UNCONDITIONAL BASIC SEQUENCES AND HOMOGENEOUS
HILBERTIAN SUBSPACES OF NON-COMMUTATIVE L, SPACES

MARIUS JUNGE AND TIMUR OIKHBERG

ABSTRACT. Suppose A is a von Neumann algebra with a normal faithful normal-
ized trace 7. We prove that if E is a homogeneous Hilbertian subspace of L (7)
(1 < p < 00) such that the norms induced on E by L,(7) and La(7) are equivalent,
then E is completely isomorphic to the subspace of L, ([0, 1]) spanned by Rademacher
functions. Consequently, any homogeneous subspace of L, (7) is completely isomor-
phic to the span of Rademacher functions in L, ([0,1]). In particular, this applies to
the linear span of operators satisfying the canonical anti-commutation relations. We
also show that the real interpolation space (R, C)g,, embeds completely isomorphi-
cally into Lp(R) (R is the hyperfinite I1; factor) for any 1 < p < 2 and 0 € (0,1).

0. INTRODUCTION AND THE MAIN RESULTS

The classical Khintchine Inequality states that, for 1 < p < oo and aq,... ,a, €
C,

n n
1> airille, ~ (X laif?)*.
i=1 i=1
Here, (r;) are the Rademacher functions (corresponding to independent mean 0
Bernoulli random variables), and ~ denotes “equivalence up to a multiplicative
constant”. This inequality has found numerous applications in functional analysis
and probability.

The non-commutative analogue of this inequality was discovered by F. Lust-
Piquard and G. Pisier (see [21], [22]). In its simplest form, their result can be
stated as follows: suppose 1 < p < oo, and ay,... ,a, € S, (the Schatten p class).
Then

max{[|(32; afai)'?|ls,, (3 aiaf) /s, }

”iriai”L (Sp) ™ 3 for2 £p < oo :
2Tl ™ Y {5, b100) 21, + 1505 ), s = b+ i)

forl<p<2

Recently, the ubiquity of non-commutative “Khintchine-type” inequalities be-
came obvious: there are many families ey, ez, ... € L,(N, ) (7 is a faithful normal
semi-finite trace on a von Neumann algebra N, and 1 < p < oo) such that

1Y riailln,s,) ~ 1D ai ®eills, L, v, (0.1)
=1 =1
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for any a1,...,a, € Sp. In particular, the above equivalence holds if e; corresponds
to the left regular representation of the generators of a free group, Gaussian random
variables, or elements of a free semi-circular system in the sense of Voiculescu (see
Chapter 9 of [31]).

The goal of this paper is to better understand the structure of sequences of
vectors in non-commutative L, spaces, satisfying (0.1), and to give more examples
of such sequences (Theorems A and C). This includes all the examples described
above, as well as the generators of a CAR algebra (see Section 3 below).

In this paper, we work with operator spaces (see [6] or [31] for an introduction).
We need to recall a few definitions, which will be used throughout this paper. An
operator space is called C-Hilbertian if it is C-isomorphic (in the Banach space
sense) to a Hilbert space. X is C-homogeneous if every linear operator u: X — X
is completely bounded, and |ju||s < C||ull. X is called Hilbertian (homogeneous) if
it is C-Hilbertian (resp. C-homogeneous) for some C'.

Suppose e1, €3, . .. form a basis in an operator space E. We say that (e;)$2, is M-
completely unconditional if ||I —2Pg||c < M for every S C N, where the projection
Ps : E — E is defined by Ps(> .2, aie;) = > icg @iei. The bases (e;) C E and
(e}) C E’ are called C-completely equivalent if the operator v : E — E' : e — ¢
satisfies ||ul|ep||u=|ep < C.

The general theory of non-commutative L, spaces can be found in [30] and [31].
Some important facts are also mentioned in Section 1. Following [9], we denote by
RC,, the operator space (RNC, R+C);p, where R and C' are the classical row and
column spaces. Equivalently, RC, = R, NC, if 2 <p < oo, and RC), = R, + C, if
1 <p <2, where R, and C), denote the rows and columns of the Schatten class 5.

The results of Lust-Piquard and Pisier mentioned above ([21], [22]) show that
the space Rad, (the span of independent Rademacher functions in L,([0,1])) is
completely isomorphic to RC, for 1 < p < co. However, there exist many more
examples of subspaces of non-commutative L, spaces completely isomorphic to
RC,. As in the classical setting, the cases of 1 < p < 2 and 2 < p < oo are
radically different.

Theorem A. Suppose2 < p < oo, and N is a von Neumann algebra with a faithful
normal semifinite trace 7.

(1) Any homogeneous subspace of L,(T) is completely isomorphic to R,, Cp, or
RC,,.

(2) If (e;) is a completely unconditional basic sequence in Ly(T) for finite T,
then it is either completely equivalent to the canonical basis in RC,, or for
any € > 0 there exists a sequence (i;) such that (e;;) is (14 €)-completely
equivalent to the canonical basis of {,, and spanle;, |j € N] is (1 4 ¢)-
completely complemented in L, (7).

(3) If, in addition, T is finite, then any homogeneous subspace of L,(T) is com-
pletely isomorphic to RC).

This theorem will be proved in Section 2, where other results concerning the case
of p € (2,00) will also be mentioned.

L,(T) contains a wider variety of subspaces for 1 < p < 2. Theorems B and C
below will be proved in Section 3.

Theorem B. Suppose 1 < p < 2, and Tr is the trace on the hyperfinite I1; factor
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R.

(1) Forany® € (0,1), the real interpolation space (Rp, Cp)o,p embeds completely
isomorphically into L,(TR).

(2) L,(tr) contains uncountably many homogeneous Hilbertian subspaces which
are not completely isomorphic to each other.

However, Hilbertian subspaces of L,(7) satisfying certain conditions are com-
pletely isomorphic to RC),.

Theorem C. Suppose N is a von Neumann algebra equipped with faithful normal
finite trace T, E is an H-homogeneous subspace of L,(1) (1 <p <2), and v|le||, >
lella for any e € E. Then E is ay® H*-completely isomorphic to RC),, where a is
a constant.

Consequently, the linear span of a set of generators of a CAR algebra is com-
pletely isomorphic to RC), for 1 < p < oo (Proposition 3.6). We use this fact to
compute the projection constant of the span of n operators satisfying the canonical
anticommutation relation (Corollary 3.7).

We conclude Section 3 by showing, in Theorem 3.8, that RC|;, does not embed
completely isomorphically into L,(7) if 1 < ¢ < por p/(p—1) < ¢ < oo (see also the
remark preceding Lemma 3.1 for more information about subspaces of L, spaces).

In Section 4 we work with “commutative” L, spaces. This situation is special,
since, in addition to the methods applicable to non-commutative L, spaces, we can
also use the techniques of “change of density.” We show that any homogeneous
Hilbertian subspace of L,(u) (¢ is a measure) is completely isomorphic to RC),
(Theorem 4.1). As a corollary, we prove an “interpolation/extrapolation” result
for homogeneous Hilbertian subspaces of L,: suppose E is a closed subspace of
Ly(p) (2 < p < oo, pis a finite measure). Denote by E, the space E with the
operator space structure inherited from L,(p). We show that if E, is completely
isomorphic to RC), then E, is completely isomorphic to RC, for p/(p—1) <g¢<p
(Proposition 4.4). We also show that any completely unconditional basis equivalent
to the canonical basis of ¢, is, in fact, completely equivalent to it, and describe a
class of completely complemented copies of ¢, (Proposition 4.7, Corollary 4.8).

For the sake of completeness, we devote the next section to outlining the defi-
nition of non-commutative L, spaces, and recalling some pertinent results. More
information can be found in [30], or in Chapter 7 of [31].

1. PRELIMINARIES

The “natural” operator space structure on a C*-algebra A arises from the C*-
algebra structure on M,,(A) for n € N. We define the opposite of A — called AP —
by considering the same algebra with a new multiplication o: x oy = yx. It is easy
to check that

1Y an @ zallar,a) = 1) an ® zalla, aom),

where a,, € M,,, x,, € A, and a’ is the transpose of the matrix a.

To define the operator space structure on L,(7), let L1 (1) = A (the predual of
A°P), and Ly,(1) = (A, L1(7))1/p for 1 < p < co. To give an alternative description
of L,(7) a Banach space, denote by A,(7) the set of a € A for which 7(|a|P) < co.
Then L,(7) (1 < p < 00) is the completion of A,(7) in the norm ||a|, = 7(|a|?)/?.
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Trace duality allows us to identify Lq(7) with A,.. For the sake of convenience we
sometimes use the symbol L, (7) for A.

More generally, if E is an operator space, we let L, (7, E) = (AéE, Ll(T)éE)l/p.

Here é and é denote the minimal and maximal operator space tensor products,
respectively. It was shown in [30] that, if Ey and E; are operator spaces and 7 is a
trace on a hyperfinite von Neumann algebra A, then

(LPD (Tv E0)> Lp1 (T7 El))g = Lp(Ta EO);

where Ey = (Eo, E1)g and 1/p = (1 —6)/po + 6/p1.

If we apply the above definitions to B({2) equipped with the canonical trace tr,
we obtain Schatten p-classes S, (1 < p < 00). S denotes the set of compact
operators on fo. We use the notation Sp[E] instead of Sy(tr, E). Repeating the
same steps for B(fy) instead of B(f2), we obtain the spaces S. Letting (E;;) be
the matrix units in Sp, we denote span[FE;; |¢ € N] and span[Ei;|j € N] by R,
and C), respectively. These spaces are 1-Hilbertian and 1-homogeneous. Their n
dimensional subspaces are denoted by R} and C7.

It is worth noting that L, (7, Sp) = Sp[Ly(7)] for any von Neumann algebra with
a semifinite normal faithful trace 7. This identity follows from the facts listed above
in the hyperfinite case. The general case was proved by the first named author in
[12].

If F is an operator space, then C), ®, E ®), R, is completely isometric to S,[E]
(here ®p, is the Haagerup tensor product). In particular, S[E] = SooéE and
S1E] = $1@E. Tt was shown in [30] that S} [E]" = S [E*] (with 1/p+1/p" = 1).
Moreover, Sp[E]* = Sy [E*] if p > 1. Here, we are using so called “parallel duality”:
((aij)ijmrs (big)Ti=1) = 225 =1 (@ij, big) for (ai;) € Sp[E*], (bij) € SplE].

The connection between the norms of S,[E] and M,,(E) is given in [30]. Conse-
quently, if F and F are operator spaces and u : E — F' is a linear map, then

[uller = [11s, @ w: Sp[E] — SplF]|. (L.1)

We denote by R,[E] the linear span of Y Eq; ®e; (e; € E) in Sp[E]. Similarly,
C,[E] stands for the linear span of ) | E;; ® e;. By the above, R,[E] (Cp[E]) can be
identified with E ®@j, R, (resp. Cp @ E). If T is a semi-finite normal faithful trace
on a von Neumann algebra A, we identify Sp[L,(7)] with L,(7"), where 7/ = 7 @ tr
is a trace on A®B({2). In particular, if (9;) is an orthonormal basis in R, (in other
words, d; = Fy;), then

1Y " ai @ 6illz, (r.ry) = (a1, a2, - gy, = 10O @ial) 2|z, -

Similarly, [| > a; ® 6illz,(rc,) = 12, a7ai) 2|l L, x)-

For a von Neumann algebra A with a faithful normal semi-finite trace 7 and 1 <
p < o0, identify a sequence of (a1, as,...) with an element of R,[L,(7)] 4+ Cp[Ly(7)]
(1< p < 2), or RyL(n)] N CylLy(r)] (2 < p < 0), and denote by || - [l the
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corresponding norm. In other words,

(a1, az, .. )lp =max{[|>_ aiai) ||z, 1O aia)) /|1, }
for2 <p< oo
(a1, az, . Il =inf{ O b70:) 2, + 10 cic)?|ln, lai = bi + i}

forl <p<2.

(1.2)

By [30], the space described above coincides with L, (7, RC,) if the von Neumann
algebra A is hyperfinite.

By the results of F. List-Piquard and G. Pisier [21, 22|, the span Rad,, of inde-
pendent Rademacher functions in L,(p) (u is the standard Lebesgue measure on
[0,1]) is completely isomorphic to RC), for 1 < p < co. More precisely, there exist
constants A and B such that, for any aq,as,... € Ly(7),

Alll@)llly < 1Y riailly gz, < Hll(@)lll, for 1< p <2,

K2

@)y < 1Y riaillz, iz, < BVPIII(@i)llp for 2 < p < co.

?

(1.3)

2. THE CASE OF 2 < p < o0

In this section we deal with the space L, = L,(N, 1) for 2 < p < co. Here, as
before, N is a von Neumann algebra with a faithful normal semi-finite trace 7. As
in the commutative case, we establish a lower p-estimate and an upper 2-estimate
for completely unconditional basic sequences.

Theorem 2.1. Suppose (¢;)52, is an M-completely unconditional basis in E — L,
(2<p<o). Then

1, 1/
77 ot llea] O Naill?) P <1 e @ dills, n, ) < BMy/p sup e - [[(ai)lllp

for any a1, aq,... € S, (here, B is the constant from (1.3)).
In some cases, we can improve the lower estimate.

Theorem 2.2. Suppose (€;)52, is an M-completely unconditional basis in E — L,
(2 <p <o), and there exist functionals ¢, € Ly ., such that || = [|¢[| =1 and
min{e(e;ef), Y(efei)} >~ > 0 for every i (in particular, this condition is satisfied
if T is normalized and ||e;||2 = T(efei)/? = T(e;ef)/? > v > 0), and |le;, < 1.
Then, for any a1, as,... € Sp,

2
3@l < 1Y ei @ aills, z,m) < BM P sup|les]| - [ll(ai)]llp-
i 3
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Corollary 2.3. Suppose E is an H-homogeneous subspace of L, (2 < p < o0),
and v|ell2 > |le|l, for any e € E. Then E is ay*H?,/p-completely isomorphic to
RC,,, where o is a constant.

Proof. Pick an orthonormal (with respect to |- ||2) basis (e;) in E. Then (e;) is H~-
completely unconditional. Indeed, if S is a subspace of N and P is the corresponding
projection, then

|I — 2P|l < H|I —2P: E — E|| < Hr.

The statement of this corollary then follows from the preceding theorem (and (1.1)).
|

Proof of Theorem A. (1) follows from Corollary 3.12 of [17].

(2) By Theorem 2.4 of [37], either inf;||e;]l2 > 0, or (e;) has a subsequence
equivalent to the canonical basis in £,. In the former case, the sequence (e;) is
completely equivalent to the orthonormal basis in RC),, by Theorem 2.2.

Otherwise, note that lim; ||he;||1 = limy; ||e;h||1 = O for every h € L, (here, 1/p+
1/p’ = 1). Indeed, for every € > 0 there exists a partial isometry u and mutually
orthogonal projections pi,...,pn st. |[[h — K[| < e, where b’ = u(3_; a;p;),
with a; € C. Then |[(h — M)eil < Ilh — Ky lledlly < e, and lim [Beqly <
lim; ||A/]|2]|ei]]2 = 0. Since € is arbitrary, we conclude that lim; ||he;|]s = 0. The
equality lim; ||e;h|l1 = 0 is established similarly.

Therefore, by Proposition 2.11 of [35], (e;) contains (for every e > 0) a sub-
sequence which is (1 + ¢)-completely equivalent to the canonical basis of £,, and
whose span is (1 + ¢)-completely complemented in L, (7).

(3) follows from (2) and the fact that ¢, is not homogeneous (see [8]). MW

Remark. Clearly, the spaces R,, C},, RC)p, and £, can be found in S,.

To prove Theorems 2.1 and 2.2, we need several lemmas.

Lemma 2.4. Suppose N is a von Neumann algebra with a normal faithful semi-
finite trace T, ay,az,... a5 €Sy (2<p<o0), and ey, ea,... ,ex € Ly(T). Denote
by (6;) an orthonormal basis in C,. Then

. 1/
inf leillz, (D laill?) " < 1> 6 @ e ® ailleyis, (L)

< sup |le;|r, || 251‘ ® aillc,[L,]-
1

Proof. We prove the right-hand side inequality first. Suppose sup; |le;]|, < 1, and
show that || Y26 ® e; ® aillp, < |30 ® a;l|p. Consider the map T : €% (L,(7)) x

S;,f Cp] — CS[SP[LP(T)H, defined by

k k
T((el,... ,ek) X Z&@al) = Z&@ez X a;.
=1 =1

Note that
T2 05, (N) x Seo[Ch] — Coo[Sso[N]]|| < 1.
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Indeed, denote by E;; the (4, ) matrix unit. Then

k
T((el,... 7ek) X Z(SZ@LQ) = [ZE“@)CZ] . [ZEM ®ai]
=1 7 7
<Y Ei@eill- 1Y Ea @ail =suplle] - | > 6 @ ail.
- - 7 -

Moreover,
1T+ % (Lo(7)) x $5[CE] — ColSalLa(7)]]]| < 1.

Moreover C]’; [Sp] can be identified with S, completely isometrically via the map
Eij ® Epn — Eiyg(m—1),n- Therefore, CE[S,] = (CE [S], C§ [Sg])z/p. By complex
interpolation (see Theorem 4.4.1 of [1]),

I+ €5 (Lol]) x Sp[Cp] — SplLyp(T)]l| < 1.

Now consider the left-hand side inequality. Denote the canonical basis in ¢,
by o0;, and consider a linear map 17" : C, — ¢, defined by T'6; = o0;. Note that
T : Cyx — l is completely contractive, and T : Cy — /5 is a complete isometry.
Thus, ||T": Cp — £p||lee < 1, and therefore,

inf[lesl] - (3 llaill?)"" < (3 leall - asl}?)'”
= (ZH@Z ®ai||p)1/p < ||Z5i®6i®ai||. [ |

Lemma 2.5. Suppose N, 7, (0;), and p are as in Lemma 2.4, and there ezists a
contractive linear functional ¢ € S} 5 such that Ylere;) > 2 (or v(eel) > ~2) for

every i. Then, for ai,az,... € Sy, |3°6; ® e; @ aillc,(s,(z,)) = Y220 @ aille, (L,
(resp. || 220; ® € ® aill g, s, L)) = VI 220 ® aill R, [L,])-

Proof. Suppose |[1|| < 1, ¥(efe;) > 2. Then

1> 6 ®es @ailld, s,y = 1O erei @ aja) I3, 11, )
=Y erei®@alaills, iz, p0n = 10 @15, efei ®ajai)lls, iz, 50
> 1Y aiaills, . =IO aja) 3, -
The case of ¥(e;ef) > 42 is dealt with in a similar fashion. ™
Proof of Theorem 2.1. Since the sequence (e;) is M-completely unconditional,
%AV%H > Eei @ aills, i, < 1 e @aills, L, )
< MAves | +e; @ aills, (1, (r)-

By (1.3) and Lemma 2.4,

MAver || +e;®ails, ) < MBp|ll(ei@ai)||l, < MBy/p sup [le;]| - |]|(as)]]],
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and

1 1 1
Aves | S e @ aill 2 e @ ai)lllp = 52 i fleal (3 i)

The proof is complete. H

Remark. A weaker version of the last inequality can be obtained without resorting
to Lemma 2.4. Indeed, by Corollary 5.2 of [34], L,(7) has the modulus of uniform
convexity d(e) > P /(p2P). Thus, by Theorem 1.e.16 of [20], the cotype p constant
of L,() is at least ¢/(p2?), and therefore,

Ave|| Z te; @ a;]| > ]%(Z lle; ® ai||p)1/p > ]é iIilf H@H(Z ||ain)1/P.

Proof of Theorem 2.2. The right-had side follows immediately from Theorem 2.1.
To prove the left-hand side, apply (1.3) and Lemma 2.5:

Aver|| Y Ee; @ aills, i, = lll(es @ el = All(ai)]ll,. ™

3. THECASEOF 1 < p < 2

We start the proof of Theorem B by describing the real interpolation functor
(adapted to the non-commutative setting by Q. Xu in [39]).

Suppose (Fy, E1) is a compatible pair of operator spaces. For ¢ € R and p €
[1, 00], consider an embedding i; : EgNE; — Eo®1 E and a quotient ¢; : Eo®1 By —
Eo ®1 E1/St, where i (z) = (z,tx) and S is the closure of {(z, —tx) |z € EgNE1}.
The closure of ¢i:(Fo N E1), equipped with the quotient operator space structure,
is denoted by Ki(Rp,Cp). Note that, for x € K¢ (R, Cp),

s = K(t, 2, Eo, Bv) = inf{|[zo|| z, + tl|21]le, |2 = 20 + 21}

(this is the classical K-functional — see e.g. [1]). More generally,

2 .
zlle~K (¢, z, Sp[Eol, SplE1]) = inf{||zo|| s,z + tlZ1lls, () | =20 + 21} (3.1)

for z € Sp[Kt(Eo,El)].

To introduce the real interpolation functor (-,-)g,, for 1 <p < ocoand 0 < 6 < 1,
in the category of operator spaces, define maps j; = qii; : Eg N E1 — K¢(Ey, E1).
Consider operator spaces F,, = Kon(Ey, E1) (n € Z) and £,(F,). The last space
is isometric to (Zf;ioo F,), on the Banach space level, and has operator space
structure defined by complex interpolation between (> F,)o and (3 F,)1. By
Corollary 1.4 of [30],

oo

1/
Izl s, e, m01 = (D N2l 5) "

n—=—oo

for x = (z,,) with z,, € S,[F},].
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The real interpolation space (Ey, E1)g,p is defined as norm closure of J(EyNE;) C
(,(F,), where J maps x € Eg N Ey into A= (jgn ()2 _ . By (3.1),

n=—oo"

- — T n 1
1l (20,000, 2 S 27K (2", 2, S, [Eol, Sp[E)P) P (3.2)

n=—oo

This definition is “natural,” since many classical results remain true in the non-
commutative case. In particular, by [39], if T : Eg N E; — Fy N Fy is a linear map,
then

IT: (Eo, Ev)op — (Fo. Fi)oplles < 41T - Eo — Foll 3, °IT - By — Fullg,  (3.3)

Moreover, if X is an operator space, then
c
X~(X, X)ops (3.4)

with C' depending only on 6 and p (the proof uses (3.2) and Theorem 3.4.1 of [1]).
Proof of Theorem B(1). Consider the von Neumann algebra N = L (0, 00)®B({2)
(with its “natural” trace 7). We shall denote by LQC”(T) the space Lo(7), equipped
with the operator space structure of C,,. L?” (7) is defined in the same manner. By
[11], there exists a C-completely isomorphic embedding of Y = L,(7) + LQC P(T) +

L?” (1) into L,(R,Tr), where T is the trace on the hyperfinite II; factor R.
Fix s > 0, and let

X = {1, @z |y =0ifi # 1}

be a subspace of Y. Note that X is completely contractively complemented in Y
via the projection P = Py ® P,oy, where Py, is the projection onto the first row
of B(¢s), and

Thus, for € Sp[X] and s < 1,
lzlls, 1x)% inf {sP||z1] 15, (r,] + 82| %2ls,1c,) + 872 N|%3ls, (R, }
’ z=1(0,5) (1 +x2+23) e prop pLe

=inf{s'/?|lz1|s,r,) + 5 *[22]l5,10, |2 = L0.0) ® (@1 +22)},
since s!/P > sl/2, Therefore,
_ 3
s l/p”xHS,J[X}NK(taxaSp[Rp]vSp[Cp])

(with t = s~(27P)/2P) "and the space K;(R,,, C,) embeds into L, (%) 3C-completely
isomorphically for ¢ > 1. Interchanging R, and C},, we obtain the result for ¢ < 1.

Recalling the construction of (Rp,,Cplep, (0 < 6 < 1), as well as the fact
that £,(L,(7r)) embeds into L,(rr) completely isometrically, we conclude that
(Rp, Cp)e,p embeds into L,(Tr) completely isomorphically. M
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Remark. By the construction above, the space K;(R,, Cp) is homogeneous and Hil-
bertian. In fact, there exists a completely isomorphic embedding v : K;(R,,C,) —
L,(R,Tr) such that, for every unitary v there exists an automorphism «, : R — R
s.t. ap(u(z)) = u(vz). Indeed, suppose ¢t > 1. Find s € (0,1) s.t. t = s~ (27P)/2P,
and consider the space

X ={l(0,) ® By @ x| x5 = 0if i # 1}

in the von Neumann algebra N = Ly (0,00)@M>®B(f3). In other words, an
element x € X can be written as 1 ) ® F21 ® y, where y = Zj y; E1;, with
y; € C. By [11], there exists a completely isomorphic embedding T : L,(NN) +
Lg” (N) + Lf” (N) — L,(tr) with the property that, for every unitary w € N,
there exists an automorphism f3,, of R satisfying T(w*zw) = B, (T(x)) for any
x € L,(N) + LSP(N) + Lg"’(N). Fix a unitary v = (vi;)75-; € B(f2). We can
consider v as a unitary operator on X. Indeed, if y = (y;) is an element of {5, then
(vy); = >, vijys. Consider

- 1 0
’L}:].Loc@(o Ut)EN’

where v is the transpose of v ((v');; = v;;). Then

¥ = 1(075) ® Fia ® ZijljUt = 1(075) ® Fia ® Z(Uy)jElj.

J J

Thus, we can view 0*z? as “a copy of” vx. We complete the argument by setting
., = B3, and denoting the restriction of T' onto X by u.

Remark. We have shown that the interpolation space (R,,Cp)s,, embeds com-
pletely isomorphically into L,(7r) for 0 < 8 < 1. Moreover, the space K (t, Ry, Cp)
embeds into L,(rr) C-completely isomorphically, with C' independent of ¢. How-
ever, neither R, nor C, embed into L,(7r). Indeed, if R, embeds into L,(mr),
then so does C,. Then, S, = R,[C,] embeds into L,(Tr ® 7r) = L,(7r), which is
impossible by [7, 17].

Several more results related to homogeneous Hilbertian subspaces of L, (1 <
p < 2) spaces should be quoted here. Theorem 3.8 below shows that the spaces
R,, C,, and RC, do not embed completely isometrically into L,(7) if ¢ ¢ [p,p']
(here, as usual, p’ satisfies 1/p+1/p’ = 1). Moreover, the spaces C, and R, do not
embed into L,(7) when 1 < p < ¢ < 2 (see [32] and [33] for the case p = 1, [40] for
1<p<2).

However, by [10], [13], and [40], for 1 < p < g < 2 the spaces Ry, Cy, Ry N Cy,
and R, + C, are completely isomorphic to subspaces of quotients of R, @ Cp.
Consequently, these spaces embed completely isomorphically to an L,(N) space,
where N is an injective von Neumann algebra. Therefore, Ry, C7, Ry N Cy, and
Ry + Cy embed in S, C-completely isomorphically (with C'= C(p, q) independent
of n).

The following technical lemma is needed to prove part (2) of Theorem B.
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Lemma 3.1. For0< 60 <1 andn > 2,

lid : (R, C})o.c0 — (B, Cponller < cplogn,

where ¢, is independent on n.

Proof. Suppose k € N and = € My, ® £5 is such that ”xHMk((R;},C;‘)e,oo) =1/2, and
show that ||z ar,((rz,c1)6.) < clogyn. By [30], it suffices to prove that, for every

a,b e Sk with [|a] = [|b]] =1,

la- - b||sf[(R;;,c;;)g,l]2 > 27PK(2a-x- b, STRp), SF(Cy]) < clogyn. (3.5)

1=—00

By (3.2),
2 —1 % n n
s g 00500 2 PK (2, 2, My(RD), My(CL)).

Thus, by (3.1), for i € Z there exist x1;,72; € M), ® {3 s.t. © = x1; + x2; and
il g (rny + 2°|l2illaropy) < 2. Let m = [logyy/n]. Since [id @ Ry —
Colles = |lid : C — R} |l < /0, we have

2l ssppny  t 227
tlellssiep t<27™"

Kt SHRLSHCR) = {
For —m < i <m,
K@, a-a-b, ST SECP) < lla- 1 bll sy + 20 a2 - bllsgicyy < 2°.
For ¢ > m,
K(2',a-z-b,ST[Ry], ST[C})) = ||z sty = K(2™,a-x - b, ST[R}], ST[Cy]) < 2™

Similarly, for i < —m,

K(2',a-2-b,SF[RY], SFICY]) = 2i||$||sf[cg;] =
2K(27™,a-x- b, SE[RY], SE[CR]) < 20+,

Thus,

S 272K (2N 0w b, SFRE], SFICE]) <

i=—00

m —m—1 oo 0o

Z 1+ Z 9(m+i)(1-0) | Z o(m=i)0 _ 9, 14+ 2(2—91' + 2—(1—9)j).
i=—m i=—00 i=m+1 j=1

This proves (3.5). H
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Proof of Theorem B(2). We have already shown that (R,,Cp)s,p (0 < 6 < 1) em-
beds into L, (7r) completely isomorphically. By construction, the spaces (R, Cp)o p
are Hilbertian and homogeneous. Clearly, two homogeneous Hilbertian operator
spaces are completely isomorphic iff any isomorphism between them is a complete
isomorphism. By the reiteration theorem (see [39]),

((Rp’ Cp)ao,pv (va Cp)f)l,p>%p ~ (va Cp)&p’

where 6§ = (1 — )0y + v01. Denote by Ey and Ej the space (Rp,Cp)g,p and its
n-dimensional subspace, respectively (all such subspaces are completely isometric).
Suppose, for the sake of contradiction, that 0 < 6y < 6; < 1, and |id : Ep, —
Eo, |leb, lid : Eg, — Egller < C. We shall show that |lid : Eg, — Ey|ls < oo for
any 0 € (0,1).

By (3.3) and (3.4), we conclude that Ej is completely isomorphic to Ey, for
0 € (00,01). Now suppose 03 € (01,1), and let B, = |id : B — Ep, |lc. Then
lid : E, — B |l > Bn/C. On the other hand, find v € (0,1) so that ¢; =
(1 — )82 + v6y. By (3.3), there exists a constant K (depending only on p, 6y, 01,
and 63), for which

B,/C < |lid: B, — Eplo < Kllid: B, — By, = KB,

which is implies ||id : Ep, — Eg,||cs = sup,, B, < (CK)Y(1=7) < oo,
Similar reasoning implies that, for every v1,v2 € (0,1), det (Eqy s Eyy) < f(y1,72).
On the other hand, by Lemma 3.1 and [39],
des (R O e (R C)g) < cllog ),
with ¢ depending on # and p. Fix € € (0,1/2). Then
dev((Ry, Cp)e, By) = deo (R, O )1-¢, C) < nf,

and therefore

deb((Ry, Cp)epy By) = dev (R, Cp)1-ep, Cf) < enf (logn)?.

Hence,
dcb(sz Cg) < dcb(Egv R;;L)dcb(Egv E?fs)dcb(E{lfsﬂ C;l)
< Af(e, 1 —e)n*(logn)t.

On the other hand, R} = (R}, OHy)q, with a = 2(p —1)/p. Thus,

(3.6)

dep(RE,RY) < (de(RY, OH,))" = (V) = nP=1/P

and therefore don(BR, O
cb n
de(R",OH,) > —— P2~/ _ n(2—p)/2p

This contradicts (3.6) for sufficiently small € and large n. ®

To prove Theorem C, we use some lemmas, similar in spirit to those from Chap-
ter 2.
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Lemma 3.2. Suppose N is a von Neumann algebra with a normal faithful semi-
finite trace T, a1,a2,... a5 €S, (1 <p <2), and e1,e,...,ex € L,(T). Denote
by (8;) an orthonormal basis in C,. Then

1/ .
sup el (3 Naall?) 7% = Hlites © an)llp > inf el 11 ao) -

Proof. First we establish the right-hand side inequality. Suppose |||(a;)]|| < 1.
Consider p’ such that 1/p + 1/p’ = 1. By the duality between S,[L,(7)] and

Spr [Lp (T)],
[lI(ei © ai)lllp = sup{((2:), (e; @ ai)) | xi € Spr[Ly ()], |l[(i)|llpr < 1},

where ((a;), (6;)) = >_,(,B;). Pick € > 0, and find by,... by € S, such that
11(6)l[lpr =1 and {(bi), (a;)) > 1 —e. Let fi = (eje)”/* "ef/|leillP. Then [|fily =
1/]le;]| and ((f; ® b;), (e; ® a;)) > 1 —e. By Lemma 2.4,

(£ @ b)lll < sup [[fill - [1(G:)I} = 1/ el

hence |||(e; ® a;)||| > (1 —¢€) inf; ||e;||. Since € can be chosen to be arbitrarily small,
the inequality follows.

Now consider the left-hand side. Denote by (0;) the canonical basis in £,. It
suffices to prove that, for any k € N,

11;152{]@ ||€z||Lp(T)H ZUi & ai”[’;(sk) > || Z 51 ®a; ® ei”C;f[SP[LP(T)]]’

where (§;) is an orthonormal basis in C¥. Consider a bilinear map
T: Elgo(Lp(T)) X él;(sp) - C;; [Sp[Lp(T)]],

defined by

T((el,... ,ek) X ZO’i@ai) :Zéi@)ai@ei.
7 7

It is easy to see that T is contractive for p = 1, 2. Therefore, by interpolation, T is
contractive for any p € [1,2]. This concludes the proof. ®

Lemma 3.3. Suppose k € N, 1 <p <2, N and T are as in Theorem C. Denote by
(6;) an orthonormal basis in C;j. Then for any e1,...ex € Ly(1) and a1, ... ,ar €

Sp,
sup [leillz - 1Y 6 @ ailleyis,) = 16 @ ai @ eilley s, (L,

Proof. Suppose sup; |le;||2 = 1. Consider the map T : Cp[Sp] — Cp[Sp[Lp(7)]],

defined by
T(Z@ ®a;) = Z(Z‘ ® a; @ e;.

We shall show that T is a contraction. By interpolation, it suffices to prove this
for p = 1 and p = 2. In the latter case, the inequality is obvious. If p = 1,
note that C1[S1] = Cx[Sso]*, hence it suffices to show that |[T(}.6; ® a;)| < 1
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if >20; ® a; € ext Berg,) (the set of extreme points of the closed unit ball of
C1181]). Now use Ej1 ® Eppn — Eiyk(m-1),n (as in the proof of Lemma 2.4) to
identify C¥[S;] with Sy, and recall that ext Bg, consists of norm 1, rank 1 operators.
Thus, > 0; ® a; € ext Beurs,) U there exist vectors f,g1,..., gk € {2 s.t. Ifll =

Sillgill? = 1, and, for any i € [1,k] and € € l2, a;& = (&, f)g;- In this case,
ata; = ||gi||*a, where af = (&, f) f for any £ € £5. In this case,

1Y di@a@el| =10 aja®efe) s )

=1 lgill*a® efed)lls, ey = 1 llgill*efed) 21,

< («(XlaliPese) < (X a2 = 1.

since 7(e;ef) < 1. This completes the proof. H

Lemma 3.4. Suppose p, N, 7, (a;), and (e;) are as in Lemma 3.3. If sup; ||e;||2 <
y, then |[(e: ® a)lllp < WI(@o)lllp for every ar,a, .. € Sp.

Proof. By (1.2),

[[[(ei ® @)l

=inf{| O 2i2) 2 lls, iz, + 1O wivd) Pl oy | @i ® e; = zi + y;}
<inf{| Y b5t @ efe) s, i, + 10 cic; @ eie))?lls, i,y | @i = bi+ e}
<yinf{| O bi0) 2 lls, + 10 e lls, | ai = bi + e} = l|(@i)lllp-

(we use Lemma 3.3 to establish the last inequality). ®
Theorem C can now be easily deduced from the following (cf. Corollary 2.3).

Theorem 3.5. Suppose N is a von Neumann algebra with a faithful normal finite
trace T, (€;)72, is an M-completely unconditional basis in E — Ly(1) (1 <p<2),
and 1 < ||e;|l, < |leslla < v for every i. Then

A
a7 1@l < 1 e @ aills, iz, < MAlll(@)llp,

where A is the constant from (1.3).
Proof. Note first that

—AveiH > ke @ aills, i, < 11D € ® aills, iz, ()

< MAves | +e; @ aills, 1, ()

since the basis (e;) is M-completely unconditional. By (1.3) and Lemma 3.2,

A
SAves | Y ke ® ailsy a0 = 2plller ® allp > 1 inf el el
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By Lemma 3.4,

MAver || +e; @ aills, p, () < Mlll(e; @ a)||] < yM]||(ai)]]], ®

Remark. As in Chapter 2, we can obtain weaker versions of some of our estimates
using the fact that L,(7) has type p. For 1 < p < 2, we combine [20] and [34] to
get

Avey || Ziei ® a;]] < ;ﬁ(z lle; ®ai||p)1/p < ]ﬁ’y(z ||ain)1/p,

where c is an absolute constant.

Now we give some applications of Theorem C. Suppose N is a von Neumann
algebra with a normal faithful normalized trace 7, and (a;) is a sequence of elements
of N satisfying the canonical anti-commutation relations (CAR): a;a; + aja; = 0,
aja; + ajal = 0;;1, where I is the identity in N. Examples of such sequences
in the hyperfinite II; factor can be found, in particular, in Section 5.2 of [2],
Example II1.5.4 of [3], or Section 9.3 of [31]. It is easy to see that xy + yax = 0 and
xy* + y*z = 7(xy*)I for any z,y € X = spanfa; |i € N]. Example 111.5.4 of [3]
shows that [|z|s = ||z /v/2 for any x € X (here || - || is the norm of N and || - ||, is
the norm of L,(7)). Therefore, the norms || - ||, and || - |2 are equivalent on X for
1 <p<oo. Set X, =span[a;|i € N] — L,(7).

The C*-algebra generated by X is called the CAR algebra. It turns out (see [3])
that this algebra is unique, and is, in fact, a 2°° UHF algebra. The CAR algebra
is also called the fermion algebra: x*> = 0 for any = € X, which corresponds to the
Pauli principle of the impossibility of two fermions sharing one quantum state, see
[2] for more on this.

Proposition 3.6. For1 <p < oo, X,, is completely isomorphic to RC,,.

Remark. Tt is known (see e.g. Section 9.3 of [31]) that X = X, is not completely
isomorphic to RNC = RC.

Proof. We have shown already that the norms || - ||, and || - ||2 are equivalent on X.
It therefore suffices to prove that, if u : X, — X, is a unitary (with respect to the
norm | - ||2), then it is a complete isometry, i.e. that

[ Zai ® bills, [, ()] = Zuai ® bill s, [L,(r)- (3.7)

for every by,... ,b, € Sp. In this setting, the sequence (ua;) also satisfies the CAR,
and therefore, by Theorem 5.2.5 of [2], u extends to a *-isomorphism « of the
CAR algebra A, generated by X. Moreover, by the proof of this theorem (or by
the construction given in [3]), a preserves the trace 7. Thus, Idp,) ® a is a *-
isomorphism on B(¢3) ® A, preserving the trace tr @ 7. Approximating the function
t — |t|? by polynomials, we see that

trer(Y aobl)=trer() uwbP),

which implies (3.7). H

As a consequence of this proposition, we can estimate the projection constant of
X =spanfas,...,a,] — N.
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Corollary 3.7. There exists a constant ¢ > 0 such that any projection P from
B(H) onto its subspace X% satisfies | Pl > cv/n.

Remark. (1) It is not hard to see that there exists a bounded projection from B(H)
onto Xo, (this follows from the equivalence of the || - ||2 and || - || norms).

(2) By [29], for every n-dimensional subspace E — B(H) there exists a projec-
tion P from B(H) onto E s.t. ||P||e < /1.

Proof. Tt is known that X embeds completely isometrically into My (with N =
2™). Suppose P is a projection from My onto X2 . Denote by I the identity
map on X2, and by u the formal identity from X2 to X7 (the span of aq,... ,a,
in S&V, equipped with the normalized trace). Clearly, u is a contraction. The
reasoning preceding Proposition 3.6, together with Holder’s inequality, show that
lu=t|| < 2. By the definition of the completely 1-summing norm (see Chapter 13
of [6]), m1(u) = 1. By Proposition 3.6, X}* is ¢;-completely isomorphic to R,, + C,,
where c; is an absolute constant. Therefore, by Chapter 10 of [31], [[u™! || < cav/n,
with a constant co. This implies

m(I) = ﬂl(ufl ou) < Hu71\|cb7r1(u) < eov/n.

Hence, by Proposition 13.2.1 of [6], v(P) < ||P|lesm1 (L) < cav/n||P||cy (here v(-) is
the complete nuclear norm of an operator, described in detail in Chapter 12 of [6]).
On the other hand, by duality, n = rank P > v(P). ®

Finally, we show that the spaces Ry, Cy, R, N Cy, and R, + C; do not embed
into L,(7) when 1 < ¢ < p < 2. More precisely, we have:

Theorem 3.8. Suppose 1 < g < p < 2, N is a von Neumann algebra with the
faithful normal semi-finite trace 7, E is an n-dimensional subspace of L,(7), and
G is one of the following four spaces: RCy, Ry, Cy, and RCY, (here, as usual,
1/ +1/q =1). Then dw(E,G) > nt/?a=1/2p,

In fact, the proof of theorem also works for non-semifinite von Neumann algebras,
and for the L, spaces associated with them (such spaces are induced not by traces
but by faithful states; a brief introduction can be found, for instance, in [35]).

We start by proving two lemmas concerning tensor products. Here we identify
(1,...,2,) € £5(X) (X being a Banach space) with ), d; ® 2; € ¢4 ® X, where

(6;)"_, is the canonical basis of £5. As before, é and ®j, stand for the injective
(minimal) and Haagerup tensor products of operator spaces, respectively.
Lemma 3.9. Suppose 1 < q<p<2. Then

(1) [1d: (Ry N C)@RCy — (3(65)]) > n'/2.

(2) [Hd: (R N Cr)®Ly(T) — £5(Ly(7))]| < n'/?P.

Proof. (1) When ¢ = 1, we can identify (on the Banach space level) £5(¢5) with

ST, and (R, ﬂCn)éRC? with CB(R, NC,) = M,. However, by interpolation and
by [29],

ITd : RC} — RCIM|w < |[Id : RC} — OH, |17 = n'/?".
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Therefore,

[1d : (Rn N Cp)@RCY — L5 ()|
[1d : (R, N Cp)®RCY — (R, N Cp)QRCH
=nl/%,

1d : (R, N C)@RCE — 63(03)] >

(2) Tt is easy to see that ||Id : R,@L1(7) — ¢3(L1(7))|| < n/2. Indeed, for any
element ), e; ®z; € R,®L1(7) (where (e;) is an orthonormal basis in R,,) we have

[|>°; e ® x;|| > max; ||z;||. Moreover, by [29], RnéLg(T) can be identified with
Sa(ly, La(7)), while €5 (La(7)) is canonically isometric to Sa(€5, La(7)). Therefore,
[1d : R,®La(1) — £5(L1(7))| < nt/4.

By definition of complex interpolation of operator spaces (see Chapter 2.7 of
[31]), (Ra®L1(7), Ry®La(T))2/p = Rn®Ly(T). Moreover, by Theorem 5.6.3 of [1],
(€5 (L1 (7)), €5 (L2(7)))2/pr = L3 (Lp(7)). Thus, |[Id : Ry@Ly() — £3(Ly(7))[ <
n!/?r. Similarly we establish that ||Id : C,,®@L,(1) — £3(L,(7))|| < n'/?’. The
definition of R,, N C,, the implies the second half of the lemma. ®

Lemma 3.10. Suppose 1 < p <2< q < oo, p satisfies the equality 1/p+1/p’ =1,
and G is either Ry, Cf, or RCy. Then

(1) |[Id: €53(Ly(7)) — RCY, @), Ly(r)| < nl/2-1/v"
(2) |lId: £5(£5) — RCY, @y G| = nt/2=1/24,

Proof. To prove (1), note first that

136 @ zill(rancyenin e < O laill < va( Y llz?) 2,
=1 =1 1=1

hence |[Id : ¢5(Li(7)) — (R, N Ch) ®p L1(7)|| < /n. Moreover, £5(Ly(7)) is
isometric to OH,, ®; La(7) by [29]. Since the Haagerup tensor product is stable
under complex interpolation (see [29] or Theorem 5.22 of [31]), we are done.

We are going to establish (2) for G = C}'. The other cases are handled in a
similar fashion. Recall that, by Proposition 5.16 of [31], for € E®, F (E and F
are operator spaces) we have

|zl o, r = Inf{||u||w||v|le |w € CB(E*,R), v € CB(R,F), z=vou} (3.8)
ere r € , 1s the operator corresponding to x). serve that
h r € CB(E*, F) is th di Ob h
lulleren ra) = lull2p (3.9)

for any u € B(¢5,¢%). Indeed, the equality holds for p = 1,2 (see [29] or Chapter
10 of [31]), hence, by interpolation, Hu||CB(RC;,’R") < ||ull2p. Similar interpolation
techniques show that ||w||CB(Rn+cchg) < |lw||2pr- By Holder’s Inequality,

luowllz = lluowlenr,+c,.1.)

< HUHCB(RC;",R',L) wHCB(Rn+Cn,RCg) < fullzpllwll2p
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for any v and w. However, for every u € CB({y, ¢5) there exists w € CB({4, (%)
s.t. [Jw|l2py =1 and ||u o w||2 = ||ull2p. This implies (3.9).
Similarly, we show that any u € CB(R,,, C}) satisfies

lullesr,.cp) = llullzg (3.10)

(here, ¢’ satisfies 1/¢+1/¢' = 1).
By (3.8), (3.9) and (3.10),

[zl rom @nrey = mi{{[ullzp[vll2g |2 = v o u} = [[Z]1/2p41/2¢

(here 1/g+ 1/¢’ = 1). Moreover, ¢3(¢%) can be naturally identified with S¥, and
. Qn n — n1/2p—1/2
[1d : S5 — 8791 jogrll = 01227120 m

Proof of Theorem 3.8. First suppose G = RCy' (which we identify with £3), and
consider an invertible operator v : RCy — E. By Lemma 3.9,

n'/20 < |1d : (R N Cr)@RCY — £5(63))|
<|Hr,nc, @u: (RyN Cn>éRC¢? ~ (RN Co)E|
Id : (Ry N Co)RE — B(E)| - Iy @ u™" : 3(E) — 63(63)|

< 02l .

Thus, [|ul|ep[|u™"]| = n'/2e=1/2r.
Now suppose G = Cy', Ry, or RCy;. For u € CB(G, E), Lemma 3.10 implies:

n'/2=12 = |\ 1q : 05 (05) — RCE @), G|
< e, @ u: L5 (0y) — L5(E)|| - [|Id : £5(E) — RCp @ E|
. HIRC;L, @ut: RC), @y E — RCp, @3 G|

<2V | .
Thus,

n1/2p71/2q

/7 !’
_ = nt/2p+1/p'=1/2-1/2¢" _ 1/29-1/2p g
ni/2—=1/p

lu™ lleplull >

4. COMMUTATIVE L, SPACES

In this section, we assume that p is a o-finite measure, and 1 < p < co. Then
Loo(p) is a commutative von Neumann algebra, which we equip with its “natural”
(minimal) operator space structure, and L (u) = (MIN(Lo (1)), MAX(L1(12)))1/p-
Our main result is:

Theorem 4.1. Any homogeneous Hilbertian subspace of L,(u) is completely iso-
morphic to RC,. More precisely:

(1) Suppose e1,ea,... is an M-completely unconditional basis of E — L, (1 <
p < 2) such that |le;|| > 1, and |3 ases|| < L(X |ag|?)Y/? for all scalars
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ai,a,.... Then (e;) is C2M L-completely equivalent to an orthonormal
basis of RC,,, with

(@)llly <1 ei ®aillz,s,) < CLI @)l

7

L
CM

for any ai,as2,... € Sp. Here C is an absolute constant.

(2) Suppose e1, ez, ... is a M-completely unconditional basis of E — L, (2 <
p < 00) such that ||e;|| < 1 and L|| Y czes]| > (32 |u|?)/? for all scalars
a1,Q9,.... Then there exists an absolute constant C such that, for any
ai,az,... € Sp,

1
CL\p

(3) Suppose E is a A\-Hilbertian H-homogeneous subspace of L, (1 < p < c0).
Then E is apH?-completely isomorphic to RC,, where a is a constant.

1@a)llly < 11D es @ aill, s,y < CMy/plllai)]llp-

For the proof we need several lemmas.

Lemma 4.2. Suppose 1 < p < 2, and u : {5 — L, is a linear map. Then |ju :
RC, — Lyl < Ci||ul|, where Cy is a constant.

The following lemma was established in [9]. We provide a proof for the benefit
of the reader.

Lemma 4.3. If u : MIN(Ls) — RN C is a linear map, then u is completely
bounded, and ||ulls < (2/y/7)||ul|.

Proof. An operator v : X — Y (here X is an operator space and Y is a Banach
space) is called (2, ¢)-summing if there exists a constant C' such that for every n-
tuple z1, ... ,z, € X the inequality Y, ||[vz;||* < C?| > a}z;|| holds. The infimum
of all C’s as above is called the (2, ¢)-summing norm of v and is denoted by 7 .(v).
The class of (2,7)-summing maps and the (2, r)-summing norms are defined in a
similar fashion, with || > a2} instead of || > xfz;||. If X = MIN(E), then

1D aiwill =1 zwill=  sup > |f(z:)P,
A i

feE~|IfI<1™

hence w2 (v) = w2 - (v) = 72, (v) for every v : MIN(E) — Y.
Note that

|lu: MIN(Lo) — RN Cllep
=max{||u : MIN(Ly) — Rl|ep, ||t : MIN(Loo) — C|len}-
By [29], |lu : MIN(Ls) — Ry = m2,r(u) and ||u : MIN(Loo) — Cllep = ma,c(u).
Therefore, ||u : MIN(Ls) — RN C||ep = m2(u). However, by Theorem 5.4 of [25]
or Corollary 10.10 of [38], ma(u) < (2/v/m)[jul. W
Proof of Lemma 4.2. By (1.1), it suffices to show that

s, @u: Sp[RCp] — Sp[Lyl[| < Cufful|-
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Since Sp[RC,] coincides (as a Banach space) with S,[R,] 4+ S,[C,], it suffices to
show that for any x1,...,2, € Sp

k
I ZU& ® zillz,s,) < Cullull - || Z@ ® Zillc,[s,] (4.1)
=1
and
k
1D uds @ xillL,s,) < Callull - 16 @ @il g s, (4.2)
i=1

where (§;)¥_, is an orthonormal basis in ¢5. Consider a bilinear operator T :
B(f5, Lp(p)) x Sp[Cp] — Ly(p, Sp), defined by

k

i=1

Clearly,
T : B(£§, L) x S3[Ca] — La(S2)|| < 1,

and by Lemma 4.3 (and (1.1)),

1T : B(5, Ly) x S1[Ch] — La(S1)]| < %
By [4] or [26] (cf. [23]), for 1/p = (1 —7)/2+~/1
8(6371’?) = (B(ES7L2)aB(£7213L1))7

with equivalent norms, and the equivalence constant is independent of n and p.
Therefore,
1T B(@’;,Lp) X Sp[Cp] = Lp(Sp)|| < Ch

for some absolute constant Cy. This establishes (4.1). (4.2) is proved in the same
manner. W

Proof of Theorem 4.1. (1) 1 < p < 2. Consider an operator u : RC), — E, defined
by ud; = e; (here (;) is an orthonormal basis in RC}). By Lemma 4.2, |julls <
Ci|lu|]| £ C1L. By Lemma 3.2 and a simple averaging argument, ||u=}||s < CoM.

(2) 2 < p < oo. Consider an operator u : E — RC,, defined by ue; = ¢;, where
(6;) is an orthonormal basis in £2. Then ||lu|| < L and, by Theorem 76 of [23], u has
an extension @ : L,(pu) — RC) such that ||| < Cay/pL, where Cy is an absolute
constant. By Lemma 4.2, |lu|cy < [[i]lep < Ch||t| < C1C2/pL. On the other hand,
by an averaging argument and Theorem 2.1, [[u™!| 5 < C\/pM.

(3) Consider the case 1 < p < 2. There exists an operator u : RC,, — E such that
lu| < X and ||u™!|| = 1. Pick an orthonormal basis (&;) in RC,, and let e; = ud;.
The basis (e;) is HA-completely unconditional. Indeed, pick a set S C N. Denote
the basis projections from E onto spanfe;|i € S] and from ¢3 onto span[d;|i € S] by
Ps and Qg, respectively. Then

|~ 2Ps |l <H||T - 2Ps]| = Hlu(I - 2Qs)u™|
<H|u] - IIT - 2Qs]| - llu™"]| < HA.
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We complete the proof by applying part (1). The case of p > 2 follows from (2) in
a similar fashion. ®

Remark. A statement similar to Theorem 4.1 can be obtained from Theorems A
and C by a change of density argument (relying on Theorem 8 and Proposition 43
of [23] if 1 < p < 2, Theorem 76 if 2 < p < o0). However, this approach yields
worse estimates on complete equivalence constants than those of our theorem.

In [24] we proved the case of p = 1 of Theorem 4.1, but the technique employed
was different from the one described below.

Suppose X is a Hilbertian subspace of L,(p), where p is a finite measure, and
p € (2,00). By [18], the norms ||-||2 and || - ||, are equivalent on X. Then the norms
Il - |l2 and || - ||; are equivalent on X for 1 < ¢ < p. Below we prove an operator
space analogue of this statement.

Proposition 4.4. Suppose p is a finite measure, 2 < p < oo, and X is a subspace
of Lp(p). Let A = dep(X, RCp). If 1 < q < p, denote by X, the image of X in
L,(n). Then:
(1) For 2 < q < p, dep(Xq, RCy) < (Cs5/pA?)?, where Cs is a constant and
1/q=(1-6)/2+6/p.
(2) Forp'=p/(p—1), da(Xp, RCy) < C’g\/ﬁ/\Q.
(3) Forp' < q <2, du(Xy, RCy) < (CapA®)?, where 1/q = (1 —0)/2+0/p/,
and C4 1s a constant.

The following lemma may be of independent interest.

Lemma 4.5. Consider an interpolation pair (Ho, H1) of 1-homogeneous 1-Hilber-
tian operator spaces, and assume they share the underlying Hilbert space H. Let
Hy = (Hy, Hy)g be the complex interpolation space. Consider an invertible positive
operator A : H — H and define an operator space H| by setting, for x € M,(H),

2 llar, (zp) = 1(Ine, ® A) (@) ar, (111 )-
Then for 0 < 0 <1 Hy = (Hy, H{)g is completely isometric to Hy and, moreover,

2l ar,, 21 = 11 (Ins,, © A%)(@)l|ar, (116)-

Proof. Set S = {z € C|0 < Rz < 1}. Fix k¥ € N and let F be the space
of continuous functions f : S — My(H) which are analytic in the interior of S,
equipped with the norm

1fll = max{sup | @) [ sz, zro), sup [1F (1 + )|z, a0y }-

F’ is defined in a similar manner, with H{ instead of Hy. Then, by definition of
complex interpolation method,

]| i 110y = WE{[| fll7 | F(0) = 2} and |||l ag, z1y) = WL f]| 7 | f(0) = 2}

for every x € M, (H). Consider an isometry U : ' — F, defined by

(UUN)(=) = (I, @ ) (f(2)).
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Clearly, U maps the unit ball of M, (Hj) onto the unit ball of M, (Hs). N

Proof of Proposition 4.4. Without loss of generality, assume that p is a probability
measure. Consider T : X, — RC, such that ||T||s = 1 and |T7!||.s < A\. By
Theorem 76 of [23], T' extends to S o My, where ||S : La(p) — RCy|| < Co\/p
(Cy is a constant), and M, : L,(p) — Lo(u) is an operator of multiplication by
g. Here g > 0 is such a function that [g¢"dp = 1, with r = 2p/(p — 2) (i.e.
1/2=1/p+1/r). Note that [[(Mgy|x,) || < |[T7||[|S]| < Cay/PA, hence My(X>)
is a closed subspace of La(p).

Let P be the orthogonal projection on X,. Note that || f||, > | f]l2 for any
f € Ly(u), and moreover, [f], < |(Mylx,) 1 [I7l2 < Coy/pX for any f € X,
Thus, by Lemma 4.2,

1P+ Ly(p) = Lp(p)llev < Col|P = Lyp(p) — Lyp(p)|| < C1C2/PA.

Thus, the operator T = TP is well-defined both on L,, and on on Ls.

(1) The operator T : Xy — {5 is invertible and, by identifying X5 with ¢5 in
a suitable way, we can assume that T is positive. Consider two operator space
structures on f»: let H; = RC), and let Hy be such that T': X, — Hj is a complete
isometry, i.e. for x € M, ({s),

]2z, 10y = 11 @ T7H)(@) a1, (x2)-

X is isometric to OH, hence, by Lemma 4.5, Hy = (Hy, H1)g is completely iso-
metric to RC,. Therefore,

T : Xq — Helley <||IT : Lq(r) — Holleb
<IT: La(p) — Holly - IT = Lyp(r) — Hl%.-
However, R
T : La(p) — Hollew = |T : X2 — Holle || Pl| = 1,
1T Ly() = Hullep < [PllealI T let < C1Cay/pA.
On the other hand,

IT~": Hp — X{ |l =T~ - Hp — Lg(pt)llen
<IT7': Ho — Lo(u)|l 5 - 1771 s Hy — Ly () ]|% = A°.

Thus, dcb(Xq,He) < (0102\/5)\)20.

(2) If Z is an operator space, we denote by Z its complex conjugate. The reader
is referred to Section 2.9 of [31] for more information about this construction. By
the results of Chapter 1 of [30],

| Zzi ® @il 5,21 = |l 22769 aills z)

for any z1,22,... € Z and a1, ag,... € S,. Therefore, if Z is a subspace of Ls(v),
then Z can be identified (completely isometrically) with {f | f € Z}.
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Consider T € M, (X,/). By duality,

[zl = sup{[l<y, B[ |y € Mn(Lyp(w)), llyll <1}

= sup{[|((1ar, ® P)y, D)l |y € Mp(Lyp(p)), [yl <1}

2

(here, (y,T) is an n? x n? matrix). However, | P|lcp(, ) < C1C2y/PX, hence

sup{[|(y, D) || |y € Mn(Xp), llyll <1}
< ||Z|| < C1Ca/PAsup{|[(y, Z)|| |y € Mn(Xp), [yl < 1}.

By duality,
dey(Xp, RCy) < det(Xp ™ Xp)den (X, RCp) < C1Co/PA2.

To finish the proof, recall that RC), is completely isometric to its complex conjugate.
(3) is proved along the lines of (2), except that we combine the inequality

1Plen, o) < P15, Pl < (C1Cay/BA’

with the results of (1). ®

Finally, we discuss isomorphic copies of £, in L,. We show first that any com-
pletely unconditional basic sequence in L, (1 < p < co) which is equivalent to the
canonical basis in /£, is in fact completely equivalent to it.

Theorem 4.6. Suppose f1, fa,... is a normalized M -completely unconditional ba-
sic sequence in L, which is equivalent to the canonical basis in £y, and ay,as,... €
Sp.

(1) If 1 < p <2, then there exists a constant ¢ > 0 for which

(3 Maillz )" < 1 fi@aillnyes, < MO llaill, ).

(2) If 2 < p < o0, then there exists a constant C' > 0 for which
1 p \1/p p \1/p
M(Z laill% )" < 1D fi @ aillz, s,y < C(O_ llaills )"

Proof. (1) The upper estimate follows directly from Lemma 3.2. To establish the
lower estimate, recall that, by Proposition 3.4 of [5], there exist ¢ > 0 and dis-
joint measurable sets S; s.t. fSi |fi(®)[Pdu > ¢P. By (1.3) and Khintchine-Kahane
inequality, there exists a constant k s.t.

WM S fi ailP 2 Aves |3 20 ailp = [ Aves| D £htal?
A i il > J ilIP > P s
sz:/s_,. ver | Y £ filt)aill >2j:/sj 1B allP > > fla]
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(2) The left-hand side follows from Theorem 2.1. To prove the right-hand side,
we once again use Proposition 3.4 of [5]. The said proposition implies that there

exists K < 0o s.t.
S ([1nwriswr2a) < &

whenever [|¢|r, <1 (here s = p/(p —2)). Thus, the linear map 7" : Ly(u) — £,
defined by

7(0) = ([ 110Poan)

satisfies | T|| < K. T is a positive operator (that is, it maps positive functions into
positive sequences), and therefore, by [28], | T]|s < K. Dualizing, we conclude
that, whenever by, bo,... € S, (where r = p/2), [||>|f:(&)[2b:]|" < K™Y [1bs]".
Thus, for ai,as,... € Sy,

([ 1n0Paze) g an) " < (S hals,) "
([ 1n0Paar) g an) " < (Sl ) "

Using the complete unconditionality of (f;) and (1.3), we conclude that

(4.3)

1> fi @ aill <MAver| Y +fi @ ai
1/p
< 2By {( [ 1(150Faia) " 1,dn)

(J U 10 Pasar) 15, 00) ).

Together with (4.3), the last inequality concludes the proof. ®

The paper of the first author and N. Nielsen [14] shows that £, contains un-
complemented completely isomorphic copies of ¢,. However, in some case, we can
guarantee complete complementability.

Proposition 4.7. Suppose (f;) is a sequence of independent mean zero random
variables in L,(p) such that span[(f;)ien] is isomorphic to £y, and || fill, = 1 for
every i (1 < p < oo0). Then the sequence (f;) is completely equivalent to the
canonical basis in £,, and span|(fi)ien| is completely complemented.

Proof. Consider a sequence (g;) of Bernoulli random variables in L,,(v), independent
of each other and of f;’s. Let f] = f;e; be elements of L, (1 x v). Clearly, the basic
sequence (f!) is completely unconditional. By a standard symmetrization trick
(see e.g. Lemma 6.3 of [19]), the sequence (f;) is also completely unconditional.
By [5], the sequence (f;) is equivalent to the canonical basis of ¢,. Therefore, by
Theorem 4.6, (f;) is completely equivalent to the canonical basis in £,,.

To show that span[(f;):en] is completely complemented, we can assume that p
is a probability measure (other cases can be easily reduced to this one). After
discarding finitely many f;’s if necessary, we obtain, by Theorem 3.5 of [5], a
sequence of sets F; € A(f;) (the smallest o-algebra with respect to which f; is
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measurable) s.t. Y. pu(E;) < 1/2, and fE | filP > (4c¢)P, with ¢ > 0 independent of
i. Let F; = E;\(Uj»E;). By the independence of f;’s,

1 H(F)
[ v =453

Denote by (0;) the canonical basis of ¢,, and define T' € B(span[(f;)ien], {p) by
setting T'f; = 6;. We shall show that T is regular, that is, there exists a constant
K s.t.

i
7

F
E

p
p

/ P > (207, (4.4)
E;

[[sup T[] < K| sup |2;]]|
J J

for any finite sequence (x;) C span[(f;)ien]. Indeed, write z; = ). a;; fi, with
aij € C. Then [[sup; |Tz;|||P = 3, by, where b; = sup; |a;;|. Moreover, for each i

there exists j(i) s.t. |a; j;)| > bi/2. By Jensen’s inequality and (4.4),
sup Ja [P >3 /F PILFOIEDS /F lar g LAl 2 e > JbF.

Therefore, T is regular. By [27], T extends to a regular operator T : L, — £,.
By [28], T is completely bounded. Therefore, T~! o T is a completely bounded
projection onto (a finite codimensional subspace of) span[(f;)ien]. ®

Corollary 4.8. Suppose (f;) is a sequence of independent random wvariables in
L,(p) (1 <p<o0), for which span[(f;)ien] is isomorphic to £,. Then span[(f;)ien]
is completely isomorphic to £y, and completely complemented in L, ().

Proof. Once again, we can assume that p is a probability measure. Random vari-
ables g; = f; — Ef; are independent, and Eg; = 0. By the proof of Theorem A
of [5], span[(g;):en] is isomorphic to ¢,. By Proposition 4.7, span[(g;)ien] is com-
pletely isomorphic to ¢,, and completely complemented in L,(x). However, both
span[(f;):en] and span[(g;);en] are 1l-codimensional subspaces of span[l, (f;):en],
hence these two subspaces are completely isomorphic, and both are completely
complemented in L,(x). MW
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