EMBEDDINGS OF FINITE DIMENSIONAL OPERATOR SPACES
INTO THE SECOND DUAL

ALVARO ARIAS AND TIMUR OIKHBERG

ABSTRACT. We show that, if a a finite dimensional operator space E is such
that X contains £ C-completely isomorphically whenever X ** contains E com-
pletely isometrically, then E is 21°C-completely isomorphic to R, ® C,,, for some
n,m € NU{0}. The converse is also true: if X** contains R,,, ® C,, A\-completely
isomorphically, then X contains R, ® C,, (2\ + ¢)-completely isomorphically, for
any € > 0.

1. INTRODUCTION

Local reflexivity of Banach spaces was first discovered by J. Lindenstrauss and
H. Rosenthal in [12]. Later, W. Johnson, H. Rosenthal, and M. Zippin [9] improved
on this result, and obtained:

Theorem 1.1. Suppose X is a Banach space, E and F are finite dimensional
subspaces of X** and X*, respectively, and € > 0. Then there exists an operator
u: B — X st |Jull <1+e¢, ulpnx = Ipnx, and (ue, f) = (e, f) for any e € E and
fekr.

This immediately implies the result of [12]:

Corollary 1.2. Suppose E and X are Banach spaces, E is a finite dimensional
space, and E is contained in X** C-isomorphically (that is, there exists E' — X**
such that d(E, E') < C). Then E is contained in X (C + ¢)-isomorphically, for any
e > 0.

In the non-commutative case, the results quoted above do not hold in general.
It is well known that an infinite dimensional operator space need not be locally
reflexive. Moreover, for every n > 2 the space (7 (equipped with the maximal
operator space structure) is contained in B = K**, while, by Theorem 21.5 of [10],
da(0?, E) > n/(2/n —1) for any E — K (here and below, B and K denote the
spaces of bounded and compact operators on /5, respectively).
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In this paper, we show that a “non-commutative” analogue of the Corollary 1.2
holds for a finite dimensional operator space FE if and only if E is completely isomor-
phic to a direct sum of row and column spaces (Theorem 1.3). We say that X contains
E C-completely isomorphically (C-ci) if there exists F — X s.t. dy(E, F) < C. X
is said to contain E C'+-ci if it contains E Ci-ci for every C7 > C. A finite dimen-
sional operator space F is said to be C-bidually representable (C-BDR, for short), if
an operator space X contains F C-completely isomorphically whenever X ** contains
a completely isometric copy of E. E is said to be C+-BDR if it is C1-BDR for any
Cl > C.

Below, R,, and C,, stand for the spaces spanned by the first row and the first
column of n X n matrices, respectively. @& means @, (the £, sum of spaces), unless
specified otherwise.

Theorem 1.3. (1) If E is A-completely isomorphic to R, & C,, for some m,n € Z,
then E is 2\*+-BDR.
(2) If E is \A+-BDR, then, for some m,n € Z, dg(E,R,, ® C,) < 25\,

Theorem 1.4. An operator space is 1-BDR if and only if it is 1-dimensional.

The rest of the paper is organized as follows: in Section 2, we gather some essential
facts about non-dual local reflexivity, and prove item (1) of Theorem 1.3. The proof
of Theorem 1.3(2) proceeds in two steps. First, we show that £ embeds “nicely” into
R & C (Section 3). In Section 4 we complete the proof of Theorem 1.3(2). Section
5 is devoted to proving Theorem 1.4. Finally, in Section 6, we consider our problem
in the setting of C*-algebras.

The notation used in this paper is, by and large, either standard, or explained
above. The minimal (also called injective, or spatial) tensor product of operator
spaces is denoted by ®. If T : X — Y is a finite rank operator, T stands for the
corresponding element of X*®Y (then || T = ||T||). We often use M,,, B, K, and
K, — the space of n x n matrices, the space of bounded operators on /5, the space
of compact operators on /5, and the space of compact operators with matrices with
finitely many non-zero entries, respectively.

In the proofs, we use the notion of exactness of an operator space, and the notion
of a complete M-ideal in an operator space.

We say that an operator space Z is C-exact (C' > 0) if, for any finite dimensional
subspace F — Z, and every € > 0, there exists N € N and F — My with the
property that d(E, F) < C +¢e. Z is said to be ezxact if it is C-exact for some C'.
The exactness constant of Z (denoted by ex(Z)) is the infimum of all the C’s with
the above property. It is easy to see that the row space R, the column space C, and
the space of compact operators K are 1-exact. On the other hand, it is known that
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B is not exact. The reader is referred to [15], Chapter 17 of [16], or Chapter 14 of
[6] for more information.

A subspace X of an operator space Y is called a complete M-summand if Y =
Y @o Z, for some Z — Y. X is a complete M-ideal in Y if X+ is a complete M-
summand in Y**. We refer the reader to [5], or to Section 4.8 of [2], for information
about complete M-ideals. For the theory of M-ideals in Banach spaces, see [3].

Finally, Z, = NU{0} is the set of non-negative integers.

2. SOME REMARKS ON BIDUAL REPRESENTABILITY
To prove Theorem 1.3(1), begin with

Proposition 2.1. Suppose E and F are finite dimensional operator spaces, X is
an operator space, u : E — X and v : X*™ — F are linear maps, and € > 0.
Then there exist linear maps uy : E — X and vy : X — F such that ||uy|e||v1]|le <
(14 e)ex(E*)ex(F)||ull||v||b, and viu; = vu.

Proof. Pick biorthogonal systems (e;, e} )i, and (f;, fi)7L, in £/ and F, respectively.
Write & = >, ef ® 27" and 0 = 3, f; @ 7™, with 27" € X*™ and 2™ € X™. By
Proposition 3.2.1 of [6] (My(X))*™ = Muy(X*) isometrically, hence v € X** @ F
can be “approximated” by 01 = }_; f; ® zj € F @ X* in such a way that (1)
1] < V14 eex(F)||0]|, and (2) (x%, z}*) = (2™, x;*) for any pair (4, ). Similarly,
there exists iy € E* ® X s.t. |[uy| < v1+ceex(E*)|al, and (x}, 27*) = (2}, 2;) for
any pair (1, 7).

Now go back from tensor products to ¢.b. maps u; : £ — X and v; : X — F. By
the above, ||u1]|s < V1 + cex(E*)||ul|es, and [|v1]|e < V1 + cex(F)||v]|w. Moreover,
for any 1,

viure; = Z(x;v$z>fy = Z(x;**,xj*)fj = vue;.
j i
Therefore, vu = vyuy, and [Jus||e||v1]|a < (1 + €)ex(E*)ex(F)||ul| el v]]ep- u
Proposition 2.1 implies:

Corollary 2.2. Suppose X is an operator space, and 6 > 0. Then:

(1) If X** contains a A-injective finite dimensional operator space E C-completely
isomorphically, then X contains E (ACex(E)ex(E*) + 0)-completely isomor-
phically.

(2) If X** contains R,, ® C,, (n,m € Z, ) C-completely isomorphically, then X
contains R, ®C,, (2C+3)-completely isomorphically. Consequently, R, ®C,,
15 24+-BDR.

(3) Suppose E = R, Cpy, 12, C Do Ry, or C O R, (m € N). If X** con-
tains E C-completely isomorphically, then X contains E (C + §)-completely
1somorphically. Consequently, E is 1+-BDR.
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Proof. (1) Consider a subspace E' — X**/ for which there exists a completely con-
tractive isomorphism uE — E' with |[u™"|s < C. As E is M-injective, there exists
v : X*™ — F, extending u™' (that is, v|m = u™'), of norm not exceeding AC'.
By Proposition 2.1, for every € > 0 there exist vy : £ — X and v; : X — E,
such that ||u]|ellv1lle < (1 4 €)ex(E)ex(E*)AC, and viu; = vu = Ig. Therefore,
dep(E,u1(E)) < (1+¢e)ex(E)ex(E*)AC. Since € can be arbitrarily small, we are done.

(2) The space R,, ® C,, embeds into M,,,;,, as 1-completely complemented sub-
space, hence ex(R,, ® C,) = 1. Moreover, (R,, ® C,)* = C,, &1 R,, is 2-completely
isomorphic to C,, ®R,,, hence ex((R,,®C,,)*) < 2. An application of part (1) yields
the desired result.

(3) Reason as in the proof of part (2), and recall that ex(E) = ex(E*) = 1 for any
E from the list (see Chapter 21 of [10]). n

Remark 2.3. We return to the connections between injectivity, exactness, and BDR
in Section 5. Meanwhile, note that by Theorem 1.4, C is the only 1-BDR space.
Hence, the condition of being 1-BDR is much stronger than being 14+-BDR.

The next result shows that bidual representability is an isomorphic property.

Proposition 2.4. Suppose X is an operator space, E is a finite dimensional subspace
of X**, dw(E, F) = Cy, and ex(F) < Cy. Then there exists an operator space Y s.t.
do(X,Y) < C1Cy, and Y** contains a completely isometric copy of F.

Proof. Suppose the map u : E — F is such that |jul|s, = C1, and ||u™!|s = 1. By
renorming X, we shall construct a space Y andamap 7 : X — Y s.t. || T < C1Co,
and T~! is completely contractive. To this end, find a subspace F; — My and a
map v : F1 — Fs.t. [[v7! =1, and |Jv[|e, < Co. Embedding F' into B completely
isometrically, and applying Stinespring Extension Theorem, we obtain an operator
7: My — Bst. 9p = v, and [|0]|e, = ||v]|e. Let F = 5(My).

Extend w = v7lu to @ : X** — My s.t. [[0]le = ||w||le < C1, and @] = w.
Let C] = C10y/]|v||ep- The unit ball of X* ® My is weak® dense in the unit ball of
X** ® My, hence there exists an operator w; : X — My s.t. ||w|le < C7, and
wi|p = w.

Define a new operator space structure Y on X by setting, for r € X ® K,

z]lyex = max{||z| xek, || (Dw; ® IK)$||F®K}~

Denote by T the formal identity map from X to Y. Clearly, T~! is a complete
contraction, and ||T||s < ||[owy || < C1C5. Moreover, for x** € X*™* ® Ko,

2]

which implies that, for e € F ® Ky, ||e]

yrepk = max{ |27 || x—ek, [[(0w)” @ Ik)2™ || pex 1

yeek = ||(u® Ik)e|lrek- n

Proposition 2.5. Suppose the space E is C+-BDR. Then E is C-exact.
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Proof. Apply the definition of BDR to X = K. |

Corollary 2.6. Suppose E and E' are operator spaces of the same (finite) dimension,
E is C-BDR, du(E,E") = A, and ex(E) < . Then an operator space X contains E
CA\-completely isomorphically whenever X** contains E' completely isometrically.
Consequently, E' is C\*u-BDR.

Proof. Suppose E’ is contained in X**. Consider a map u : B’ — E, s.t. ||ulls = A,
and ||[u™!|| = 1. By the proof of Proposition 2.4, there exists an operator space Y
andamap T : X — Y st. [|[T]|e < A, |77 < 1, and T**(E’) = E. There exists

a subspace F' — Y, with d(E, F) < C. Let F' = T7}(F) — X. Then
0o E, F') < du(E, F)dop(F, F') < dey(E, F) ||| T~y < Cp
Therefore, dg(E', F') < da(E', E)dy(E, F') < CAp. [

3. PROOF OF THEOREM 1.3(2): E 1S A SUBSPACE OF R ¢ C

In this section, we make the first step toward proving Theorem 1.3(2) by showing
that every C-BDR space embeds “neatly” into R & C. More precisely, we prove:

Theorem 3.1. For every N € N, there exists a separable operator space X such
that:

(1) X** contains B as a complete M -summand.

(2) Suppose E is a finite dimensional operator space, such that dg(E, E') < C
for some E' — ((My), and X contains E c-completely isomorphically for
some c < C. Then E is 44/2C%-completely isomorphic to a subspace of R®C.

Consequently, any C+-BDR space is 4v/2C3-completely isomorphic to a subspace of
RoC.

We start the proof by constructing the space X. At the Banach space level, let
X = (®>nM,)., be the space of all sequences whose elements are n X n matrices,
and which have a limit (in K). Denote by P, (once again, n > N) the canonical
“truncation” from X to (3°,_ v Mi)eo. Let X, = MAX,((30,_ni1 Mi)so) (see
[13] or [11] for the definition and properties of the functor MAX,), and set, for
re X ®Kyg,

(3.1) ]l = sup [|(P © Ix)x]

X7L®K‘

It is easy to notice that the Banach space structure of X is as described above.
Denote by Y the space (®,>nyM, ), with the operator space structure inherited
from X.

For further use, we state the following easy consequence of (3.1).
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Lemma 3.2. Suppose x is an element of X @ M,,, (m € N). Write x = (x;);>n,
with z; € M; ® M,,,. Then

7] xem,, = max{||z| (s, Mp)eeM,,, max |[(F, ® In, )7 x,eM,, -
N<n<m

X

Lemma 3.3. Y is a complete M-ideal in X.
Proof. For n > N, define the map 7T,, : X — Y by setting
Tn((ajz)l>N) = (xN-i-l? <oy T, 07 07 . )

We need to show that the sequence (7},) is an M-complete approximate identity (see
Definition 1.1 of [1]). Clearly, T,,y — y for any y € Y. Moreover, suppose = = (z;)
and z = (z;) are elements of X ® M,,,. By Lemma 3.2, for n > m,

1T ® I, ) (@) + (T = T0) © g, ) ()| = @sts s s 2t 2, -]

= maX{||(xN+1? et 7I7L7 Zn‘l'l? Zn+27 . )||(Zn>N M7L)C®M77L’
NIfz?i(m I(Tng1s- - Jk)”xk@Mm}
= max{ max |y, sup flzfl, max fl(@nir,. . we)lxonn b

< max{||]], [|=[]}-

Thus, (7)) is indeed an M-completely approximate identity, and therefore, by The-
orem 1.1 of [1], Y is a complete M-ideal in X. u

Lemma 3.4. The quotient X/Y is completely isometric to K.

Proof. Define the map U : X/Y — K by setting U([(z;)i>n]) = lim; ;. To show
that it is a complete isometry, fix m € N, and consider = = (z;);sy € X ® M,,,. By
Lemma 3.2, [|[2][|x/vem,, = lim; ||z = [[U[z]||kem,,- n

Conclusion of the proof of Theorem 3.1. Part (1) of the Theorem follows from Lem-
ma 3.4. Suppose E is a finite dimensional operator space as in part (2), u: £ — X is
a complete contraction, F' = u(E), and ||u~!|s < C. Let F,, = P,(F') be a subspace
of X,, (here, P, and X,, are as in (3.1)), and let u, = P,u. By the definition of
MAX,,,

XMy = max o],
~

||(xN+1> s axn)|
hence there exists n > N s.t. ||(u, @ Iy el > C7Ye|| for any e € E @ My. By
Smith’s lemma, |Ju, s < C|lu, @ In, || < C2
X is l-exact. Hence, by [17], there exist operators v : £ — R @® C and w :
R @ C — X, so that ||v]|w||w|es < 4v2C, and u, = wv. Let G = v(E). Then
d(E, G) < [[vl|plluy wller < 4v2C°.
To prove the last assertion, note that, by the reasoning above and Proposition 2.5,
any N-dimensional C+-BDR space E embeds into Ry @ Cy 4v/2(C +¢)3-completely



EMBEDDINGS OF FINITE DIMENSIONAL OPERATOR SPACES INTO THE SECOND DUAL 7

isomorphically, for any € > 0. Letting € approach 0, and applying a classical com-
pactness argument, we complete the proof. [ ]

4. PROOF OF THEOREM 1.3(2): E 18 R,, ® C,

In this section, we complete the proof of Theorem 1.3(2). For the convenience of
working with Hilbert spaces as much as possible, we use the sum @,: if X and Y
are operator space, and = and y are elements of X ® Ky and Y ® K, respectively,
define

(4.1) |z @ Yl (xa.v)ex = max{||z], [y, |z © yllMminre.v)ex }-

Clearly, Ruan’s axioms are satisfied, so X @5 Y is indeed an operator space.
Note that any N-dimensional subspace E of R @5 C is contained in Ry @y Cy.
In view of Theorem 3.1, the proof of Theorem 1.3(2) follows from:

Theorem 4.1. Suppose E is an N-dimensional subspace of Ry @9 Cy, which is
A-BDR. Then dg(E, R, ®2 C,) < 32v/2X for suitable m,n € Z,.

Denote by Ar and Ac the orthogonal projections from £ on Ry and Cy, respec-

tively. By polar decomposition, there exists an orthonormal basis (e;)¥, in E s.t.

Agre; = a(R)e(R), with 0 < ag{) < ... < agR) < 1, and ez(-R) being an orthonormal

7 7

basis for Ry. Then, for 1 <¢ < N, Ace; = aEC)eQC), where ¢! is a unit vector, and

7 7

(en, ™) = (aVel™ +a{ Vel V) = 0
Moreover,
0= {eirey) = (e + a0, Vel + i77) = o}V (e, ),

and therefore, the vectors (e(C))ﬁ\Ll form an orthonormal basis in Cy (certain minor

3
changes to this construction need to be made if agc) = 0 for some i’s). One can also

show that (e, eg.c)) =0 for ¢ # j.

Lemma 4.2. (e;)Y, is a 1-completely unconditional basis in E.

Proof. Suppose A1, ..., Ay are complex numbers, of absolute value not exceeding 1.
We have to show that the operator A = diag ((\;)Y,) is completely contractive.
) (or {9 into

)\ieZ(R) (resp. )\iegc)), for 1 <7 < N. By the discussion preceding the statement of

To this end, consider an operator A on Ry @, Cy, mapping e

this lemma, the restrictions of A to Ry and Cy are contractive, hence completely
contractive (row and column spaces are 1-homogeneous). Thus, by the homogeneity

of minimal spaces, and by (4.1), A is completely contractive. To complete the proof,
observe that the restriction of A to E coincides with A. [ ]

This lemma, together with (4.1), yields:
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Corollary 4.3. Suppose T is a subset of {1,...,N}. Let Er = spanle; |i € Z|, and
Ef = spanle; | i ¢ I|. Then the formal identity map id : E — E7@®, E+ is completely
contractive, and ||id=" || < V2.

Proof. For simplicity, denote the space Ezr @9 Ef by F. Consider z = Y, e; @ x; €
EF ® K. Then

N N N
R * C *
2]l pex = max {1 (™) iz V21 (0 2eai V201 e @ @il et
=1 =1

i=1

while

R R
2]l poxc =max {[| (™) ez |21 (i) 2y, 2,

1€l 1€Z¢
N
C * C *
1D @ a2, 1Y (@O a2 e ® williveyenc
i€ ieTe i=1
Comparing the two centered expressions yields the result. [ ]

Turning back to the proof of Theorem 4.1, denote by m the largest number i
for which a > 1/v2 (if o™ < 1/v2, set m = 0), and let n = N —m. Let
Er = spanle; | 1 < i < m|], Ec = spanfe; |m < i < N|. For a compact operator
T € B(H,K) (H and K are Hilbert spaces), we denote by ||T|| its Hilbert-Schmidt
norm. That is, ||T||s = (3, t2)Y/2, where t; >ty > ... > 0 are the singular numbers
of T. Equivalently, || T3 = >, [(Tes, f;)|?, where (e;) and (f;) are orthonormal
bases in H and K, respectively.

To complete the proof, it suffices to show that

max{||Ac|eg |2, | Ar| B2} < 16V2).

Indeed, this would imply that Fr and E¢ are 32A-completely isomorphic to R, and
C,,, respectively. An application of Corollary 4.3 would then yield the result. Thus,
it remains to prove:

Proposition 4.4. In the above notation, || Ac|pg |2 < 16v/2A.

Proof. If m = 0, there is nothing to prove. If m > 1, denote Ac|g, by A for simplicity
of notation. Let

= (D MAX,(Er))e, Y = (Y MAX,(Er))e,s X = X, @2 Eo.
n>N n>N
By Proposition 3.2 of [1], Y is a complete M-ideal in X;. Imitating the proof of
Lemma 3.4, one can show that X;/Y = FEgr completely isometrically. Therefore,
X;* contains Fr as a complete M-summand. Finally, M (X**) = (M,(X))** for
any s € N, hence X** = X}* @, E¢, and therefore, X** contains £ v/2-completely
isomorphically. By Corollary 2.6, X contains E v/2A+-ci.
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Pick C' > A, and consider a complete contraction u : E — X, satisfying |Ju™!||4 <
Vv2C. Denote the “natural truncation” of v to Eg (or the n-th summand of X7,
n > N) by ug (respectively, u,). More precisely, we view wug (resp. u,) as a map
from F to E¢ (resp. MAX,,(ER)). In this notation, F' = ker ug is an M-dimensional
subspace of £ (M > m). Let v be an isometry from Rj; onto F'. To complete the
proof, it suffices to show that

(1) lvlles > max{1, [[A]l2/2}

(4.2) (2) [lunt]ly < 8 for any n > N °

Indeed, then ||uv||s = sup,, ||u,v|s < 8. On the other hand, v = u™' o (uv), hence
the above inequalities imply

B4 < o < vaCH U0l < 8v3C
Since C' > ) is arbitrary, we conclude that ||Aslly < 16v/2).

We start by proving (4.2(1)). Denote by @ and @+ the orthogonal projections
from F onto Fr and Eg, respectively. Reasoning as in the proof of Lemma 4.2 (see
also the discussion preceding it), we can find an orthonormal basis (f;)X, in F, s.t.
(Qfi,Qf;) = (Q*f;,Q*+f;) = 0if i # j. By changing the enumeration if necessary,
assume that ||Q*fi|| > 1/v2 for 1 <i < £, and |Qfi]| > 1/v2 for £ < i < M. Let
Fy = span[f; |1 < i < (], Fy, = span[f; |{ < i < M], and G, = v !(F}) for s = 1,2.
We can identify G; and G5 with R, and Ry, respectively. Note that

lolles = max{lv]e, oo, [vlcallen} = (lvle 2 + llvle. 1)/ V2.

However,
[vlealles = 1Q v]61 lepmecan = 1Q Va2 = VE/2

Similarly,

M
1/2
[vlesllew = 11AQU[ G, llon®a_rcan = 1AQule, 12 = ( D 1AQF%) .
i=+1
To evaluate ||A|2, introduce the vectors f/ € Er (1 < i < M) in such a way that
Er = span|[f/ |1 < ¢ < M], and, for each i, || f/|| equals 0 or 1, and f/ = Qf:/||Qf:l|
provided @Qf; # 0 (this is possible, since M > m = dim Er). A is a contraction,
hence

M M
AN =Y AR < €+2 Y I1AQLIP < 2(lvla 13 + vlesllZ) < 4llvll3,
i=1 i=0+1
Moreover, v is an isometry, thus (4.2(1)).

Next we tackle (4.2(2)). Fix n. By [17], there exist operators Tr : F' — Ry,
TC P - CM, SR : RM — MAXH(ER), and SC : CM — MAXH(ER), so that
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un|p = SrTr + ScTc, and max{||Trl|e||Sklle [| T/l Scllo} < 2v2. Then
IS TRl < [1Srlleb| TRl = (1SRl ctl| TR0 < 2V2.

Moreover,
ISclles = [[ArSclloscyry) = [ARSCl2 = [[Scll2/ V2,
hence
[1ScTcvlle < [[ScTevlle < [|Scll2l|Tev] <
Thus,
[unv]lop < [|SRIRV||etb + [[ScTcv|le <
This establishes (4.2(2)). |

Proof of Theorem 1.3(2). Suppose an N-dimensional space E is A+-BDR. Pick C' >
A. By Theorem 3.1, there exists a subspace F of Cy @3 Ry, s.t. du(FE, F) < 8C3.
By Corollary 2.6 and Proposition 2.5, F'is 26C®-BDR. By Theorem 4.1, F is 223/2C8-
ci to Go = Ry @2 Coo). Thus, du(E, Ge) < 222CM. Find a sequence (Cj),
decreasing to A, s.t. m = m(C;) for any j (then n = N — m(C;) = n(C})). Clearly,
dop(E, Ry Goo Cy) < 2510, -

5. PROOF OF THEOREM 1.4, AND SIMILAR LOWER ESTIMATES

This section is devoted to the proof of Theorem 1.4. Clearly, C is 1-BDR. A series
of lemmas helps us rule out other spaces. The first lemma seems to be a partly
folklore.

Lemma 5.1. (1) Suppose (Ex)52, is a sequence of Banach spaces, and E is a finite
dimensional subspace of (Y, Ex)c,- Then there exists N € N such that E is isometric
to a finite dimensional subspace of (Z]kvzl Er) oo

(2) Suppose (Ex)32, is a sequence of operator spaces, and E is a finite dimensional
subspace of (>, Ex)c,- Then there exists N € N such that E is completely isometric
to a finite dimensional subspace of (Z]kvzl Er)oo

Proof. We prove part (2), since part (1) can be tackled in a similar manner. Let n =
dim E. Suppose (e;)7_; is an Auerbach basis in £ — that is, max; |o;| < || D, ase;]| <
>, ey for each sequence of scalars (o). In particular, the projection R, : E — E :
> aue; — age; is contractive for every j. Since it is a rank one projection, it must
also be completely contractive. Thus, for any (a;)7; C K, || >, a; ®€;]| > max; ||a;]|.

Now Write e = (€))7, with e;, € Ej. There exists N € N s.t. |leqx| < 1/n for
any 1 <1i < n, and any k > N. For such k, and for any (a;)/~; C K, || >, a; ®ep|| <
max; Ha2||. Therefore,

I e wel =suwl oo el = max 13 0o eull
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which implies that E is completely isometric to a subspace of (3 Fj)Y_,, spanned
by the vectors €; = (eg)h_, (1 <i< n). n

We next apply this lemma to our situation.

Lemma 5.2. Suppose a finite dimensional operator space E is 1-BDR. Then, for
some N € N, E embeds into (Y isometrically, and into My completely isometrically.

Proof. Suppose E is a finite dimensional 1-BDR space. Forn € N, find e],,,..., e}, ,
€ E* of norm 1 so that, for any e € F,

* __o—n
max (e ) > (1= 27)el].

Define the operator space E, by setting, for e € F ® K,

lell zex = max {(1 —27")[|e]| pex,  nax |(ek, ® Ix)ex}-
Note that, for e € E,

_ *
5.1 lelle, = max [(eje)l

Let X = (3.7, Ep)e- Then the map
u: B — X" = (ZEn)goo ce (ee,...)
n=1

is a complete isometry. On the other hand, if E embeds into X isometrically, then, by
Lemma 5.1, it must embed into (325, E,)u, for some K € N. By (5.1), E, embeds
isometrically into £». Therefore, £ embeds isometrically into /Y (N = fo:l M,).

Next test 1-bidual representability with X = (377, My)s. The space X** =
(Do My )oo contains B, hence it also contains E. Therefore, X contains E. By
Lemma 5.1, E embeds into (Y07, My)ao, for some M. A fortiori, E embeds com-
pletely isometrically into My, with N = M(M + 1)/2. u

Corollary 5.3. If a 1-BDR space E has dimension at least 2, then E is not strictly
conver.

Recall that a Banach space E is called strictly convex if, for any e;,e; € F, the
equality [le; + eo]|* = 2(||e1||* + ||e2||?), implies e; = es.

Proof. By Lemma 5.2, there exist linear functionals fi,...,fy € E* s.t. |e|]| =
maxi <y |(fi, €)| for any e € E. Therefore, there exist i and two distinct elements
e1, o of the unit ball of E, satisfying

lexll = lleall = [{fi,en)| = [{fise2)| = 1.
Then4: ||€1+€2||2 :2(||61||2+||62||2) |
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Proof of Theorem 1.J. Suppose, for the sake of contradiction, that dim £ > 1, and
FE is 1-BDR. By Lemma 5.2, E embeds into My completely isometrically. We
then construct an operator space X, isomorphic to ¢o(My), which is strictly convex
(hence, by Corollary 5.3, X cannot contain £ isometrically), but such that X**
contains My completely isometrically.

To this end, find a dense sequence (f;)52, in the unit ball of My. For z =
(1,22, ...) € co(Mn), set

> , 1/2
(5:2)  lzlx = sup |z, where [y = (Jlanl> + S 10-H9)(f;, 2 ?)

" G k=1

Observe that

D 107 )2 < 107D Y T 107U = 107D Y P10
Jk=1 Jrk=1 =0
= 10—<”+1>(%)2 < 1.25- 10~
1-1/10
(5.3) [2]ln < [[2n]] + 107" [#] o vn)s
hence || - ||x is well defined. To show that || - ||, is a norm, note that |z|, =

| Jn || My @265 (95, Where
Tt co(My) = My @2 (N x N) = (i, (10794 (f5 )0,

By (5.3), lim, ||J,z|| = 0 for any z, hence (5.2) describes X as a subspace of
(>-(Mpy @3 03))ey, and || - ||x is a norm, too. Thus, X** is isomorphic to {,,(My),
and the norm is also given by (5.2).

Finally, note that the supremum in (5.2) is attained. Indeed, if ||z||cony) = 1, find
K € Nst. [|z,||*+ 107 < 1/4 for n > K. For such n, |||, < i, while |lz||x > 1.
Therefore, ||z||x = max,<x ||z

To show that X is strictly convex, suppose ||z +2®||2 = 2(||zM |2 + ||?||?) for
some 2, 22 € X. By the observation above, there exists n € N s.t. ||z +2®| =
|2 + 2@ ||,,. Therefore (writing 2 = (z{)>)),

n=1
02 2(Ja V2 + a@[2) = 2 + 22 = 2}V |2 + 22 ) ~ o) + 22|
(4 1 2 1 2
107 (1 f5, )2 2l = [l + 2 HR).
4.k=1
But, by the triangle inequality,
20202 + 2212) > oD + 2P|

and
2(1(f5, )2+ [, 2N P) = [y 2l + )2



EMBEDDINGS OF FINITE DIMENSIONAL OPERATOR SPACES INTO THE SECOND DUAL13

In the last centered line, the equality holds if and only if x,(:) = x,(f) for every k.
Thus, MV = 2®.
Define the operator space structure on X by setting, for z € X ® K,

||| = maX{HfEHMIN(X)@Km ||$||co(MN)®Ko}~

In other words, the operator space structure on X is generated by its “natural”
embedding into MIN(X) @ ¢o(My). Then X** embeds into MIN(X**) @ lo(My),
and, for r € X ® K,

(5.4) )] = max{||z| Mook, 7]t iy)eko }-
Define U : My — X*™ : a — ((1 —107)a)?2,. By (5.2) and the discussion

following it, and by (5.4), U is a complete contraction. Furthermore, for any a €
My @ Ko,

(U & Ix)al

xegk = sup(l —107")[|allmyex = [all,
n
hence U is a complete isometry. [ ]

Remark 5.4. In a similar way one can prove the commutative version of Theo-
rem 1.4: if a finite dimensional Banach space E is such that a Banach space X con-
tains F isometrically whenever X ** contains £ isometrically, then F is 1-dimensional.
Indeed, one can imitate the proof of Lemma 5.2 to show that such an F embeds into
¢N | for some N. Then, as above, one constructs a strictly convex Banach space Z,
whose dual contains ¢% .

Next we investigate the smallest C' for which the given space E is C-BDR.

Theorem 5.5. Suppose E is a finite dimensional C-injective operator space, which
is A+-BDR. Then \ > ex(E*)/(Cex(E)).

Proof. Suppose, for the sake of contradiction, that A < ex(E*)/(Cex(F)). Pick
Cy > ex(FE), Cy < ex(E*), and C3 > A, s.t. Cy/(C1C5) > C. Following the proof
of Theorem 3.1, find F; — My, s.t. dw(E, Ey) < C;. Also, define the spaces X,
(n > N) and X as in the proof of that theorem. We know that X** contains B as a
complete M-summand. Suppose X contains £ C3-ci. As in the proof of Theorem 3.1,
we conclude that, for some n > N, X,, contains F C;C3-ci. That is, there exists a
subspace F' — X, and a complete contraction u : F' — E, with ||[u™!|4 < C1C3. E
is C-injective, thus there exists a map @ : X,, — F s.t. @|r = u, and ||a||s < C.

As ex(E*) > (4, there exists an operator v : E — B st. [[v]la > C2, and
|lv® Im,, || <1 (to see this, apply Theorem 18 of [15] to E*, and dualize). Note that

v]les Cy
> .
[u=ew = C1C3

[vitllep = [lvulle >
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On the other hand, by definition of X,
[vitlles = [[vt @ Ing, || < [lv @ v, [|]]]] e < C.

This contradicts our assumption that Cy/(C,C3) > C. u
Corollary 5.6. If (7 is C-BDR, then C > n/(2y/n —1).

Proof. We know that £ = (7 is 1-injective, and 1-exact. Moreover (see Theorem 21.5
of [16]), ex(E*) = n/(2v/n — 1). We complete the proof by applying Theorem 5.5. m

6. C*-ALGEBRAS AND BIDUAL REPRESENTABILITY

Passing from operator spaces to C*-algebras, we obtain:

Proposition 6.1. Suppose X is a C*-algebra, and n € N. Then the following are
equivalent:

(1) X** contains M,, completely isometrically.
(2) X*™* contains M,, as a sub-C*-algebra.

(3)

(4) X*™ contains M,, c-completely isomorphically, for some ¢ <n/(n —1).
(5)

X contains M,, completely isometrically.

There ezists an irreducible representation of X into B(H), with dim H > n.

Remark 6.2. J. Roydor [18] proved a related result: if a C*-algebra X embeds
into C(Q2, M,,) (for some ) completely isometrically, then X is a C*-subalgebra of
C(Y,M,,), for some set €.

Below, we denote by (Ei;)7,—, the canonical matrix units in M,,.

Lemma 6.3. Suppose n > m, and T : M,, — M,,, is a complete contraction. Then

IT @ In, (Y Eij @ Eij) Imom, < m.
i=1
Corollary 6.4. If T is a set, m < n, and E is an n*-dimensional subspace of
loo(Z,M,,), then dg(M,,, E) = n/m.

Proof. Consider a complete contraction 7' : M,, — E. By Lemma 6.3, |T ®
I, (Y212 By @ Eij)|| < m. However, || 377, Eij ® Eijllm,em, = n. n

Proof of Lemma 6.5. Consider a complete contraction 1" : M,, — M,,. By Stine-
spring Representation Theorem, there exists a Hilbert space H, a unital represen-
tation 7 : M,, — B(H), and contractions U € B(H, (), V € B(¢}', H), such that
Ta = Un(a)V for any a € M,. Note that, for each i, p; = m(Ej;) is a projec-
tion. Denote the range of this projection by H;. Then 7(E;;) is a partial isometry,
with initial and terminal projections H; and H;, respectively. Let H = H;, and
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u; = m(Ey) : H— H; (once again, 1 < ¢ < n). Then ¢4(H) can be identified with
H, via (&)iy — 2, wii-

Forl <i<n,letU; =Uu; € B(H, ("), and V; = w;p;V € B(¢5', H). Then we can
identify U with > | Ey; ® U; (viewed as an operator from ¢4 (H) to ¢4'). Similarly,
we identify V with Y " | E; @ V; € B(¢5*, 03(H)). Then

WVIE= 1) Ea@Vil =) ViVill? < 1, and
i=1 i=1

=11 Ewe Ul =1>_ UU | < 1.
i=1 i=1
Moreover, T'E;; = U,;V; for any i and j. Therefore,

1T ® In, (> Eij @ Eij)llmom, = | Y UiV; @ Ey|

i,j=1 hj=1

=1Q_Ui® Ex)D_ Vi ® Ey)ll.
{ J
However,

1> U@ Eall = 1> UU)? < (Te() v U))
i i=1 =1

= (Yo UUN) " < Vil 30| < v,
i=1 i=1
and similarly, || >2,V; ® Eyjl| < v/m. Thus,

1T ® In, (D By @ Ey)ll < | ) Ui @ Eal -1 ) V; ® Byl < m.
i j

ij=1
| ]

Remark 6.5. In a similar fashion, one can show that || > | E; Q@ Ei|lc,ec, = V1
and

IT ® fcn(z Ei ® En)|Masc, < VM,

i=1
whenever T : C,, — M,,, is a complete contraction. From this, one concludes that
de(Cy, E) = /n/m for every n-dimensional subspace E of (..(Z,M,,) (provided
n>m).

Lemma 6.6. Suppose w: Y — B(H) is an irreducible representation of a C*-algebra
Y on a Hilbert space H of dimension at least n. Then Y contains M,, completely
1sometrically as an operator system.
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Proof. If p is a projection of rank n on H, then, by the transitivity of irreducible
representations (Theorem I1.4.18 of [20]), 7(Y)p = B(H )p. Denote by A the set of all
y €Y, satisfying 7 (y)p = pr(y) (= pr(y)p). Clearly, A is a C*-subalgebra of Y, and
m(A) can be identified with B(p(H)) ~ M,,. Moreover, A has a separable subalgebra
(call it A;), s.t. m(A;) can again be identified with M,,. In other words, M,, = A;/J,
where J = kerm N A; is a closed two-sided ideal. By Theorem 3.10 of [3], M, lifts
to Ay completely positively. Thus, A; contains M,, completely isometrically. |

Remark 6.7. A similar lifting technique was used in [7]. Earlier, lifting methods
were used in [19, 21] to prove that a C*-algebra which is not (n — 1)-subhomogeneous
contains a completely positive copy of M,,.

Proof of Proposition 6.1. The implications (2) = (1) = (4) and (3) = (1) are clear.
(1) = (2): By Section 6.4 of [10], we can decompose the von Neumann algebra
X* into a direct sum of components of type I (k € NU {o0}), II, and III.
By Lemma 6.4, at least one of the summands of type I (k > n), I1, and I11 is
non-trivial. All such summands contain M,, as a subalgebra (see e.g. Comparison
Theorem for projections in a von Neumann algebras, Theorem 6.2.7 of [10]).

(1) = (5): Suppose, for the sake of contradiction, that (5) fails. Viewing X** as the
enveloping algebra of X, we embed it into £, (Z, M,,_1) for some set Z. Therefore, by
Lemma 6.4, X** cannot contain M,, c-completely isomorphically with ¢ < n/(n—1).

(4) = (1) and (5) = (3): If there are no irreducible representation of X** (or
X) on Hilbert spaces with dimension > n, then X*™* (respectively, X) embeds into
lo(Z,M,,_1), hence, by Lemma 6.4, X** cannot contain M,, c-completely isomor-
phically when ¢ < n/(n —1). Otherwise, X*™* (or X) contains M,, completely iso-
metrically, by Lemma 6.6. [ ]

Remark 6.8. By Lemma 6.6, items (1) and (4) of Proposition 6.1 guarantee that
X (or X**) contains M, as an operator system. However, X need not contain M,
as a subalgebra. Indeed, let X be the left regular algebra of a free group on two
generators. By [1], X has no non-trivial projections, hence it cannot contain M,, as
a subalgebra.
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