there exists a complete contraction S : M,,, — X; s.t. ||S™ | < (148) [T ]|,
and ST = v;|g.

Once this sequence is constructed, we define X as lim(,,) X;. Clearly, X contains
Y as a completely contractively complemented subspace. To show that X is an NG
space, suppose FE, E', F', u, and ¢ are as in the definition of such space. Without

loss of generality, assume that ||ul|s, = 1, and let ¢ = ||u™!||4. Fix ¢ > 0 for which
(14 0)" < 1+4. There exists w : F — G (G is a subspace of M,,), s.t. [|[w™!|s =1,
and ||w||ls < 1+ 0. Fori > 1let ; = ...0 v, ov; be the embedding of X; ; into

X. By (2), 9; is completely contractive, and ||7; || < A = [15:(1+6).

Select i so large that: (1) n; > n, and ¢; > ¢(1+0)% (2) A; < 1+0; (3) there exists
an automorphism U of the space X such that |[U Y5 < (1 + 0)%, ||Ul|le = 1/N;,
and U(E") C 0;(X;_1) (the existence of such i follows from the “small perturbation
principle”, see e.g. Section 2.13 of [12]).

Consider a subspace Ey = 9; (U(E")) of X;_1, and define T : Ey — M, by setting
T = wu= U0 g,. Then T~ is a complete contraction, and ||T||4 < c¢(1 + o)3. By
(4), there exists a complete contraction S : M, — X; s.t. ST = v|g,, and ||S™H|a <
c(1+0)* Then @ = Uty 1Sw extends u, [[i]|s < (1+0)3, and [[a7 Y| < (1 + o)™

To construct a sequence (X;) satisfying (1) - (4) above, let Xy = Y. Suppose
X,_1, satisfying the desired properties, has already been constructed. We shall use
it to describe X.

By Section 2.13 of [12], there exists a family (£;,7});en (£; is a subspace of X;_;
of dimension less than n?, and T} : E; — M,, satisfies | Tj|la < ¢, [T} e = 1)
is such that, for every £ and T as in (4) above, and for every € > 0, there exist
automorphisms U and V' of X;_; and M,,, respectively, such that U(E) = E;
VAT, U|p =T, and ||U]leo, |U oy |V lens IV Hew < 1+ €. Tt suffices to construct
X; in such a way that, for every j, there exists a complete contraction S; : M,,, — X,
extending v;|p, s.t. [|S; e < (1 + 6) 1T | co-

Let X{ = Xi_1®1 (D_; Mn,)1/F, where F is the linear span of the vectors (e, 0, .. .,
0,—Tje,0,...) (e € E; — X;_1, Tje lives in the j-th copy of M,,). Denote by U
(U;) the embedding of X; ; (respectively, of the j-th copy of M,,) into X!. By
Lemma 2.4, U is a complete isometry, and U; is a complete contraction satisfying
107 e < 1T ~

Now let X; = MIN,,, (X/). Keeping the notation Uy and U; for maps into X;, we
see that these maps are still completely contractive. Moreover, by Smith’s Lemma,
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U e = 11U ® I, ||, hence, by Lemma 2.1, 1U; Mo = [|T]lp even if its domain
is viewed as a subspace of XZ-, and similarly, Uy : X;_1 — X’i is a complete isometry.

Finally, let X’z’ = X, & Y;/G, where G = span|[(—J;,_1y,wy) |y € Yi1]. Let
X; = MIN,,,(X!). As before, we show that y — [(0,y)] is a completely isometric
embedding of ¥; into X;, and the complete contraction w : X; — X; : & — [(&,0)]
is such that ||[w™|ls < 1+ d;. Then S; = wU; is a complete contraction with
157 ey < (14 81T

To define the projection P;, note that P,_; : X; 1 — J;_1(Y;_1) has extends to
a completely contractive projection 15Z from X’i onto J;_1(Y;—1). Define the Q; €
C’B(Xi @1 Y;) by setting Q;((Z;,v:)) = (éiz,yl) Clearly, Q); is a completely con-
tractive projection, and GG belongs to its range. Thus, ); gives rise to a completely
contractive projection on X{ . The corresponding projection on Xj; is also completely
contractive, by Lemma 2.1. We call it P;. ]

Below, we establish the “almost uniqueness” of an NG space, and prove that such
a space cannot be isometric to a unital Banach algebra.

Proposition 3.1. Suppose X; and Xy are non-commutative Gurarii spaces, r1 € X1,
xo € Xo, and ||z1|| = ||z2|| = 1. Then for every € > 0, there ezists a complete

i

isomorphism u : X1 — X with ||ulls||u™|ew < 1+¢, and uzy = xo.

Proof. For j = 1,2, find a sequence (zj;);en, which is dense in X;. Fix ¢ > 0, and
find a sequence (g;) of positive numbers such that [],(1 4+ &;)* < 1+ ¢e. Clearly,
it suffices to verify the existence of the following family of subspaces and operators
between them:

(1) For j = 1,2, Ejp = span[z;] — Ej; — Ejp — ... — Xj. For any i, z;; € Ej;,
and therefore, X; = U, I/j;. Finally, dim £ ; = dim Ej;.

(2) wi € B(Eh9i, E29;) (1 2 0), v; € B(Ea2i-1, E12i-1) (1 > 1) satisty: (a) wozq =
T2, and (b) for i > 1, vi‘E2,2i72 = u;—llv ui’El,%—l = U;17 Hvicha Hv;lncb <
[T +5)% luillens i lleo < TTjei (1 +€5)2(1 + &0).

However, the existence of such sequences of operators and subspaces follows from
the definition of an NG space. [ ]

Proposition 3.2. If X is a non-commutative Gurarii space, and A is a unital Ba-
nach algebra, then d(X,A) > 1+e L.

Proof. Suppose A is a Banach algebra with the identity / (we are assuming ||| = 1),
and v : X — A is a contraction. Suppose, for the sake of contradiction, that
c=]vY <1+e ! Fix A >1s.t.

(3.1) (1 v %)% > c.
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Denote the elements of the canonical basis of 2, by d; and d,. Applying the defining
property of an NG space with F' = (2, F = span[§y], and u : £ — X : §; —
v /||lv ||, we obtain the existence of a map @ : F' — X s.t. ||af|, [|[a~!| < A, and
@l = u. Let T = vi, and note that ||T|| < A and ||T7!]] < c\. Set a = Ty, and
note that ||a|| = 1/(cA). Therefore, by [1],

1 1
sup ||dI +wa|| > d+ v(a) >d—|—M > —<1+—>
weT e c eA

(here, T is the unit circle, d = 1/||v'I||, and v(a) is the numerical radius of a).
On the other hand, dI + wa = T'(6; + wdy), hence, for any w € T,

ld] +wall < || - (|01 + wda|| < A.
This contradicts (3.1). n

Remark 3.3. We do not know whether an NG space is (completely) isomorphic to
a C*-algebra. However, by [6], an NG space is completely isometric to a quotient of
the CAR algebra.

Finally, we observe that § > 0 in the definition of an NG space is necessary. More
precisely:

Proposition 3.4. There is no separable 1-exact operator space such that, for any
1-exact finite dimensional operator space F is 1-exact, its subspace E, and any linear
isomorphism u : E — E' (E' is a subspace of X ) there exists a subspace F' of X,

and a linear map @ : F — F', satisfying u|g = u, and ||@||wl|a s = |ullel|v™ |-

Proof. Suppose, for the sake of contradiction, that X is such a space. As in the
proof of Theorem 1.1, we can show that X contains an isometric copy of C(]0, 1]).
Emulating Proposition 3.1, we prove that for every x1, x5 € X with ||z1]| = ||z2f| =1
there exists a complete isometry u € CB(X) s.t. ux; = xo. This, however, is
impossible (see the proof of Theorem 10 of [4]). n
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