SPACES OF OPERATORS, THE ¢-DAUGAVET
PROPERTY, AND NUMERICAL INDICES

TiIMUR OIKHBERG

ABSTRACT. Suppose 1 : [0,00) — [0,00) is a strictly increasing function. A Banach
space X is said to have the 1-Daugavet Property if the inequality ||Ix+T|| > ¥(||T|])
holds for every compact operator T : X — X. We show that, if 1 < p < co and
K (£p) — X < B(p), then X has the 1-Daugavet Property with ¥ () = (14cpt9)'/4
(here ¢ = max{2, p} and ¢, is an absolute constant). We also prove that a C*-algebra
A is commutative if and only if 1+||T|| = sup{||[[a+wT|| | |w| = 1} forany T : A — A.
Together, these results allow us to distinguish between some types of von Neumann
algebras by considering spaces of operators on them.

1. Introduction

Suppose 9 : [0, 00) — [1,00) is a strictly increasing function. A Banach space X
is said to have the 1-Daugavet Property (y-DP) if the inequality ||Ix +®|| > ¥ (||®]|)
holds for every compact operator ® : X — X. X has the Pseudo-Daugavet Property
(PDP, in short) if it has the ¢-DP for some 1. In particular, X has the classical
Daugavet Property (DP) if it has the ¥-DP for ¢(t) = 1+¢. Recently, the Daugavet
property of Banach spaces was subject of intense investigation (see e.g. [8], [14],
[18]). In particular, the connection between the DP and certain geometric properties
of the unit ball of X was clarified in [8]. By contrast, the study of the PDP is still in
its infancy. In [1] (see also [15]), it was shown that, for p € (1,2) U (2, 00), L,(0,1)
has the -DP with ¢ (t) = (1 + a,t?)'/?, where a, is a constant. In [14], this
result was generalized to non-atomic non-commutative L,-spaces. In this paper,
we establish that certain spaces of operators on £, have the PDP. We say that X is
a large subspace of B({p) if it contains all compact operators on ¢,. In particular,
B(¢,) is a large subspace of itself. In Theorems 2.1 and 2.2, we show that large
subspaces of on B(¢,) (1 < p < 00) have the PDP. Section 2 is devoted to proving
this result.

In Section 3, we consider a different variation on the Daugavet theme. Recall
that the numerical radius of an operator T' € B(X) is defined as

v(T) = sup{[f(T2)[| f € X",z € X,[|f|| = [|=]| = f(z) = 1}.
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It is easy to observe that v(T) < ||T||. If A is a unital C*-algebra and T' € A —
B(H), then, by Theorem 3.4 of [2],

v(T) = sup{|f(T)| | f € A, [[f]| = f(1) = 1}.

The numerical indez of a Banach space X is the largest number n(X) = ¢ such that
v(T) > ¢||T|| for any T : X — X. It follows from Lemma 9.2 of [2] that a Banach
space X has numerical index 1 if and only if 1 + ||®|| = sup{||/x + w®||| |w| = 1}
for any ¢ : X — X.

It is known (see [7]) that a C*-algebra has numerical index 1 or 1/2, depending
on whether it is commutative or non-commutative. We show that, if A is a non-
commutative C*-algebra, then there exists an operator ® : A — A s.t. ||®|| =1
and ||Ix + w®|| < 1.975 whenever |w| = 1. Together with Theorems 2.1, 2.2, and
some results of [14], this result allows us to distinguish between some types of von
Neumann algebras by the structure of linear operators on them (Corollary 3.2).

In Section 4, we discuss real finite dimensional spaces of numerical index 1.
In particular, we show that for any such n-dimensional space, the Banach-Mazur
distance to the Hilbert space is at least cn'/* (Theorem 4.1).

2. Large spaces of operators and the y-Daugavet Property

In this section, we prove that large subspaces of B({,) (1 < p < oo) have
the ¢-DP for ¢(t) = (1 + c,t9)"/9, where ¢ = max{2,p}. More generally, sup-
pose X is a large subspace of B(¢,), and (Y, Z) is a pair (C(K,X),C(K, B({p)))
(K is a compact Hausdorff space), (co(X), co(B(€p))), (L1(p, X), L1 (1, B(€p))), or
(Loo(ty X ), Loo (1, B(£p))). Denote by Jy the canonical embedding of Y into Z
(sometimes we identify Jyy with y).

THEOREM 2.1. For 1 < p < oo, there exists a constant ¢, > 0 such that ||Jy +
®|| > (1 + ¢,||®||7)"/9 whenever ¢ = max{2,p}, Y and Z are as above, and ® :
Y — Z is a compact operator.

If p = 2, a better result can be obtained.

THEOREM 2.2. Suppose p=2,Y and Z are as above, and ® : Y — Z is compact.
Then ||Jy + @|| > 1+ ||®[|/(8V2).

To prove these theorems, we need a series of lemmas. First, we introduce some
notation. Suppose (€2, u) is a measure space, and S is a measurable subset of €.
We denote by Py the “natural” contractive projection from L, (£, ) onto L, (S, p).
If Q = N, p is the counting measure, and S = {i}, we shall, for the sake of brevity,
use the notation P; instead of Pp;y. If H is a Hilbert space and € H is a non-zero
vector, we shall denote by P, the orthogonal projection onto spann].

The lemma below states that a compact operator on a large subspace X — B({;)
(1 < p < o0) “ignores” “far out” columns and rows. More precisely, consider
a Banach space Z and a compact operator ® : X — Z. Note that the spaces
X P, =A{TP|T € X} and P,- X = {P,T|T € X} are isometric to £, and £,
respectively (here 1/p’ + 1/p = 1). Define operators w; : £, — Z and v; : by — Z
by setting u;(TP;) = ®(TF;), vi(RT) = ®(PT).
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LEMMA 2.3. In the above notation, lim; ||u;|| = limy; ||v;]| = 0.

Proof. Consider a map u : £,y — B({p, Z), defined by [u(e*)](e) = ®(e* ® e)
(e* € £y, e € £,). The canonical basis (e}) forms a weakly null sequence in ¢,/, and
the operator u is compact, hence the sequence u; = u(e) is null. We deal with the
sequence (v;) in a similar way. H

LEMMA 2.4. Suppose X is a large subset of B(¢p) (1 < p < 00), ® is a compact
operator from X to a Banach space Z, T € X, ||T|| <1, and S € B({,). Then
for any € > 0 there exist b € (0,1) and T € B(£,) such that T —bT has finite rank
(hence T € X), ||®(T —T)|| < ¢, |T|| <1, and ||T + bS||? > 1 + x||S||9. Here,
g = max{2,p}, and 0 < k < 1 is a constant depending on p.

REMARK. For 2 < p < 00, b is a constant depending only on p. For 1 < p < 2,
amin{||S||>7?,1} < b < fmin{||S||?>7?,1}, with @ and 3 depending on p.

Proof of Theorem 2.1. First consider the case of Y = Ly (u, X), Z = L1(p, B(€p)).
By a standard discretization argument, we can assume that Y = (N (X), Z =
(N (B(f,)) (N € N). Without loss of generality, we can assume that there exists
T =(T,0,...,0) €Y (T € X)s.t. ||T||=||T|| =1 and ||®(T)|| > ||®||/2. Denote
®(T) by S = (S1,...Sx) (with S; € B(£,) for 1 <i < n). It N ||Si]] > 2/|S]|/3,

N
1y + @Il = [I(Jy + ®)T|| 2 [|T]] = [IS1][ + Y 1Sil] = 1+ ||@]l/6. (2.1)

=2

If[|S1]| > [|®[|/6, fix € > 0 and use Lemma 2.4 to find b > 0and T = (T,0,...,0) €
Vst ||T|| =1, ||®(T—bT)|| <&, and ||T+bS1||? > 14£]|S1 |7, with ¢ = maX{Q p}
and 0 < kK < 1. Then, for some ¢ > 0,

17y + @] > ||(Jy + @) > [T+ bS] — > (1 +c|@]|)/7 —e.  (2.2)

Either (2.1) and (2.2) holds, implying that the statement of the theorem is true for
the pair (¢ (X), () (B(¢,)).

Next consider the pair (C(K, X), C(K,B(¢;,))). Fixe > 0, and find f € C(K, X)
st. ||fIl = 1 and |[[2(H)]@)]] > ||®]| —e. for some t € K. Let T = f(t),
S = [®(f)](t), and define the function g € C(K) s.t. ||g|| = g(t) =1 and g(s) =0
whenever ||f(s) — T|| > ¢/(||®|| + 1). Define h € C(K,X) by setting h(s) =
(1 —g(s))f(s) + Tg(s). Then f(s) —h(s) = (T — f(s))g(s), hence |[f — h|| <
e/([[@||+1), and [|®(f — h)|| < e. Find TeXst ||T]=1, ||<I>((T bT)g)ll <e,
and [[T'+ bS[|?7 > 1+ £[[S]|7. Let f € C(K,X) be defined by f(s) = Tg(s) +
b(1 — g(s))f(s). Then [[f(s)ll < ITllg(s) + blIF()I(1 - g(s)) < 1. Moreover,
f=0bf =(f —bh)+b(h— f), hence ||D(f — f)|| < 2¢. Therefore,

1@ + Jy|| > (@ + ) FI®)] > 1T +bS|| — 26 > (1+ r(||@]] — £)9) "7 = 2.

Since € can be made arbitrarily small, we are done.

The pair (co(X), co(B(¢p))) is dealt with in a similar manner.

Finally, we consider (Loo(€2, tt, X), (Loo (2, pt, B(¢p))). Fix € > 0, and find f €
Loo(p, X) st. ||f]l = 1 and ||®(f)|| > ||®]| —e. Find F C Q s.t. pu(F) > 0 and
there exists S € B(¢,) with [|S]| > ||®|| — ¢ and ||®(f)|r — S1F|| < € (see e.g.
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[12]). Furthermore, find F C F with u(E) > 0 s.t. ||f|lg — T1g|| < e/(||®]] + 1),
with 7 € X and ||T|| < 1. Find T € X s.t. ||T|| =1, ||®((T — bT)xg)|| < &, and
T +bS||7 > 1+ &[|S]|%. Let f =Txg +bfxa\s Then f € Loo(u, X), ||f]| < 1,
and f —bf = (T —bT) +b(T — f))xg, hence ||®(f — bf)|| < 2. Thus,

- - 1/q
19+ Iyl = (@ + ) P)lell = 1T+ bS] = 3 = (1+x(lj@l| —&)?) = 3e.

Since € can be arbitrarily small, we are done. W

Proof of Lemma 2.4. (1) 2 < p < co. Fix € > 0, and find z¢ € ¢, with finite
support such that ||zo|| = 271/, and ||Sxo||? > ||S|[P/2 — . Perturbing S slightly,
we can assume that Sxg has finite support. More precisely, there exist sets I and
J of cardinality n s.t. x9 € E1 = spanfe; | € I] (here (e;) denotes the canonical
basis in ¢,) and Szo € Fy = spanle; | € J]. Fix ¢ > 0. By Lemma 2.3, there
exist “far out” sets I’,J’ C N of cardinality n s.t. (JUJ)N (I’ UJ") = 0 and
Yicrug Ulusl| + J|vil|) < e/4 (with u; and v; as above). Let Ey = spanfe; |i € I'],
F> =spanle; |i € J'], E3 = span|e; |1 ¢ TUI'], and F5 = spanfe; |7 ¢ J U J']. Note
that, by choosing I’ first and J’ second and perturbing S slightly, we can assume
that supp (S(E2) N (JUJ') = 0. Denote by R; and Q; (j = 1,2,3) the natural
embedding of E; into £,, and projection from ¢, onto F;. Let T; = QT|g, : E; —
F;. Then T =Y} | Q/T;;R;.

Al Y1
If z; € E; (1 <1 < 3), we denote > R;z; by | x2 . Yo is defined
3 /) g Ys/) g

analogously. Abusing the notation slightly, we write

Ty Tia Tis
T= T2 Te T3
T31 T32 133

Let
b  —bT1  bThs

T=| aJ aJs 0 )
bI31 —bl3; bl3ss

where @ = 2==1/P = 2=1/" and J, (k = 1,2) is the “coordinatewise” isometry
from Ej, onto F (b will be chosen later). By our choice of E5 and Fs, ||2(0T—T)|| <
e. To select b, pick z; € E; such that >, ||x;||? = 1. Let

B X1 an(xl — xg) + legl‘g
y=T/| x = a(zy + x2)
T3 B bT31($1 — $2) + bT33{E3 P
Then
Thi(z1 — x2) + Thzxs Ty T2 Tis T1 — T2
0 < To1 Too Tos 0
Ts1(x1 — 22) + Ta323 ) Ts1 T52 Tis T3 B
Xr1 — T2 1/p
<||T|| - 0 (M — @l P+ [|2s][P) ',
I3 E
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and therefore,

ylIP <[|z1 + 2| [P/2°7 + 0P (||z1 — 2P + [|s][”)
<[|wy + 2| [P /2P + 0P| |21 — @o| [P + [|as|[P.

However, b can be chosen in such a way that
||y + 22| [P /207 + 0P|y — 2o [P < [ [|P + [[a2]?

(see e.g. [10], p. 80). Then [[y[| < 1. Since the selection of z1, 2,23 is arbitrary,
we have demonstrated that ||7T]] < 1.
Finally we have to show that ||T" + bS|[? — 1 > k||S||?, for some constant .

g
Consider = = [ 2) | , where zf, = J;'Jizg € E». Recall that ||zg]] = 2717,
0/ g
B bSQfQ
Szo € Fi, and S(E2) C F3. Then ||z|| = 1 and (T + bS)x = | 2'/Pxo | , which
bSzy ) 1

implies
1T+ bS|[P = ||(T +bS)(@)||P = 1+ || SaollP = 1+ b7(]|S|[7/2 — e).

(2) 1 < p < 2. The idea of the proof is the same as in the case of 2 < p < oc.
However, the details differ. By [10], p. 80, there is a constant C' = C,, s.t.

1/2 , 1/p
(Pl =yl + 1l +ul2) " < 2% (llal* + Iyl )

for any x,y € £, (here 1/p’ =1—1/p). Note that an operator A : (3 — £2: (s,t) —
(As, Bt) (here, A and B are positive) satisfies ||A|| < 27" iff

, 2
A"+ BT <277/" =277 (withr = 2—p,7 =2(p—1)/(2-p)).
—p

Therefore,
APl|lz +yl[P + BPCP [z — y[|” < =] + [|y|[”

whenever the previous inequality is satisfied.

As before, find 2o € ¢, with finite support such that ||zo|| = 27Y/? and A =
21/?||Sxzo|| > ||S|| — €. Define E; and F; (1 <i < 3) as in part (1) of the proof, and
let

bTyy —bT1 T3

T=1| aJ aJs 0 )

where K = \C/2,a =2~®=V/P/(14+ K?)!/" and b = 2*(1’*1)/PC(K2/(1+K2))l/r.

As before, we may assume that ||®(bT — T)|| < ¢ and S(E;) C Fs. To show that
that ||T| < 1, consider x; € E; (1 <i<3)s.t. >, ||ai|[? = 1. Let

X1 an(xl — .112) + legl‘g
y=T/| x = a(ry + x2)

bT31 (01 — 22) + 0T3373 ) |
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Reasoning as before, we have
lyll? < b°(J[e1 — 22[[P + [|2s]|P) + a”[|z1 + z2[".

By the discussion above, ||T|| < 1 whenever a” + (b/C)" < 277. This is satisfied,
by our choice of a and b. R
It remains to show that ||T"+ bS||? — 1 > k)2, for some constant x. As in part
zo
(1), we apply T + bS to | to obtain:
0/
1+42-PCP)\PK2P/T
(1+ K2)p/r

IT +0S|[P > (2a)?||zo|[” + b¥[[So||P > = (1+ K2)P2,
since 27PCPAP = KP p+2p/r=2,and 2 —p/r =p/2. A
Similarly, Theorem 2.2 follows from the lemma below.

LEMMA 2.5. Suppose X is a large subspace of B(ls), T € X, ||T|| = 1/(2V2),
zo € Lo, |[zol| = 1/V2, S € B(fy), and € > 0. Then there exists T € B(l3)
such that T — T is finite rank (hence T € X), ||T|| < 1, ||®(T — T)|| < ¢, and
1T + S]] = 1+ [[Sol|/(2v2).

Proof. The proof will proceed in two steps. First we construct an auxiliary
operator T”, and then proceed to construct 7. Throughout the proof, we use the
notation x ® y (z,y € £3) for the rank 1 operator which maps 7 € 5 to (n, x)y. For
z € 3, P, shall define the orthogonal projection onto span[z].

Find “far our” x1,t1 € fs s.t. ||331|| = 1/\/5, ||t1|| =1, L Sﬂio, t1 L TJI(),
ty L Szy, and 21 L x¢. Let x = 29 + 1. By changing z; to —z if necessary, we
can assume that ||Sz|| > ||Sxz¢||. Define

T = (1 — Ptl)T(l —le) — 21 ®Txg+ Xt

(that is, T'n = (1 — P, )T (1 — Py,)n — 2(n, x1)Txo + {(n, x)t; for n € £3). Reasoning
as in the proof of Lemma 2.4, we may assume that ||®(T’ — T)|| < €/2. Observe
that T'x = t;. We shall show that ||T"|,.|| < 1/v2 and ||T’|| < 1. Indeed, if n L 2,
then

TIU = (1 - Pt1)T(1 - Prl)ﬂ - 2<77,1‘1>T3}0

is orthogonal to t; = T'xz. Moreover,

|[nl]
VR S ) [ 2

Now we need to modify T7. Let y = Sxz/||Sz||. Find “far out” x9,ts € ¢ s.t.
llza]| = ||t2]| = 1, @2 Lz, y L to, Ty L xo, to L t1, zo L S*y (i.e. Szo L y), and
S$2 1 tl. Let

1T nll < T[] - AInll + 2[[Twol| - [l [] - [In]] < (

1
—22® (y+t2) — Ty @ to.

V2

By Lemma 2.3, we can assume ||®(T —T")|| < €/2, hence ||®(T —T)|| < e. Observe
that Ty = (y + t2)/v/2 and Tz = t,, since T’z = t; is orthogonal to Sz (indeed,

T=01-P,)T'(1-P,,)+
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we have chosen ¢; to be orthogonal to Szo and Sz1). If n € ¢5 is orthogonal to
both x and 3, then

Tn=(1-Py,)T'n— (T'n,y)ts.

Thus, ~
N T||* = [|(1 = P, )T'nl|* + [{(T"n, )| < [Inl|*.

It is easy to see that (Tn, Tx) = 0. Moreover,
V2T, Tas) = (1= Pi)T'n — (T'n,y)ta,y + ta) = (T'n,y) — (T'n,y) = 0.

Finally, (y,t1) = (t2,t1) = 0, hence (Txy, Tx) = 0. Thus, ||T]| = 1.
It remains to estimate ||T + S||. Note that

(T+8)(x+x2) = t1+ (y+t2)/V2+ S+ Sxo =ty +1t2/V2+(1/V2+]|Sz||)y + Szs.

Since ||Sz|| > ||Szo|| and the four summands above are mutually orthogonal, we
obtain:

- 1\2 1 2
T+ 8) +a)l? 217+ (5) + (75 +lISzoll)” =2+ VBl + 1Szl
Since ||z + z2|| = V/2, we have:
= |[Szol| | [ISzol? |[So|[\?
T+S|P>1+ + > (1+ == .
T+ 817 2 14+ 220+ B0 = (14 030

REMARK. We do not know what is the best value of ¢ for which |[T4+®|| > 1+¢||P||
for any compact ® : B(f2) — B({3). We shall show that any ¢ for which the
above inequality holds cannot exceed 1/2. Indeed, consider a rank 1 projection
P € B({3). For T € B({s) define ®(T) = —PTP. Clearly ||®|| = 1. We shall show
that ||I +e®|| <14 ¢/2 for every € € [0, 1].

Consider € = 1 first. Select T € B({3) with ||T|| = 1. Then

2T+®(T)=T(1—-P)+(1—-P)T+ (PT(1—P)+(1—P)TP).

Since the norm of each of the three summands on the right does not exceed 1, we
conclude that ||T + ®(T)|| < 3/2, and therefore, ||I + ®|| < 3/2.
For an arbitrary ¢ € [0, 1], the triangle inequality implies

3
11 +e@l| <elll+ @[+ (1)l = 5e+ (1 —2) =1+

3. A characterization of commutative C'*-algebras

In this section we characterize commutative C*-algebras. For the general results
in the theory of C*-algebras and von Neumann algebras, the reader is referred to [9]
and [19]. Recall that an operator ® : A — A (A is a C*-algebra) is called hermitian
it ®(u*) = (P(u))* for any u € A.
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THEOREM 3.1. (1) If A is a commutative C*-algebra, then n(A) =1, and con-
sequently, sup{||la + w®||||w| = 1} = 1 + ||®|| whenever A is a commutative
C*-algebra and ® : A — A.

(2) If A is a non-commutative C*-algebra and e > 0, then there exists a hermitian
operator ® : A — A such that ||®|| =1 and ||I4 + w®|| < 2 — 1/40 + ¢ whenever
lw| = 1.

Before proving this theorem, we summarize some consequences of the above
results to classification of von Neumann algebras, which we assume, for the sake
of convenience, to be acting on separable Hilbert spaces. Recall that any von
Neumann algebra can be written as an £, direct sum of von Neumann algebras of
types I, II, and I11. In turn, any type I von Neumann algebra can be represented
as an (3, Loo(tti)®B(H;))oo. The summands Lo (pi, B(H;)) are called type I,, M-
summands, where n = dim H;. We say that a von Neumann algebra N is atomless
if for every non-trivial projection p € N there exists a non-trivial projection ¢ € N
dominated by p; otherwise, N is called atomic. It is well known that von Neumann
algebras of types II and I1I are atomless. A von Neumann algebra L, (u, B(H))
is atomless iff the measure p is atomless.

THEOREM 3.2. Suppose N is a von Neumann algebra.

(1) N is commutative if and only if sup || Iy +w®|| | |w| = 1} = 14 ||®|| for every
®:N—N.

(2) N is atomless if and only if it has the Daugavet property, that is, ||In+®|| =
1+ ||®|| for any compact operator ® : N — N.

(3) N has atomic type I, M-summands, but no atomic type I,, M-summands
forn < oo, if and only if N fails the Daugavet property, yet ||In+@|| > 1+]|®||/13
for any compact operator ® : N — N.

(4) N has atomic type I,, M-summands (n < oo) if and only if there exists a
finite rank projection P : N — N for which ||Iny — P|| = 1.

Proof. (1) follows immediately from Theorem 3.1. (2) follows from [14]. If N has
atomic type I,, M-summands for n < co, then there exists a finite rank projection
P : N — N for which |[Iy — P|| = 1. This establishes (4). It remains to prove
(3). By Theorem 9.4.1 of [9], we can write N = Nj @ N2, where Ny = (2 (B((3))
(1 < M < o0) and Ny is an atomless von Neumann algebra. Suppose & : N — N
is compact, and show that

[[In + @[] > 14 [|®]|/13. (3.1)
. _ (P11 P12 A o« s
Write ® = Do By ) where ®;; : N;j — N;. Since we are considering operators
21 P22
on N1 @oo NQ,

12 < max{||®11][ + [|P12]], |[@21]] + [|P22][}-
By [14], N3 has the Daugavet Property, hence
Iy + ]| > ([T, + Baal| = 1+ [[Bsa]].

On the other hand, ||[In+®|| > 14||®21||. This proves (3.1) if || ®a1||+]||P22]| > ||P]|.
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Now suppose ||®11]| + ||®12]| > ||®||. We conclude that |[Ix + ®|| > 1+ ||P12]|
and, by Theorem 2.2,

1IN + @[] > [[In, + Pu1|| > 1+ [[@11]]/12.

Then
|| ®11]] 12 [|®q]] 1
1n + @[] 21 + max{—5— ,||<I>12||}Zl+ﬁ- B +1—3'||‘I’12||
[|[@11]] + [|P12]| ||®]|
=14+ —-—>--->14+—. N
+ 13 21+ 13

Part (1) of Theorem 3.1 was proved in [3]. For the sake of completeness, we
reproduce the proof below. Suppose first A is a unital commutative C*-algebra
(hence A = C(K) for a compact Hausdorff set K), and & : A — A is a linear
map with ||®]| > ¢ > 0. We shall show that v(T") > ¢. By the famous Russo-
Dye theorem, there exists a unimodular function x € C(K) s.t. [|®(z)|| > ¢. Let
y = ®(x). Find a point k € K s.t. |y(k)| > ¢. By considering wx instead of z if
necessary (with |w| = 1), we may assume that z(k) = 1. Consider f € A*, given
by f(z) = a(k). Then |[fl] = |lal| = f(z) = 1 and |f(T)| > c.

If A is non-unital, we consider the commutative von Neumann algebra A**. We
have shown that n(A**) = 1. However, by [3], n(A) > n(A**).

Part (2) of Theorem 3.1 is trickier. We shall first prove it for von Neumann
algebras, and then use approximation arguments for general non-commutative C*-
algebras.

LEMMA 3.3. Suppose N is a non-commutative von Neumann algebra. Then N
contains two equivalent mutually orthogonal projections.

Proof. Note first that there exists a projection e € N s.t. eN(1 —e) # 0 (here
1 denotes the identity in N). Indeed, otherwise N = eNe 4+ (1 — e)N(1 — e) for
any projection e € N. Then e commutes with N and, since projections span N, N
must be commutative.

Pick a non-zero x € eN(1—e). The initial and final projections of = are mutually
orthogonal (being dominated by 1 — e and e, respectively), and equivalent. B

To prove part (2) of Theorem 3.1 for a non-commutative von Neumann algebra
N, consider a partial isometry u € N such as its initial and final projections (u*u
and uu*, respectively) are mutually orthogonal (such a w exists, by the previous
lemma). Note that u? = 0. Consider an operator ® : N — N defined by ®(z) =
(u*x + zu)/2. Clearly, ||®|| < 1. To show the converse, consider x = u 4+ u*. Then
[|z|| =1 and ®(x) = u*u, and therefore, ||®|| > 1. Also, ®(z*) = (P(x))*.

It remains to show that ||y +w®|| < V3. Indeed, (Inx +w®)z = (ayz + xby)/2,
where a, = 1 + wu* and b, = 1 4+ wu. However,

|3 9)] <4

(cf. [14]) and, similarly, ||b,|| < /3. This completes the proof for non-commutative
von Neumann algebras.

To prove Theorem 3.1 for general C*-algebras, we need to “approximate” ele-
ments of A** by elements of A with “similar” numerical radii.



10 TIMUR OIKHBERG
LEMMA 3.4. Suppose T € B(H), ||T|| =1, and v(T) =1 — « for some 0 < a <
1/2. Then ||1 4+ T|| < 2 — a?/10.

LEMMA 3.5. Suppose ¢ is a state on a C*-algebra A, and ip € A* is hermitian.
Then ||¢ + | = 1+ |[9]|* /2.

Proof. By passing to the second dual if necessary, we may assume that A is a
von Neumann algebra, and ¢ and v are normal functionals. Write ¢ = 11 — 19,
with 1, 19 positive and ||¢|| = ||11]] + ||¢2|]- Denote by p; the support projection
of ¢1, and let po = 1 — p; (note that py dominates the support projection of s).
Let a; = ¥i(pi) = ||[¢i]| (see e.g. p. 140 of [19]) and o = max{«a1, a2} Consider

z=(1—1ia)p1 + (1 +ia)ps = —iap; +iaps + 1.
)"

Clearly, ||z]| = (1 + o? ?. However,

(¢ +iv)(z) = 1 +iad(p1 — p2) — ith(1) + arp(p1 — p2).
Note that ¥;(p;) = 0 for i # j, hence
U(p1 — p2) = Y1(p1) + ¥2(p2) = a1 + az = [[¥]].
Thus, [[(¢ +i))(x)[] = 1+ of[y]|. Since [|[¢]|/2 < a < ||¢]], we have

L+alull | 1+aly]
(T+a)” = [T+ ol 7

1/2

6+ ]| > = (L+allel)? = 1+ 11lP/2) 2 -

COROLLARY 3.6. Suppose A is a unital C*-algebra, f € A*, ||f|| =1, and ||f —
g|| > a whenever g is a state on A, with o < 1/3. Then Rf(1) <1 —a?/9.

Proof. Since the restriction of a state to a unital sub-C*-algebra is again a state,
we can (passing to the double dual) assume that f is a normal functional. Represent
f = ¢+ i, where ¢, € A* are hermitian. Write ¢ = ¢ — ¢_, where ¢4 and ¢_
are positive and mutually orthogonal (hence ||| + ||¢—|| = ||#]]). Let

e=1-RF(1) =1-6(1) = 1— 6y (1) +6_(1) = 1 — ||| + [|o_ ||
We need to prove that o < 34/2. Suppose otherwise. Note that

||¢_+
o+ ]|

LI
]

1
=(—7 =~ Dllo+ll + [lo-1| =1 = [[o4]| + [[o-]| = e.
o]

— ¢l =II( )¢+ — ||

However, ¢4 /||¢+|| is a state, hence, by previous lemma,

o O+
[+ ] [+ ]

1/2
L= 17 = g+ vl 2 |5t + il = o — ol = (L+ [[l2/2)  —e.

Therefore,
[0]12 < 2((1 4 €)? — 1) = 4e + 2¢%



THE ¢-DAUGAVET PROPERTY AND NUMERICAL INDICES 11

But

P+
o]

Proof of Lemma 3.4. Suppose, for the sake of contradiction, that ||1 + T|| >
2—a?/10. Find f € B(H)*s.t. ||f]| =1and f(1+7) > 2—a?/10. Since |f(1)] < 1,
we have |f(T)| > 1 — a?/10. However, |g(T)] < 1 — a whenever g is a state, thus
l|f — g|| > a — a?/10. Thus, by Corollary 3.6, Rf(1) <1 — (o — a?/10)2/9 < 1 —
a?/10. However, | f(T)| < 1, and therefore f(1+T) < Rf(1)+|f(T)| < 2—a?/10.
|

Now we are ready to prove part (2) of Theorem 3.1. Suppose A is a non-
commutative C*algebra. As before, we can find a partial isometry « in the en-
veloping von Neumann algebra A** — B(H) s.t. the projections p = wu* and
g = u*u are mutually orthogonal. Then v(u) = 1/2. Indeed, pick £ € B(H) with

[[€]] = 1, and let & = p€, &2 = ¢€, &3 =& — & — &. Then

a<|

—f||§||||jj” —oll+ 0l =+ (4 +253) > <3 m

N =

(&, ué)l = (&1, &2)] < [l&ll - 1€l < (&l + llgal?) /2 <

On the other hand, v(u) > ||ul|/2 = 1/2.

Fix e > 0. By Theorem V.5.3 of [6], there exists a net (uq) C A s.t. |Jual| <1,
Uuo — u in the weak operator topology, and v(u,) < 1/2 4 . Consider the maps
T, : A — A, defined by Tox = (uliz + zuys)/2. Clearly, T, is hermitian, and
||T.|| < 1. Moreover, (In +wTy)z = ((1+wul)z+ (14 wuy)) /2. By Lemma 3.6,
|1+ wua|| <2 —(1/2—-¢)2/10, hence ||[14 +wT,|| <2—(1/2—¢)?/10. It remains
to prove that lim, ||T,|| = 1. To this end, consider x = u + u* € A**. We know
that [|z|| =1 and

2T x = uiu + uju™ + Uty + U g,

Pick ¢ € ranp with |[¢]| = 1. Then

—a{wug, ) + ((W)?€, &) + (u?€, &) + (u™ug, &) = 2.
Thus, lim,, ||T,||=1. N

4. Finite dimensional spaces of numerical index 1

In this section we study real finite dimensional Banach spaces having numerical
index 1, that is, spaces X satisfying max{||Ix + T||,||Ix — T||} = 1+ ||T|| for
any T : X — X. Equivalently, these are spaces with numerical index 1. We
prove that these spaces are “very different” from a Hilbert space. Recall that the
Banach-Mazur distance between Banach spaces X and Y is defined as d(X,Y) =
inf{||u|| - ||[u=!]||u: X — Y isanisomorphism}.

THEOREM 4.1. Suppose X is an n-dimensional Banach space (n > 1) of numer-
ical index 1. Then d(X,03) > cn'/*, where c is a universal constant.

REMARK. It was shown in [11] that any infinite dimensional real Banach space
with the RNP and numerical index 1 contains ¢;. Thus, no isomorphic copy of ¢
can have numerical index 1.

The proof of Theorem 4.1 follows from the lemma below.
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LEMMA 4.2. Suppose X is as in the statement of Theorem 4.1. Then either X or
X* contains an isometric copy of L7 with m > cy/n, where ¢ > 0 is an absolute
constant.

Proof. By [13], the unit balls of X and X* are polytopes. Moreover, let (e;)M,
and ( fj);vzl be the sets of extreme points (vertices) of the unit balls of X and X*,
respectively. Then |f;(e;)] = 1 for any i and j. By [4], In N -In M > K?n, where
K is an absolute constant. Assume that N > M, and prove that X contains an
isometric copy of 7" (the case of N < M is dealt with in the same way). We
can assume that the set (e;)"_; is linearly independent. Therefore, for any ¢ and j
satisfying 1 <i < j < n there exists k s.t. fi(e;) # fu(ej).

Select ¢ > 0 for which

— i
Z () < eV form = [ev/n]. (4.1)

Indeed, if i < m < n/3, we have

() -t - e

S50 () < mm -G

=0

hence

The inequality (4.1) holds if m(Inn+ 1 —Inm) < K+/n, which, in turn, is satisfied
if m < [ey/n] for some positive constant c.

By [17], there exists a subset A C {1,2,... ,n} of cardinality m = [c¢\/n] s.t. for
any B C A there exists j (1 < j < N) for which

1 1€B
files) = {—1 ie A\B" (4.2)
We claim that ||, 4 azei|| = >, 4 [as| for any set of scalars (cvi)ica. Indeed,

consider B C A, and find j for which (4.2) is satisfied. Then

m=> llel =1 ei— Y ell =0 ei— > e)=m.

€A i€B i€ A\B i€B i€ A\B

Now consider arbitrary scalars (o;);ca. Let B = {iJa; > 0}, and o = max|a;]|.

Then
Zaiei:Z(a—(a—ai))ei— Z (a—(a—|ai|))ei
i€A i€EB i€ A\B
=a(d = D e)=> (a—lale,
i€B i€A\B €A

and therefore

Sl 2D aiell = all Y ei— Y el = > (a—ai)

€A €A €D i€A\B €A

=am — Z(a —|ag]) = Z |o;|. m

i€A €A
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REMARK. Real finite dimensional spaces with numerical index 1 are sometimes
called CL-spaces. It is known (see [5]) that any finite dimensional space with the
3.2.I.P. is a CL-space (X is said to have the 3.2 intersection property, or 3.2.1.P.,
if any three pairwise intersecting balls in X have a point in common). By [5], any
finite dimensional space with the 3.2.I1.P. is of the form F; &1 E5 or E; & FEo,
where FE; and Ey possess the 3.2.1.P. and have positive dimension.

One can see that d(E, ¢3) = y/n if E is an n-dimensional space with the 3.2.1.P..
Indeed, by induction and duality, it suffices to show that

d(Ey @1 Ba, 03) > ((d(Br, 651)) + (d(Ea, 32))%)"*

(4.3)
whenever F; and F, are spaces of dimension n; and ns, respectively, and n =
ny + no.

To prove (4.3), let ¢; = d(E;,¢5") for ¢ = 1,2. Consider a contraction u :
E1®1Ey — 03, and let F; = w(E;) (i = 1,2). Find o; € F; s.t. ||zi|| = ¢i/\/c2 + 3
and ||u=la;|| > ¢2/\/c2 + 3. Let x = x1 + ex2, where € = £1 is chosen in such a
way that ||z|| < (||z1]]? + ||22]|?)*/? = 1. However,

™ all = [lu™ 2| + [[u™ | > y/ef + 3.

By [16], there exist 5-dimensional CL-spaces failing the 3.2.1.P. (indeed, S. Reis-
ner constructed such a space with a 1-unconditional basis). Nevertheless, it seems
likely that d(E,€%) > c¢y/n for any n-dimensional CL-space. We were unable to
prove this conjecture.
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