COMPLETELY BOUNDED AND IDEAL NORMS OF
MULTIPLICATION OPERATORS AND SCHUR MULTIPLIERS

T. OIKHBERG

ABSTRACT. We estimate the completely bounded norms, the completely p-nuclear
norms, and the completely p-summing norms of certain multiplication operators
and Schur multipliers.

1. INTRODUCTION

The goal of this paper is to compute the c.b. norms, completely p-summing norms,
and completely p-nuclear norms of multiplication operators and Schur multipliers.
Throughout, we use the standard operator space and Banach space terminology and
results. The reader is referred to [5, 14, 17] for operator spaces, [12] for Banach
spaces, and [1] for operator ideals. £ ® F refers to the minimal (or spatial) tensor
product of operator spaces E and F'. M, stands for the space of n X n matrices,
with its usual operator space structure. The space of operators on ¢? which belong
to the Schatten p-class is denoted by &?, while SP stands for its n x n version. §>
denotes the space of compact operators on ¢2. We denote the norm of S? by || - ||,
and write ||T||, = co if T" ¢ SP.

As common in the operator space literature, we denote the space of n x n matrices
(that is, S2°) by M,,. For the sake of brevity, we often use M, (F) instead of M,, ® E
(E is an operator space).

The pairing between a matrix space and its conjugate arises from the parallel
duality: for matrices (finite or infinite) T = (¢;;) and S = (s45), (T, S) = Tr TS =
i jtigsij (S is the transposed of 5).

We first investigate the multiplication operators M%% + 8P — S : T w ATB,
with A, B € B(¢*)\{0}. If there is no possibility of confusion regarding p and
g, we use the notation My p. In Section 2, we estimate the c.b. norms of these
operators. We prove that [[M}%|| = [[All2||Bll2r, with 1/r = [1/p —1/q| (Theo-
rem 2.1). In Section 3, we deal with the completely s-summing and s-nuclear norms
of multiplication operators (see below for the definition). Theorem 3.1 shows that
(M%) = v2(M%%) = [|All. || B|| for certain 4-tuples (p, q,s,7) (see below for the
definition and basic properties of 72(-) and v2(-)).
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Next we turn our attention to Schur multipliers. Recall that, for a matrix ¢ = (¢;;),
the Schur multiplier with the symbol ¢ (denoted by Sy) is the map taking an operator
T = (T};) to (¢i;1;;) (the latter matrix is sometimes denoted by ¢ ¢ T"). Note that,
if A = diag(a;) and B = diag(b;), then M, p is the Schur multiplier with the
symbol (a;b;)75_,;.
c.b. norms of certain Schur multipliers into /}(N x N). In Section 5, we deal with

In Section 4, we complement the results of [15] by computing the

completely p-summing norms of Schur multipliers. Theorem 5.1 gives a factorization
result for completely p-summing Schur multipliers from B(¢?) to S? (1 <p <2). In
the particular case of p = 2, this is a complete description of completely p-summing
Schur multipliers. Furthermore, for a Schur multiplier from B(¢*) to S*, we have
75(Sy) = [[Spllep- Finally, we show that 77(Sy) = [[¢||, when Sy is considered as a
map from S* into S?, where 1/p + 1/p’ = 1 (Proposition 5.5).

In the commutative case, the operator norms of the diagonal maps from ¢ to ¢4
are easy to compute. The summing norms (and other ideal norms) of such diagonal
operators were computed by Garling and Carl [2, 6]. For the convolution operators
T, : [ — f*p, acting on L'(G) or C(G) (G is a metrizable compact Abelian
group), the criteria for being nuclear or p-summing were given in [19] (in fact, the
paper also covers convolutions with vector-valued measures). Further information
on p-summing norms of convolutors from L, to L, can be found in [1|. In the non-
commutative setting, certain estimates on ideal norms of formal identities between
Schatten spaces were obtained in [3]. A few more ideal norms were estimated in [13].

Recall that the completely p-summing norm mp(u) (1 < p < 00) of an operator
u: E — F (E and F are operator spaces) is defined as 79(u) = |[Is» @ u: SP @ E —
SP[F]||. This notion was introduced by G. Pisier in [16]. We refer the reader to
that article for the necessary background, such as the definition and properties of
the space SP[F], the non-commutative Pietsch factorization, and a variety of other
results. Here, we recall a few basic facts (having their counterparts in the classical
theory).

e 77(-) is an ideal norm: m)(viuvy) < ||lvglemy(u)||valls. Moreover, 70 (u) =
supg 7y (u|c), with the supremum taken over all finite dimensional subspaces
of G of the domain of u.

e If ¢ > p, then 77(u) > mf(u). In particular, m(u) > 72 (u) = [[ul|e.

e For A, B € 8, m,(Map : B(f?) — 8°) < ||Al2]|Bll2p (below, we see that
actually we have an equality).

We also need a few easy facts concerning multiplication operators:

e The composition of multiplication operators is again a multiplication opera-
tor: Ma,,5,Ma,,B, = Ma,a,,8,8, -

e The adjoint of multiplication operators is again a multiplication operator:
(MA’B)* — MthA‘
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One more ideal of operators will be investigated. Following Section 3.1.3 of [7],
we say that an operator u : X — Y is p-completely nuclear (1 < p < o0) if it has a
factorization u = wMy gv, with v : X — 8%, w : 8 = Y, and My p : 5% — S?,
with A, B € §%. The p-completely nuclear norm vo(u) is defined as the infimum of
|w|les]| All2p || Bll2p|v]| b, running over all the factorizations as above. Denote the class
of completely p-nuclear operators by N;. The factorization results for completely

p-summing operators show that, for any u, 77(u) < v7(u). Furthermore, it was

shown by M. Junge [7] that I19(X,Y") and N7 (Y, X) (1/p+1/p') are in trace duality,
provided the spaces X and Y are finite dimensional.

To finish this Introduction, recall that, by [10], S? = C? ®;, RP, where C? (respec-
tively, RP) is the column (row) subspace of S¥. Moreover, for any operator space X,
SPIX] = C? @, X @ RP. In the infinite dimensional case, we have S? = C? ®, R,
and SP[X] = C? ®, X ®;, RP, where C? and RP are the column and row subspaces
of SP.

It is known that C° = (), and R° = R,, (the usual column and row spaces).
Moreover, CP* = RP = C? (1/p+ 1/p' = 1), and (CP,CP1)y = CP for 1/p =
(1 —0)/po + 0/p1. These results remain true for C? and RP.

2. COMPLETELY BOUNDED NORMS

Here we compute the c.b. norms of certain multiplication operators My g, with
A, B € B(*)\{0}. Our main result is

Theorem 2.1. Suppose 1 < p,q < oo, and1/r = [1/p—1/q|. Then |My g|lcpsr.si =
| All2r|| Bllar- If either A or B does not belong to 8™, then My g ¢ CB(SP,S7).

The following lemma will be used extensively throughout this paper, in order to
reduce our problems to finite dimensional ones. Denote by p, the projection onto
the linear span of the first n elements of the canonical basis of (2.

Lemma 2.2. Suppose A, B € B({?), and £ and F are either S" (1 < r < o) or
B((*). Then ||[Magllcpe,r = sup, || My, a,8p,lcer). Moreover, for any 1 < p <
o0, To(Map : & — F) =sup, ng(My,a8p, : € — F).

A further technical lemma is needed. Below, P, is the truncation operator 7' +—
pnT'py (in other words, P, =M, ).

Lemma 2.3. Suppose 1 < p < oo, N € N, and y € SY[F], where F is either S
(1 <q<o0)or B(?). Then |lyl| = lim, ||(Isz, @ Py)(y)]l-

Proof. The case of F = 87 (with 1 < ¢ < o0) is easy. Indeed, the map z —
(Isy @ Py,)(2) is contractive. Furthermore, we can approximate y by elements of the

form Zf\il a; @ u;, with a; € Sy and w; € F. As lim,, P,u; = u; for each i, we are
done.
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The case of F = B((?) is slightly more complicated. Suppose, for the sake of
contradiction, that y € SY[B(¢?)] is such that ||y|| > 1, yet there exists § > 0 s.t.
lynll < (1 = 6)3 for any n (here, y, = ([S]l:[ ® P,)(y)). Viewing M, as the upper
left corner of B(¢?), we can consider y, as an element of SY[M,]. By Theorem
1.5 of [16], for each n there exist non-negative C,, D, € S and v, € My(M,),
such that ||Cy|| = ||Dynl| = [lvn|| < 1 =9, and y, = (Cp, ® L2 )v,(Dy, @ I2). By
compactness, there exists n; < ny < ...s.t. the sequences (C,,) and (D,,, ) converge
to C, respectively D. Let C'= o + C and D = ¢ + D, where ¢ > 0 is so small that
C and D lie in the unit ball of S3¥. Let

up = (C7'Cyy @ Ig Y00, (D, D™ @ I ).

Note that [lug| < 1 — 6 for each k, and y,, = (C ® Iz Jur(D ® Ig ), with
[urllary(rr,, ) < 1. We can view (uz) as a sequence in My(B(¢?)). Passing to a
further subsequence if necessary, we can assume that (uy) converges weak™ to u in
the unit ball of My (B(¢?)). Then weak™ — limy,, = (C ® I;2)u(D ® Ip2) lies in the
unit ball of 8K, [B(¢?)]. On the other hand, weak™ —lim y,,, = y, which is assumed to
have norm greater than 1. This yields a contradiction. ]

Proof of Lemma 2.2. We work with the completely p-summing norm, as the case of
the c.b. norm is similar. We show that, if 70(M4 p) > 1, then 77 (M, 4,5,,) = 1 for
n sufficiently large. Find N € N and = € S%, ® € s.t. ||z|| < 1, and

[(Iary ® Map)zlst iz = 1Lz, @ A)x(lg, @ B)|lsg 7 > 1.
By Lemma 2.3,
I, @ A)z(lz, @ B)|| = lim [|(Isy, @ Pro)((lg, @ A)z(lz, @ B))|
= liin H(IK?\, ® pnA)x(Ié?v ® Bp,)l|,
yielding the desired result. ]

The next lemma yields upper estimates the c.b. norms of the multiplication oper-
ators.

Lemma 2.4. For1 < p,q < oo andl/r =|1/p—1/q|, |[Masl|lcsr.sy < || Al || B2
The same estimate holds when 8® (when p or q equals o) is replaced by B(¢?).

Proof. By Lemma 2.2, it suffices to show that ||Mu sllcpszsy) < [|All2 || Bll2r, for
n x n matrices A and B. By [23], the natural identifications ® : S> — C'B(C?, C4)
and U : 8 — CB(RP, R%) are isometries. In this notation, My 5 = ®(A) @ ¥(B).
Indeed, by polar decomposition we can assume that A and B are diagonal: write
A = diag ((a;)1~,), B = diag((b;)!~;). The matrix units in S? are denoted by E;;
(1 < i,j < n). Identify C? and RP with span[E;; : 1 < ¢ < n] and span[E); :
1 < j < n, respectively. E;; can be identified with E;; ® Ey;. For £ = Y. & B,
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A¢ =", a;§;E;. The action of B can be described in a similar way. Thus My g E;; =
P(A)E;; ® ¥(B)Ej;. By the properties of tensor products,

IMaglle = |P(A) @ Y(B)llcpcre,mt.cio,r)

< @A) leer,collV(B)llepmre,re) < [|All2rl| Bll2r,
as desired. ]

Lemma 2.5. FOT’ every A,B - B(EQ)\{O}, HMA’BHCB(Sl,Soo) = HMA,B||CB(81,B(£2)) =
[All2[| B2

Proof. We only need to consider the finite dimensional version: ||[My gl|lcp(s:.se) =
|All2]| Bll2- By polar decomposition, we can assume that A = diag ((a;);) and
B = diag ((b;)?_;). Then My gE;; = a;b;E;;, where E;; are the matrix units. The
canonical isometry between CB(E, F') and E* ® F' (for finite dimensional F and F)
allows us to identify the operator u = My g € CB(S,,Sy°) witha = >, a;b; E;;®
E;; € M, ® M,. The space M, ® M, can be identified with M2, with E;; ® Ej,
corresponding to Ejj je. Therefore,

lulles = @l = 1O~ aiBiu) O biBu)l = 1) aiBuall - 1> b Byl
1=1 j=1 i=1 j=1

n
= (D 1al) (D 10P) = 1Al Bl
i=1 j=1
]
Next we work with the “weighted transposition” operator. We denote by ©® the
transposition operator A — Y on the space of n x n matrices. In other words,
©F;; = Ej;, where (Ej;);;_; are the matrix units. The same operator, acting from
SP to 8¢, is denoted by @7

Lemma 2.6. For 1 <s <2, [|Ocpes: sy = 1-
Together with Lemma 2.4, this lemma immediately implies

Corollary 2.7. Suppose 1 < g< o0, 1 <r<2,andl/t=|1—1/r—1/q|. Suppose,
furthermore, that the sequences o = (a;)i=y and B = (5;)}—; satisfy ||al|ar = || B2 =
1. Then the operator T': 8" — 8% : Ej; — «,;3;E;; is completely contractive.

Proof of Lemma 2.6. Clearly, ||®||s = ||©FE:|| = 1. To prove the converse inequal-
ity, note that, for s = 2, [|®|cps2) = ||®||s(s2) = 1, as the operator Hilbert space
S? is 1-homogeneous. For s = 1, we identify ® € CB(S,, M,) with an element
> Eji ® Eij € My(M,), which has norm 1. We complete the proof by using com-
plex interpolation. [

Lemma 2.8. For every A, B € B(£*)\{0}, M4 BllcBis=s1) = [|All2]| B2
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Proof. As before, we can only consider the n x n case. The upper estimate for
M Bl|cB(s,s1) follows from Lemma 2.4. To prove the lower estimate, assume A =
diag ((a;)i=,) and B = diag ((b;)7_,) with a;, b; non-negative, and ||Al[ = || Bl] = 1.
Identify the transposition map © : Sp — M,, : E;; — Ej;; with 4 = ZZ]':1 Ei; ®
E;; € M,, ® M,, which has norm 1. Thus, it suffices to show that ||| > 1, where

0= (In, ®Map)ii= Y Ej; ®abiE;; € M, ® S},
ij=1
But ¢ corresponds to v : M,, — M, : E;; — a;b;E;;. To show that ||v|ls > 1, note
that (IMn ®U)’& = ZZj:l Eij®&jbiEij can be identified with (Zz szn,l)(Zj ajEij) S
M,,2, the latter having norm one. [

Proof of Theorem 2.1. The case of p = ¢ is trivial. Suppose p < ¢, and show that
1My, sllcasesoll = | Aller||Bll2r, where 1/r = 1/p —1/q. The upper estimate for
|M4 5| was established in Lemma 2.4. It suffices to obtain the lower estimate when
A and B are positive n x n matrices. Let 1/r; = 1—1/pand 1/ry = 1/q—1/00. Find
Ay, By € 87 and Ay, By € 82" so that || A1]l2r, = || Billar, = | A2]l2r, = | B2l|2r, = 1,
| Aoll2 = ||All2r, and ||Boll2 = || Bl|2r, where Ay = AsAA, and By = B;BB;. Then
MAO,BO = MAQ,BQMA7BMA1,B17 hence

IMag, 5, llonisy,sz) < 1May,b llessy.snMa,sllessz s Mag,b, ot sx)
By Lemma 2.5, ||[My, 5,llcBstsx) = [|Aoll2]|Bollz = [|All2-|| Bll2,- By Lemma 2.4,
My, B, and My, g, are complete contractions. Thus, ||My glls = || All2-]| B 2--
The case of p > ¢ is handled similarly, except that one uses Lemma 2.8 instead of
Lemma 2.5. u

3. OPERATOR p-SUMMING NORMS

Throughout this section, we use the notation v’ = w/(w — 1), for w € [1,00] (in
other words, w’ satisfies 1/w + 1/w’ = 1). The main result of this section is

Theorem 3.1. Consider M4 g as an operator from SP* to SP?. In each of the
following situations, 77 (M g) = vo(Ma ) = || All2|| Bl|2-
(1) pr <p<p2, /r=1/p1+2/p—1/ps.
(2) po<p<p1, 1/r=1/p1+1/p2.
(3) py < min{2, p} < max{2,p} <pj, 1/r=1/p} +1/ph.
4 p<p<py<2, 1/r=1/ps+2/p—1/p:.
(5) pr =00, 1/r =1/p+|1/p—1/ps|. In particular, if py = 0o = p = pa, then
vo(Ma ) = mg(Ma ) = [[Maslle = [[All2p]| Bll2-

Note that part (5) a strengthening of the Maurey Factorization Theorem for the
class of multiplication operators (see Chapter 10 of [4] for the classical case, and
[9, 10] for the recent non-commutative results).
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Observing that My ; is the identity operator on S, we conclude:

Corollary 3.2. Forn €N, q € [2,00], and q/(¢—1) <p < q, my(Isy) = n??. More
generally, for such p and q, mp(Iss )= (ning) /7.

ning

Remark 3.3. For p = 2, this result follows from Chapter 6 of [16], where it was
shown that 79(Ig) = v/dim E for any finite dimensional operator space E. For p # 2,
the operator p-summing norms of operators on OH, and some other homogeneous
Hilbertian spaces, were recently computed by M. Junge, Q. Xu, and K.-L. Yew
[11, 24].

In the classical case, the ideal norms (including the p-summing norms) of /2 can
be found in e.g. [2, 6]. Furthermore, by Lemma 5.2 of [3],

max{1, min{n,;, ny} /97 1/2}

max{1, min{ny, ny }1/7-1/2}"

’/Tg(id . Sﬁan — Sgan) — 4/ N1MN3

By Lemma 2.2, it suffices to establish the finite dimensional case of Theorem 3.1.
Accordingly, we restrict ourselves to the finite dimensional situation for the rest of
this section. Furthermore, we assume that A = (diag (a;)i-,) and B = (diag (b;)}_,),
with (a;) and (b;) positive.

Lemma 3.4. In ecach of the following cases, vy(M ) < [|All2.[| Bll2r:

(1)
 1/pi+1/pe D = P

_ L1
T 2/p+1/pi—1/p2 p<p2

ropp ’p P2

(2) p1 <2< po,
l:i+l+’l_i:{1/p’1+1/p’2 p = ph
roopop o lpo ph 2/p+1/py —1/py p<po

Lemma 3.5. In each of the following cases, ) (MY'5?) > || All2.|| Bll2r-

(1)

:l+l_‘l_i:{1/p1—1/pz+2/p =
ropy p o lp P 1/p} +1/ps p < ph
(2)
1:i+l_’1_i:{1/1?1+1/p2 nzp
roprop lp 2/p+1/ps—1/p1 p1 <p

(3) pp=o0, I/r=1/p+[1/p—1/ps|.

Proof of Lemma 3.4. (1) It suffices to consider the case of ||Al|o, = || Bl|2r = 1. Write
A = A3A5A; and B = By By Bs, where || A2y, = || Bill2p, = 1, [|Azll2p = || Ball2p = 1,
and ||Asll2g = || Bsll2g = 1, where 1/q = |1/p—1/ps|. We regard My, p,, My, p,, and
My, B, as acting from SP* to §%°, from S to §?, and from S? to SP2, respectively.
Then vp(Ma ) < ||[Ma, 5, [|vy(Ma,,5,) [|IMa; s llev < 1.
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(2) The factorization M’} %* = OraP2 o M%fj o @”'71 Lemma 2.6, and part (1)
yield the result. ]

Proof of Lemma 3.5. By Lemma 2.2, it suffices to estimate 77(M p) from below
when A and B are n x n matrices. By scaling and approximation, we can assume
that A, B € M,, |Allsr = [|Bll2r = 1, A = diag ((a))}-,), and B = diag ((b;)},),
with a;, b; positive.

(1) Let 1/s = 1/po + 1/p" + |1/p1 — 1/7'|, and note that 1/r + 1/s = 2. Find
positive operators A, = (diag (agl))?zl) and B; = (diag (b§1))?:1) s.t.

A1 Al = HA1H2S = ||Allor = 1 = [|BB1|l1 = | Bill2s = | Bl 2r-

Then My, g Mapl;; = a;a b b(1 E;; for any matrix unit Fj;;, hence the trace of
M, 5, Mg (acting on 3;;1) equals 7, a;al 00" = | A\ A|1|| BBy, = 1. By the
trace duality,
1 =Tr (Ma,5,Mag) < 7)(Map)vy (Mua, 5, ).
By Lemma 3.4, v5,(Mu,p,) < [|A1]l2]|Bill2s = 1, which yields the desired estimate
for 7m0 (Map).
(2) Suppose, for the sake of contradiction, that 77(Ma p) < 1. Let 1/s = [1/py —

1/pl, 1/t = |1/p — 1/p1|, and ¢ = min{p,ps}. Find sequences a) = (a 2(1))1 1

b = (b;l))?zl a® = (a?))?_l, and b = (b§2))§‘:1 in such a way that
(@) loe = @) ]las = l[(@al @) lps = 108 J2e = [(BP) |26 = (85,61, = 1
(this is possible since |[(@;)|l2r = [|(0)||2r = 1, and 1/r+1/s+ 1/t = 2/q). Consider
U=y &2(1 b E ® E;j € S ® SPt. By Corollary 2.7, ||ul| < 1. Let

U—(ISP®MAB ZCLZ (1 I)E]Z(XJEZ]

If 75(Map) < 1, then |Jvf|gpsrz; < 1. We achieve the desired contradiction by
showing that [[v][gpsre) > 1.
Suppose first p > py. By [22],

(3.1) ||UHS£[S£2] = sup |((Mcp® ]Sgg)vﬂsgg[sggl,
ICll2s,]|D]l2s <1

Taking C' = (diag (b(-Q))) and D = (diag (az(?))), we have:

V]l gpgsr2) > ||Z i @ agalaP bbb Eijllgr2isr2

i,7=1
. 1) (2 1),.(2 1/p2 (2) 1),(2

= (Y laiaPaPep 0 #2) T = (sl [ 5056 |, =1,
2,7=1

which is the estimate we need.
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For p < po, the proof proceeds along similar lines, with one exception: instead of
(3.1), we use the inequality

[vllsppsz2) 2 (e @ C)v(Lez @ D)||szisz)
whenever C' and D are in the unit ball of §2% (this follows from the fact that M¢ p :
SP2 — SP is completely contractive, and Corollary 1.2 of [16]). In particular,
ol sy > (T © Aol  Bo)lspisy
2), (1), (2 2) 1), (2
=| Za 0 a0 By @ Byllspisn = (@i a) 10,0567, = 1.

(3) In the case of py < p, the inequality 77(T") > ||T|e (valid for any operator
T), and the equality ||Muy g|lcpse=sr2) = ||All2ps||Bll2p. (Theorem 2.1), yield the
proof. For ps > p, Remark 5.10 of [10] yields a factorization My g = wMy, g, via
Sk, with [|Ay]lyp = ||Bllap = 1, and [[w||ls = 75 (M4 ). As the operators A and B
are invertible, so are A; and B;, and therefore, w = MABM;‘}’B1 = MAAl_1,Bl_13.
Then |Jwl|e, = 75(Mag) = [[AA; |2 By ' Bllas, with 1/s = 1/p—1/ps. As 1/r =
2/p—1/p»=1/s+1/p,

1Al [[Bll2r < TAAT 25| A ll2p ]| Bullap | By Bllas < (M),

Proof of Theorem 3.1. For i, j € {0,1}, case (2i+ j + 1) of our theorem follows from
Lemma 3.4(7) and Lemma 3.5(j). Case (5) follows from Lemma 3.4(1), Lemma 3.5(3),
and Theorem 2.1. |

4. TOEPLITZ SCHUR MULTIPLIERS INTO /!

Here, we consider the c.b. norms of Toeplitz Schur multipliers from a matrix space
into /(N x N). For a sequence m = (my)sez, we define the Toeplitz Schur multiplier
T (aij)ijen — mj—;a;5. The result below (essentially contained in [15]) describes
the c.b. norm of T}, as acting from S* to ¢!(N x N).

Proposition 4.1. In the above notation, || Ty || = || Tl = [|[m]]e-

Proof. 1t is shown in [15] that [|T,,|| = ||m||s. It remains to show that ||T,,|s <
|m|/a. By an extreme point argument, it suffices to consider the case of m; = 1 for
s = p, my; = 0 otherwise. For such an m, we have to show that ||Is1 ® T, : S'[S'] —
S (N x N)|| < 1. Note that S*[S?] is isometric to S'(N x N). The extreme points
of the closed unit ball of the latter space are of the form z ® y, where x and y are
unit vectors in £*(N x N). Write z = (z;) and y = (yx), where x;,yx € (*, and

Zj H%HZ = Zk |yl = 1. Then

_Jzi@u j—k=p
(151®Tm(x®y))jk_{ ()] otherwise -
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If p > 0, we have:

ITu@ @)l = > llzllvl —ZHwk+pHHka

Jj— k—p

Zuxmn )( ZH )<

The case of p < 1 is handled s1m1larly ]

Next we consider a Schur multiplier from the upper triangular trace class matrices
to ¢'. More precisely, we consider the subspace HS' of S!, consisting of all trace
class matrices (a;;) s.t. a;; = 0 for ¢ > j. A sequence (ms)s>o defines a multiplier
T HSY — (1(N x N) : (a;;) — (m;_,a;;). Following [15], we define

) ) o0 T(Q'i'l) ) 9 1/2
plm) = (Jmol? +ml* +sup 3~ (32 maf?)’)
qg=1 s=rq+1

Proposition 4.2. In the above notation, there exists a constant ¢ such that

eo(m) > | Tnlles > [Tl > 22,

V3
Sketch of a proof. It was shown in [15] (Theorem 3.3) that cp(m) = || T}, || = p(m)/V/3.
In fact, that proof can be easily modified to yield cp(m) = || T} ||co- u

Finally, we consider the Schur multipliers from B(¢?) (or §*) to ¢}(N x N). The
space of bounded (completely bounded) Schur multipliers between matrix spaces E
and F shall be denoted by B%(E, F) (resp. CB(E, F)).

The space ¢*(¢?) is viewed as the space of matrices a = (a;;), equipped with
the norm [[aflp 2y = 32,(32; lai*)'/?. The space *(£?) is equipped with the norm
|a|lwr 2y = || 'allpr(2). Finally, we define the space X = ¢*(¢*) 4+ %'(¢?). That is,

Jalle = inf (¥l + el
In this notation, we have:

Proposition 4.3. The following spaces are isomorphic (via the natural identity): (1)
X, (2) BS(B(2), (N x N)), (3) CBS(B(),('(N x N)), (4) BS(S*,(1(N x N)),
(5) CB5 (8>, /(N x N)).

Proof. It is easy to see that the spaces (2) and (4) are isometric, as are (3) and (5).
It is shown in [15] that (1) and (3) are isomorphic. Moreover, id : CB°(B(¢?), (*(N x
N)) — BS(B(f?),/'(N x N)) is a contraction. By duality, it suffices to show that
id: X — CB%(cy(N x N), 81) is a contraction. By symmetry, we need to prove that
id : (1 (1?) — CB%(cy(N x N),S') is a contraction. By an extreme point argument,
it suffices to show that [|Sq||cps (cvxm sty < 1 whenever the matrix a = (a;;) is such
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that a;; = 0 fori > 1, and ) _; lay;|* = 1. This, in turn, is equivalent to proving that,
for any family (z;;) of contractive n x n matrices, || 3, a1;E1; @ ¥15][s190, < 1. The
matrix units Fy; span a copy of C' (the column space) in S*. Thus, we need to show
that || Zj alejl & xlj“S"O@Mn < 1. HOWGVGI',

1Y~ a1 B @ willmen, = 1D lalP el < layPllatzyl < 1,
: j j

J

as desired. ]

5. SCHUR MULTIPLIERS INTO SCHATTEN SPACES

In this section we consider Schur multipliers from S (or B(¢?)) to SY.

Theorem 5.1. Consider 1 < p < 2, a matriz ¢ = (¢;;), and the following state-
ments:
(1) m(Se) < 1, where Sy is a Schur multiplier from B((*) (or 8*) to SP.
(2) There exist sequences a = (a;)ien and b = (bj)jen in the unit ball of (%%, such
that |¢i;| < |abj| for anyi,j € N.
(3) There exists a matriz 1), the sequences a’ = (a;)ien and b’ = (V) jen in the unit
ball of £*, and the sequences a” = (af)ien and V" = (b)) jen in the unit ball of
Cr (1)r =1/p—1/2), such that || < |ajb}|, and Sy = Maiag (a).diag (5)Sw -
Here, 7§(Sy) < 1 (Sy is viewed as a map from B((?) to §*), and furthermore,
[ Miag (a7),diag 0 [ B(s2,57) < 1.
Then (1) = (2) < (3). Forp=2, (2) < (1).

By Theorem 5.5 and Remark 5.6, the implication (2) = (1) fails for p = 1. We do
not know whether it is true for p € (1, 2).

The next result shows that, for p = 2, the c¢.b. norms and the completely 2-
summing norms of Schur multipliers from B(f(?) to §? are equivalent.

Theorem 5.2. There is a constant C such that w3(Ss) < C||Syl|e for any Schur
multiplier Sy from B((%) (or 8%) to §?.

Remark 5.3. The classical Grothendieck Theorem tells us that any bounded op-
erator from C(K) to a Hilbert space is 2-summing. This is no longer true in the
non-commutative case. Indeed, by Corollary 5 of of [8], for every N there exists a
projection P from B(¢?) to OHy s.t. || P||s < ¢y/N/(1 +log N). On the other hand,
by Theorem 6.13 of [16], 73(P) > 73(idow,) = V'N. See [9, 10] for some positive
results in this direction.

Considering a multiplication operator from L (u) to LP(u), instead of a Schur mul-
tiplier, we complement the known results by computing the completely p-summing
norm precisely.
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Theorem 5.4. Suppose p is a o-finite measure, and ¢ is a p-measurable function.
Denote by M¢ the operator of multiplication by ¢, acting from L*(u) to LP(u). Then,

for 1< p < 00, mp(My) = mp(My) = [[My]| = | Msleo = [|l,-

For the sake of completeness, we include a formula for the completely p-summing
norms of Schur multipliers from S to SP.

Proposition 5.5. Suppose ¢ is a matriz, determining the Schur multiplier Sy from
SP toSP (1<p<oo,1/p+1/p=1). Then 7(Sg) = |Bll,- Forp =1, the result
is also true for Schur multipliers from B((*) to S*.

Note that, by applying this theorem to M, g, we recover a particular case of
Theorem 3.1 (that of p = py = p1/(p1 — 1)).

Remark 5.6. In [18, 22|, [|Sy4||, was computed for 1 < p < 2. A counterpart
of the previous proposition for sequence spaces was established in [6], where the
following was proved: suppose 1 < p < 0o, and a = (a;) is a bounded sequence, and
Dy : (7" — (7 maps 6} to a;0; (here, (6) and (&;) are the canonical bases in " and
7, respectively). Then 7,(D,) = ||a||,. In particular, for p = 1, || Dg|| = 71 (D).
In contrast to this, the c.b. norm and the completely 1-summing norm of Schur
multipliers from 8> or B(¢?) into S' are not equivalent. Indeed, by [20], there
exist matrices ¢ and ¢ s.t. |¢y;] < ¢y for any pair (i,7), ¢ € S', while ¢ ¢ S
By Proposition 5.5, S, is not completely 1-summing. However, by [18], S, is a
completely bounded map from §* (or B(£?)) to S*.

To prove the results of this section, we state an immediate consequence of [16],
Theorem 5.9.

Lemma 5.7. Consider an operator u : M,, — S (1 < p < o0). Then 7r°( ) <1
if and only if there exist non negative a and b in the um’t ball of 8, such that
H(u(x("j)))HS%[Sp | (az() b)|| sz sz whenever @) (1 < 4,5 < N) are elements of

M,.

Next we prove Theorem 5.1. The implication (3) = (2) follows immediately from
Theorem 2.1. Furthermore, (3) = (1) for p = 2 is immediate.

Proof of Theorem 5.1, (2) = (3), p=2. It suffices to show the finite dimensional
version. That is, consider an n X n matrix ¢ = (¢g¢), such that || < arby, where
(ar), (be) are non-negative numbers, with Y, af = >°,bf = 1. By Lemma 5.7, we
have to show that
H(S¢(f’5(ij)))’\s§v[sg} < H(@x(ij)b)’\sg[sg},
where a = diag ((a;)) and b = diag ((b;)). However,
1(So (=) [Z2 152 = D 186(@ ) 132 and [[(az™b)|[3; 52) = Z laz 0|3,

7.7
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hence it suffices to show that ||Syz|/s: < |laxb||s2 for any n x n matrix z. Writing
x = (xpe) and ¢ = (¢pe), we see that

n
1Syl = Z |brel*lare” < apbilanel® = [laxd]|3s,

k0=1 k0=1

which completes the proof. [

Proof of Theorem 5.1, (1) = (2). We handle the finite dimensional case first. Sup-
pose an n X n matrix ¢ is such that 72(Sy) < 1 (Sy is viewed as a map from M, to
SP). We shall show that there exist a = (a;)j-; and b = (b;)}_, in the unit ball of
(%7 with non-negative entries, such that |¢;;| < a;b;.

Suppose Sy : M,, — SF satisfies 77(S,) < 1. By Lemma 5.7, there exist ¢ and
d in the unit ball of 8% s.t. ||Sgz||, < |[czd]||, for any n x n matrix z. If U and
V' are n X n matrices with +1 on the main diagonal, and zeroes elsewhere, we have

1Sezllp =[S UV, < [[cUzVd]|,, and
(5.1)  |lgoz|p < <((cUde)(d*Vx*Uc*))p/2) =Tr ((d*Va:*Uc*cUde)p/Q).

The last inequality follows from the fact that any continuous function on a compact
interval can be approximated by a polynomial arbitrarily well, hence Tr (F(AB)) =
Tr (F(BA)) whenever AB and BA are non-negative matrices, and F' is continuous

n [0,00) (in our case, F(t) = t?/?). By a special case of Lieb’s concavity (see
e.g. Theorem 8.10 of [21]), the function T' +— TrT® is concave on the set of non-
negative matrices for 0 < o < 1.

Note that, for any matrix y, Ave(UyU) is a matrix with the same entries as y on
the main diagonal, and zeroes elsewhere (here, we average over all possible choices
of signs in U). Averaging with respect to U in (5.1), we obtain a diagonal operator a
in the unit ball of S? with non-negative entries, such that a* = Avey (Uc*cU), and

lg o2l < ((d*Va: 95Vd)p/2> =Tr ((x*achVdd*V)p/Q)

for any V' as above. There exists a diagonal operator b in the unit ball of S with
non-negative entries, such that b* = Avey (Vd*dV). Then

¢ oxllp < Tr <($*a2xb2)p/2) =Tr (((ba:*a)(axb))p/Z) = |lazblf}

for any matrix x.

Now consider the infinite dimensional case. By truncating to the upper left corner
of size n x n, we prove that, for every n, there exist a™ = (a} (”) o a&n), 0,...) and
b = (6™ b.0,.. ) in the unit ball of £27, with non—negatlve entries, such that
|pi;] < n)b(" for 1 <i,j < n. Then there exist a = (a;), b= (b;), and ny < np < ...
s.t. limy ag ) = a; for every i, and limy bg»n’“) = b, for every j. Clearly, a and b are
still in the unit ball of ¢*?, and |¢;;| < a;b; for all i and j. ]
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Proof of Theorem 5.1, (2) = (3). Suppose an n x n matrix ¢ = (¢;;) satisfies |¢;;| <
a;b;, where a; and b; are non-negative numbers, and >, a?¥ = > b?p < 1. Write
Gij = wigldil, with Jwy| = 1. Let ¢y = wyloy|' 2, af = af”?, b, = ", o =
al> 72 and b = b2 Then Ya = Y o¥ = 1, and, similarly, S>0* = 1,
and ) af* = Y b/*" = 1. Moreover, |ib;| < ajb;. As proved before, 79(Sy) < 1
(S, is viewed as a map from 8 or B(f?) to 8?). Moreover, by Theorem 2.1,

Maiag (a).diag (v) 18 @ complete contraction from S? to SP. ]

Proof of Theorem 5.2. Suppose Sy : S — §? is a complete contraction, and prove
that 75(S,) < C, for some universal constant C. Note that S} : §* — S' is a

completely contractive Schur multiplier, given by the same matrix ¢. Therefore,
2

for 4,5 € N). By [18], there exist sequences («;) and (/3;) of non-negative numbersj,
such that 3=, af = >°. 37 < C? (C' is an absolute constant), such that |¢;| < a;3; for
all 4, j. Let a; = \/a;, and b; = \/B;. Then ||(a;)||4, [|(b;)]l« < VC, and |¢;] < a;b;.
By Theorem 5.1, 73(Sy) < C. n

Sy = S}S4 is a complete contraction (here, ¢ = ¢ © ¢, or in other words, v;; =

Proof of Theorem 5.4. Clearly, [My| = [|¢ll, < [[Mgllew < 75(Mg), and || My]| <
mp(My). It remains to show that [|¢[|, > max{m,(My), 77(My)}. Suppose ||¢[, = 1,
and, without loss of generality, ¢ > 0 everywhere. Consider the probability measure
v = ¢, and the complete isometries

Too : L®(n) — L) : f— f and T}, : LP(v) — LP(u) : g — ¢g.

Let J be the formal identity map from L*>(v) to LP(v). Then M, = T,JT. By
Pietsch Factorization Theorem, m,(M,) < 1. Finally, by Proposition 5.12 of [16],

mo(J) < 1, hence 7 (My) < 1 u

Proof of Proposition 5.5. As usual, it suffices to consider the finite dimensional ver-
sion of the problem. That is, suppose ¢ is an n X n matrix, determining a Schur
multiplier Sy, : 82" — S (1/p+ 1/p’ = 1). We have to show that 75(S¢) = [|¢||,-
We can identify S, with an element v = > 7", ¢i;Ey; @ Eyy € SP[SH], or with
u = szzl ¢ijEiijj €SP By Lemma 5.14 of [16], 70(Sy) = [[ul| = [[«[| =[], =
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