AN ALTERNATIVE DAUGAVET PROPERTY

MIGUEL MARTIN AND TIMUR OIKHBERG

ABSTRACT. We introduce a strictly weaker version of the Daugavet property
as follows: a Banach space X has this alternative Daugavet property (ADP in
short) if the norm identity

(aDE) ‘mlax [Hd+ wT| =1+ |7
w|=1

holds for all rank-one operators T' : X — X. In such a case, all weakly compact
operators on X also satisfy (aDE). We give some geometric characterizations
of the alternative Daugavet property in terms of the space and its successive
duals. We prove that the ADP is stable for co-, I1- and lo-sums and charac-
terize when some vector-valued function spaces have the property. Finally, we
show that a C*-algebra (or the predual of a von Neumann algebra) has the
ADP if and only if its atomic projection (resp. the atomic projection of the al-
gebra) are central. We also establish some geometric properties of JB*-triples,
and characterize JB™*-triples possessing the ADP and the Daugavet property.

1. INTRODUCTION

Given a real or complex Banach space X, we write X* for the dual space and
L(X) for the Banach algebra of bounded linear operator on X.

We say that a Banach space X has the Alternative Daugavet Property (ADP in
short), if the norm identity

(aDE) max [Id + wT| =1+ |7

holds for all rank-one operators T' € L(X). We will prove later that, in this case,
actually all weakly compact operators on X satisfy (aDE) (see Theorem 2.2). It is
clear that a Banach space X has the ADP whenever X * has, but we shall show in
this paper that the reverse result does not hold (see Remark 4.4).

The definition of the ADP is certainly related to the so called Daugavet prop-
erty. A Banach space X has the Daugavet property [24] if every rank-one operator
T : X — X satisfies the norm equality

(DE) Hd+ T =1+ T,

which has become known as the Daugavet equation. In this case, all weakly compact
operators on X also satisfy (DE) [24, Theorem 2.3]. Therefore, this definition of
Daugavet property coincides with the one that appeared in [3]. It is a remarkable
result due to I. Daugavet [10] that all compact operators on C[0, 1] satisfy (DE).
Over the sixties, seventies and eighties, the validity of the Daugavet equation was
proved for some classes of operators on various spaces by Y. Abramovich [1], C. Foias
and I. Singer [15], J. Holub [19, 20], G. Lozanovskii [33], and others (see [2, 3, 43] for
a detailed account of the subject). Let us state that all weakly compact operators
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on C(K) or Li(p) satisfy (DE) whenever K is a perfect compact space and p is
an atomless positive measure. In the nineties, new ideas were infused into the field
by many papers (for instance, [2, 3, 23, 24, 38, 41, 44, 46]). The state-of-the-art
information on the Daugavet Property can be found in the survey paper [45].

Observe that equation (aDE) for an operator T' just means that there exists
a modulus-one scalar w such that w7 satisfies (DE). Therefore, the Daugavet
property implies the ADP.

On the other hand, let us mention that equation (aDE) appears in several of the
above cited papers, as [1, 2, 19, 20, 43]. In these papers it is proved that (aDE) is
satisfied by all T' € L(X) whenever X = C(K) or X = Lq(p). Actually, this result
appeared in the 1970 paper [13, pp. 483], where the equation (aDE) is related to a
constant introduced by G. Lumer in 1968, the numerical index of a Banach space.
Let us give the necessary definitions. Given an operator T € L(X), the numerical
range of T is the subset of the scalar field

V(T)={«"(Tz) : x € Sx, " € Sx~, "(z) =1}.
The numerical radius is the seminorm defined on L(X) by
o(T) = sup{[Al : A€ V(T)}
for each T' € L(X). The numerical index of the space X is defined by
n(X) =inf{o(T) : T € Spx)}

or, equivalently, the greatest constant & > 0 such that k||T|| < o(T) for all
T € L(X). We can find in the literature many examples of Banach spaces whose
numerical indices have been computed. For instance, if H is a Hilbert space of
dimension greater than 1, n(H) = 0 in the real case and n(H) = 1/2 in the com-
plex case; the numerical index of a C*-algebra A is equal to 1 or 1/2 depending on
whether or not A is commutative; n(X) = 1 whenever X = Li(u) or X* = Li(u)
for any positive measure p. For more information and background, we refer the
interested reader to the monographs by F. Bonsall and J. Duncan [7, 8] and to the
survey paper [35]. Recent results can be found in [14, 26, 32, 36, 37].

In [13], it was shown that, given T € L(X),
Imlafi HHd+wT|| =14+ |T| <= T =|T|.

In particular, a Banach space X has numerical index 1 if and only if (aDE) is
satisfied by all bounded operators on X. It is also true that

[ Hd+T||=14|T|| <= supReV(T)=|T]|-

Therefore, X has the Daugavet property if and only if supRe V(T') = ||T|| for all
rank-one operators 7' € L(X). We shall prove these facts later in the paper (see
Lemma 2.3).

We have shown that a Banach space X has the ADP if it has the Daugavet
property or n(X) = 1. The reversed results are not true in general. For instance,
X = co®1C([0,1],12) has the ADP but it does not have the Daugavet property, nor
does it have numerical index 1 (see Example 3.2 for details). On the other hand, for
spaces having the RNP and for Asplund spaces, the alternative Daugavet property
and the numerical index 1 coincide (see Remark 2.4). No similar result can be
expected for the Daugavet property. Indeed, by Corollary 3.3, every Banach space
with the ADP can be renormed to still have the ADP, but to fail the Daugavet
property.

The outline of the paper is as follows.
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In Section 2 we give some geometric characterizations of the ADP in terms
of the space and its successive duals, analogous to those given in [24, 45] for the
Daugavet property. We use these characterizations to prove that all weakly compact
operators on a space with the ADP satisfy (aDE). We then clarify the relationship
between numerical ranges of operators and the equations (DE) and (aDE), and use
this result to get new geometric characterizations of the ADP and the Daugavet
property. Finally, some isomorphic implications of the ADP are established.

Section 3 is devoted to the study of the stability properties of the ADP. We show
that the cg-, I1- or [so-sum of a family of Banach spaces has the ADP if and only if
all the summands have. For spaces of vector-valued functions we have the following
results. Let K be a compact Hausdorff space, let p be a positive measure and let
X be a Banach space. Then, C(K,X) (resp. L1(, X)) has the ADP if and only
if X has or K is perfect (resp. p is atomless). If p is o-finite, then Lo, (u, X) has
the ADP if and only if X has or p is atomless. Also, we present examples showing
that these results cannot be extended to arbitrary injective or projective tensor
products. At the end of the section, we discuss the stability properties of the ADP
for M-ideals.

Finally, Section 4 is devoted to the characterization of the C'*-algebras possessing
the ADP. We will prove that a C*-algebra has the ADP if and only if its atomic
projections are central. Moreover, the predual of a von Neumann algebra A has the
ADP if and only if A has it; in such a case, A can be written as the [,-sum of a
non-atomic von Neumann algebra and a commutative von Neumann algebra (i.e.,
the [,-sum of a Banach space with the Daugavet property and a Banach space
with numerical index 1). We also show that such decomposition is not possible for
arbitrary C*-algebras. To obtain these results, we actually work with the concept
of a JB*-triple, an algebraic structure which generalizes C*-algebras and .JB*-
algebras. The necessary definitions and basic results are presented in Section 4.
We deduce the above results from a characterization of the JB*-triples possessing
the ADP. We also prove a characterization of the Daugavet property for JB*-triples.

Throughout the paper, the symbols Bx and Sx denote, respectively, the closed
unit ball and the unit sphere of a Banach space X. For a subset A of X, we
write co(A) for the convex hull of A and ¢o6(A) for the closed convex hull. The
absolutely (resp. absolutely closed) convex hull of A is then co(TA) (resp. ¢o(TA)),
where T denotes the set of modulus-one scalars, that is, T = {—1, 1} for real spaces
and T = {w € C : |w| = 1} for complex spaces. We use ex(B) to denote the
set of extreme points of the convex set B. Finally, if 2* € X*, 2™ € X** we
write * ® «** for the element of L(X)* given by [¢* ® **|(T') = «**(T*z*) for all
T € L(X).

Acknowledgment: Part of this work was done while the first author visited
the University of California at Irvine in November, 2001. He wants to thank the
Department of Mathematics for the hospitality and partial support. Both authors
want to express their gratitude to Remo Hugli, Rafael Pays, Angel Rodriguez-
Palacios, Bernard Russo, and Armando Villena for valuable suggestions.

2. GEOMETRIC CHARACTERIZATIONS AND BASIC PROPERTIES

Since the ADP is some kind of hybrid between the Daugavet property and the
numerical index 1, it is natural that results on both topics can be carried to the
ADP. This is the case, for instance, for some geometric characterizations of the
Daugavet property given in [24, 45]. Some notation is required. A slice of Bx is a
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set of the form
S(z*,a) ={z € Bx : Rez"(z) >1—a},
where z* € Sx~ and a > 0. If X is a dual space and z* is taken from the predual,
then S(z*, «) is called a w*-slice. For x € Sx, we write
Ae)={yeBx ¢ oyl >2-¢)
Proposition 2.1. Let X be a Banach space. Then, the following are equivalent.

(1) X has the alternative Daugavet property.
(14) For all xg € Sx, x§ € Sx« and € > 0, there is some x € Sx such that
Re zf(x) 21 —¢ and ‘m‘a)i T+ wxo|| =2 —c.
w|=

(15*) For all xg € Sx, xf € Sx~ and € > 0, there is some * € Sx~ such that
Re 2*(xo) > 1 —¢ and ‘max |l + wal]| = 2 —e.
=1

w|=
(tit) For any slice S = S(xf, ) of Bx, xo € Sx and € > 0, there exists a point
x € S such that |m|ax |z +wxol =2 —e.
wl=1

(19*) For any w*-slice S* = S(xo,a0) of Bx~, xf € Sx~ and € > 0, there is
some x* € S* such that |m|ax lz* +wzjl =2 —e.
wl=1

(iv) For any slice S = S(z§, a0) of Bx, xo € Sx and £ > 0, there exists a slice
of Bx S1 C S such that max ||z + wxgl| = 2 — € for all x € S;.

Jw|=1
(tv*) For any w*-slice S* = S(xg,ap) of Bx+, xy € Sx» and € > 0, there exists
a w*-slice S of Bx« contained in S* such that ‘m‘a)i |l + wagl| =2 —¢
for all z* € SY.
(v) Bx =©0(TA(x)) for every x € Sx and every € > 0.
(v*) Bx» =co" (TA-(z")) for every x* € Sx+ and every e > 0.

The proof is a straightforward adaptation of those given in [24, Lemma 2.1] and
[45, Corollary 2.3], so we omit it. Using this result, we can prove an analogue of
[24, Theorem 2.3].

Theorem 2.2. If a Banach space X has the ADP, then (aDE) holds for all weakly
compact operators.

The proof is based on the one given in [24, Theorem 2.3] for the Daugavet
property. We include it for the sake of completeness. Actually, the proof works
equally well for strong Radon-Nikodym operators, that is, operators T € L(X)
such that T'(Bx) is a Radon-Nikodym set.

Proof. Let T € L(X) be weakly compact with ||T'|| = 1. Then, the set K = T'(Bx)
is weakly compact and, therefore, it coincides with the closed convex hull of its
denting points. Given € > 0, take a denting point yo € K with |lyo|| > 1 —e. Then,
for some 0 < § < e thereis aslice S = {y € K : Re y§(y) > 1—6} of K containing
Yo and having diameter less than ¢; here y5 € X* and sup,cp yo(y) = 1. If we
write zfy = T*yg, then ||z§|| = 1 and
x € Bx, Rexj(z) >1-8§ = ||Tz—yo| <e.
Now, we use (i4) in Proposition 2.1 to get € Sx and w € T such that
Rezf(z) >1—-6  and |z +wyo/llyoll]| >2 -
Then ||Tz — yo|| < € and ||z + wyo|| > 1 — 2¢, so
HHd+ wT| > ||z + wTz| = ||z + wyol — lwyo — wTx|| > 2 — 3e.

Letting ¢ | 0, we conclude that T satisfies (aDE). O



AN ALTERNATIVE DAUGAVET PROPERTY 5

On the other hand, some numerical range techniques can be used to study the
ADP. We need two lemmas. The first one clarifies the relationship between numer-
ical ranges and the equations (DE) and (aDE) cited in the introduction. Although
it is essentially known, we include a proof for the sake of completeness. The second
lemma is a new result on numerical radius of operators, which can be of independent
interest.

Lemma 2.3. Let X be a Banach space and T € L(X). Then:

(a) T satisfies (DE) if and only if supRe V(T') = ||T|.
(b) T satisfies (aDE) if and only if v(T) = ||T|.

Therefore, X has the Daugavet property (resp. the ADP) if and only if all rank-one
operators T € L(X) satisfy supRe V(T') = ||T|| (resp. v(T) = ||T||)-

Proof. The result follows easily from the fact given in [6] and [34] (see [7, §9]) that
. |Md+aT| -1

1 supRe V(T') = 1 —_—.
(1) supRe V(T) = lim -
Indeed, if supRe V(T') = ||T|, since the function o —— ||Id + oT|| is convex, the
limit in (1) is an infimum, so

HHd+T| —1>=supRe V(T) =T
and T satisfies (DE). Conversely, if (DE) holds for T, then it also holds for oT" for
every a > 0 (see [3, Lemma 2.1]). Then, (1) implies that supRe V(T') = || T||. This
gives us (a). To prove (b), we just use the facts that v(T) = v(wT) for every w € T

and that v(T) = | |€1}§ supRe V(wT). O

Remark 2.4. By Theorem 2.2 and Lemma 2.3, the statements “X has the ADP”
and “n(X) = 1" are equivalent if X is reflexive. In fact, by [32, Remark 6], these
two statements are equivalent if X satisfies the RNP or if X is an Asplund space.
In general, a space with the ADP need not have numerical index 1. For instance,
X =C([0,1], H) (H is a Hilbert space of dimension greater than one) satisfies the
Daugavet property (see [24]) and hence the ADP, but n(X) = n(H) < 1 by [36,
Theorem 5].

Lemma 2.5. Let X be a Banach space and let
B={z"®z" : z* € ex(Bx+), " € ex(Bx=~), ™ (z*) = 1}.
Then, for every T € L(X), we have
(a) o(T) =sup {|z**(T*z")| : z* @ 2™ € B},
(b) supRe V(T) =sup{Re z**(T"z") : 2" @ ™ € B}.

Proof. 1t is well known that
@(V(T) ={e(T) = v € LX), |loll = o(Id) =1}
(see |7, Theorem 9.4], for example). By [29, Theorem 8], we have
{pe LX) : |l¢ll = ¢(Id) = 1} = &" " (B),
so the result follows easily. O
The first result on the ADP proved by using numerical range techniques is a new

geometric characterization. We write X @Y (resp. X @ Y) for the /;-sum (resp.
loo-sum) of the spaces X and Y.
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Proposition 2.6. Let X be a Banach space. Then X has the ADP if and only if
Bx«g. x =co” (I'), where

I = {(a:*,x**) :x* €ex(Bxx), ¥ € ex(Bx«x), |2*(x")] = 1}.

Proof. WriteY = X@1X*,30Y"* = X*® o X**. The assumption of the proposition
is clearly equivalent to ||yo|| = sup{|y*(yo)| : y* € I'} for all yo € Y, that is,

(2) lwoll + |5l = sup {|a" (z0) + 2™ (@f)| : (2%, 2™) €T}

for all zyp € X, x§ € X*. Suppose first that X has the ADP. Given zy € X and
xy € X*, we consider the rank-one operator T' € L(X), Tax = xf(x)xo for all x € X.
By Lemma 2.3, v(T) = ||T|| = ||zol| ||| so, for every € > 0, Lemma 2.5.(a) gives
us a pair (z*,2**) € I" such that

(1 =&)llxoll lxgll < [« (T"2")| = |=™ ()] =" (o)].
By choosing suitable wy,ws € T, we get
Re wy % (o) = |2"(x0)| = (1 — €)[|ao|
Re wp 2™ (2g) = 2™ (23)] > (1 — &) 3]
Now, (wiz*,waz**) € I and

|wiz™ (wo) +war™ (x5)] = (1 — &) ([lwoll + lz5)-

Conversely, take a rank-one operator T' € L(X ), which has the form
Tz = x5(x)xo (x € X),
where zg € X and zf, € X*. By using (2), for every € > 0 we may find (z*,2**) € T’
such that
2" (20) + 2™ (5)] = (Ilwoll + [l25]l) — e
Therefore,
2% (o) = |lwoll —e and [z (25)] = [l — &,
and Lemma 2.5.(a) gives us that
o(T) 2 & (T"2%)| = [27" (x5)| [2" (x0)| = (lzg]l = &) ([|oll —€)-

Letting ¢ | 0, we have v(T) = ||z§| ||zoll = |T||- Thanks to Lemma 2.3, this means
that T' satisfies (aDE). O

The above argument can be adapted to get a new geometric characterization of
the Daugavet property.

Proposition 2.7. Let X be a Banach space. Then X has the Daugavet property
if and only if Bx+g x+ = 0" (Y1), where

T = {(z*,2*) : 2" € ex(Bx~), 2™ € ex(Bx+), z**(2*) = 1}.

Proof. The result follows by repeating the proof of Proposition 2.6 using part (b)
of Lemma 2.5 and real parts instead of modulus. O

Let us mention that we do not know of any characterization of Banach spaces
with numerical index 1 in terms of the space and its successive duals, without using
operators.

To finish the section, we show that not every Banach space can be renormed to
have the ADP. In [32, Theorem 3], it is proved that if X is an infinite-dimensional
real Banach space with n(X) = 1, then X D {; if X has the RNP and X* D [; if
X is an Asplund space. But spaces with RNP and Asplund spaces have numerical
index 1 when they have the ADP. Inspecting the proofs, one realizes that the
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condition n(X) = 1 was only used to show that ||T'|| = v(T) for rank 1 T' € L(X),
and the RNP (resp. Asplund assumption) is only needed to get infinitely many
denting (resp. w*-denting) points. This implies:

Remark 2.8. Let X be an infinite-dimensional real Banach space with the ADP.

(a) If the set of denting points of By is infinite, then X D ¢y or X D Ij.
(b) If the set of w*-denting points of Bx« is infinite, then X* D ;.

Consequently, any real Banach space X for which X**/X is separable fails the ADP
(by [12, page 219], X* and X** have the RNP whenever X**/X is separable).

3. STABILITY PROPERTIES

Our first goal in this section is to show that the ADP is stable by co-, I1-, and
loo-sums. Given an arbitrary family {X, : XA € A} of Banach spaces, we denote
by [@AGAXA]CD (resp. [EBAGAXA]ll, [@AGAXA]lOO) the co-sum (resp. l1-sum, l-sum)
of the family. For infinite countable sums of copies of a space X we write ¢o(X),
ll(X) or loo(X)

Proposition 3.1. Let {X : XA € A} be a family of Banach spaces and let Z be the
co-, l1- or loo-sum of the family. Then Z has the ADP if and only if X has the
ADP for every X € A.

Proof. We start by proving that X, has the ADP when Z has, and we first work
with the cg- or [o-sums. In both cases, we can write Z = X P Y for suitable
Y. Now, we fix a rank-one operator S € L(X,) with ||S]| =1 and 0 < e < 1. Let
T € L(Z) be the operator given by T'(z,y) = (Sz,0) for all (z,y) € Z. Then T is
a rank-one operator with || T|| = 1. The ADP of Z gives us « € Bx,, y € By and
wyq € T such that

max{[|z + w1 Sz, [y} = [I(z,y) + w1 T(z, y)[| > 2 —e.
But ly]| <1<2—¢,s0
‘m‘aﬁ [ Id +wS|| = ||z + w1 Sz|| > 2 —e.
Letting € | 0, we get that S satisfies (aDE) and X has the ADP. The argument
for the l1-sum is the same, using that 7™ satisfies the (aDE).

The proof for the converse result can be easily adapted from the one given in
[46, Theorem 1]. O

We can now easily obtain examples of Banach spaces with the ADP which do
not have the Daugavet property and whose numerical index is not 1.

Example 3.2. Let X = ¢y @1 C([0,1],12). Then X has the ADP since n(cp) =1
and C([0,1],12) has the Daugavet property. But, on one hand, n(X) = n(l3) < 1
by [36, Proposition 1 and Theorem 5] and, on the other hand, X does not have the
Daugavet property since ¢y does not have it.

Another consequence of Proposition 3.1 is that it is not possible to find an
isomorphic property which ensures that the ADP and the Daugavet property are
equivalent.

Corollary 3.3. Let X be a Banach space with the ADP. Then there exists a Banach
space Y isomorphic to X such that'Y has the ADP but not the Daugavet property.
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Proof. If X fails the Daugavet property, we are done. So, suppose that X has the
Daugavet property and take a one-dimensional subspace Z of X. Then X = ZW
for suitable W. Let Y = Z @ W, which is clearly isomorphic to X. Now n(Z) =1
and W has the Daugavet property by [24, Theorem 2.14], so Y has the ADP by
Proposition 3.1. But, since Y has a finite-dimensional M-summand, Y does not
have the Daugavet property by [24, Proposition 2.10]. O

Proposition 3.1 also implies that the space ¢o(X) (respectively, 1 (X) or I (X))
has the ADP if and only if X has the ADP. This result cannot be extended to
arbitrary vector-valued functions spaces. Indeed, 3 does not have the ADP, since
n(€3) < 1. However, C([0,1],¢3), L1([0, 1], £3), and Lo ([0, 1], ¢3) have the Daugavet
property (see [24, 37]) and hence the ADP.

Let us recall some notation. Given a compact Hausdorff space K and a Banach
space X, we write C'(K, X) for the Banach space of all continuous functions from
K into X, endowed with the supremum norm. If (Q,%, n) is a positive measure
space, L1 (u, X) is the Banach space of all Bochner-integrable functions f:  — X
with

17 = /Q 17 () du(t).

If u is o-finite, then Loo(u, X) stands for the space of all essentially bounded
Bochner-measurable functions f from €2 into X, endowed with its natural norm

[£lloo =inf{A >0 : ||f()] <\ ae.}.
We refer to [12] for background.

The following result describes vector-valued function spaces with the ADP in a
manner similar to the description of function spaces with the Daugavet property
in [36, Remarks 6 and 9] and [37, Theorem 5]. The proofs are straightforward
adaptations of the ones given there, so we omit them.

Theorem 3.4. Let X be a Banach space, K a compact Hausdorff space and i a
positive measure. Then:

(a) C(K,X) has the ADP if and only if K is perfect or X has the ADP.

(b) L1(w, X) has the ADP if and only if i is atomless or X has the ADP.

(¢) If p is o-finite, then Loo(p, X) has the ADP if and only if v is atomless or
X has the ADP.

Recall that C(K,X) = C(K) ®. X and Lq(p, X) = L1(¢) @, X where ®. and
®x denote, respectively, the injective and projective tensor products. So, one may
ask if (¢) and (4¢) in the above theorem might be special cases of a general result for
tensor products. But [36, Example 10] shows that this is not the case. Indeed, let
X =[fand Y =%, that is, the real four-dimensional /; and [, spaces respectively.
Asn(X @ X)<1L,nY®:Y) <1, and X ® X, Y ®, Y are finite-dimensional,
neither X ®. X nor Y ®, Y has the ADP, in spite of the fact that X, Y, X ®, X,
and Y ®. Y have it.

Let us mention that in [23, §4] there are some negative results on the stability
of the Daugavet property for injective or projective tensor products. The authors
prove that there exists a two-dimensional complex space Y such that L§[0,1] ®. Y
and LE [0, 1]®, Y* do not satisfy the Daugavet property, in contrast to the fact that
the complex spaces LT[0, 1] and LS [0, 1] have it [23, Theorem 4.2 and Corollary 4.3].

We finish this section by proving some results on the stability of the ADP by
M-ideals. Recall that a closed subspace J of a Banach space X is called an M -ideal
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in X if X* = Y @, J* for some Banach space Y (here J* = {z* € X* : 2*|; = 0}).
In this case, {x*|; : ** € Y} is isometric to J*, and X* = J* @& J* ([18], p. 11).

Proposition 3.5. Suppose J is an M-ideal in a Banach space X .

(a) If both J and X/J have the (alternative) Daugavet property, then X has
the (alternative) Daugavet property.
(b) If X has the (alternative) Daugavet property, then so does J.

Proof. We shall consider only the alternative Daugavet property. The Daugavet
part of the proposition was established in [24], via a different technique. Below, we
shall denote by I'(Z) the set appearing in Proposition 2.6 for a Banach space Z,
that is, the set of of all pairs (z*, 2**) where z* € ex(Byz+), z** € ex(Byz++), and
|2**(2*)| = 1.

(a) We can write X* =Y @; J*+, with Y isometric to J*. Then, I'(X) is the
collection of points of the form

(01 ©10) Boo (47" B0 a37)  and  (0®1a3) Boo (677 Boo a37),

where aj, a3, a*, and a3* are extreme points of By, B, By~, and B ;.. respec-
tively, for which |ai*(a7)| = |a3*(a3)| = 1. By Proposition 2.6, it suffices to show
that, for 27 € Sy, x5 € Sy, 7% € Sy~, and 3™ € S;i., (27 D10) Boo (7% Boo 5¥)
and (0 @1 3) Boo (27 oo 23*) belong to c@* (D(X)).

Since J has the ADP, Proposition 2.6 says that there exists a net {(bj,b5")}
in the convex hull of T'(J), converging to (x%,2z31*) in the o(J* ®oo J**,J &1 J*)
topology. In other words, {b%} converges to =} in o(J*,J), and {b:*} converges to
¥ ino(J**, J*). By [18, Remark I.1.13], B is o(X, J*) dense in Bx, hence the net
{b}} converges to zj in o(X*, X). Combining this with Krein-Milman Theorem,
we see that (27 @1 0) oo (27 oo 5*) belongs to the o(X* @oo X, X ®1 X™)
closure of the convex hull of I'(X).

The case of (0®1 23) Boo (27" Poo 25*) is dealt with in the same way, except that
here we simply observe that, whenever a net {b%} converges to z3 in o(J+, X/J),
then it also converges in o(J+, X).

(b) Suppose z* € J*, z** € J**, and ||z*|| = ||**|| = 1. Another application
of Proposition 2.6 shows that there exists a net {xz Do xj;*} in the convex hull of
I'(X), converging to z* @ ** in the weak* topology. We can write

M(a)
Tl Boo TR =Y Cai(Uhi ©10) Soo (ks oo Yiia)+
i=1
N (@)
+ Y daj(0©1 25;) Boo (2251 Boo 2352),
j=1
where cai,doj 2 0, 30 Cai + 3 5day = 1, y5y € J7, 25, € JE yi, 2 € I,
Ymizr Zog2 € JE and |yt (vi)| = |z2§2(z;j)| = 1. We identify x* ®o, x** with

(*@10)Poo (2" Poo0). Then, the net {ZJ dajz;j} converges to 0 in the o(J+, X)

topology. Since J is a subspace of X, the net {) . cqaiy};} converges to 2* in the
o(J*,J) topology. Since we assume that ||z*|| = 1, lim, ), ca; = 1, and therefore,
limg >, daj = 0. Thus, limq || 32, dajz3j || = 0, and the net 37, caiyi; converges
to ™ in the o(X**, X*) topology, hence also in the o(J**, J*) topology. By the
above, the net Zi]\i(lo‘) Cailll; Pooylty converges in the o (J* Do J**, JB1J*) topology
to " @ x**. O
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Remark 3.6. A quotient of a space with the ADP by an M-ideal need not have
the ADP. Indeed, consider the C*-algebra X = C([0, 1], M3) (here My = L(I3) is
the space of 2 X 2 matrices). By Theorem 3.4, X has the ADP (in fact, X has the
Daugavet property). J = {f € X : f(1/2) = 0} is a closed two-sided ideal in X,
hence, by [18, Theorem V.4.4], it is an M-ideal in X. However, My = X/J fails the
ADP. Indeed, M> is finite-dimensional so it has the ADP if and only if n(Ms3) =1,
but this is not the case because it is a noncommutative C*-algebra (see [26]).

4. C*-ALGEBRAS AND JB*-TRIPLES

The main goal of this section is to prove the following two results. A definition
is needed: if A is a C*-algebra, a non-zero projection p € A is called atomic (or
minimal) if pAp = pC.

Theorem 4.1. A C*-algebra has the alternative Daugavet property if and only if
all of its atomic projections are central.

Theorem 4.2. The predual A, of a von Neumann algebra A has the ADP if and
only if the algebra A has.

From these theorems, we are able to get two nice consequences.

Corollary 4.3. Let A be a von Neumann algebra having the ADP. Then, there
exists a commutative von Neumann algebra C' and a non-atomic von Neumann
algebra N such that A = C ©oc N. Moreover, n(C) =1 and N has the Daugavet
property.

Proof. Tt is known (see e.g. Chapter 6 of [25]) that a von Neumann algebra A can be
written as A = B®.. N, where N is a non-atomic von Neumann algebra and B is the
weak*-closure of its atomic projections. By [38, Theorem 2.1], N has the Daugavet
property, so it has the ADP. Therefore, by Proposition 3.1, A has the ADP if and
only if B has. But, thanks to Theorem 4.1 and B being the weak*-closure of its
atomic projections, B has the ADP if and only if it is commutative. O

We will prove later (Remark 4.9) that no such decomposition is possible for
general C*-algebras.

The second consequence is an example showing that the ADP does not pass from
the space to the dual. The existence of such an example is known for the Daugavet
property (C[0,1], see [24]) and it is an open problem for the numerical index (see
[35]).

Example 4.4. Consider the (non-commutative) CAR C*-algebra U (see e.g. Chap-
ter IIT of [11] for the definition). Since U has no atomic projections, it has the
Daugavet property (and hence the ADP) by [38, Theorem 2.1]. On the other hand,
U** is a non-commutative von Neumann algebra. By Theorems 1.9.6 and 1.9.8 of
[11], U has a non-commutative faithful representation. Therefore, by Proposition
II1.6.36 of [42], U** contains as an M-summand a non-commutative von Neumann
algebra which is the weak* closed span of its atomic projections (see [16] for a gen-
eralization of this result). Thus, U* and U** fail the ADP by Proposition 3.1 and
Theorems 4.1 and 4.2.

We will deduce the proofs of Theorems 4.1 and 4.2 from the corresponding ones
for JB*-triples. The so-called JB*-triples are certain normed Jordan triple systems
which have been studied because of their connection to bounded symmetric domains
in Banach spaces and to C*-algebras. JB*-triples generalize Jordan C*-algebras
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and, therefore, also C*-algebras. A brief introduction into JB*-triples is given
below. Interested readers are referred to [30, 31, 39, 40] for further information
about this class of objects. Additional references will be given in the text.

A JB*-triple is a complex Banach space U equipped with a triple product
(a,b,¢) — {abc} mapping U x U x U into U and satisfying the five conditions
below.

(1) The triple product (a,b,c) — {abc} is linear in a and ¢, and conjugate
linear in b.

(2) The triple product is symmetric — that is, {abc} = {cba}.

(3) For any = € U, the operator D, : U — U, defined by Dyu = {zzu},
is Hermitian (that is, exp(itD,) is an isometry for any ¢ € R) with non-
negative spectrum.

(4) The “main identity” is satisfied:

D,{abc} = {D,a,b,c} — {a, Dyb,c} +{a,b, Dyc}

for any x,a,b,c € U.

(5) Forany z € U, ||z||? = || Dz|| = sup{\ : A € o(D.)}. By [27], this condition
is equivalent to

(5") For any x € U, |[{zxz}|| = ||z|>.

It follows from [17] that ||[{abc}|| < |lal| ||b]] ||¢|| for any a,b,c € U.

We say that a map ¢ between JB*-triples U; and Uy is a triple isomorphism if
o({abc}) = {o(a), d(b), #(c)}. By [22] and [27], ¢ is a surjective isometry iff it is a
surjective triple isomorphism with trivial kernel. A (¢riple) ideal of a JB*-triple U
is a closed subspace V of U such that {VUU} C V and {UVU} C V.

As we have already mentioned, C* algebras are JB*-triples. More generally, a
closed subspace of a C*-algebra A is called a JC*-triple if it is closed under the
triple product

{abc} = (ab"c+ cb*a)/2.

It is easy to verify conditions (1) — (5). Also, JB*-algebras become JB*-triples
with the product

{abc} = (aob*)oc+ (cob*)oa— (aoc)ob™.
Numerous examples of JB*-triples can be found in [40].

Suppose z is an element of a JB*-triple U. In addition to the operator D,, we
define @, : u — {zux}. An element e € U is called a tripotent if {eee} = e. For
any tripotent e, we define Peirce projections:

Py(e) = QZ,  Pi(e) =2(De — Q7). Pole) =Id 2D, + Q7.
The range of P;j(e) is denoted by Uj(e) (j = 0,1,2). By definition, >, Pj(e) = Id,
hence
U = span[Usz(e), Ui (e), Up(e)] (Peirce decomposition).
A tripotent e is called minimal if Us(e) = Ce. e is called diagonalizing if Uy(e) = 0.

To clarify the above concepts, let us give an example. If U is a JC*-triple,
then e € U is a tripotent iff it is a partial isometry. In this case, let d = e*e
and r = ee* be the domain and range projections of e. Then Py(e)x = rxd,
Pi(e)x = ra(l —d) + (1 — r)zd, Po(e)r = (1 — r)x(1 — d) (see [40, §3.2]). If,
more concretely, U is a C*-algebra, then the tripotent e is minimal iff its range
projection (or, equivalently, domain projection) is atomic. Indeed, suppose d is
atomic. Then dexd = Ad (with A € C depending on z € U), and therefore,
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red = edexd = Aed = Xe. On the other hand, if e is a minimal tripotent, then
rad = Ae (A € C) for any x € U, hence dexd = e*rad = Ae*e = Ad.

We show that a JB*-triple has the ADP iff every minimal tripotent in it is
diagonalizing. Observe that, then, Theorem 4.1 follows as a corollary.

Theorem 4.5. A JB*-triple has the alternative Daugavet property if and only if
all of its minimal tripotents are diagonalizing.

If a JB*-triple can be thought of as an analogue of a C*-algebra, then a JBW*-
triple corresponds to a von Neumann algebra: it is a JB*-triple which is a dual
Banach space. As in the von Neumann algebra case, the predual of a JBW *-triple
is unique (see [5]). The following result implies Theorem 4.2 as a corollary.

Theorem 4.6. The predual of a JBW*-triple has the alternative Daugavet property
if and only if the JBW™-triple has.

Results similar to Theorems 4.5 and 4.6 can also be proved about the Daugavet
property. The C*-versions are contained in [38, Theorem 2.1 and Corollary 2.3].

Theorem 4.7. (a) A JB*-triple has the Daugavet property if and only if it
has no minimal tripotents.
(b) The predual to a JBW™*-triple U has the Daugavet property if and only if
U has no minimal tripotents.

The decomposition of a J BW *-triple into a direct sum of its “atomic” and “non-
atomic” parts is similar to the corresponding decomposition of a von Neumann
algebra. Let U be a JBW*-triple. By [17], U is triple isomorphic to a direct sum
of a JBW*-triple N, having no minimal tripotents, and a JBW *-triple A which is
the weak*-closed linear span of its minimal tripotents (A is atomic). Equivalently,
U = A@®o N. Moreover, A is isometric (hence triple isomorphic) to [@;c; Ci] "
where C; are Cartan factors (see [17] and [21]). By the above theorem, N has the
Daugavet property, so it has the ADP. Therefore, Proposition 3.1 says that U has
the ADP if and only if all the Cartan factors C; have. Suppose now that U has the
ADP. For each i € I, take a minimal tripotent e in C; (Cartan factors always have
minimal tripotents, see e.g. [17]). Then, by Theorem 4.5 e is diagonalizing, that is,
C; = Us(e) ®Up(e) (the loo-sum of ideals). By definition of a factor, Uy(e) = 0 (see
[22]), thus each C; is 1-dimensional. This yields:

Corollary 4.8. Let U be a JBW™-triple with the alternative Daugavet property.
Then, U is triple isomorphic to a direct sum of a JBW *-triple N with no minimal
tripotents, and a commutative von Neumann algebra C (viewed as a JC*-triple).
Equivalently, U = C ®o, N, where n(C) =1 and N has the Daugavet property.

Remark 4.9. No such decomposition exists for JB*-triples which are not duals
of Banach spaces. Even more, the decomposition is not possible even for general
C*-algebras. Indeed, consider the C*-algebra A = ¢p @oo Loo([0,1], K) and its
unitization A; (here K is the space of compact operators on l3). ¢g is commutative,
and Lo ([0, 1], K) has the Daugavet property; so, by Proposition 3.1, A has the
ADP. By [18, Theorem V.4.4], A is an M-ideal in Ay, hence, by Proposition 3.5,
A; has the ADP (observe that dim(A4;/A) =1, so n(A;/A) =1).

Suppose, for the sake of contrdiction, that A is triple isomorphic to a direct sum
of triple ideals By and By, where B; is a commutative C*-algebra and By has no
minimal tripotents (i.e., it is “non-atomic”). Then By and By are complementary
M-summands in A; (that is, A1 = By @ B2). Indeed, if b; € B; (i = 1,2), then
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{b1by A1} = 0, and therefore, (b + b3)>" = b3" 4 b3". This, in turn, implies that
. n ny1/3"
oy +ball < Jim (o] + el = mas{ ] o]}

To prove the inequality in the other direction, suppose ||b1]| = ||b2||. By the above,
[lb1 + b2, |b1 — b2|| < [|b1]], and by = ((b1 +b2) + (b1 —b2))/2, hence the inequalities
above are in fact equalities.

By [18, Propositions I.1.11 and 1.1.17], AN By and A N By are also M-ideals
(hence, by [5], triple ideals) in both A; and A. Since AN By and AN By are a
commutative C*-algebra and a non-atomic JB*-triple, respectively, we see that
AN By =coand AN By = Loo([0,1], K). Moreover, A} = A+ @&, B = B{- ®; By
Applying [18, Theorem 1.1.10], we obtain that the one-dimensional space At is a
subspace of either Bi- or By. If AX C Bi, then B; C A, hence By = cg, and
therefore, 1 € By (here 1 stands for the identity in A;). However, then Bs is not
an ideal, which yields a contradiction. The possibility of A+ C By is ruled out in
the same way.

Remark 4.10. From the arguments preceding Corollary 4.8, we deduce that the
unique Cartan factor which satisfies the ADP is C.

It remains to prove Theorems 4.5, 4.6, and 4.7. In order to do that, we begin by
recalling some facts about JB*-triples, and proving a few lemmas. Suppose U is a
JB*-triple. If e € U is a tripotent, it is known that Py(e)P;(e) = 0 if k # j (see
e.g. Formulas JP3, JP23, and JP25 in [31]). By [39],

z€Ujle) <= Dex=(j/2)z.

In [31] and [39], we find multiplication rules (also called Peirce calculus):

o {Ui(e)Uj(e)Uk(e)} C Ui—jix(e) if i —j+k € {0,1,2},

{Ui(e)Uj(e)Ur(e)} = 0 otherwise.

e Hence, Uj(e) (j =0,1,2) are JB*-triples.

o {Uz(e)Uo(e)U} = {Un(e)Us(e)U} = 0.
Elements a,b € U are called orthogonal if {abU} = 0. By [31, Lemma 3.9] or [39],
for tripotents e and f the following four statements are equivalent:

(W {efU=0 < 2){felU} =0 < 3){eef} =0 & (4){eff}=0.
For A € C, define the operator Sy(e) = E?:o M Pj(e). It was shown in [16], that
Sx(e) is an isometry whenever |A\| = 1. As a consequence, we formulate a folklore
lemma:

Lemma 4.11. Suppose e is a tripotent in a JB*-triple U.

(a) The Peirce projections Py(e), Pi(e), and Pa(e) are contractive. Moreover,
the projection Py(e) +Ps(e) is contractive.
(b) [[Po(e) + APi(e)]|, ||Pa(e) + APi(e)|| < 1 whenever |A| < 1/v/2.

Proof. Part (a) follows directly from the fact that Sy(e) is an isometry. To prove
(b), note that
141

Po(e) + o Pi(c) :%HId—kSi(e)Hél.
But L L
<P0(e)+ ;_ZPl(e)) Su(0) = Bofe) + T b ).

Since ||S,(e)|| = 1if |w| = 1, Py(e) + APi(e) is contractive whenever |\ = 1/v/2.
A simple convexity argument completes the proof of the lemma. O
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Lemma 4.12. Suppose e is a minimal tripotent in a JB*-triple U, and x € Uy(e).
Then |le +z| > 1+ ||x]|?/4 whenever ||z|| < 1.

Proof. By [5], U** is again a JB*-triple (in fact, a JBW™*-triple), and the triple
product is weak* continuous in each variable. Thus, U;(e)** can be identified with
U;*(e) = Pj(e)U™ (the “multiplication” operators D. and Qe, defined on U™,
coincide with D}* and Q**). In particular, if e is a minimal tripotent in U, it is
also minimal in U**.

By the above, we can assume that U is a JBW*-triple, and = # 0. By [4],
z =3 ;¢ f; (weak™ convergence), where sup; [¢;| = 1 and the tripotents (f;) are
mutually orthogonal. By [9], the cardinality of .J does not exceed 2. Moreover, one
of the two cases takes place:

(1) z = ¢f, where ¢ € C and f is a minimal tripotent in Uj(e), but not in U,
and e € Usa(f).

(2) © = c1f1 + cafa, where |ca| < |e1] = ||z||, the mutually orthogonal tripotents
f1 and f2 are minimal in U (and therefore, minimal in Uy (e)), and fo may be equal
to 0 (if f2 =0, let co = 0).

In the first case, by [9], U is (triple) isomorphic (and therefore, linearly isometric)
to J(e) B U’. Here J(e) is the ideal in U generated by e, and U’ is also an
ideal. Moreover, J(e) is triple isomorphic to the JC*-algebra S(H) — the space of
symmetric matrices on a Hilbert space H, equipped with the triple product {abc} =
(ab*c + cb*a)/2. Let d = e*e and r = ee* be the domain and range projections of
e. Since {eex} = x/2, x € J(v). Write ¢ = 1 + z2, where x1 = dx(1 — r) and
22 = (1 — d)axr. Then |z| = max{||z1]], |z}, and the desired estimate follows
from simple matrix computations.

Now consider the second case. By [9], e € U1(fi) (i = 1,2, f; # 0). Since U1 (f;)
is the 1/2-eigenspace of the operator Dy,, e = 2{ef; f;}. By the multiplication rules,

2
Po(e)((e + z)%) = e + 2{exz} = <1 + Z |Ci|2> e,

=1

and therefore, |le + z||> > || P2(e) ((e + 2)%) || = 1 + ||z O

Lemma 4.13. Suppose e is a minimal tripotent in a JB*-triple U, and x € Ui (e)
with ||z|| = 1. Then ||Ae +x + zo|| = 1+ |\?/8 whenever zo € Uy(e) and [N < 1.

Proof. As in the previous lemma, we can assume that U is a JBW™ triple, and
consider two cases. In the first case, U = J(v) @ U’, where J(v) is triple isomorphic
to S(H). In this situation, simple matrix computations yield the result.

We concentrate on the second case — namely, x = f1 + co f2, where f; and fo are
mutually orthogonal minimal tripotents in U (fz may be zero), and |c2| < 1. By
9], e € Ui(fi) (i =1,2). Consider 2’ = —=S_;(e)x = Xe + iz — zo. P;(f) = P;(\f)
whenever |A| = 1 and f is a tripotent, hence, by Lemma 4.11,

7 )
A A
+—=P el| = + —=e
fi NG 1(f1) ‘ 1 NG

Using Lemma 4.12, we conclude that || f1 + (A/v2)e| > 1+ |A[?/8. O

1

fell =121 > 5 |7+ TP + 20)

w4 %Pl(fl)(xe ~ 20)

7%

2 ‘
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To proceed, we need to introduce the simultaneous Peirce decomposition of a
JB*-triple U. Suppose ey, ea, ..., e, are mutually orthogonal tripotents in U. For
1 § ) S n, let U” = Ug(ei). If 1 § i,j S n and 1 75 j, let Uij = Ul(ei) n Ul(ej)
(then U@j = Uﬂ) We set

Ui =Uy; = Ul(ei) n (ﬂj;ﬁiUO(ej)) and Ugg = ﬂon(ej).
Then U = span[U;; : 0 < 4,j < n]. As with the “standard” Peirce decomposition,
we have multiplication rules: {UijUijkg} C Ui, and the triple product is zero
otherwise (taking permutations of indices into account). For more information on

the simultaneous Peirce decomposition, the reader is referred to Chapter 5 of [30],
Chapter 3 of [31], or [39].

Proposition 4.14. In the above notation, suppose x; € Uy for j =0,2,3,...,n

2
Then |, a5 <253, llay 2.

Proof. Let yo = Ej z;, and yp41 = y>. We shall show that, for n € N, y,, =
241 Ynj, where y,; € Uy, and
1/

(3"—1)/2
(3) sl < (23 lhee?) e I

£#£1
Once the equation above is proved, we are done. Indeed, then

n n 1/2 n
lyall = lyal " < O gDV < (2 llaell?) ZH i)
J

£#1
Passing to the limit as n — oo completes the proof.

For n = 0, the equation (3) is obviously true. Suppose it holds for n, and prove
it for n + 1. Note that y,11 = Zj7k7é{ynjynkyng}. By the multiplication rules, the
triple product above is non-zero only in the following two situations: (1) j = k,
{ynjynkyné} € U (2) k= 57 {ynjynkyng} S Ulj- Thus,

Ynt1,5 =2 Y {Unjyrtnr} =2 Dy,Yngs
k k

and, by the induction hypothesis,

1.l < 2D g2l
k#£1
(3"-1)/ n_1)/2
23 (@ el?) ) 2 el?)”
k#£1 041 041
) (3ntt_1)/2
= (2> lleel?) a1
0£1
This establishes (3). O

The next corollary follows from the proposition above by a simple duality argu-
ment (we keep the notation of the previous lemma).

Corollary 4.15. Suppose x* € U* with ||z*|| < 1, and € > 0. Then |
for j € {1,...,n}\J, where the set J has a cardinality not exceeding 1 + 2/&2.

<e€

Lemma 4.16. For every e € (0,1) there exists N(e) € N with the following prop-
erty: if N > N(e) and ey, es,...,en are mutually orthogonal tripotents in a JB*-
triple U and x* is a norm one functional on U, then there exists i € {1,2,...,N}
such that ||z*|v,|| < e, where V; = span[U;; : 0 < j < N| = Ua(e;) + Ui(e;).
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Proof. Suppose M = [2/e] + 1 and N > 16M?22M /22| For the sake of contradic-
tion, suppose that for any i there exists x; € V; s.t. ||a;|| = 1 and Re x*(x;) > e.
We shall arrive at a contradiction. Write z; = Z;V:() Zij, with x;; € Uij. Denote
by Pi; the “coordinate” projection onto Uj;. Let 6 = ¢/4 and xj; = z* Fix
i1 € {1,...,N}, and let y{ = x;,. Let Ji = {j : [lz;]| > 5} (by the prev1ous
corollary, |Ji1| < 4/6%). Fix iy € {1,...,N}\Ji1, and let y3 = x;, — Piyi, Tiy,
y? = yi — Pii,yt. Since, by [39], ||P;|| < 1 for any (i,7), and since ||z}, || < €,
Re z*(y3), Re 2*(y?) = € —§. Moreover, y? € Up(es,) and P,y = xiy4, € Ui(esy).
Thus, y? = Py(ei,)yt, and |ly3]| < 1. Similarly, ||y3]| < 1.

Now let’s fix n < M, and suppose we have already selected:
(1) a sequence i1, ..., i, sets Ji; = {j : [} ;| = §/2F1Y 1 <k <n—1,
1<i<k, |J;”| < 22k/52), s.b. g4l ¢ Ulgigjgke]ﬂ,
(2) y{‘,...,yﬁ st. Re a*(y}) > e — 370, §/2k1 [yl < 1for1<j<n, and
P, i;y7 = 0 whenever j #+ k.
We make the (n + 1)-st step. Let Jn; = {j : [} ;|| = §/2"} (1 <i < n). We
know that |J,;| < 227/6%. Thus, if N > n?2%"/§2, we can find

int+1 € {17 .. 7]\7}\( U1<¢<k<n Jk"L)

For 1< n let ynJrl - y;L - Pl (ein+1)y? = PO(ein+1)y1n' By [39], Pl (ezn+1) acts
on V;, as the ‘coordinate” projection onto V;;,, This implies that P, y}”l 0
for k € {1,2,...,n+1}\{j}. Since Py(e;,,,) is contractive, Hy"“” 1. Moreover,
z*(Py(eq,, )yl )| §/2", hence Re z*(yf ™) > e — Spt1 6/25 1.

yﬁi} is defined as x;,,,, — Z;;l 7, ,i; (hence P, zmyﬁii =0 for j < n). Thus,
Re z*(z;,,,) = € —nd/2" > e — 751 6/28- 1. Using [39], one can show that

yrtl = Py(e)zi,,,, where e = Z;;l ei;. Hence Hyﬁﬂ” < 1.

Therefore, the conditions (1) and (2) above are satisfied with n 4 1 instead of
n. Continuing in this fashion, we construct a sequence yM, ...y satisfying (1)
and (2) (with n = M). Let z1 = > yM. By definition of M, Re 2*(z) > 1. To
achieve a contradiction, we shall define z,4+1 = {znzn2zn} (n € N), and show that
lznt1ll = ||Z||3n <M.

For 1 <j < M let

W; = ) Uit

ke{0,1,..., N\ {i1,...,ins JU{i;}

We claim that z, = Zj\il Znj, With z,; € W; and ||z,;]| < 1. Indeed, by the
multiplication rules of [39], {W;, W;,W;,} C W}, if j1 = j2 = j3, and 0 otherwise.
To illustrate this, consider {Uj, ;,Ui,;,Uisjs }, where jn, # i, if m # n. If the
triple product is non-zero, then j; = jo. In this case, either 73 or js must be
equal to i1, which is only possible if j3 = 4;. Then the only non-zero products are
{Uiljl Ujlil Uﬁjs} C U1'1j3 and {Uj1i1 U1'1j2 Ujﬂl} C U11j2'

Note that z; = Z;VI 1 215 With 215 = yJM Suppose z, = Z;M 1 #nj for somen € N,
with z,; € W, and ||z,;]| < 1. By the reasoning above, {zmznkzng} = 0 unless
ji=k=1{. Therefore Zn4l = ijl Zntl,j, With zp41; = z ;€ W;. Furthermore

zn42,4ll = llzns]* <

Therefore, ||z,| < Zj\il 2njll < M, and ||z]| < lim,, M'/3" = 1. This yields a
contradiction. ]
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We can now proceed with the proofs of the main theorems of the section.

Proof of Theorem 4.5. Suppose first that a JB*-triple U has a minimal non-diago-

nalizing tripotent e. Find z* € U* s.t. [|z*|| = 1 and P;(e)*z* = 2*. Consider an
operator T € L(U), defined by Tz = z*(z)e. We shall show that
(4) |IId+T| < 2.

Since the same inequality holds for wT instead of T (that is, for wz™* instead of z*)
whenever |w| = 1, equation (4) proves one direction of the theorem.

Suppose, for the sake of contradiction, that || Id + T'|| = 2. Then for any § €
(0,1/2) there exists x € U such that ||z]| = 1 and ||z + z*(z)e|]| > 2 — . We can
write x = e + x1 + zg, with 1 and xg in U;(e) and Up(e), respectively. Note that
lz1]] = |x*(z)] > 1 — 6. By Lemma 4.13,

A2
8|z |
Thus, [A? < 8|21 /(1 — [|z1]]) < 85, and ||(z1 + z0) + z*(z1 + z0)|| > 2 — 3V — 4.

Therefore, for any € > 0 there exists = z1 + x¢ (z; € Uj(e) for j = 0,1) s.t.
lz]| € 1 and ||z + z*(z)e|]| > 2 — e. By a simple extreme point argument, there
exists w with |w| = 1 s.t. ||z 4+ we|| > 2 — . Since we is a tripotent with the same
Peirce projections as e, we can assume without loss of generality that w = 1.

1

[E201

T Zo

1+
lzall 2l

<l <
€
2= M )

By the triangle inequality,
le+tx|]| = lle+z]|—Q=0t)|z]| >2—-e)—(1—-t)=1+t—¢

for any ¢ € (0,1). On the other hand, e + tz = ((1 —t)e + ta1) + t(e + o). By
Lemma 4.11, e + 2o < 1. By [16], |le + y|| < 1 + ||ly||/2 whenever y € U;(e) and
llyl| < ¢ (¢ is a universal constant). Thus,

-l = a0 (e g )| <00 (14 gt ) <1

if t < ¢. Putting it all together: 1+t —e < |le + tz| < 1 —t/2 whenever € > 0 and
t € (0,¢). This is the contradiction proving equation (4).

To prove the opposite implication of the theorem, we need to use the “odd
functional calculus” developed in [4] and [28]. Suppose x is an element of a JB*-
triple U. We define odd powers of z: x! = z, 2?1 = {z2?"~1z}. By standard
triple identities, x‘*™+" = {xf2™2"} if £, m, and n are odd. Define the spectrum
of x:

Sp(z) ={Ne€C:x ¢ (Q. — N)U}
If x # 0, then Sp(z) is a non-empty compact subset of R, for which —Sp(x) = Sp(x).
Moreover, there exists a unique surjective triple isomorphism between C~ (Sp(z))
(the space of continuous odd functions on Sp(z)) and the smallest closed subtriple
of U containing = (we denote it by U,). This isomorphism extends naturally to a
triple isomorphism from the set of all odd Borel functions on Sp(z) to U * C U**.

Let A(z) = Sp(x) N (0,00). Then there exists an orthogonal family (ex)xea(x)
of tripotents in U** s.t. = ), Aey (the sum converges in the weak™ topology).
This implies that ||z|| = max{t: ¢t € A(z)}. If X is an isolated point of A(x), then
ex € U.

We also need to mention the following classical result: if a tripotent e in U is

not minimal, then there exist non-trivial orthogonal tripotents e;,es € U** s.t.
e = e1 + es. For the convenience of a reader, we outline the proof below.
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Consider (following [39]) a real space Z = {z € Us(e)|Q.x = z}. Q% = Id
on Us(e), hence Us(e) = Z ®iZ. If Uy(e) # Ce, then there exists z € Z\Re.
Then p(z) € Z for any odd polynomial p. Moreover, by the weak* continuity of
Q. and by [28], {ef(z)e} = f(z) for any odd Borel function f. Thus we produce
orthogonal tripotents u,v € Us*(e)\Ce s.t. {eue} = u and {eve} = v. By (6.18) of
[39], e1 = {ueu} and es = e — e; are orthogonal tripotents. By the identity (J) of
[39], {eve1} = 0 and {uee;} = u, hence e; ¢ Ce.

To complete the proof of Theorem 4.5, it suffices to show that, for any JB*-triple
U without minimal non-diagonalizing tripotents,
sup ||[Id+wT| =1+ |T|
|w|=1
for any T' € L(U) of rank 1 and norm 1 (see [3, Lemma 2.1]). Such an operator T’
is given by Ta = z*(2)a, with ||2*|| = |la|| =1, a € U, and z* € X*.

Suppose first that 1 is an isolated point of A(a), and Us(e) is finite dimensional (e
is the tripotent corresponding to the point 1). Then e = e1+e2, where the tripotents
e1 and ey are orthogonal, and e; is minimal in Us(e). Then e; is also minimal in U.
This follows, for instance, from the theory of joint Peirce decompositions, sketched
above and described in greater detail in [39].

Since e; is diagonalizing, every x € U can be written as z = Aey + xg, with
A€ C and zg € Up(ey). By an extreme point argument, for every € > 0 there exists
x = Xe1 + xo with |A| = ||zo]| = 1 s.t. Re 2*(z) > 1 —e. Then

|[Md+T| > || Az + 2*(x)a|| = ||P2(ex) Az + 2*(2)a) |-

By definition, P(e1)z = Aep. Moreover, a =e; +ex+ (a —¢€), and ea + (a —€) C
Uo(e1). Therefore, Py(e1)a = e;. This implies that || Px(e1)(A\z + z*(z)a)| = 2 —e.

Now suppose that the above condition (1 is an isolated point of A(a), and Us(e)
is finite dimensional) is not satisfied. Fix ¢ > 0 and N = N(¢) € N (in the
notation of Lemma 4.16). If 1 is an isolated point of A(a), then there exist N
mutually orthogonal tripotents ej,es,...,eny € U™ s.t. e = Zl e;. If 1 1s not an
isolated point of A(a), find a sequence 1 —e < A1 < A2 < ... < Ay < 1, and let
e; = ey, € U™ (these tripotents are mutually orthogonal). In either case, one easily
sees that {e;ae;} = cje; for 1 <i < N, with ¢; € (1 —¢,1).

By Lemma 4.16, there exists ¢ for which |||, (¢,)+Us (el < €. Fix 2™ € U**
s.b. [J**]] = 2**(2*) = 1. Let 2** = Py(e;)z** + ;. Then |(x** — &**)z*| < 2¢ and
[|z**|| = 1. Note that Q.,a = c;e; and Qe, ** = e;. Since @, is a contraction,

sup [[Idy=- +wT™ | = sup [|Qc, (™ + wa™ (2" )a)|
|

|w|=1 w|=1
= sup |1 +wz™ ()| > 2 — 3e.
|w]=1
Since ¢ is arbitrarily small and ||Idy-« + wT**| = ||Idy + wT'||, we are done. [

Proof of Theorem 4.6. If all minimal tripotents in a J BW *-triple are diagonalizing,
then the triple has the ADP, and so does its predual.

Conversely, suppose a JBW *-triple U has a minimal tripotent e, and U; (e) # 0.
By [5], triple product in a JBW*-triple is separately weak* to weak* continu-
ous. Thus, Peirce projections Pj(e) are weak* to weak* continuous, and Uj(e) are
JBW*-triples (j = 0,1,2). We can find a norm 1 weak* continuous functional
2y € Uy 8.t. s = Pi(e)*x,. Define a linear operator T : © — x(z4)e. In the proof
of Theorem 4.5, we showed that sup|,,|—; [[/d+wT'|| < 2. Since T'is weak™ to weak*
continuous, we are done. O
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Sketch of the proof of Theorem 4.7. (b) follows from (a) in the same manner as
Theorem 4.6 follows from Theorem 4.5.

To prove that a JB*-triple without minimal tripotents has the Daugavet prop-
erty, we use essentially the same technique as in the proof of Theorem 4.5 (cf. [38]):
suppose T € L(U) is an operator given by Tz = az*(x), with ||a|| = ||z*|| = 1. Fix
€ > 0 and find mutually orthogonal tripotents e1,...,exy € U™ s.t. Qc,a = cie;
with ¢; € (1 —¢,1). Find z** € U™ s.t. ||a™| = 2**(2*) = 1. Let ** =
Py(e;)x™ + e;, for a suitable 4. Then ||[2**|| = 1 and Re Z**(2*) > 1 — 2. There-
fore,

[Hdy + T = [(Idy- +T™) || > [|Qe, (2 + 27 (¢ )es) | > 2 = 3e.

Now suppose e is a minimal tripotent in a JB*-triple U. Define T € L(U)
by setting Tz = —Pa(e)z (if U is a JBW*-triple, then, by [5], T is weak* to
weak* continuous). We shall show that ||[Id 4+ T'|| < 2. Indeed, suppose, for the
sake of contradiction, that for every € > 0 there exists x € U with ||| = 1 and
|z — Pa(e)x| > 2 —e. Write z = Ae + 21 + x0, with z; € Uj(e) (j = 0,1) and
A€ (1—¢,1). Then ||z1 + xo|| > 2 —e. On the other hand, ||zo]|, ||z1]] < ||z|| = 1.
By the triangle inequality,

lzo + tz1|| = lwo + 21| — L =O)|jz1l| 21—+t

for any ¢t € (0,1). On the other hand, by [16], ||zo + tz1|| < 1 + t/2 whenever
t € (0,¢) (c is an absolute constant). This yields a contradiction. O
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