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Abstract

In 1969 Lindenstrauss and Rosenthal showed that if a Banach space is isomorphic to a com-
plemented subspace of an L,-space, then it is either a £,-space or isomorphic to a Hilbert
space. This is the motivation of this paper where we study non—Hilbertian complemented
operator subspaces of non commutative L,-spaces and show that this class is much richer
than in the commutative case. We investigate the local properties of some new classes of
operator spaces for every 2 < p < oo which can be considered as operator space analogues
of the Rosenthal sequence spaces from Banach space theory, constructed in 1970. Under
the usual conditions on the defining sequence o we prove that most of these spaces are op-
erator L,,-spaces, not completely isomorphic to previously known such spaces. However it
turns out that some column and row versions of our spaces are not operator £,-spaces and
have a rather complicated local structure which implies that the Lindenstrauss—Rosenthal
alternative does not carry over to the non-commutative case.

Introduction

In 1970 Rosenthal [26] constructed new examples of £,—spaces for every 2 < p < 0o using
probabilistic methods now famous as the Rosenthal inequalities. These methods were later used
by Bourgain, Rosenthal and Schechtman [3] to construct an uncountable family of mutually
non-isomorphic £,—spaces.

In the framework of operator spaces a theory of operator L,-spaces, called OL,-spaces, is
now being developed, see e.g. [4] and [14]. These are spaces where the operator space struc-
ture of the finite dimensional subspaces is determined by a system of finite dimensional non
commutative L,-spaces. If in a given space these L,-spaces can be chosen to be completely
complemented, the space is called a COL,,-space. If they can be chosen to be S)’s (S, denotes
the Schatten p-class), then the space is called an OS,-space and a COS,,-space if the S’s can
be chosen completely complemented. In the present paper we consider some operator space
analogues of the Rosenthal sequence spaces, sequence spaces as well as matricial analogues.
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For a given 2 < p < oo and a given strictly positive sequence 0 = (o,,) we construct three
families of operator spaces, a sequence space family consisting of spaces called X, (), X, (o)
and X, . (o), and two families of matricial operator spaces. All the spaces are mutually non-
completely isomorphic as operator spaces, but the spaces in each family are isomorphic to each
other as Banach spaces; the three sequence spaces are actually Banach space isomorphic to the

original Rosenthal sequence space. One of our main results states that if 2 < p < o0, 0, — 0,

and ) 7, Jﬁ” * = o0, then X, (o) is completely complemented in a non commutative L,-
space and contains £, cb-complemented. However X, . () is not an OL,-space. Similarly for
Xp.r, (o). This shows that the Lindenstrauss-Rosenthal alternative [19] does not carry over to
the non commutative case.

We now wish to discuss the arrangement of this paper in greater detail. In Section 1 we construct
our spaces, investigate their basic properties and prove among other things that under the above
conditions on o the three sequence spaces are unique up to complete isomorphisms (in analogy
with Rosenthal’s result). In Section 2 we make a detailed investigation of the local structure of
the spaces X,,(0), X, ., (0) and X, (o) and prove that X (o) is an OL,-space while X,,,. (o)
and X, ., (o) are not. We also show that some combinations of the different spaces cannot be
paved with local pieces of each other. This implies that a general structure theory for completely
complemented non-Hilbertian subspaces of non commutative L,-spaces is out of reach for the
moment (see e.g. Proposition 2.19 and Remark 2.20). Section 3 is devoted to the study of the
matricial spaces and we show that they are all OS,,-spaces and prove that the space Y, (o) is cb-
complemented in L,(R) (R the hyperfinite type I, factor) while the space Z,(c) does not cb-
embed into L, (R). In section 4 we prove that certain OL,—spaces contain cb-uncomplemented
copies of themselves.

0 Notation and preliminaries

In this paper we shall use the notation and terminology commonly used in the theory of operator
algebras, operator spaces and Banach space theory as it appears in [5], [14], [17], [18], [23] and
[28].
If H is a Hilbert space, we let B(H) denote the space of all bounded operators on H and
for every n € N we let M,, denote the space of all n x n-matrices of complex numbers, i.e.
M, = B(¢3). If X is a subspace of some B(H) and n € N, then M,,(X) denotes the space of
all n x n matrices with X -valued entries which we in the natural manner consider as a subspace
of B(¢5(X)). An operator space X is a norm closed subspace of some B(H) equipped with
the distinguised matrix norm inherited by the spaces M,,(X ), n € N. An abstract matrix norm
characterization of operator spaces was given by Ruan, see e.g. [5].
If X and Y are operator spaces, then a linear operator 7' : X — Y is called completely bounded
(in short cb-bounded) if the corresponding linear maps 7;, : M,,(X) — M, (Y") are uniformly
bounded in n, i.e.

17l = supl|Th]| < oo

The space of all completely bounded operators from X to Y will be denoted by CB(X,Y).



It follows from [5] that a linear functional on an operator space X is bounded if and only if
it is cb-bounded and the cb-norm of it coincides with the operator norm of it. This defines an
operator structure on X* so that isometrically we have M, (X*) = CB(X, M,,) forall n € N.
An operator is a complete contraction, respectively a complete isometry, or a complete quotient
if ||T]|a < 1, respectively if each 7, is an isometry, or a quotient map. An operator 7" is
called a complete isomorphism (in short a cb-isomorphism) if it is a completely bounded linear
isomorphism with a completely bounded linear inverse. If X and Y are cb-isomorphic operator
spaces we put

de(X,Y) = inf{||T||w||T"*||e | T is a cb-isomorphism from X to Y}

which is called the completely bounded Banach—Mazur distance (in short the cb-distance) be-
tween X and Y.

In the sequel we let S, C B(/2) denote the subspace of all compact operators on ¢, (hence an
operator space in a natural manner). If 1 < p < oo, then the Schatten class S, is defined to be
the space of all compact operators 7" on /5 for which ¢r(|T'|)? < oo equipped with the norm

IT|ls, = (tr(|TP))> forall T € S, 0.1)

If n € N and p is as above, S denotes the space of all operators on /3 equipped with the
norm defined in (0.1). If also m € N, then 5" denotes the subspace of S, consisting of those
elements which correspond to matrices (a;;) where a;; = O unless ¢ < n and j < m.
From trace duality it easily follows that S* = S; and hence as a dual space S; has a natural
operator structure as defined above. It is wellknown that .S, can be obtained by by complex
interpolation

Sp = [Soos S1]

Pisier proved in [23] that
Mn(sp> = [Mn(SOO)7Mn(Sl>]
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defines matrix norms on S, which satisfy Ruan’s matrix norm characterization of operator
spaces and this is called the natural operator space structure of S, which we shall always
use in the sequel.

Let e;; denote the element of B(¢;) corresponding to the matrix with coefficients equal to one
at the 7, j entry and zero elsewhere. If 1 < p < oo, we define the operator subspaces C), and R,
of S, by

C, = span{e;; | i € N}
R, = span{ey; | j € N}.

As Banach spaces these spaces are both isometric to /o, but it follows from Pisier [23] that they
are not cb-isomorphic as operator spaces.

If1 < p < oo, then we put £, = (>_° Sg)p; IC, is clearly an operator space in a canonical
manner.



If H is an operator Hilbert space, i.e. an operator space which as a Banach space is isometric
to a Hilbert space, then we put H = CB(C, H) and H" = CB(H,C) and if 1 < p < oo, then
welet H = [H¢, H"], and H™ = [H", H]..

If E is an operator spage and 1 < p < oo, itp is possible to define S,[E] (S, with values inE)
as the completion of S, ® £ under a certain operator space norm; we refer to [23, chapter 1]
for the details. In particular we shall often use the following proposition proved by Pisier [23,
Lemma 1.7, see also Propositions 2.3, 2.4 and Remark 2.5].

Proposition 0.1 Let E and F' be operator spaces. A linear map T' : E — F is cb-bounded
if and only sup,,cy || Idsy @ T : Sp[E] — Sp[F]|| < oc. In the affirmative we have ||T'||o, =
SUppen ||/ dsy @ .

The norms in S,[R,| and S,[C,] were computed by Pisier in [23, page 108] and since we are
going to use this frequently in the sequel we state it in a proposition.

Proposition 0.2 If (zx)7_, C S, then

n n . )
1Dz @ ewlls,img = 1O zexi)? s, 0.2)
k=1 =1
and . .
. 21
| Ziﬁk ® extlls,lc,) = ||(Z k)2 s, 0.3)
P =1

If X is a subspace of S, and F is an operator space, then we let X[E] denote the closure of
E® X in S,[E].

Let A be a von Neumann algebra with a normal semifinite faithful trace 7 (i.e. A is semifinite).
The ideal

m(r) = > wyn | n €N, D [r(yiye) + T(whan)] < oo}
k=1 k=1
is called the definition ideal of 7 on which there is a unique linear extension 7 : m(7) — C so
that 7(zy) = 7(yx) for all z,y € m(7) (see e.g [28]). If 1 < p < oo, then we put

|| = 7((z*2)8)7 forall z € m(r)

which is readily seen to be a norm on m(7). We define L, (A, 7) to be the completion of m/(7)
under this norm. Conventionally we put L..(A,7) = A. It follows easily that L,(A, 7)* =
A where A denotes A equipped with the reversed (or opposite) multiplication and hence
Ly (A, 7) has a natural operator space structure. It can be shown that the complex interpolation
method yields that

L,(A,7)=1[A,Li(A, 1))

1.
p

Pisier [23] proved that



defines a natural operator space structure on L,(A, 7) which we shall use in the sequel. If 7
is another normal semifinite faithful trace on A, then it can easily be shown that L,(A,7) is
cb-isometric to L, (A, 71) and therefore we shall often write L,(A) instead of L, (A, 7).

If B is von Neumann subalgebra of A so that the restriction of 7 to B is semifinite again, then it
follows from [28, Proposition 2.36] that there exists a faithful normal projection Eg of A onto
B such that 7 = 7 o Eg. Ep is called the conditional expectation of A onto B.

An operator space X is called an operator L,-space (in short OL,- space, 1 < p < o0, if there
exist a A > 1 and a cofinal family (F});e; of finite dimensional subspaces so that | J ier I 18
dense in X and so that for every index j there exists a finite dimensional C*-algebra A; with

dop(Ly(A;), F}) <\ 0.4)

In this case we shall also say that X is a OL, y-space. X is called an OS5, \-space if we can
replace the L,(A;)’s in (0.4) by S,?’s. X is called a completely complemented OL,, »-space
(in short COL, »-space), if in addition the F};’s can be chosen to be cb-complemented in X by
projections with cb-norms less than or equal to A. COS,, \-spaces are defined similarly.

If the L,(A;)’s in (0.4) are of the form (%, 53" then X is called a rectangular OL,-
space.

Let 1 < p < co. An operator space X is said to have the ~y,-approximation property (in short
7,-AP) if there exists a A > 0 and nets (U;) and (V;) of finite rank operators, U;: X — S,
Vit S, — X, sothat |Ui]|||Villew < A and (V;U;) converges pointwise to the identity of X.
Finally, if (x,,) is a finite or infinite sequence in a Banach space X, we let [x,,] denote the closed
linear span of the sequence (x,,). If A is a set, |A| denotes the cardinality of A and if X and
Y are Banach spaces, X @, Y denotes the direct sum of X and Y equipped with the norm
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1 The Rosenthal operator spaces and their basic properties

In this section we shall investigate some operator spaces which in nature correspond to the
L,-spaces in Banach space theory constructed by Rosenthal in [26].

In the sequel we let2 < p < oo, ;+ =1, 5 = .+ (le. 7 = I%)andleta = (0,) bea
sequence of real numbers with o, > 0 for all n € N. We denote the unit vector basis of /5 by
(&) and let D, be the diagonal operator on ¢, defined by D,&,, = 0,¢, for all n € N.

Our first space Xp(a) is defined to be the space of all sequences a = (a,,) which satisfies

Z lan|P < 0o and Z |an|?0? < 0. (1.1)
n=1 n=1
equipped with the norm
o0 o0 1
lall = QO lanl” + (D _ lanf*on)%)> (1.2)
n=1 n=1



Xp(a) is the classical Rosenthal sequence space (except that he used an equivalent norm) and
we can clearly identify it with the closed linear span in S, @, 5> of the sequence { (€, Tn€nn) |
n € N}. As an operator space we can however represent X »(0) in three different ways. We
define the space X, . (o) to be the closed linear span of the sequence {(€nn, 0nen1) | 7 € N} in
Sp® Cp. Similarly we let X, (o) denote the closed linear span of the sequence { (e, ope1n) |
n € N} in S, ® R, and finally we let X,(o) denote the closed linear span of the sequence
{(enn, Onen1, onern)} in S, & C, & R,

Since S, @ C), ®© R, is cb-isomorphic to .S, each of the three above spaces is cb-isomorphic to
a subspace of S,,. In the sequel we shall often let X . (o) denote any of these spaces.

Since we shall often use Proposition 0.1 to check cb-boundedness in this paper it is worthwhile
to mention how the norms in S,[ X, (0)], Sp[ Xy, (0)] and S,[X,(0)] can be computed. It
follows immediately from Proposition 0.2 that if (z)}_, € S,, then

1
||Z$k ® (enn ® ore1r)||s,(Xp.ry (0 Z llel[” 4+ 1I( ngwkxk )zlls,)r (1.3)

k=1

1

Hzxk@ (exr ® orert)||s,(Xp.e, (o)) = ZHﬂ?kaJrH Zakxkxk 1)y (14

and similarly for S,[X,(o)].

It follows easily from these formulas and Proposition 0.1 that though isometric as Banach spaces
these three spaces are not mutually cb-isomorphic as operator spaces.

Throughout the paper we shall often impose at least one of the following two conditions on o:

liminfo, =0 (1.5)
Zafl:oo foralle > 0 (1.6)

It is immediate that if o, — 0 and o ¢ /,, then (1.5) and (1.6) are satisfied. (1.6) ensures that
the operator x — xD,, does not act as a bounded operator from S, to .Ss.

It follows from [26] that Xp(o) is an L,-space if and only if (1.5) is satisfied, and if both (1.5)
and (1.6) holds, then Xp(a) is the classical Rosenthal £,-space which is unique up to a Banach
space isomorphism. We shall later in this section prove a similar uniqueness result for the
operator space versions.

Our first result states:

Theorem 1.1 If o satisfies (1.5) and (1.6), then Xp(a)* is not Banach space isomorphic to
a subspace of S,. Consequently X, (o) is not Banach space isomorphic to a complemented
subspace of S,.

Proof: Assume that X,(0)* is isomorphic to a subspace of S,, and let n € N be given. By
[26, Corollary 8] X,(0)* contains a basic sequence (h;) equivalent to the unit vector basis of



{5 so that any n elements of that sequence is isometrically equivalent to the unit vector basis
of E;@. From [1, Proposition 4 and Lemma 1] it follows that (h;) has a subsequence which is
4-equivalent to the unit vector basis of /5. This is a contradiction for large n € N. a

The next theorem is the operator space version of Rosenthal’s lemma 7 in [26].

Proposition 1.2 Let (g,,) be the natural basis of X,. (o) and let (E;) be a sequence of mutually
disjoint finite subsets of N. For each j € N we put

fi=>_oil*g, (1.7)
nek;
Bi=(>an)r (1.8)
nek;
fi=6,""" 1 (1.9)

( fj) is a cb-unconditional basic sequence, cb-isometrically equivalent to the natural basis of
X,«(B) and there is a cb-contractive projection of X, onto [f;].

Proof:
We shall prove the theorem for X, . (¢); the other cases can be proved in a similar manner.
If (x;)5_; C Sp. then we get

k k
1D 25 ® fillsyipen = 1D Y 07725 @ [ean ® onem]lls,1x.0,()-
j=1

j=1 neE;

It easily follows that

k

k k
1Y > anlPas @ ewlls,isy = Q_ lasllP Y on)VP = Q lawlP8)?.
j=1

Jj=1 nek; nek; 7j=1

From (0.3) we get

k k k
r (r+2) , %
1D oz @onemllsie) =110 D on” i) lls, = 1O Bjase) s,
j=1 neE; Jj=1 nekE; J=1
and therefore

k ) k

1Y 25 @ fillsy e @ = 11D 75 @ [ej; © Bienlls, Xy, 8- (1.10)
j=1 j=1

Together with Proposition 0.1 this shows that ( f]) is cb-isometrically equivalent to the natural
basis (g;) of X, ., ().



For all 7,y € X, (0) we put < z,y >= > 77, x(j)y(j)o; (where z(j), respectively y(j)
denotes the j’th coordinate of x, respectively y in the basis (g;)) and define

Pr=>Y <uafi>p7"f forallz € X, (o) (1.11)

It follows immediately from Rosenthal’s argumentation in [26, Lemma 7] that in the Banach
space sense P is a contractive projection of X, . (o) onto [f;]. In addition we need to prove
that P is completely bounded with || P||,, = 1.

For every n € N we get

=Y <gunfi>B"f; = o"TB 1, = (1.12)
j=1

2 gr/or 7 i ol F
0;/p+ 5;-np “fin = 6jnrpo-:/pfjn.

where 7,, is chosen such thatn € E; .
Let now (z,,) C S, be a finite sequence. From (1.12) and the first part of the proof we obtain

” Zajn ®PgnHSp chp] - ” Zﬁ T/p Z O—T/p Tn, ®f]HSp[chp

nek;

— “ Zﬁ T/p Z O’T/p xTL ejj &) ﬁ]ejl]HSp[Xp,cp(ﬁ)} (1.13)

nek;

We estimate the two coordinates separately and start with:

||Zﬁ_r/p Zar/” Tn) ® €jjlls,(s,] = Zﬁ_rp/p I Z o', 15 )7 (1.14)

nek; nek;
ST o S bl = (5 5l = (5 ol
J nek; nek; j neE; n

The estimate of the other coordinate is slightly more involved. For every & € /5 and every j we
get

(Y2 P an)(Y ol wn)e.) = | Y onPantlP < (3 o™ )Y llowzat )

nek; nek; nek; nek; nek;
2
=Y o0 > (oFanma,8) =B Y on(xhaat. )
nek; nek; nek;

which shows that in the sense of operators on /5, we have:

OSZB Zar/p Zar/px <Za

nek; nek;



Together with (0.3) and [6, Theorem 2.3] this gives:

HZB_NP > 0w @ Beqills,ic,) = Zﬁ (" e (3 orxa)) s,

neE nEE nEE
(tr(] Zﬁ Z UT/p z,, Z a?‘/px p/2 1/P (1.15)
TLEE nGE
(b ([ Z AN =125 @ oeh1ls,0,)-
J
(1.13), (1.14) and (1.15) show that P is completely bounded with || P||, = 1. -

An application of Theorem 1.1 shows like in the Banach space case that if ¢ in addition satisfies
(1.6), then X, (o) is uniquely determined up to a cb-isomorphism. This is the contents of the
next theorem.

Theorem 1.3 If 2 < p < oo and o and y are two sequences both satisfying (1.5) and (1.6),
then X,,.(0) is cb-isomorphic to X, (7).

Proof: The proof follows the lines of the proofs of [26, Proposition 12 and Theorem 13] and is
based on Pefczynski’s decomposition method (see e.g. [17, Theorem 2.a.3]). We will therefore
first prove that X,.(7) is cb-isomorphic to a cb-complemented subspace of X,.(c) and vice
versa.
Since o satisfies (1.5) and (1.6), we can find a sequence (E;) of mutually disjoint, finite subsets
of N so that

< B =(Y)_ on)/r <2y foralljeN (1.16)

nGEj

From Proposition 1.2 it follows that X,,.(3) is cb-isometric to a subspace of X,,.(c) onto which
there is a cb-contractive projection. (1.16) shows that X, () is 2-cb-isomorphic to X,.(5).
By interchanging the roles of v and o we obtain that also X, (o) is cb-isomorphic to a cb-
complemented subspace of X,,.(7).

The next step is to show that X, (o) is cb-isomorphic to X,.(c) @& X,.(c) but we shall only
prove it for X, . (o) since the other cases can be obtained in a similar manner.

(1.5) and (1.6) give that we can find a sequence {E;; | 7 € N, &k € N} of mutually disjoint
finite subsets of N so that

0, < B =Y o)/"<20;  foralljkeN (1.17)

’HEEjJC

Put B = (B0, let fix = B/" S cp, , o0 enn ® Onens and define Z = [f | 5,k € NJ,
Zy = | f]k |jeN k>2. It follows from Proposmon 1.2 that Z is cb-contractively com-
plemented in X, . (o) and that for all £ € N | fjx] is cb-contractively complemented and cb-
isometric to X, ., (()) which in turn is 2-cb-isomorphic to X, . (¢). Hence Z can be viewed



as an infinite direct sum of copies of X, . (). Let T : span{fix | j,k € N} — Z, be de-
fined by T'f;r = fjr+1. We shall show that 7" extends to a cb-isomorphism of Z onto Z;. If
(a:M) C 5, is a finite sequence, then we get from (1.17) and [6, Theorem 2.3] that

1O Bemawzin) s, < 2II( ZZU rin) s, (1.18)
kg
<2Q° Y Bhwlin) s,
kg
In the same manner we get

1O B2 iin)lls, <2000 Bl pzin) . (1.19)
E j kg

Similar estimates can easily be obtained for the corresponding p-norms which implies that we
have

1 s _ _
5l D i@ iklls e o) SN0 k@ fiktills, Xy @) < 211D Y 254@fklls, 1) )]

which shows that 7" can be extended to a cb-isomorphism of Z onto Z;.

Letting ~, denote “cb-isomorphic to”, we obtain from the above that Z ~ Xpﬁp(a) ¢ Z.
Since Z is cb-complemented in X, . (), we can find a closed subspace U C X, . (o) so that
Xpey(0) =Z B U ~ep Xpe,(0) D Z DU ~ep Xpe, (0) B Xy, (0)

We are now ready to show that X, . () is cb—isomorphlc to X, ., (o). Indeed, since by the
above X, . () is cb-isomorphic to a cb-complemented subspace of X, . (o), we can find a
closed subspace G C X, (o) so that

Koy (0) ~eb X, (V) B G ~ep Koy (1) B X, (V) B G ~ep Ko, (1) © Xy, (0) ~eb X, (7)

where the last ~, follows by interchanging the roles of ¢ and 7.
O

Exploiting the decomposition method a bit more we can actually obtain that also the space Z in
the above proof is cb-isomorphic to X, ., (7).

We are now going to define some operator spaces which we shall call matricial Rosenthal
spaces.

The space Y, (o) is defined to be the subspace of C, @, (3°°° | Sz), consisting of all elements
of the form ((z,, 0,,z,,)) where z,, € S} for all n € N, i.e we require:

o0 (o)
D gy, <oo and Y on|lwlEy < oo (1.20)
n=1 n=1

We can view (D~ S7)s isometrically as a subspace of C,,[C,] in the following way: Choose
a sequence (m,,) of integers so that m; = 0 and m,,y; —m, =nforalln € N. If z = (x,) €

10



(D_ne1 58)2 with @, = (#7%)7,_;, we can identify x with 372 > 7" the; € C[C).
Similarly we can consider (), SY), as a subspace of R,[R,], respectively of C,[C,] &,
R,[R,). ]

Hence there is a canonical Banach space isometry w, of Y, (o) into the operator space K, &,
C,[C,] and we put Y, ., = w,(Y,(c)). Similarly we define the spaces Y, (o) and Y, ., (7).
In the rest of this paper we shall put Y, (o) = Y, c.nr, (0).

In the sequel we often have to consider cb-maps to or from these spaces and it is therefore
worthwhile to mention how the norm in S,[Y,, (0)] is computed (the other cases follow simi-
larly). Let us just compute the “column part” of Sp[Yp.e,(o)]. To this end let X,, € S, ® Sy for

all n € N. We can then find (27;,) € S} so that

Mnp+41

X, = Z x;‘k ® €j

Jk=mp+1
for every n € N. Note that

Mn+1 Mn41

XpXp= > () apahen. (1.21)

kJl=mn+1 j=mnp+1

Using Proposition 0.2 we get that:

Mn+41
1> onXallsicicn = 1) Y. ah®enlsicien (122
n n  jk=mp+1
Mn+1
nx_m \+ . * 1
=1Q_on > afap)zlls, = 1Qonlid® tr)(X;X,)? s,
n Jk=mp+1 n

where we have used (1.21) to get the last equality. Comparing this with the similar calculations
for the other cases it is readily verified that Y,,(0), Y, .,(0), and Y}, (o) are mutually non-cb-
isomorphic.

Since IC, ®, C,|C}] is cb-isomorphic to a subspace of S, the same holds for Y,, . (o) as well. In
a similar manner we get that Y,,,. (o) and Y,,(0) are cb-isomorphic to subspaces of .S,,. We have
the following result on these spaces.

Theorem 1.4 Both K, and X, ., (o) (respectively X,,, (o)) are cb-isomorphic to complemented

subspaces of Yy, ., (o) (respectively Y, (c)). Consequently Y, (o) is not Banach space isomor-
phic to a complemented subspace of S, if o satisfies (1.5) and (1.6).

Proof: Let U = X, (o) (respectively U = X, (0)) and W =Y, (o) (respectively W =
2p

Y, (o). If (nx) € Nis a sequence so that >y, o, > < 0o, then the subspace V' consisting
of those (x,,0,x,) € W for which x,, = 0 for all n # ny is readily seen to be completely
complemented by a projection of cb-norm one and completely isomorphic to /C,,.

11



It is obvious that U can be identified cb-isometrically with the subspace of W consisting of
those (x,, 0,x,) € Y/p(a) for which x,, is a one-dimensional operator on ¢, for all n € N. This
space is clearly the range of a cb-contractive projection.

It now follows directly from Theorem 1.1 that YP(U) cannot be Banach space isomorphic to a
complemented subspace of 5, if o satisfies (1.5) and (1.6). O

The last spaces we are going to investigate are defined as follows:

Zpe,(0) ={(z,2D,) | x € A,} C S, ®p Cp[Cy). (1.23)
Zpr,(0) ={(x,Dox) | v € As} C S, ®p Ry[R,). (1.24)
Zy(0) ={(z,2Dy, Dyx) | v € Ay} TS, &, CplC,] B Ry[Ry). (1.25)

where
A, ={z €S, | xD, € S}

In (1.23) we consider xD,, as an element of C,,[C,] and similarly in (1.24) and (1.25).

In the sequel we let Z,, (o) denote any of these spaces. Clearly they are isomorphic as Banach
spaces, are mutually non-cb-isomorphic and cb-embed into .S),.

The next theorem gives the basic properties of the spaces Z,.(o).

Theorem 1.5 The space Z, (o) has the following properties:
(i) If o satisfies (1.5), then S, is cb-isomorphic to a cb-complemented subspace of Z,, (o).

(ii) If o satisfies both (1.5) and (1.6), then Z, (o) is not isomorphic to a complemented
subspace of S,

Proof: (i): We shall only give the argument for Z, . (o). The proof for other spaces can be

2p

made in a similar manner. Let (n;) C N be a sequence so that >~ , 0/, < oo and let V
consist of those (z,xD,) € Z,(o) for which z;; = 0 unless j = ny, for some £ € N. Itis
readily verified that V' is cb-isomorphic to .S,. From Arazy [2, Theorem 1.1] it follows that V/
contains another subspace U cb-isomorphic to S, and which is complemented in Z,(c). This
shows (1).

(i)): X,(o) can easily be identified with those (x,zD,) € Z,(c) for which x is a diagonal
matrix. This subspace is clearly contractively complemented in Z,(c). It now follows from
Theorem 1.1 that Z,(o) is not isomorphic to complemented subspace of .S,,. a

Before we go on we need the following lemma on non-commutative L,,-spaces.

12



Lemma 1.6 Let 1 < p < oo and let N be a von Neumann algebra so that L,(N') is separable
and L,(0,1) does not embed isomorphically into L,(N'). Then there exist sequences (I;) of
countable sets and (ny) C N so that

LyN) = O 6Tk, Si%)), (1.26)
k=1

Proof: Since L,(0,1) does not embed into L, (N), it follows from a a result of Marcolino [21]
that V' is a type I factor and therefore the separability of L,(N) and [28] give that there exist
measure spaces (€2, X, py) for all &£ € N and (n;) C N so that

Ly(N) = O Ly(Q, S i, Sy (1.27)

n=1

Again, since L, (0, 1) does not embed into L, (N), it follows that all the measure spaces on the
right side of (1.27) are purely atomic. O

We are now able to prove:

Theorem 1.7 If o satisfies (1.5) and (1.6), then none of the spaces X,(o), Y,(c) or Z,(o) are
isomorphic to an L,(N')-space where N is a von Neumann algebra.

Proof: Let V be one of the spaces above and assume that there exists von Neumann algebra A/
so that V' is isomorphic to L,(N). Since it follows from [1, Theorem 6] that L, (0, 1) does not
embed into S,, L,(N) has the form of (1.26) by Lemma 1.6 and therefore it is isomorphic to a
complemented subspace of S,. This contradicts Theorems 1.1, 1.4 and 1.5 above. a

2 The operator space structure of the classical Rosenthal se-
quence spaces

In this section we wish to discuss the operator space structure of the Rosenthal sequence spaces
defined in Section 1 and it turns out that the local structure of these spaces behaves quite differ-
ently. However, due to the non-commutative Burkholder-Rosenthal inequalities [10], [13] the
probabilistic viewpoint from the commutative case is still adequate to determine this structure.
Let (0;) be a sequence such that 0 < o; < 1 and let A; C [0,1], ¢ € N be intervals of
measure (1(A;) = o], where 1 = % + 1. We define f;((t;)) = M(Ai)*%lAi (t;) for all sequences
(t;) € [0,1]. The sequence (f;);en is a sequence of independent random variables on [0, 1]".

13



For sequences (s;) with finite support we define

[e.9]

u((s;)) = Zsi&‘fi;

i=1

ue((s;)) = Z si€i1 Eifi,

ur((si) = Z sie1 €ifi,
i=1

where (g;) denotes the sequence of Rademacher functions on [0, 1].
Following Rosenthal’s argument from [26] using [13] we can now obtain

Proposition 2.1 Let 2 < p < oo, then u, u,, u, is a ch-isomorphism between X (o), X, (o)

and X, (o) and the image of w in L,([0,1]", u. in L,([0,1]Y; C}), u, in L,([0,1]Y; Ry), re-
spectively. The images are cb-complemented in the respective spaces.

Proof: We shall only prove the proposition for u,. since the other cases go similarly. Let
(i), € S, be arbitrary. From [13, Corollary 1.5] and Proposition 0.2 we get letting ~
denote two-sided inequalities with constants only depending on p:

1 i @ eifienlls, Ly

i=1

~ max{ (3 [laills, I £2)7, 1 wiwE ()3 lls,, (O il BE(F2)5)P ) @)
i=1 =1 i=1

~ | Z z; ® (e; B Uieil)HSp[Xp,cp(a)]
i=1

where we in the last equivalence have used that for all 1 < ¢ < n we have || fi||, = 1, E(f?) =
o2 and E(f2)% = pu(4;)2~" < 1. By Lemma 0.1 . is a cb-isomorphism.

For every 1 <i < n we put f/ = ,u(AZ-)ilAi and u, ((s;)) = >_ sie; fI. Using the second part
of [13, Theorem 0.1] in a similar manner as above we achieve that u,, acts as a cb-bounded
operator from X . to Ly(0,1). Itis readily verified that ucuy, is a cb projection of L, (0, 1)
onto the range of .. a

Corollary 2.2 The space X,(0), X,.,(0) and X, have the ~y,-AP. More precisely, X,(c)
admits an approximate diagram

X i, X

p p
vn\ /wn

M
gp

For X, (0) and X, (o) we have to replace (3 by (3+(C)*) and €3+ (R}*), respectively.
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Corollary 2.3 If o satisfies (1.5), then the Rosenthal spaces X,(o) are COL,-spaces.

Proof: This follows from [14, Theorem 2.2 and the following pages]. a

In the following we want to show that the Rosenthal spaces X, ., (0) and X, (o) are no longer
OL,. Indeed, the mixture between the Hilbert space structure and the ¢, structure forms the
crucial obstacle.

Lemma24 If1 < p < oo and N is a finite von Neumann algebra, then C, is not cb-
isomorphic to a subspace of R,(L,(N)). Similarly, R, is not cb-isomorphic to a subspace

Ofcp(Lp(N))'

Proof: Assume to the contrary that C,, is isomorphic to a subspace of R,(L,(/N')). Using the
natural isomorphism between R,(R,) and R,, we deduce that S, = R,(C,) is a Banach space
isomorphic to a subspace of R,(L,(N)) C L,(B({2) ® N). However, for z € R,(L,(N')) and
p > 2, we have

1 1
[2lly = llz2*lL, o < ezl < ], -

Thus R,(L,(N)) is isomorphic to a subspace of L,(B(l2) @ N)N La(B(la) N ) for2 < p <
oo. For 1 < p < 2 a similar argument shows that R,(L,(/N)) is isomorphic to a subspace of
L,(N®B(ls))+L2(N®B({3)). According to [9] these spaces are isomorphic to complemented
subspaces of L, (M) for some finite von Neumann algebra M. Hence, S, is isomorphic to a
subspace of L,(M). This contradicts Suckochev’s result for p > 2, [27], or [7] for 1 < p < 2.
By symmetry the same holds for R, and C), interchanged. O

Corollary 2.5 Let 2 < p,r < oo and 3 = % + 1 Ifo ¢ {,, then the spaces X, (o) and
X, (o) are not cb-isomorphic to subspaces of L,(N') with N finite.

Proof: Assume first that there is an infinite set A C IN so that infic 4 0 > 0. By interpolation
we deduce that for the bounded sequence (o}, )4 the diagonal map D,-1 : C, — £, is com-
pletely bounded. Hence, the subspace of X, . (o) consisting of the sequences having their sup-
port in A is cb-isomorphic to C,,. In particular it cannot embed into L,(N) cb-isomorphically.
Thus X, ., () can not embed either in this case. Since ) ;05 = 00, we can in the general case
find disjoint finite subsets A; such that if

Bi= 1> o] .

i€A;

then inf 3; > 0. Proposition 1.2 gives that X, . () is cb-isomorphic to a subspace of X, ., (o)
and by the above cb-isomorphic to €}, and hence the assertion follows. A similar argument
applies for the row spaces. a
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Lemma 2.6 If1 < p < oo, then [],, ¢, is completely isometrically isomorphic to L,(N
commutative von Neumann algebra N.

Proof: Let N' = (][, ¢1)*. According to Raynaud’s Theorem [24] we deduce that for all
n e IN (SP([I, 4))* = M,(N) where N is a commutative von Neumann algebra obtained

as the weak closure of [ [ £. Together with [23, Lemma 5.4] this implies that
LM, @ N) = [[Sp(t,) = Sg(Hu 0) = ST(L,N)) .

Thus [],; L, is completely isometrically isomorphic to £,(N).

Our aim is now to show that X, . () is not a rectangular O L,-space.

Lemma 2.7 If2 < p < o0, then for alln € IN

=

1 1
< inf do(R, E) < ¢,n? »r.
= BCCy(Ly(0.1)) (B B) < gnt

1
n?2
The same estimates hold if R, and C,, are interchanged.

Proof: By interpolation

do(R:,RENCY) < lid: R —C7|, |lid: RinCr — RY||, < n7r .

By the non commutative Khintchine inequality [20]

dey(Ry N Cyyspan{g;li =1,..,n}) < ¢,

where the g;’s are independent Gaussian variables. To prove the lower estimate, we consider
E C L,(C,) and a complete contraction ¢ : R — E and an isomorphism. Let v; = ¢(ey;),

then

P

/ (Zrm ||2) o) -

n
E €1 e,
i=1

n

E €i1 ®x;

i=1

Lp(CP(Cyp))

=

< [l

= Jlidllg, = n¥ .
CplRy]
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However, this implies

n 2 % n 2 %
\/ﬁ = IE Zeiel,i = E‘Z£z¢_1(xl)
i=1 2 1=1 2
1
n 2 2
< o) (B> e
i=1 Lyp(¢2)
2 v
<l [ [ @||SS st iuts)
=1 2
= o' / (ani(s)né) sy | < flo7| e
i=1
The assertion is proved. O

Using a similar idea we can even prove a slighly stronger statement

Lemma 2.8 If2 < p < o0, then for alln € IN

[SIE
B =

1 1 1

—n < inf dg(R),E) < ¢,n2 7.

Cp T BeQS(ILy Lu(Cy) Ay B) < <
Here c, is an absolute constant and QS(]],, L,(Cy)) stands for the class of quotients of sub-
space of ultraproducts of Cy,(L,(0,1)). The same estimates holds exchanging R, with C,,.

Proof: Let T : C}' — L,(0,1) be defined by T'(e;1) = ¢;, where (¢;);-; are Bernoulli ran-
dom variables. We will use a a sequence of independent normalized complex gaussian random
variables (g;) on (€, /). Let hy,..,h, € L,(, p;¢2). Then, we deduce from the Khin-
chine/Kahane’s inequality [16]

S e =l / / SO e(s)g; @ity w)) | dsdi () dp(w)
i=1 Lp(£2) xQ 0 i=1 =1
< ol e | [ {2 e | diw)dne)
oxq \ =1 1=l
< o, v | | (ZZ\hxj,w))E) dp(w)
o \i=l j=1
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Since for p > 2, we have ||g:|, ~ /p we deduce

HT ® ide,(L,(2) - CS(OP<LP<Q))) — Cp(Lp([0,1] x Q))H < Cg\/ﬁ'

This remains true if we pass to an ultraproduct and then to a quotient of a subspace. On the
other hand, we have seen in Lemma 2.7 that

_1
L

|7 ® idry | =

1_1
Therefore the distance is bigger that 723 L g
ovP

The next lemma is a kind of “folklore” but for the convenience of the reader we give a proof.

Lemma 2.9 Let M be a von Neumann algebra and 2 < p < oo, 2 < r < oo such that

1

3 = % + % Let F' C L,(M) be a subspace and T : F' — R, be a linear map. T is a complete

contraction if and only if there exists a norm one elements a € L.(M) and a contraction
W : Loy(M) — £y such that
T(x) = W(ax)

forall x € Ly(N). In particular, T admits a completely contractive extension T' : L,(M) —
R,,. Similarly, every complete contraction T : F' — C), has a completely contractive extension

of the form T'(x) = W (za).

Proof: Let (z;) be a finite sequence in F, then

1
2
(ZHT(%)H;) = D e @T(x)) <Y e @
J J Ry (Rp) J Ry (Lp(M))
3
= ijx;‘ = sup (Ztr(a&x?)) )
r a>0,lallp <1 \

b4
2

Let B be positive part of the unit ball of L: (M). The function f,(a) +— tr(az*x) is continuous
with respect to the weak™ topology. Hence, the standard separation yields a probability measure
4 on B such that

[7)E < [ ertaraduta) = or(( [ adua)as).

By convexity, b = ([ adu(a)) € B and therefore
B

IT@)], < |

e
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Let H = {b2z |z € F} C Ly(M). Thus there is a linear contraction W, : H — {5 such that
Wy (b2z) = T(z). If P denotes the orthogonal projection onto H, then W = W, P satisfies the
assertion. To prove the converse, we assume 7'(x) = W (az) for some a € L,(M) of norm less
than one. Let L, : Ly(M) — La(M)” be the left multiplication L,(z) = ax. Let¢: Lp — C
be the induced linear functional ¢(y) = tr(ya*a) of norm less than one. If z € L,(B({3) @ M),
we deduce that for every functional the cb-norm coincides with the norm

1
1(id ® La) (@), (Lorayey = [(id @ tr)((a @ id)za™(a” @ id))ll3,
= |(d @ tr)(za*(a’a@id)l|5, = [(id® ¢)(zz")]3,
1
< Nz = .
< lleatlls, = llll,
By homogeneity of Ly, , this implies |W L,|| , < [|[W]| ||a]l,. O

Corollary 2.10 IfT : X, . (o) — C, is completely bounded, then T' admits a cb-extension to

Proposition 2.11 If2 < p < oo and N is a finite von Neumann algebra, then (,(C,) is not
cb-isomorphic to a subspace of C, ®, R,(L,(N)).

Proof: Let 2 < r < cosuch that 5 = > + 1. Let T' = (T!, T®) : £,(C,) — C, ®), Ly(N) &)
R,(L,(N)) be a complete contraction and 7' : rg(T') — £,(C,) be a completely bounded
inverse with [|T71|| , < C. We consider the complete contraction 7 : £,(S,) — C, defined
by Ty(x) = TW(P(z)), P the projection onto the columns space. According to Lemma 2.9,
we can find a € (,.(S,) and W : £5(S2) — {5 such that 71 (x) = W (za). Let p = (||a(?)]],)
and consider the operator D, : ¢, — (5. We define the bounded map W’ : {5(¢;) — {5 by
W'((z;)) = W((p; 'z;a;)). In particular, we can find an n such that

In the following, we use the spaces Y,, = span{) _ e; ® zy |k > n,x; € C,} and deduce
k

1

T i ! 1
b = (Z %) W' ly(ly) — Lo < 20

k>n1

170,

If v € S,(Y,), we deduce

1 , . .
G lels,m < I@deD)@), < [[(deTV,)@)|,, +[[(ide TP @),

1 )
< °C Hmusp(ep(cp)) + H(Zd@ T(l))($)||p
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Thus ]
. 1
50 lells o) = lGde Tt ))($)||s,,(Rp<pr>>> < l2lls, @ -

In particular C), is cb-isomorphic to a subspace of R,(L,(N')) which contradicts Lemma 2.4.0

For the convenience of the reader we quote the following lemma which is used both in the next
proposition and in the next section. The lemma is proved in [9] and [10].

Lemma 2.12 Let M C N be von Neumann algebras, ¢ a faithful normal state on N' and
& : N — M a faithful conditional expectation such that ¢p|p 0 E = ¢. Let D € L1(M) be the

density of ¢.

i) Ifi+1= % > 1, then & induces a contractive map &, : L,(N') — L,(M) such that
E(ary) = a&(x)b
forallLa € L.(M), b€ Ly(M)andx € N.

ii) Let1 < p,p’ < oo with %—Fz% = land L,(N, E) be the completion of{aD% la ¢ - analytic}
with respect to the norm

HaD%

= HD%E(a*a)D%

[ TR~ SIS

Ly(N.E

For p = oo, we take the closure with respect to strong topology, then
Ly(N,E)" = Ly (N, €)

and the duality is given by the trace on M.

iii) Let 1 <p/ <2< p<ocowithl+ L =1, then

12l ey < Nl
forall x € L,(M) and
lally < Nzl e,
forallx € Ly(N,E).
Proposition 2.13 For every separable subspace W of | [,, Cp(L,(0, 1)) there is a commutative
von Neumann algebra N such that W is completely isometrically isomorphic to a subspace of

Co(Ly(N)). If in addition W is cb-complemented, then W can be assumed cb-complemented
in C,(L,(N)). The same holds with R, replaced by C,,.
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Proof: Let us consider the commutative von Neumann algebra N' = ([],, L1)*. Let ¢ :
II, L1 — I, L1(S1) be the canonical inclusion map, given coordinatewise by ¢((f(z)) =
eoo @ f(i) Let go = (ego ® 1) be the projection onto the first corner. Obviously ¢ < ¢o and
E = : [I,L:1(S1)* — N defines a conditional expectation. Let M = [[,, Li(S1)* and
consider the space

Iz

ey = @@
defined on the space of elements yd%, d € Li(N),y € L,(N). According to Lemma 2.12, we
have

Ly(M,E)" = Ly(M,€)

completely isometrically. Obviously, the inclusion map 7" : [[,, Cpy(L,y(0,1)) — Ly(M,E)
is completely isometric and therefore by duality [[,, C,,(L,(0,1)) is completely contractively
complemented in L,(M, £). Given an element x € 57" (W), we see that

2
o} = la“zlly = o allopis,ao -

Since (J,,, S;'[W] is separable, we can find a density D € L (/') such that

1
Ty < C(z) D»
for all x = (z;;)7}_, in a countable dense subset A of [ J,,, S;*[W]. Multiplying with the support
projection ¢ of D, we can work in Nq. For every coordinate y = Tij, T = (xw) c A, we
consider the polar decomposition

y = ub.

Using Raynaud’s isomorphism [24], we see that b € L,(¢N¢q). Let N; be a separable subalge-
bra generated by the elements b = b;;(x), € A. Let M, be a separable subalgebra containing
by the polar decompositions u = u;;(z), x € A, such that there exists a conditional expectation
& wel(My) — Nj leaving ¢ invariant. Clearly, W is still a (cb-complemented) subspace of
L,(My, ) and we can consider the right '} module F' generated by M; and ;. According to
[10], L, (M, N7) is completely contractively complemented in C,,(L,(N7)) and therefore the
assertion is proved. a

Corollary 2.14 If2 < p < 0o and F is a quotient of Ry(L,(0,1)), then (7(C}') does not embed
uniformly into C, @, F.
Proof: Assume to the contrary, we can find 7,, = (T,Sl), T,§2)) 3 (Cp) — Cp @y F such that

IT0ll, <1 and |T,'], < C.

Let U/ be a free ultrafilter on the natural numbers and define

T:,(Cp) — Hu Cp Dp HUF»
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by T'(z) = ((Tél)@))nem, (qu)(:v))nem). This is well-defined because |, £;(Cy) is norm
dense in £,(C;,). Moreover, for x € S)*(£;(C}')), we have

[(id @ T')(2)|| = }L}g; lid @ Tn’(x)Hsp(ep)@psp(op) ~c ”xHS;n((eg(Cg)) :

Let us denote the first component by 7" and the second by 7®). We note that [[,Fisa
quotient space of [[,, R,(L,(0,1)). Denote the quotient map by g. Then we can find a sep-
arable subspace Y C [, R,(L,(0,1)) such that the image of T® is cb isomorphic to ¢(Y).
According to Proposition 2.13, we can assume that Y is contained in R,(L,(N')) for some
commutative von Neumann algebra N. Moreover, [[,, C, is a homogeneous Hilbert space
which carries the C), structure. Thus every separable subspace is completely isometric to C),.
Therefore, we can find an embedding of /,(C,) in C, &, Y/ker(q). Following the argument
in Proposition 2.11, we see that for the first component 7(") and every ¢ > 0 there exists an n
such that || 7™ |{(44) 121 =21 == 0} ||Cb < ¢. Thus C, will be cb-isomorphic to a subspace of a
quotient of R,(L,(0,1)). This contradicts Lemma 2.7. O

Theorem 2.15 Let o tend to 0 and such that for all n € IN there are subset A,, of cardinality n
such that o; = v, fori € A, and

.1
limnra, = 00.
n

Then X, ., (o) does not admit a cb factorization through C, @, F, F a quotient of a subspace

OfHu Rp(Lp(Oa 1)).

Proof: Assuming in the contrary we can write ¢d = T' + S, where T factors through a quotient
F of [],, RyL,(0,1) and S factors through C,. We denote by () the projection onto the C,
coordinate in X, . (o) C £, @, C,. Using Lemma 2.10, we can decompose S = S} + Ss, such
that 51 : ¢, — X, is a completely bounded operator and S, : C, — X, . is completely
bounded. For a fixed index ¢ € I we consider

(ei, O'Z'ei) = S(@Z’, Uiei) + T(ei, aiei) = O'Z'SQ(O, €i) + Sl(ei, O) + T(@i, O'Z'ei) .

Thus
1 < |IS1(es,0) + T(ei, oies)|| + 0i || S| -

Hence for i > iy we get 0; || S2| < £ and therefore

—_

5 = HSl(eiaO)+T(€ian€i)H .

[\)

Let us write
S1(ei,0) + T'(e;, 00e5) = (y,0y) .
We have the following alternative: If [[y||, < [[yo],, then

1

1 £
5 < (Il + lyol)” < 2ol -
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Hence
1
- < ||?J<7||2-

=~

It flyoll, < lly

» we get

< llll,

I,

and thus
0;
Z||y||p < lyoll, < llyoll, -

In both cases we deduce

0;
7 < [|@S1(e,0) + QT (€5, 0i€) || -

Now we decompose Q1" = T + 15, T} acting on ¢, and 75 acting on C,, according to Lemma
2.10. Let n € IN to be determined later and let us assume that o; = «,, is constant on a set A4,,
of cardinality n. Let us recall that

(Zanl(ei)ng) < Qsi| < ¢
and

(Z ||T1(€z‘)||g> < [Tif| < Cs.

Thus we get for C3 = || T3||

Oznn% ) v ) v
1= (; HQSl(ez‘aO)+QT(€i70iei)“2> < Cl+02+<§ ||T2(O,aiei)||2>

< Ci+Cy ST 0,0y | + > (0, i)l

€A, || T2(0,e:)]| < 75 €A, || T2(0,e3) > 15

1 1
< O+ Cy + an1—6n? + a,Cscard{i € A, | ||T2(0, ;)| > 6

Hence for n so large that 8(C; + Cy) < a,nr we get

1
16C5

1
nr < card{i € A, | || T2(0,¢;)| > 1—6} :

Hence we can find a subset B,, of cardinality such that for all : € B,, we have

n
C3167

1
172(0, €:)||, > 6
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Now we consider the map w : (5(B,) — {3 defined by w(e;) = T5(0,e;). Defining 6 =
C;'327% and n' = cardB,, we deduce for the approximation numbers of w

1
2

BT < i) < (S < VT )
1 / /
< 3—2\/E+a5n/(w)\/5.

Therefore with 6’ = C;"16™" we obtain that
1
— <
32~
Let u : ly(B,) — C, = {5 be defined by u(e;) = QT(e;, 0¢;). In order to obtain a lower
estimate for a proportional approximation number of u we observe

anw(ei) = Tg(O,O‘iBZ‘) = QT(Gi,O'Z'Gi) —Tl(ei,O) = u(el) —Tl(ei,O) .

a(;n/(w) = a&;/n(w).

Since 77 is bounded on ¢, the map 77 : ¢, — ¢ defined by e; — T (e;, 0) factors through the
inclusions map ids , : lo — £,
oayw —u = Thidys ,

Let us recall a result of Carl on the Weyl numbers of id, »
krag(id : by — b)) < cq.

Therefore we have

A
37 = @ssn(anw) = asyn(ut anw —u)
1
_ 2n\
< agy,(u) +asy (Thidys) = asw (W) + | | <l -
5N 7 N 7 N 55/
Hence for n large enough such that n%an > %AJTIH we obtain
Qp
— < / )
61 = QuaW)

It follows that we can find an linear map W : /5 — ¢y and a k = %‘Sln dimensional subspace
H C l5(B,) such that |W|| < 64! and WQT Py = idpg.

Note that cb norm of the identity mapping id : C}, — X, is completely contractive and thus
we obtain

idy = WQTidPy .
According to our assumption 7' = wyv; where vy : X, (0) — F,w, : F — X, . (0) and F
is a quotient to a subspace of [[,, R,(L,(0,1)). We deduce from Lemma 2.8 that

68" 1 .
o= kr < inf dc Ok7E
o = P peQs(I Ry (Lo(01) (G- B)

< 6 (Wl lorlley lwnlley, < anep [lvalley e, -
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. . 1 o g . .
Using once more lim,, nr «,, = 0o, we get a contradiction and the assertion is proved. O

Theorem 2.16 If V C (, ®, C, ®, R, is a rectangular OL,-space, then there exists an in-
creasing sequence (X ;) of finite dimensional subspaces of V with dense union and non-negative
integers k;, m;, n; and a constant K so that

dep( X, 03 @, C9 @, R7) < K forall j € N. (2.2)
In particular V' is cb-isomorphic to a cb-complemented subspace of L,(0,1) &, C, &, R,,.

IfV C L, ®,C,, the R,-terms in (2.2) disappear and V' is cb-isomorphic to a cb-complemented
subspace of L,(0,1) &, C,. Similarly if V C £, &, R,,.

Proof: Since V' is a rectangular OL,-space there is an increasing sequence (X;) of finite di-
mensional subspace with dense union and number £(j), n;(¢) and m;(¢) and a constant K so
that _

dup(X;, (@9 S Dm@) ) < K forall j € N.

For every n € N we define

h(n) = sup{m; (i) | n;(i) = n}.

If h(n) > nforall n € N, clearly (S;') embeds cb-uniformly into V" and hence .S, is isomorphic
to a subspace of an ultrapower of ¢, ®, C,, ®, It, which is a Banach lattice of cotype p. This
contradicts [22, Theorem 2.1]. Hence there is an ny € N so that h(ng) < ng. If n;(i) < ny,
then )

dcb(ggj(i),mj(i)’ g;w (i)( R;nj(i)) < ng

and if n;(i) > ng, then m;(i) < ny and hence

dcb(S;j(i)7m‘j(i)’ g;nj(i)(cgj(i))) <ng.

We can therefore find a constant K and numbers &, n(i) and m;(i) so that

/ /

K al K ml .
dcb(Xj7 (@iilcpj( ))p Dp (@iilRp i ))p) < K, forallj € N.

For every n and j we put A;(n) = {i < k; | n;(z) >n}and f(n) = sup; [A;j(n)|. If f(n) >n
for all n € N, then clearly (¢;(C}')) embeds cb-uniformly into V' C ¢, @, C), ®, R, which
contradicts Corollary 2.14. Hence there is an ng so that |A,(ng)| < ng for all j € N. For every
7 we then get

!

.
n; EiEAj("o) & (Z))

dCb<<@i€Aj(n0)CpJ )p7 Cp < ng
n6) Siga(ng) (D) 1
dop(@iga o) O 7 F900 ) <y,
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Treating the 1?,-terms in the same way we obtain that there is a constant & and numbers £;, n;
and m; so that
dey(X;, 085 &, C9 @, R7Y) < K forall j € N

which proves formula (2.2). Using an ultraproduct construction as in [5, Section 10.3] we
deduce that there is an ultrafilter / so that V' is cb-complemented in [ [,, £, ®, [ [,, Cp ®p [ [; Rp-
Since [[,, ¢, is cb-isometrically isomorphic to L, () for some commutative A" and C, and R,
are homogeneous, the separability of V' gives that it is cb-complemented in L, (N;) &, C, ®, R,
with (N7 ), separable. Decomposing N into discrete and continuous parts we get that L, (N, ) is
cb-contractively complemented in L, (0, 1) and hence V' is cb-isomorphic to a cb-complemented
subspace of L,(0,1) &, C, &, R,.

Since (R;) does not embed cb-uniformly into ¢, @, C, by Lemma 2.7, it is readily seen that
itV C ¢, ®, C,, then the R,-components disappear in the argument above and the ultraprod-
uct construction gives that V' is cb-isomorphic to a cb-complented subspace of L,,(0, 1)&®,C,. O

As a corollary we obtain

Theorem 2.17 If o satisfies (1.5) and (1.6), then the spaces X, ., (o) and X, (o)are not rect-
angular OL,, spaces.

Proof: Assume that X, (o) is a rectangular OL,-space. Theorem 2.16 then gives that it is
cb-complemented in L, (0, 1) &, C,. By Theorem 1.3 we can without loss of generalty assume
that o satisfies the additional assumptions in Theorem 2.15 and hence this theorem yields a
contradiction. a

Theorem 2.18 If o satisfies (1.5) and (1.6) and
Ve {R, ®p Xpe,(0),6p(Ry) Bp Xpe, (0), Xy, (0) Bp Xpe, (0)}
then V' is not a rectangular OL,, space.

Proof: Let us assume V' = /,(R,) ®, X, ,(0). The proof of Theorem 2.16 shows that V" is
cb-complemented in C, ®, [[,, R,(¢,) which contradicts Theorem 2.15 since X, (o) is cb-
complented in V. The other cases follow directly from Theorem 2.16. O

Proposition 2.19 Assume that o satisfies (1.5) and (1.6)and let U a free ultrafilter on the inte-
gers.

(i) If V € { Xy, (0), Ry p Xy, (0), X, (0) @p Xpe, (0)}, then b,(R,) &) Xy, (0) does
not embed into [[,, V.

(ii) Xy, (0) ©p Xy, (0) is not ch-isomorphic to a cb-complemented subspace of T],,(R, ®,
X

pep(0))-
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In particular the spaces { X, ., (o), Ry ®p, Xp,(0), Xy, (0) ©p Xpe, (0), b (R,) ©p Xpe, (0)}
are mutually not cb-isomorphic.

Proof: To prove the assertion (i), we observe that V' C ¢, &, C, &, R,. Thus the assertion
follows from the row version of Corollary 2.14. In order to get (i7) we note that R,,®, X, ., (o) is
complemented in R,®,L,([0,1]; C},). According to Proposition 2.13 a separable complemented
subspace of [ [,, R,®,L,([0, 1]; C,) is cb-complemented in R,®,C,,(L,(N')) for a commutative
N. But the row version of Theorem 2.15 excludes this for X, ,. (o). O

Remark 2.20 IfW € {(,(R,), (,(R,) ®p Xpe,(0), Ry@p Xy, (0), Xpr, (0) Bp Xpe, (0)}, then
W contains R, cb-somorphically which does not cb-embed into an ultrapower of L,([0, 1]; C,,).
However, X, . (o) C L,([0,1]; Cp) and hence W does not ch-embed into an ultrapower of
Xpe,(0).

Consequently none of the spaces above nor those from Proposition 2.19 can be paved with
local pieces of any of the others except for trivial reasons. It is easily seen that we can also add
lp,(Cy) ®p Xy, (0) and the rectangular OL, space (,(C),) ©, X, (o) to this list.

At the end of this section we want to compare the space X, ., (0), X, (p) with their intersection
in interpolation sense. Let2 < p < oo andlet o = (0,,) and p = (p,,) be two positive sequences.
In analogy with the spaces defined in chapter 1 we let the space X (o, p) be the subspace of
Sp @y Cp @y R, defined as the closed linear span of the sequence {emn @ponent Dp Pn€in}. Note
that X (o, p) is the interpolation space X,, . (¢) N X, (p). We shall show that if o and p satisfy
(1.5) and (1.6), then X, (o, p) is a rectangular OL,-space if and only if it is cb-isomorphic to
Xp(0), Xp(0)®pCp, Xp(0) By Ry, or X, (0) D, C, B, Ry, We first investigate the space X, («, 3)
where o > 0 and [ > 0 are constants. We have:

Proposition 2.21 There is a constant K = K (p) so that if T' is a cb-isomorphism of X,(«, 3)
into L,(0,1) &, C, ®, R, and P is a cb-projection of L,(0,1) &, C, &, R, onto T'(X,(, o, 3)),
then either

max(a, 3) < K||T||||T | min(e, 3) (2.3)

or
1

2min(c, §)

If T is a cb-isomorphism of X,, ., (c) into Ly(0,1) ®, Cy, and P is a cb-projection of L,(0,1) ®,,
Cp onto T(X, ., (), then

< KPPl Tl T~ leo (2.4)

1
— < K||1P||la T o177 ] o 2.5
5 < EIPIa Tl T (2.5)

Similarly for X, (o).
Proof: Let us assume that 5 < « (the other case can be proved similarly), let (); be the natural

projection of L,(0,1) &, C, &, R, onto L,(0,1) and () the natural projection of L,(0,1) &,
C, ®, R, onto C, &, R,. If (f,,) denotes the canonical basis of X,(«, ), we put h,, = Q1T f,,

27



for all n € N. Since f,, — 0 weakly, so does (h,,) and we can therefore extract a martingale
subsequence of (h,,) and then use the argument in [13] to extract a further subsequence, still
called (h,,), so that there exist constants K; = K;(p) > 1, by > 0 and by > 0 so that

1D anhulls, iz, 00~y max{be Y llael, b2 (Y agan)?|ls, bl (Y arai)?|ls, }
k k k k

for all finite sequences (a;) C S,. Plugging in the vectors a;, = ey, we get for every n € N that
1 1 1 11
max(bine, banr,bon?) < K;||T|| 5 max(nz,anr, fn?)

which implies that b, < K [5.
As in Corollay 2.10 there is a constant /5 only depending on p so that the operator ()57 has a
cb-extension S : S, &, C, &, R, — C, &, R, with ||S||, < K3||T||.,- Hence we have for all
n € N:

Tf,=hn,+ Sen, +aSe,; + BSeq,.

By [26] >, [|Senn||” < oo and if () denotes the canonical projection of S, &, C,, &, R,, onto
R, we find by that the operator QT PS|C, is (r,2)-summing and therefore also
> IIQT 1 PSey||” < oo. In particular we can find a ny € N so that:

«a 1
| T~ PSen|| + BHQT_lPSean <3 (2.6)

for all n > ny. If (F},) denotes the biorthogonal system to ( f,,), then clearly | F,,(T~' PSe,,;)| <
51QT " PSe, || and hence (2.6) gives that

1
1 < yFn(T*Phn)]+5\1«‘;1(T*1PS@1”\+Z
1

< |Fn(T_1Phn)| +K2B||P||cb||HTchHT_chb+Z-

for all n > ng. If we now assume that Ko0||T||||T ||| Plls < 3. then by the above
1 < |Fu(T~*Phy,)| for all n > ny.

By interpolation there exists a constant K3 = Kj3(p) so that if U denotes the diagonal of
T~1P|[h,] with respect to the bases (f,) and (h,), then U is cb-bounded with ||U]|, <
K3||T7 ||| P]| > and hence for all (ay) € S, and all n > ny we get:

n

1 n
n Sar@ fill < U ar ® hi)lls, iz,

k=ng k=ng

< K| T aPllall D ax @ hulls, iz, 00)-

k=ng
If we plug in the vectors a; = e in this inequality we get that

%max{(n - no)%,oz(n - no)%,ﬁ(n - ”0)%}

1

1 1
< K K[| T\ | T eol | Plley max{by(n — ng)?, ba(n — n9) %, ba(n — ng)» }
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and therefore o < K K3||T ||| T ||| Pllevbe < KZK3||T||T7||es]| P||es3- Hence we have
proved the proposition with K = max(K?K3, K»).

To prove the statement for X, . (a) we go through the argument above, but we omit the 1,-
coordinate, and adjust the sequence (h,,) to the new situation. Then we drop the argument with
the projection . The first part will then show that by < Kyov. If Koo||T|| |77 || es|| Pllet < 3
then the second part will show that o < K K3||T||||T ||| Plcob2- Hence (f,) is cb-
equivalent to (h,) which is a contradiction because X, . () is cb-isomorphic to C, which
does not embed into L,(0, 1) by Lemma 2.4. O

We need the following two lemmas:

Lemma 2.22 Let 2 < p < oo and let o and p be two sequences so that there exists a d > 0 and
ane > 0 with o, < 6pn foralln € Nand ), __o; < oo.

If X, (o, p) is cb-isomorphic to a cb-complemented subspace of L,(0,1)®, C,, &, R,, then there
exist 0 < K, M, N < oo so that X,,(c, p) is cb-isomorphic to 1)) &, (C, N R,)™ &, RIS

If p, — 0, the last two summands do not occur in the above.
Proof: Assume that X, (o, p) is a OL,-space, put

A = {neNjo,<¢e}
B = {neN|og,>c¢}

andlet o4 = {0, | n € A} and o5 = {0, | n € B}. In a similar manner we define p4 and pp.
Clearly we can write
Xp(a> p) = Xp(UAv pA) 57 XP(UB7 pB)'

If liminf ps(n) > 0, X, (04, pa) is cb-isomorphic to RS (which is cb-isomorphic to £ in
case A is finite). Assume next that liminf pa(n) = 0. If pyu satisfies (1.6), X,(04,pa) is
cb-isomorphic to X, (p4) which contradicts Theorem 2.17 and hence there is an €; > 0 so
that 3 ()<, pa(n)" < oo. We may without loss of generality assume that £; = ¢ and can

conclude that X, (o, p) is cb-isomorphic to N It n € B, e < 0, < dpy, so that X,(op, pB) is
cb-isomorphic to (C, N R,)'Z..

Summing up we have found that there exist 0 < K, M, N < oo so that X,(o,p) is cb-
isomorphic to £ &, (C, N R,)M @, RY. O

Lemma 2.23 Let 2 < p < oo and let 0 and p be two sequences so that X,(o,p) is cb-
complemented in L,(0,1) &, C, &, R,. Then {p,, | 0, > €} does not satisfy (1.6) for any
€ > 0. The same holds with o and p interchanged.

Proof: Assume that there is an € > 0 so that {p,, | o > ¢} satisfies (1.6).Then it also satisfies
(1.5) and if # > 0 is arbitrary, we can find a sequence (By,) consisting of mutually disjoint finite
subsets of N so that

B Y <28

n€By,on>¢€
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By .on>e n)% and arguing like in Proposition 1.2 we get that
X,((ag), B) is cb-complemented in X, (o, p). Clearly v = liminf a, > ¢ and if we choose a
subsequence («y,, ) tending sufficiently fast to o we conclude that X,(«, 3) is cb-complemented
in X, (o, p) and hence also in L,(0,1) &, C, &, R,. This violates (2.3) and (2.4) for 3 small
enough. a

Forevery k € Nwe put oy, = (> o’

We are now able to prove:

Theorem 2.24 Let o and p be two sequences satisfying (1.5) and (1.6). If X,,(o, p) is a rectan-
gular OL,-space, then it is cb-isomorphic to X,(c), X, (o) &, Ry, X,(0) &, C, or X,(0) B,
Cp @) Ry,

If in addition o,, — 0 and p,, — 0, X,,(0, p) is cb-isomorphic to X, (o).

Proof: If X, (o, p) be a rectangular OL,-space, Theorem 2.17 shows that it is cb-isomorphic
to a cb-complemented subspace of L,(0,1) @&, C, @, R,. Assume that for all ¢ > 0 and all
d > 0 we have that ) {(pn<bon.pn<e} Pn = 00. We shall show that this leads to a contradiction.
Let > 0 be given arbitrarily, put A = {n € N | p, < d0,} and define o4 and p, as in
Lemma 2.22. Clearly p,4 satisfies (1.5) and (1.6). If for some ¢ > 0 Z{UA(n)ge} oa(n)" < oo,
then also 3 <.y pa(n)" < oo and therefore {pa(n) | oa(n) > £} satisfies (1.6) which
contradicts Lemma 2.23. Hence also o4 satisfies (1.5) and (1.6). Let now o > 0 be arbitrary,
choose mutually disjoint finite sets Ay C N so that for all £ € N we have

o< (Y oan))r <20

neAy

and put B = (3 _,c 4, pa(n))+ for all k € N. Again Proposition 1.2 shows that X, (cv, (5;)) is
cb-isomorphic to a cb-complemented subspace of X, (o, p) and by choosing a subsequence of
(Bk) tending sufficiently fast to 3 = liminf 3, > 0. we obtain that X,(«, [3) is cb-isomorphic
to a cb-complemented subspace of X,,(c, p). If 5 = 0 we have X, (o, ) = X, ., () and this
violates (2.5) of Proposition 2.21 for o small enough. If 5 > 0, then 3 < 20« and this violates
(2.3) of Proposition 2.21 for 6 small enough. By choosing o small enough (2.4) is violated and
we have reached a contradiction.

Interchanging the roles of o and p in the argument above we can conclude that there isae > 0
and a 0 > 0 so that

Y o< 2.7)
{Ungépn,o'ngs}
Z p;, < 00. (2.8)

{pn<bon,pn<e}

Let A be as above and put

sy
I

1
{n€N|5pn<an<g,0n}
D = {neN|o,<dp,}
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and define the sequences (04), (65), (6p), (pa), (pB), and (pp) as before. We can then write

XP(U7 p) = XP(UAv PA) S2 Xp(UBapB) @ XP(UD7pD)'

By Lemma 2.22 X (0.4, pa) ® Xp(0p, pp) is cb-isomorphic to 1Y @, (C, N R,)M @, CK @, RY
for some 0 < k, L, M, N < co. X,(0p, pp) is cb-somorphic to X, (o) and since o5 satisfies
(1.5) and (1.6) it contains cb-complemente copies of [, &, (C, N R,,) which shows that X,,(c, p)
is cb-isomorphic to X,(05) ®, CX @, R]. This finishes the proof since clearly X,(o5) is
cb-isomorphic to X,(c). Obviously the C,- and R,-terms do not appear in case o,, — 0 and
pn — 0. 0

3 Operator space properties of the matricial Rosenthal spaces

In this section we will discuss the operator space structure of the matricial Rosenthal spaces.
As before we let p > 2, % = ﬁ + %, and let o be a sequence with o,, > 0. (&,,) denotes the unit
vector basis of /5. Throughout the rest of the paper we let R denote the hyperfinite //; factor
defined as the o-weak closure of the infinite tensor product ®,,cnM> in the GNS-construction
with respect to the tracial trace T = ®pen’L.

We start with the following result on Y,,(o):

Proposition 3.1 Y, (o) is complemented in L,(R).

Proof: Let ;1 denote the Lebesgue measure on |0, oo[ and let A,, CJ0, oo[ be disjoint sets with
1(Ay) = of for all n € N. We consider the subspace V' C L,((0, 00); S,) N Ly?" (10, o0l; S5)

defined as the closure of { u(An)_% La, @ | 20 € S}
Given X, € 5, ® 5, we hTzLive

plAn

1
_ (zuxnuz)
Ly (Sp) n

Further

1

2

P]_A

= ZM(An)li(id®t7“)(X;§Xn)>
Sp[L;p] n S,

l (Z o2 (id ® tr)(X;Xn)>

2

Sp

The calculation for the row term is similar. Comparing this with (1.22) we obtain that V' is
cb-isomorphic to Y, (o).
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For every n € N we let p,, denote the orthogonal projection of /5 onto span{¢, | n(n;l) +1<

k< @} Since B = {>_, 14, ® z, |, = ppx,p,} is a von Neumann subalgebra of
Lo((0,00); B(¢3)) and the restriction of the trace is normal on B, we deduce from [28] that
there is conditional expectation

E(x) =) 14,® / pna:(t)pnu ™

An

which is completely contractive on L,((0, 00); S,) forall 1 < p < co. Clearly E is a projection
onto V and hence V' is cb-complemented in L, ((0, 00); S,) N L5 ((0, 00); S5). According to
[9] the latter space is cb-isomorphic to L, (R) and the assertion is proved. O

Remark 3.2 According to [9], the spaces
Ly((0,00);5,) N Ly ((0,00); S2)  and  Ly((0,00); 8,) N Ly’ ((0,00); 52)

are cb-isomorphic to completely complemented subspaces in L,(R®B({3)) and hence the same
argument as above shows that Y, ., and Y, , are cb-isomorphic to cb-complemented subspaces
of L,(R ® B({3)). However, in general we cannot expect a cb-embedding into L,(R). Indeed,
from Theorem 1.5 it follows that if o satisfies (1.5) and (1.6), then S, cb-embeds into Z,(o) but
it does not embed into L,(R) according to a result of Suckochev [27]. Hence Z,(c) does not
cb-embed into L,(R).

Corollary 3.3 The spaces Y,(0), Yy, (0) and Y, (o) have the ~y,-AP.

Proof: Since L,(R @ B((s)) is the L, space of an injective von Neumann algebra, this space
the 7,-AP. The ~,-AP passes to complemented subspaces. a

We now turn our attention to the space Z,(o) but for this we need some preliminary results.
Let m,n € N and let D be a positive m x m diagonal matrix with ¢r(D) = 1. We define
Z7(n, D) to be the subspace of S @, o @, R;”Q defined by:
m 1 1 1.1 m
Z)'(n, D) = {(z,n"xD",n*Drx) |z € SP'}.

Here we consider 2D as an element of crer) = CI’,”2 and D7z as an element of Ry (R)) =
R;”Z. The spaces Z}". (n, D) and Z}J,. (n, D) are defined similarly as subspaces of S} &, C;”Q,
respectively S &, R;TQ.

For every 1 <i < n we define ¥, : S)* — S = S& by

1 1 1 1
V() =Dr®@---@Dr @ Dr ®--- Db
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for all z € S where x is the ith factor. Further we put
Uy(z) = nb i eVi(x) forallz € S)
Upe(x) = n» Z&?l (r)®e;y forallx € Sy
Upr(z) = n'? Zel i(r)®@ey forallz € S

where (¢;) is the sequence of Rademacher functions on [0, 1].

Theorem 3.4 U, acts as a cb-isomorphism of Z' (n, D) onto its image which is cb-complemented
in L,([0,1], S;*") with cb-norms only depending on p. Similarly Zye,(n, D) (Z]. (n, D)) is cb-
complemented in L,([0,1]; S)"" @ C7') (Ly([0, 1]; ;™" ® Ry)) via the map Uy (Uy,;).

Proof: Let {z;;, | 1 < j,k <m} CS,. If we forevery 1 <i < n put
}/i = £&; ZZEJ/{Z X \I'i(ejk),
g,k
then the Y;’s are independent in the sense of [13] and have mean zero.

Therefore, if we put E(z ®y) = tr(D" px)y forall z € S)"" and all y € S, and let “~” denote
a two-sided inequality with constants only depending on p, [13, Theorem 1.2] gives that

| Z%‘k ® Upleji)lls,[Ly(spmy =n 7 || ZYHS,,[L,, ) (3.1)
ik
*y, . *\Y &
~n”# max{( Z IYalls, iz, (s, )7, I ZE (YY) s, 1O~ E@Y)? s, }-
i=1

For all 7 < n we easily get that

||Yz'||sp[L,,(s;n")] = || Z Tk @ 6jk||Sp[S;ﬂ
gk

Further

ZE Y'Y, ||S = ”2” Zak ’ TikT k) ||Sp = nZ”Z% nyk@ejk”s cm?]

k=1 j=1

and similarly

IO EXY))2 s, :WHZ Z%k@)e;kﬂsm
i=1 j=1
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Combining these calculations with (3.1) we get that U is a cb-isomorphism of Z*(n, D) onto

its image.

For every 1 <i < n we define ¥} : S} — S;’,”‘n by
V(2)=Dr®@ - @Dr@2®Dr @ - ® Dr

for every x € S,y where z is the ith factor and U,y = > €, V/(z) for all z € S,y. Using [13,

Theorem 4.3] we can in a similar manner as above obtain that U}, acts as a cb-bounded operator

from Z;”(n, D):j to L, ([0, 1], S;”n) It is readily verified that U,U), is a cb-bounded projection

of L,(]0, 1], S ) onto the range of U,,.

The argument for U, . and U, , can be done similarly. O

We are now able to prove:

Theorem 3.5 Let 2 < p,r < oo such that % = % + % If o is a sequence of positive numbers
such that o ¢ (, and liminf,, o, = 0, then the spaces Y, (0), Yy, (0), Yy, (0), Zp(0), Zpr(0),
Zy (o) are COS,, spaces.

Proof: Let us consider

.

5§ = )0k
k=1
By assumption s; tends to co and hence we can find a subsequence (jj) and integers ny, such
that
ng < s, <np+1.
By definition Z,, Z,, ., Z, is the closure of J,, ZJ*, U, ZI%., U,, ZJ%.. respectively. Fix k € IN

p,c? p,r?
—1 r
and define p, = s (07});<j,- The map

111
w(z) = (x,njxD},,n;Dj x)

yields an isomorphism between ZJ* (o) and Z,(ni, D,, ). Indeed, for oy, = (0;),<;, we have

and

Hence by Theorem 3.4 ng(a) has the ~v,—AP with a constant only depending o and p and
therefore Z,(o) has the 7,—AP. Similarly for Z,, . (0) and Z,,,. (). Y,(0), Yc,(0), and Y, ;. (0)
have the 7,—AP by Corollary 3.3. Since liminf, ¢,, = 0, we can find a subsequence ¢’ = o,
such that (0, ) € £,. Then the map M, : S, — C,(IN?) defined by M,.(x) = xD, is completely
bounded and similarly, M, : S, — R,(IN?) defined by L;(z) = Dy is completely bounded.
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If A= {ny : k € IN}, then the subspace Z4 = {(x;;)|i € A,j € A} is cb-isomorphic to S,
and is complemented in Z,(¢), Z,.(0), and Z,, (o), respectively. By the definition of Y, (o)
we deduce that Yy = {(zx)x|k € A,vp € M, } is cb-isomorphic to (3, ., ©,S;™), and
cb-complemented. Thus all these spaces contain .S)’s uniformly complemented. According to
[14, Theorem 2.2], we deduce that these spaces are COS,, spaces. O

4 Uncomplemented copies of some O L ,—spaces
Throughout this section, 2 < p < oo, unless specified otherwise.

Theorem 4.1 Let X and Y be subspaces of rectangular OL,, spaces so that X is completely
isomorphic to a subspace of Y. Then (,(Y') (respectively, S,[Y]) contains an uncomplemented
completely isomorphic copy of {,(X) (respectively, S,[X]).

Before proving the theorem, we formulate a corollary of it.

Corollary 4.2  (a) Suppose X is one of the following operator spaces: {,, Sy, IC,, or L,(R).
Then X contains an uncomplemented copy of itself.

(b) Suppose N is a group von Neumann algebra with QWEP, and X is either {,(L,(N')), or
Sp[Lp(N)]. Then X contains an uncomplemented copy of itself.

Proof: All the spaces listed in parts (a) and (b) are OL,— spaces (see [11] for the spaces from
part (b)). Moreover, any of the spaces X listed in part (a) is completely isomorphic to £,(.X),
by Petczynski’s decomposition method. The same argument shows that for N as in part (b)
Sp[Ly(N)] is completely isomorphic to £,(.S,[L,(N)]). O

To establish Theorem 4.1, consider a finite dimensional version of the Rosenthal space. More
precisely, if 0 = (0,)nen is a sequence of positive numbers, then we let X*(o) be the linear
span of the first m vectors of the canonical basis of X,(c). By Corollary 2.2 there exists
A > 0, and a sequence (K, )men, S-t. é’;m contains a A-completely complemented A—completely
isomorphic copy of X"(c).

Now suppose the sequence (o,,) satisfies (1.5) and (1.6). By [26], if P, is a projection from
0y @, R @, C}" onto the “natural” copy of X*(c), then lim,, ||Py| = oo. By [20] (see
also [23]), £} ©, R} &, C}" embeds into Ef;m c,—completely isomorphically. Thus, there exists
a sequence (7},) of complete contractions T,,, : X"(0) — £3" so that |T,,"|ls < cp, and
limy, ||Qm|| = oo whenever Q,, is a projection from £3" onto range(T,).

The properties of the spaces X;”(a) yield:

Lemma 4.3 {, contains an uncomplemented completely isomorphic copy of itself.
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Proof: Suppose the sequence (o,,,) satisfies (1.5) and (1.6). Consider the spaces Y = (3, £27),,
and Z = (), T,n(X]'(0))),. By the discussion preceding the statement of this lemma, Z is an
uncomplemented subspace of Y. Moreover, Y is completely isometric to £,,. It remains to show
that Z is completely isomorphic to ¢,. To this end, note that Z is completely isomorphic to a
completely complemented subspace of () E’;m)p ~ {,. Moreover, Y contains a completely
complemented copy of ¢,. As {, = (,({,), we complete the proof by applying a Petczynski
decomposition method. O

We need yet another lemma.

Lemma 4.4 Suppose X is a rectangular OL, space, and T' is a complete isomorphism from {,,
onto its range. Then T' ® Ix is a complete isomorphism from (,(X) onto its range.

Proof: We can assume that 7" is a complete contraction and let ¢ = |7 || 4. It suffices to show

that T ® Isy : £,(S)") — £,(S)) is a complete contraction, and ||(T' ® Isy) || < c. To
complete the proof identify ¢,(S)) with S¥[¢,] and apply Proposition 0.1. O

Remark 4.5 The same result also holds for complete isomorphisms from S,, onto its subspaces.

Proof of Theorem 4.1: Suppose X and Y are subspaces of rectangular OL,—spaces and
S : X — Y is a complete isomorphism. Let 7" : ¢, — {, be a complete isomorphism with
an uncomplemented range (such a 7' exists, by Lemma 4.3). By Lemma 4.4 T ® S deter-
mines a complete isomorphism from ¢,(.X') onto a subspace of £,(Y). It remains to show that
range(T ® S) is uncomplemented. Indeed, suppose for the sake of contradiction that there ex-
ists a projection P from ¢, (Y") onto range(T ®S). Pick x € X\{0} and denote by () a bounded
projection onto span(Sz). As T'is a complete isomorphism, Q= Lange(r ® @ is a completely
bounded projection from range(T ® S) onto range(T) ® span(Sz). Hence Q o Py, gspan(sz)
is a bounded projection from ¢, ® span(Sx) onto range(T") ® span(Sz) which contradicts the
fact that range(T) is uncomplemented. O

Corollary 4.6 Suppose N is a von Neumann algebra equipped with a normal semi-finite faith-
ful trace which is not of type I. Then there exists an uncomplemented subspace X of L,(N)
completely isomorphic to L,(R)

Proof: By [14] (see also [21]) L, (') contains a (completely contractively complemented) sub-
space Y, completely isometric to L, (R). By Theorem 4.1 Y contains an uncomplemented copy
of L,(R). O

Corollary 4.7 (1) Every infinite dimensional rectangular OL,—space contains an uncom-
plemented copy of (,,.

(2) Every infinite dimensional OS,—space contains an uncomplemented copy of (), Sy )p-

36



Proof: By [14] any OL,—space X (with 1 < p < 00) embeds completely isometrically (and
even completely contractively complementedly) into II;,S),, where U/ is an ultrafilter. By [24]
and [25] X contains a completely isomorphic (and even completely complemented) subspace
Y, completely isomorphic to ¢,. Moreover, if X is an OS,—space, then it contains a subspace
Y, completely isomorphic to (3, S;),. In either case an application of Theorem 4.1 completes
the proof. O
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