FINITE REPRESENTABILITY OF HOMOGENEOUS HILBERTIAN
OPERATOR SPACES IN SPACES WITH FEW COMPLETELY
BOUNDED MAPS

TIMUR OIKHBERG

ABSTRACT. For every homogeneous Hilbertian operator space H, we construct a
Hilbertian operator space X such that every infinite dimensional subquotient ¥ of
X is completely indecomposable, and fails the Operator Approximation Property,
yet H is completely finitely representable in Y. If H satisfies certain conditions, we
also prove that every completely bounded map on such Y is a compact perturbation
of a scalar.

1. INTRODUCTION AND THE MAIN RESULT

In [GM], T. Gowers and B. Maurey gave the first example of a hereditarily in-
decomposable Banach space Z (recall that an infinite dimensional space Z is called
hereditarily indecomposable if it is not isomorphic to a direct sum of two infinite
dimensional Banach spaces). Since then, a variety of hereditarily indecomposable
Banach spaces were constructed. An overview of the current state of affairs is given
in [M].

A non-commutative counterpart of this space was obtained by E. Ricard and the
author in [OR]. There, we gave an example of an operator space X, isometric to fo
(as a Banach space), such that an operator 7' : Y — X (Y being a subspace of X) is
completely bounded if and only if T'= AJy 4+ S, where Jy is the natural embedding,
A € C, and S is a Hilbert-Schmidt map. In particular, X is completely hereditarily
indecomposable — that is, no infinite dimensional subspace ¥ — X is completely
isomorphic to an /., sum of two infinite dimensional operator spaces. Moreover, X
fails the Operator Approximation Property (see below for the definition). For any n-
dimensional subspace Y < X, there exists a unitary U : Y — Y s.t. ||U||s = /n/16.

Our present goal is to construct completely hereditarily indecomposable operator
spaces with “some structure” — that is, spaces which are saturated with “nice” finite
dimensional subspaces. More precisely, for any homogeneous Hilbertian operator
space H, we construct a Hilbertian operator space X such that:
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e For any infinite dimensional subspace Y of a quotient of X, n € N, and ¢ > 0,
there exists a subspace F' — Y which is (1 4 €)-completely isomorphic to an
n-dimensional subspace of H.

e Any Y as above is completely hereditarily indecomposable, and fails the Op-
erator Approximation Property.

If H satisfies certain conditions, then, in addition, any c¢.b. map on Y is a compact
perturbation of a scalar.

Below we recall some facts and definitions concerning operator spaces. For more
information, the reader is referred to [ER], [Pal, or [Pi].

We say that an operator space is c-Hilbertian if its underlying Banach space is
c-isomorphic to a Hilbert space. X is c-homogeneous if ||T||w < ¢||T|| for any T €
B(X). An infinite dimensional operator space X is called completely indecomposable
if it is not completely isomorphic to an /., direct sum of two infinite dimensional
operator spaces (equivalently, any c.b. projection on X has finite dimensional kernel,
or finite dimensional range).

We use the term subquotient to mean a subspace of a quotient.

An operator space X is said to have the Operator Approzimation Property (OAP,
for short) if, for any z € K® X and € > 0, there exists a finite rank map 7' : X — X
st. ||[(Ik ® T)z — z|| < e (here K is the space of compact operators on ¢5, and
® denotes the minimal (injective) tensor product). X has the Compact Operator
Approximation Property (COAP) if, for any x € K ® X and £ > 0, there exists a
compact map 7' : X — X s.t. ||[(Ix ® T)x — z|| < e. More details about the OAP, as
well as several equivalent reformulations of this property, can be found in Chapter 11
of [ER].

The complete Banach-Mazur distance between the operator spaces X and Y is
defined as

d(X,Y) = mE{|[T]| |7 | T € CB(X,Y)}.

We say that an operator space Y is c-completely finitely representable in X if for
any finite dimensional subspace Z < Y there exists W — X s.t. du(W,Z) < c.
Y is called c-completely complementably finitely representable in X if for any finite
dimensional subspace Z < Y there exists a projection P € CB(X) s.t. ||P|la < ¢,
and du(P(X), Z) < c.

If H is a 1-homogeneous 1-Hilbertian operator space, we denote by H, the n-
dimensional operator space, completely isometric to (any) n-dimensional subspace
of H. We say that H has property (P) if there exists a sequence (m(n)) C N s.t.

1
lim —||id : MIN,,,() (R, + Cp) = Hy |l = 0.

n—oo 1
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Here, id is the formal identity map between n-dimensional Hilbert spaces, and the
space MIN,(X) (X being an operator space) is such that

2] comin, (x) = sup{|[{x ® w(z)|[kenm, | € CB(X, My), ||lulls < 1},

where, as usual, M}, stands for the pace of k x k matrices. The reader is referred to
[OR] for more information about MINy. For future reference, we need to consider a
special case of the functor MIN,; — namely, MIN; (denoted by MIN for the sake of
brevity). If X is a Banach or operator space, and x € K ® X, then

|2l xenmnix) = sup{l[lx @ f(@)|lk | f € X7, [[flla < 1}
In other words, if a1,...,a, € K, and z1,...,x, € X, then

| Z a; @ T; |IC®MIN(X) = sup{|| Z f(xi)aillc | f e X% [[flla < 1}

Note that, for any 1-homogeneous 1-Hilbertian space H, ||id : MIN(¢5) — H, || >
||lid : MIN () (R, + Cy) — Hy ||, hence H has property (P) whenever limsup,, |id :
MIN(¢5) — H,l|ls»/n = 0. In particular (by Chapter 10 of [Pi]), the spaces OH,
R+ C, and RN C have (P). To describe another large class of spaces possessing
(P), recall that an operator space X is exact if there exists C' > 0 such that for any
finite dimensional subspace £ < X there exists F' — My s.t. du(E, F) < C. The
infimum of all such constants C' is called the exactness constant of X, and denoted
by ex (X). Observe that H has property (P) if lim,, o, ex (H,)/y/n = 0. Indeed, by
Smith’s Lemma (Proposition 8.11 of [Pa]), there exists a sequence of positive integers
r(1) < r(2) <...s.t., for every operator space X, and every v € CB(X, H,),

lv: X — Hpllap < 2ex( n)”]Mr(n) RV : My ® X — My @ Hy|
(we could have used 1 + ¢ instead of 2). Then, by [OR],
(2ex (H,)) " lid - MIN, gy (B + Cr) = Hy L
”]M ® id : Mr(n ® MIN r(n) (Rn + On) — M) @ HnH
= |[In,,,, ®id: My @ (R, + Cp) = Mgy @ Hy|| < ||id : Ry, + Cp, — Hy || b

r(n)

However, by Theorem 10.6 of [Pi],
lid : R, + C,, — Hy|lw < |Jid : R, + Cp, — MAX(£3)]| s = V/1.

This establishes property (P).
The main result of this paper is

Theorem 1.1. Suppose H is a separable 1-homogeneous 1-Hilbertian operator space.
Then there exists a separable 1-Hilbertian operator space X such that for every infinite
dimensional subquotient Y of X we have:

(1) For anye >0, H is (1 + &)-completely complementably finitely representable
mnY.
(2) Y is completely indecomposable.
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(3) Y fails the Compact Operator Approximation Property.
(4) If H has property (P), then every completely bounded map on'Y is a compact
perturbation of a scalar.

Clearly, the COAP implies the OAP. By Chapter 11 of [ER], the OAP passes from
an operator space to its predual. Therefore, dualizing the space X constructed in
Theorem 1.1, we conclude:

Corollary 1.2. Suppose H is a separable 1-homogeneous 1-Hilbertian operator space,
whose dual H* has property (P). Then there exists a separable 1-Hilbertian operator
space X such that for every infinite dimensional subquotient Y of X we have:

(1) For anye >0, H is (1 + &)-completely complementably finitely representable
mY.

(2) Y is completely indecomposable.

(3) Y fails the Operator Approzimation Property.

(4) Every completely bounded map on Y is a compact perturbation of a scalar.

In Section 2, we present a modification of the construction of asymptotic sets on
the unit sphere of /5 (initially due to E. Odell and T. Schlumprecht [OS1]). In Sec-
tion 3, we use these asymptotic sets to construct the space X from Theorem 1.1.
Furthermore, we establish that all infinite dimensional subquotients of X are com-
pletely indecomposable, and H is completely complementably finitely representable
in all such subquotients. In Section 4 we prove that all infinite-dimensional subquo-
tients of X fail the OAP. Finally, in Section 5 we show that any c.b. map on an
infinite dimensional subquotient of X is a compact perturbation of a scalar multiple
of the identity, provided H has property (P).

2. ASYMPTOTIC SETS IN {5

First we recall some Banach space notions, to be used in this and subsequent
sections. All spaces are presumed to be infinite dimensional, unless stated otherwise.
For a space X, Bx = {z € X |||z|| <1} and Sx = {x € X |||z]| = 1} stand for the
unit ball and the unit sphere of X, respectively.

We say that a sequence (0;)°, is a basis in a Banach space X if for every z € X
there exists a unique sequence of scalars (a;) s.t. * = Y_:°, a;0;. Equivalently (sce e.g.
Proposition 1.a.3 of [LT]), the projections P, € B(X), defined via P, (> ;- a;0;) =
>, aid;, are well defined, and sup,, ||P,|| < co. If E is a finite subset of N, we write
E(}2 aio;) = Y. cpaidi. The support of a = Y-, a;0; (denoted by suppa) is the
set of © € N for which a; # 0.

If £ and F are finite subsets of N, we write £ < F'if max F < min F'. If a Banach
space X has a basis (6;);en, we write a < b (a,b € X) if suppa < suppb.
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The basis (6;)72, is called 1-subsymmetricif || Y, a;é;|| = || Y2, wiaidn, || for any finite
sequence (a;), any (w;) with |w;| = 1, and any increasing sequence ny < ng < ...
(sometimes, the term “l-unconditional 1-subsymmetric” is used to describe bases
with this property).

For 81,8, C X, we set dist(Sy,Ss) = inf{||z1 — x| | x1 € S1, 20 € So}.

A set A C X is called asymptotic if, for every infinite dimensional ¥ C X,
dist(A,Y) = 0. If (;)ien is a l-subsymmetric basis for X, we say that A C X
is spreading (unconditional) if, for any > .°, a;0; € A, we have Y ° a;0,, € A for
any ny < ng < ... (resp. > o) w;a;0; € A for any |w;| = 1).

The idea of constructing a sequence of asymptotic sets, satisfying certain condi-
tions, was used by E. Odell and T. Schlumprecht in [OS1] in order to prove that ¢, is
distortable for 1 < p < co. Below we prove a sharper version of one of their results.

Theorem 2.1. Suppose €1 > €9 > ... is a sequence of positive numbers, and (K;)2,
s a sequence of positive integers. Then there exists a sequence of asymptotic spread-

ing unconditional sets Ay, As, ..., consisting of unit vectors in lo with finite support,
such that
Ky
2
(2.1) > o) < e,
k=1
whenever m < n, a € Ay, by,..., bk, € Ay, and by < ... < by, .

The Schlumprecht space S is essential for proving this theorem. Recall (see [GM,
OS1, 0S2, S]) that S has a 1-subsymmetric basis (6;)%2,, and

1 n
2.2 a;0;|| = sup 1 sup |a;|, sup —_— a;0;
@2 I el s el s o333 )
(here ¢(t) = log(t + 1)). Using the ideas of [OS1], we first present “nice” sets in S
and its dual.

Lemma 2.2. Suppose o1 > 09 > ... is a sequence of positive numbers, and (K;)2,
15 a sequence of positive integers. Then there exist spreading unconditional sets
By,By,... C Sg and B}, B;,... C Bg«, consisting of vectors with finite support,
such that:

(1) B, is asymptotic for every n.

(2) [{a, Eb)| < Ominfmmny if a € By, b€ B, and E C N.

(3) For every a € By, there exists b € B}, satisfying |(a,b)| > 1 — oy,.

(4) Suppose m < n, a € By, by,..., bk, € BX, by < ... <Vbg,, and F; < ... <

Ek,. Then Yo, |[(a, Exbi)| < 204,

Sketch of the proof. We rely on the construction from Section 2 of [GM] (summarized
in [OS1] as Lemma 3.3). There, T. Gowers and B. Maurey show the existence of
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a rapidly increasing sequence pj ' 0o, and a rapidly decreasing sequence o}, ~\, 0,
with the following property: for n € N, define

B, = {@ij

j=1

beS Ibll=1b<...< bpn} C B,

and let B, be the set of all (32", x;)/|| 2", ;|| € Ss, where (z;)", is a RIS sequence
of length p,, with constant 1 4+ o], (we do not reproduce the definition of RIS, as
it is quite cumbersome, and is not really necessary here; suffices to say that above,
1 < o3 < ... < xp,). Then the sets B, and B} are unconditional and spreading,
and the statements (1), (2), and (3) of the lemma hold. It remains to prove (4).

By passing to a subsequence, we can assume that ¢(K,p,) < 2¢(p,) for every n
(recall that ¢(t) = log(t + 1)). Suppose m, n, a, and (by)rr, are as in (4). The sets
By, and B! are unconditional, hence it suffices to prove (4) when all the entries of a
and (by) are non-negative, and Ej = supp by for each k. In this situation, we have to
show that (a, S5 by) < 20,,. By construction,

1 pn
bk =—"—"—D b
¢(pn) ; !

where bj; € Bg- (1 < j < p,) are such that by, < ... < b, . By passing from b;;, to
Eybj, if necessary, we can assume that supp bj;, C supp by, for each j, hence

bll<b21<~~~<bpn1<b12<---<bpnl(n-

Let
Kyn Dpn Ky

7 1 d(pn)

b= bk k
By (2.2), ||b]l < 1, hence |0 bill < 6(pnKn)/6(pn) < 2. Moreover, a =
a P ag, where |lag]| = 1 for each s, a3 < ay < ... <ay,, and a = || >"" a4||. By
(2.2), @ < ¢(pm)/pm- By Lemma 5 of [GM] (and by the choice of sequences (p,,) and
(")), {a,b) < 2a < 0y, Thus, (a, S0 b) < 20,,, as desired. u

Proof of Theorem 2.1. Below we view elements of S, S*, and ¢; as sequences (via
the expansions with respect to the canonical bases of these spaces). Operations of
multiplication etc. are defined pointwise.

Suppose By, Bf, Ba, Bs, ... are as in the previous lemma, with 204 /(1 — 0y) < .
Define Ay, as the set of vectors = € {y for which |z|? = ab/{a,b), with a € By, b € Bj,
a,b >0, and (a,b) > 1 — 0. It follows from [OS1] that the sets Ay are asymptotic,
spreading, and unconditional. To show (2.1), suppose m < n, and consider non-
negative x,y1,...,yx, € lo s.t. 2% = ab and y? = apby with a € B,,, b € B,
ap € B, by € B (for 1 <k < K,),and y; <y2 < ...<uyg,. Let Ex =suppy. By
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Cauchy-Schwartz Inequality,

Z<l’, yk>2 = Z(\/E\/E, vV Ekakv Ekbk >2 < Z(CL, Ekbk><ak, Ekb>

k k k
By the previous lemma, », (a, Exb,) < 20y, and (ay, Exb) < o,,. Therefore,

S () < e
ATl Tl /S T=owl

This establishes (2.1). u

3. CONSTRUCTION AND BASIC PROPERTIES OF X

Construct a sequence of sets A,, as in Theorem 2.1, with ¢,, = 2397 and K,, = 10™.
Let (6;)Y, and (6;)%2, be the canonical bases in £5 and £y, respectively.
Denote by U the set of operators U : f5 — 5™ (n even) of the form

Kn

UE = (& f)8; with fi,..., fx, € Au, fi < ... < fx,,

j=1
or

K
1 '
Ug = EZ<£; fj+Kn + €fj>5j with fl <... < ngn’ €= =1,
j=1

and either fl, . ,ngn & An, or fl, R 7fKn - An7 fKTLJ’_l’ R ,fQKn < An+2

(in both cases, £ € £). Let (U;) be a countable dense subset in U (that is, for every
U € U and every € > 0 there exists ¢« € N s.t. the range spaces of U and U; coincide,
and ||U — Uj||; < e).
Denote by W the set of operators W € B(fs) s.t. W& = Zji"l (€, f;)0; for £ € (o,
where n is odd, and f; < ... < fg, belong to A,.
Following [OR], fix a sequence sy < s1 < ... (increasing “sufficiently fast”), and
define spaces E; = MIN,,(MAX;, | (R,, NC,,)), for which:
(1) n; = 100? for some j = j(i) € N, and moreover, for each j € N the number
1007 occurs infinitely many times in the sequence (n;).
(2) For any operator u : Ef — E;, we have ||ull1/5 < |ulle < |ully if @ = 4,
Juls = ljllz i # 5 |
(3) If, in addition, H has property (P), then lim;_,, v;/100? = 0, where
v = |lid : MINg,_, (Ri00s + Cro0i) — H1o0s [ e,

and i is the smallest integer satisfying n; = 100’ (or in other words, i =
mink | j = j(k)}). Consequently, [lid : Ef — Higgs(oles < 7, for any .
Define the operator space X by setting, for z € K ® £,

(3.1) |zllkex = max {||lz]lcopmmnie)., Sup 1(Ix ® Us)z| ke, Sup (T © W)zl ken }
1€ €
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(recall that, for z =) . a; ® 6; € K @ MIN({y),

lzllcanmey = sup{ll Y aiaillc | Y lasf* < 1}).

It is easy to check that X satisfies Ruan’s axioms, hence it is an operator space.
Also, X is isometric to /5. We shall show that it has all the desired properties. Start
by showing that elements of U and W “ignore” each other.

Lemma 3.1. IfU €U and W € W, then ||[UW*|; < 1.

Proof. Tt suffices to prove that |[UV]|; < 1/2 when U € B(ly, £5™) and V € B(l, 5)
are given by

. .
i 1<K,
(3.2) U¢ = 2(&%)5@ and Vo; :{ 5 i> K,
.

where f; < ... < fk, belong to A, and ¢; < ... < gg,, belong to Ay, for £ > m,
and n ¢ {m,(}. Indeed, the adjoint of any element of W equals V' as above, while
any element of U either equals to a U of the above form, or can be represented as
(U1 + Usy)/V/2, with U; and Uy resembling U in (3.2). Note that, for U and V as in
(3.2),

K. .

Km i 0NS: i < K

0; = Z]:l(fl7g]> J X fin
Uves { 0 i> K, ’

and therefore,

K, Km

(3.3) WOVIE=>> i)l

i=1 j=1

To estimate ||UV]|;, suppose first that n < ¢. By construction of A, and A,
Zf:ni [(fiy g;)|* < €2 for 1 < i < K,,. Therefore, by (3.3), [UV||3 < K,&2. Moreover,
rank UV < rank U = K,,, hence

1
UV |1 < Vrank UV ||UV||s = K&, < 3
by our choice of K, and &,. If n > ¢, we similarly obtain ||UV||; < Ker < Kpgp <
1/2 (we use the fact that m < /). n

We shall identify subquotients of X with subspaces of X (as linear spaces). More
precisely, suppose X” < X’ < X. Then Y = X/X” and Y’ = X’/ X" are identified
with X © X" and X' © X", respectively.

Proposition 3.2. H is (1 + €)-completely complementably finitely representable in
any infinite dimensional subquotient of X .
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Proof. Fix an odd n, and consider fi,..., fx, € A, such that f; < ... < fk, .
Denote by X the span of fi,..., fk, in X. We shall show that X¢ is completely
contractively complemented in X, and completely isometric to Hg, . Indeed, there
exists Wy € W s.t. Wol = Y1 (€, f;)0; for € € X. By (3.1), ||Wolle = 1.

Consider W as an operator V : H — X. Then

IV lew = max { |V [|eBumm)), sup |UiV ek, sup WV esan}-
iEN wew

But [Vlepmmney) = VI =1, [WVlcpar = WV < 1, and |UiV|[cpu.e) <
UV ||y <1 by Lemma 3.1. Thus, both W, and V' are complete contractions, hence
X is completely isometric to Hg,. Moreover, P = VW, is a completely contractive
projection onto Xk.

Now consider Y/ = X'/X" (with X" — X’ — X). By perturbing X’ and X"
slightly, and identifying Y’ with a subspace of X (as explained above), we can assume
that Y’ N A,, contains f; < ... < fg,. Denote by Z the span of fi,..., fk, in
Y’. We claim that Z is completely isometric to H,, and completely contractively
complemented in Y’. Indeed, consider the orthogonal projection P from X onto Z.
Above we have established that P is completely contractive as an operator on X.
Therefore, for any z € K ® Z,

Izllcox: > llzllcoy = nf {2 + 2[kex |2 € K& X"}
2 1nf{||(];c X P)(Z —+ I‘)H}C@X/ ‘ T &€ ’C ®X”} = HZ||K®X’7
since X” C ker P. Thus, Z is completely isometric to the span of fi, fo,..., fk, in

X', which, by the above, is completely isometric to Hy,. Moreover, P (viewed as an
operator on Y') is completely contractive. [

The following result yields a useful lower estimate for c¢.b. norms of operators on
X and its subquotients.

Proposition 3.3. Suppose X" — X' — X, andletY andY’ are the quotient spaces
X/ X" and X'/ X", respectively.
(a) Consider the operators T :Y' — Y, U :Y — 3% and V : 3" — Y’  such

that U,V* € U. Then
[TV

5max{10", |[UV|:}
Consequently, ||T|s = [|[UTV]|1/(5-10™) whenever U and V' as above satisfy UV = 0.
(b) Suppose H has property (P), and consider the operators T :Y' — Y, U Y —
039" and Vo 039" — Y] such that U € U. Then
T > OV .
5 max{10™[V|[, w[[V[[, 1UV |1 }

For the proof, we need the following two lemmas. Below, X" X', X" Y’ and Y

1T les >

are as in the statement of Proposition 3.3.
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Lemma 3.4. Suppose P is the orthogonal projection from X ontoY’, and U; : X —
E; is as in the definition of X. Then ||Ui|y'|lcy gy < 14 2||U; — U; P||x.

Proof. Observe first that
[UiPllesx,p) < 1+ |Ui = UiPllepx) < 1+ Ui = U1

Moreover, ||U;P|cpx,g) = [UiPly'||cBy,E,)- Indeed, suppose y € M, ® Y’ satisfies
|yl a0y < 1. Then there exists © € M, ® X such that |||y, ex < 1, and I, ®
P(z) =y. We conclude that

[ as, @ UiPW)|Istuere, = 1, @ UiP(@) a0k, < |UiPllebx k-
To finish the proof, note that ||Uily:||cswy &) < [[UiPlyllopyr gy + Ui — UiPl|1. =
Lemma 3.5. Suppose V' as an operator from E toY'. Then
IVllens:yy < max {|UV |1, [V]l2, sup [WV ]}
Wew

Consequently:

(1) ]f V* - Z/{, then ||V||CB(E‘Z*,Y’) < max{||UZ-V||1, ||V||2}
(2) If H has property (P) and n; = 100*, then

IV llenee: vy < max {|U;V ]|y, max{y/n;, v }[V]]}.
Proof. Let ¢ : X’ — Y is the complete quotient map. By (3.1),

IVlies@: vy = 1dV leseE: vy < IVeseE: x)
(B MIN(2))» SUD || UV | ez, 2,), sup WV ||epesm }-
jeN Wew

However, ||[Vl|ops: vy = IV UiVl < 1UV |1, while UV = |U;V]2 <
|V for j # . If V* € U, then, by Lemma 3.1, |[WV||s < |[WV]; < 1. If H has

property (P) and n; = 100%, then [[WV || < %IV ]| |
Proof of Proposition 3.3. We observe that, for any ¢ € N,
|UiTV ||cBs; E, Uuirv
HT”cb > (E},Ei) > || Hl )
CB(E;,Y') (EFY')

Approximating U with operators U;, and using estimates for ||U;||s and ||V ob-
tained in Lemmas 3.4 and 3.5, we achieve the result. [

Corollary 3.6. Any infinite dimensional subquotient of X is completely indecom-
posable.

Proof. Suppose P is a projection on Y’ = X'/X" (here, X" — X' — X), and
both the range and the kernel of P are infinite dimensional. The sets A,, involved
in the construction of X are asymptotic, and therefore, by a small perturbation
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argument, we can assume that for any even n there exist fi,..., fox, € A, NY’ s.t.

f1<...<f2Kn,and
Pfj_{o j> K,

Consider the operators U,V € B(X, (5"), defined by

1 Ky 1 Kn
ve= 5 ;m, forrn — [5)0s, VE= 7 ;m, Fssren + f5)05 (€ € b).

Then U,V € U, and UV* = 0. Therefore, by Proposition 3.3,

|UPV*|, 10"/2
P b = =
1Pl > 5507 = 51007

The even integer n can be arbitrarily large, hence P is not completely bounded. m

= 1021,

4. SUBQUOTIENTS OF X FAIL THE OAP

As in the previous section, we assume that X” — X' — X, and Y/ = X'/ X" is
infinite dimensional. We establish

Theorem 4.1. Y’ fails the Compact Operator Approximation Property.
Our main tool is

Lemma 4.2. Suppose Z is an operator space with the Compact Operator Approxi-
mation Property, (Z;)52, a sequence of finite dimensional subspaces of Z, (F;)2, a
sequence of 1-exact operator spaces, and the function f : N — (2,00) is such that
lim, .o f(n) = oco. Then there exists a compact operator ¢ : Z — Z such that
V7o = 1z,, and ||ub|z, ||l < f(0)||willw for any i € N and w; : Z — F;.

We omit the proof, as it is identical to the proof of Lemma 6.1 of [OR].

Z;

Proof of Theorem 4.1. By a small perturbation argument, we may assume that Y~
contains vectors f;; (7 € N, 1 < i < Ky;) with finite support such that f;; € Ayj,
and fi; < freif j < (¢, or j = ¢ and i < k. For every j € N, 1 < m < 100,
and ¢ = £1, define operators A, : Y — éfzj and Bj,. Efzj — Y’ by setting
m' = Kyj(m —1),

1 , .
Bj’m’sél-j = ﬁ(f” — 5fm’+i+1,j+1) for 1 <1< 100

(((LJ)ZIS{ is the canonical basis of £4*), and

1007

1
Ajme€ = E Z<fa fij +efmtiv1j41)0; for £ € Y.
i=1

We can assume that, for every triple (j,m, ) as above, there exists s = s(j,m,e) € N
for which dim Ey = K»j, and Us; = A; - (here, we identify E; with €§2j).
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Suppose, for the sake of contradiction, that Y’ has the COAP. By Lemma 4.2,

there exists a compact operator ¢ : Y’ — Y such that ¢ f; 3 = f; 3 for 1 <7 < 1007,
and

||A]m€¢B]ms||cb ]”AjmchbHB]mchb fOI‘] 3 1 1007 5::|:17
with A, . and Bj,, . viewed as elements of CB(Y”, Ey(jm.-)) and C’B(E:(]ma) Y7,

respectively. However, ||A; . c|lo < 1, and || Bjmclle < /K2j = 107 (by Lemma 3.4
and Lemma 3.5, respectively). Thus, we have

HA]mawB]mEHCB Es(j,m,g)) < j . 10]

Eim.ey
for any appropriate triple (7, m,¢). By the basic properties of spaces F;, we have
Re (tr(Aj,m,6¢Bj,m,a)) < ||Aj,m,6ij,m,6||1 < 5] ’ 10]

An easy computation shows that

Ks;
1 J
tr(Aj eV Bjme) = 3 Z(i/}(f” Efmrtittjt1)s fig + €fmvivrjrn)-
=1
Therefore,
Re (tr(Aj,m,lej,m,l + Aj,m,flqﬁBj,m,fl))
ng
=Re (D ((W(fij): fir) = W fwsivrier)s Fvrivrgr))) < 107705
i=1
Consequently,
ng K2j
Re (Z<¢(fm’+z‘+1,j+1)> fm/+i+1,j+1>> 2 Re (ZW(fij), fij>) — 21075,
i=1 i=1

Summing over all values of m (1 < m < 100), we obtain

(4.1) Sit1 = 100(S; — 2 10711 5),

where S; = Re 2100] (¢¥(fi;), fi;)- This allows us to show by induction that
JH 1 100

4.2 100/

(4.2) S; > 2 00 5

whenever j > 3. Indeed, ¥(fi3) = fi3 for 1 <7 < 100%, hence S3 = 100, Assuming
(4.2) holds for some j > 3, observe that
1

2. 101+ 4
= i< —,
Sj ] + 2
hence, by (4.1),
2107+ )+ 1 - 1 |+ 2 -
S;1 > 1008, ( j) S 100]“(1 . ) — I o0,
S; 2 i+v2) T2+

This proves (4.2) for j + 1.
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On the other hand, v is compact, hence maxi<i<k,; [|¥(fi;)|| < 1/2 when j is
sufficiently large. For such j, S; < 1007/2. This contradicts (4.2). n

As a corollary, we prove:
Corollary 4.3. In the above notation, the spaces Y' and Y™ are not exact.

For the proof, we need a non-commutative analogue of the notion of a basis. We
say that a sequence (x;) in an operator space X is C-completely basic if it is a basis
in Y = span|x; | 1 € N|, and moreover, the basis projections P, € CB(Y') (defined by
setting P,x; = x; if i < n, and P,z; = 0 if i > n) satisfy sup,, | Pu|le < C. In this
setting, Y = span[z; |i € N] clearly has the OAP. Therefore, Corollary 4.3 is proved
by combining Theorem 4.1 with

Lemma 4.4. Suppose Z is an infinite-dimensional \-exact operator space. Then Z
contains a C'-completely basic sequence for any C' > \.

Proof. We select a C-completely basic sequence (z;) C Z inductively. More precisely,
we select linearly independent vectors z1, z5,... € Z, finite codimensional subspaces

. Zy — 7y — Z, and finite rank projections P, € C'B(Z,) such that, for any
Ny 21y -y 2n € Zyn, ran P, = span|zy, ..., z,], ||Pullee < C, and P,,z, = 0 whenever
m < n (then the operators P,|span[z, | keny Play the role of basis projections).

First pick an arbitrary non-zero z; € Z. By Hahn-Banach Theorem, there exists
a contractive projection P; onto E; = span|z;|. Moreover, P; has rank 1, hence it is
completely contractive. Let Z; = Z.

Now suppose we have selected z,...,z,, Z1,...,%4,, and Py,...,P,, as above.
Pick an arbitrary non-zero z,.1 € Z, N (N _,ker P,,). Let E = span|zy, ..., Zp41].
Find F — My and u: E — F s.t. |Julla =1, |Ju™ || < C. By Arveson-Wittstock-
Stinespring-Paulsen extension theorem, there exists @ : Z, — My s.t. Ulp = wu,
and ||@]ls, = 1. Let Z,41 = span[F,kerd| — Z,, and note that dim Z, /keru <
dim My < oo, hence dim Z,,/Z,,11 < oo. Furthermore, 4(Z,+1) C F. It is easy to
see that P41 = u 'd|z,,, is a projection from Z,4; onto span|zi, ..., zn4+1], with
| Poiilles < C. Moreover, P,,z,11 =0 for m < n. (]

5. COMPLETELY BOUNDED MAPS ON SUBQUOTIENTS OF X

In this section, we assume that H has property (P), X" — X' — XY = X/ X",
and Y/ = X'/X" is infinite dimensional. We denote by Jy- the natural embedding
of Y into Y. We show:

Theorem 5.1. Any completely bounded operator S : Y' — Y is of the form S =
clyr +5', where ¢ € C and S" is compact.

For the proof, we need the following proposition (it may be known to specialists).
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Proposition 5.2. Suppose Z' is a subspace of a Hilbert space Z, and T € B(Z', Z).
Then either T is a compact perturbation of a scalar multiple of J (the natural em-

bedding of Z' into Z ), or there exist mutually orthogonal projections of infinite rank
P e B(Z"), Q € B(Z) such that QT |;an p € B(ran P,ran Q) is invertible.

Proof. First denote by Qg the orthogonal projection in B(Z) whose kernel equals Z'.
If there are no infinite rank projections P and @ s.t. ran @ C ran Qg and QT |;an p 18
invertible, then QT is compact. This reduces the problem to the case of 2/ = Z.

We denote by IC(H) the space of compact operators on H. We shall show that,
if ¢ = dist(T,CIz + K(Z)) > 0, then there exist mutually orthogonal projections P
and @ of infinite rank s.t. QT |;anp € B(ran P,ran Q) is invertible.

Note that dist(RTR,CR+ K(ran R)) = ¢ for any orthogonal projection R € B(Z)
with finite dimensional kernel. By Theorem 9.12 of [D], for such an R there exist
mutually orthogonal norm 1 vectors {(R),n(R) € ran R s.t. (T¢(R),n(R)) > ¢/3.
This allows us to construct inductively vectors (&, )nen and (7,)nen in Z, such that,
for any k, 7,

51) () =0 (6&) =) ={ o 157 @wam{ 20 120
Indeed, let Ry = I, & = &(Ry), and 1 = n(Ry). Suppose &1, ..., &n, M1, - - -, Ny have
already been selected in such a way that (5.1) holds whenever j, k < n. Let R,41 be
the orthogonal projection whose kernel is spanned by (&), ()", (T€)",, and
(T*n;)"_y. Let &1 = E(Rut1)s M1 = N(Rus1), and observe that now (5.1) holds for
all j,k <n+1.

Denote by @ and P the orthogonal projections from Z onto span|n, |n € N] and
span[¢, |n € NJ, respectively. By the above, QT |;an p is invertible. [ ]

Proof of Theorem 5.1. Suppose T : Y’ — Y is not a compact perturbation of Jy-.
We shall show T' is not completely bounded. By Proposition 5.2, there exist mutually
orthogonal projections P and @ of infinite rank s.t. ||QT¢|| > [|£]|/C for any £ €
ran P (C' > 0). By a small perturbation argument, assume the existence of f; <
... < fk, nran@Q N A, (n even). Consider U € U which sends f; into §; (1 < j <
K,), and annihilates span[fi,..., fx,]*. Define V : {5* — ran P < Y’ by setting
Vé; = (QT) "' f; (once again, 1 < j < K,,). Then ||V|| < C, UV =0, and UTV is
the identity on /5. Applying Lemma 3.3, we conclude that
100™
5C max{y,, 107}
n can be chosen to be arbitrarily large, hence T' is not completely bounded. [

1T les =
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