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ABSTRACT. Suppose X is an infinite dimensional operator space, and n is a posi-
tive integer. We prove that for every C' > 0 there exists an operator space X, such
that the formal identity map id : X — X is a complete isomorphism, In, ®1d is
an isometry, and d. (X, X ) > C. This provides a non-commutative counterpart to
a recent result of W. Johnson and E. Odell.

1. INTRODUCTION

Recently, W. Johnson and E. Odell [2] solved a problem of V. I. Gurarii by showing
that the isomorphism class of any separable infinite dimensional Banach space has
infinite diameter with respect to the Banach-Mazur distance. More precisely, they
proved that, for every C' > 0, and for every separable infinite dimensional Banach
space X, there exists a Banach space X s.t. the Banach-Mazur distance between
these two spaces exceeds T'. In this paper, we prove a non-commutative counterpart
of this result:

Theorem 1. Suppose X is an infinite dimensional operator space, andn is a positive
integer. Then for every C' > 0 there exists an operator space X, such that the formal
identity map id : X — X is a complete isomorphism, Iy, ® td is an isometry, and

dcb(X,X) > (.

Here and below, E® F refers to the minimal (or spatial) tensor product of operator
spaces ¥ and F'. M, stands for the space of n x n matrices, with its usual operator
space structure. For the sake of brevity, we often use M,,(E) instead of M,, ® E.

The proof of Theorem 1 (given in Section 3) relies on the properties of the operator
space MIN,,(X), which we explore in Section 2. Throughout the paper, we use freely
the standard operator space and Banach space terminology and results. The reader
is referred to [1, 8, 9] for operator spaces, and [5] for Banach spaces.
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2. THE FUNCTOR MIN,,

Recall that (see [4, 6, 7]), for an operator space F and n € N, we define an operator
space MIN,,(E) to be isometric to £ on the Banach space level, and

[l coemmn, () = sup{[|(J, ® w)z| [u € CB(E, M), [lufle <1}

for x € Ko® E (Ko denotes the space of infinite matrices with finitely many non-zero
entries). Letting Z be the closed unit ball of CB(E,M,,), we can view MIN, (E)
as the image of the map U in ((Z,M,,), where U : E — (,(Z,M,,) is defined by
U(e) = (u(e))yer- By a compactness argument, for any finite dimensional subspace
F of MIN,,(E), and every € > 0, there exists k € N s.t. F embeds into % (M,,)
(1 + €)-completely isomorphically. Consequently, MIN,,(E) is 1l-exact. Recall that
an operator space X is c-exact if, for every finite dimensional subspace Z — X,
and every € > 0, there exists N € N and a Z — My s.t. dey(Z, Z) < c+e¢e. The
smallest ¢ satisfying this condition is called the exactness constant of X, and denoted
by ex(X).

In addition to MIN,,, in Section 3 we also use the “dual” functor MAX,, (see [4, 7]
for more information). One should note that, for any operator space E, MIN;(FE)
and MAX;(FE) are identical to MIN(E) and MAX(E), respectively (the “minimal”
and “maximal” quantizations).

In [6] we proved:

Lemma 2. Suppose X and Y are operator spaces, and n € N.

(1) Ifu € B(X,Y), then

[ullesxemm, vy = v, © ull B, x0m.0)-
In particular,
[ullesam, (0N, ) = M, ® vl B, 0.M.0))-
(2) If X is a subspace of Y, then MIN,,(X) is a subspace of MIN,,(Y).
More results concerning MIN,, are needed:

Lemma 3. Suppose X is an operator space, andn,s € N. Then, for any x € My(X),

2] v ovin, (x)) = sup [[(P ® Ix)2(Q @ Ix)||m.(x)

where the supremum runs over all orthogonal projections P,QQ € My, of rank not
exceeding n.

Corollary 4. Suppose X is an operator space, n,s € N, and s > n. Then, for any

x € M(X),
n 2
]| v, oviN (x0)) = (;) ||| v, (x)-



THE COMPLETE ISOMORPHISM CLASS OF AN OPERATOR SPACE 3

Proof of Lemma 3. Clearly, we only need to consider the case of s > n. If P and ()
are orthogonal projections of rank < n, then, by Ruan’s axioms,

(P ® Ix)2(Q @ Ix) v, v, (x)) < [[2]lv, v, (x0)) -
Furthermore, (P ® Ix)x(Q ® Ix) can be thought of as an element of M,,(X). Thus,
by [7],
(P ® Ix)2(Q @ Ix)|m,(x) = [|(P ® Ix)z(Q @ Lx)||m, (v, (x))

hence |[z{|ar, quiv, (x)) = sup [[(P @ Ix)2(Q @ Ix) | m, x):

To prove the reverse inequality, it suffices to prove that, whenever || |ln, (v, (x)) >
1, there exist orthogonal projections P and @), of rank < n, for which ||[(P®Ix)z(Q®
Ix)||m,x) > 1. To do this, find a complete contraction u : X — M, for which
llyllm, v,y > 1, where y = (Ing, @ w)x. Then there exist unit vectors &, n € £5(43) s.t.

(y&,m) > 1. Write & = (&), and np = (n;)i, with &, ..., &, m1, ..., nn € 5. Denote
by P and @ the orthogonal projections onto span[n; |1 < ¢ < n] and span[§; |1 < i <
n], respectively. Then (Q ® Ix)¢ =&, and (P ® Ix)n = n. Therefore,

(P ® Ix)z(Q ® Ix)|m,x) = |(Im, @ u)(P @ Ix)r(Q @ Ix)||m, )
= (P ® Ip)y(Q ® Iy ) ||
> (P @ Ip)y(Q @ Iy)&,m)| = (y&,m) > 1,

as desired. ]

Proof of Corollary 4. For S C {1,...,s}, we denote by Ps the corresponding basis
projection on ¢5. That is, Pse; = 0if i ¢ S, and Pse; = ¢; if i € S (eq, ..., es is the
canonical basis in £3). An easy calculation shows that, for any x € M,(X),
2
s
r = EAVG(PSH & Ix).l‘(PSQ & Ix),
where the average is taken over all subsets of {1, ..., s} of cardinality n. By Lemma 3,
[z lve i, (x)) 2 [[(Psy @ Lx)z(Ps, ® Ix) |, (x)

for any S; and S5 as above. Taken together, the two centered expressions yield the
proof. [ ]

3. PROOF OF THE MAIN RESULTS

To prove Theorem 1, we need to introduce some notation. For an operator space
X and A > 0, we denote by AX the operator space, isomorphic to X, and equipped
with the norm ||z||x,exx = Al|%||xoex (here, x € Ko ® X). For n € N set a,,(X) =
|lid : MIN,,(X) — X (note that o, (X) € [1,00]). We have:

Lemma 5. Suppose n € N, and an operator space X is C-completely isomorphic to
AX N MIN,,(X) for every A € (0,1). Then a,(X) < C.
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Note that, for a compatible couple (Yy,Y) of operator spaces, Yy NY] is defined
by assigning to any y € Ky ® (Yp NY7) the norm
HyH/C0®(Y00Y1) = maX{HyH’CO@)Yo’ HyH’Co®Yl}

(see Section 2.7 of [9] for more information about interpolation).

Proof of Lemma 5. Suppose, for the sake of contradiction, that «,(X) > C. Then
there exists © € My(X) (s > n) s.t. ||2||a, v, (x)) < 1, and ||z||m,x) > C. Pick
X € (0,n2/s?). We shall show that, for any complete contraction T : X — X (here,
X = AX NMIN, (X)), we have

(3.1) [(In, @ T)llpg, ) S 1

thus obtaining a contradiction. Indeed, the last inequality implies

) a0
T > ] ¢
17 e > s, © Dl ony

Let id : X — X be the formal identity map. Since A € (0,1), In, ®id : M,(X) —
M,,(X) is an isometry. Therefore, by Lemma 2, id : MIN, (X) — MIN,(X) is a
complete isometry, and

(3.2) HT”CB(MINn(X)) = HTHCB(MINn(X),MINn(X)) = |[Im, @T|| < ||THCB(X,X) <1
and ||(Iv, @ T)x|lm, N, (x)) < 1.
Now recall that
[(In, @ T)l|pg, ()
= max{A[|(Im, ® T)x| v, x)s (v, @ T)z|[nr, v, (0 }-

By (3.2), [|[(Im, @ T)||m, v, (x)) < 1. Moreover, by Corollary 4,
s? s?
1, @ T)zllmco < 5l ® Tz, o) < 5

(3.3)

Therefore, by (3.3), and by the choice of A,

As?
(I, ® Tl ) < max {1} < 1,

which yields (3.1). |
Now, we are ready to establish the main result.

Proof of Theorem 1. Suppose, for the sake of contradiction, that X is an infinite
dimensional operator space, and there exists C' > 0 s.t. dg(X, X ) < C whenever X
is completely isomorphic to X, and Iy, ® id : M, (X) — M,(X) is an isometry.
As noted in the proof of Lemma 5, the formal identity id : X — AX N MIN,,(X)

(A € (0,1)) is an isometry, and moreover, Iy, ® id is an isometry. Furthermore,

lid||cB(x Ax N, (x)) = max{||id||cxax), lid||lcsx v, x) } < 1,



THE COMPLETE ISOMORPHISM CLASS OF AN OPERATOR SPACE 5

and

lid~|epoxmv, (0,x) < lid ™ lepox,x) = A
Thus, X is completely isomorphic to AX NMIN,,(X). If d (X, AX "MIN,,(X)) < C
for any A € (0,1), then, by Lemma 5, o, (X) < C. Therefore, ex(X) < C.

Now consider the space X = A~'X + MAX,(X) (as before, A € (0,1)). Denoting,
once again, by id the formal identity map from X to X, we see that Iy, ®id is an
isometry (that is, ||z|m,x) = Hx||Mn x) for any @ € M, (X)), id~' is a complete
contraction, and ||id|| < A7'. If (X, X) < C, then dg(X*, X*) < C. However, by
[7],

X* = (A1X)* N (MAX,(X))* = AX* N MIN,, (X*).
Thus, by Lemma 5, a,(X*) < C, hence ex(X*) < C.

The exactness of both X and X* implies, by [11] (see also [10]), that X is com-
pletely isomorphic to H" @& K¢, where H" and K¢ denote the Hilbert spaces H and
K equipped with their column, resp. row, operator space structures. In particular,
there exits a constant ¢ > 0 s.t. (1) ex(X) < ¢, and (2) X contains c-completely
complemented subspaces of arbitrarily large dimension (in particular, those arising
from H{ & K§, where Hy and K, are subspaces of H and K, respectively).

It remains to construct an operator space X, completely isomorphic to X, and
such that Iy, @id is an isometry, yet ex(X) > Cec. Then the inequality d(X, X) >
ex(X)/ex(X) > C will deliver the desired contradiction.

To this end, pick a subspace F of X, s.t. (4Cc*n?)? < N =dim F < oo, and there
exists a projection P from X onto F, with ||P||s < ¢. Let j : E — MAX(E) be the
formal identity map, and consider u = (cn?)™'jP € CB(X,MAX(E)). Define the
operator space X by setting, for x € Ky ® X,

2] oo x = max{||z]lcoex; (o ® u)] koemaxe) }-
Denoting by id the formal identity map from X to X, we observe that
lidle < Nlulles < (en®) gl Plles < N/n* < 00

(here, we use the fact that ||j||s < N, see e. g Chapter 3 of [9], or [12] for a better
estimate). Moreover, |lul] < (en?)™|P|| < 2. By Corollary 4 (and the fact that,
for every operator space Y, MIN(Y) = MINl(Y)), el max(ey < n2|lellm, N e))
for any e € M,,(£). Therefore,

[In, ® ull < 0?1, ® ull povt, ()M, Ny = 12 flul] = 1.

Thus, In, ® id is an isometry.
It remains to estimate ex(f( ) from below. Denote E the image of E in X, and by j
the formal identity map from E to MAX(E). Then ||| = ||77!|| < 1. Moreover,

lellng, ) = 1, © w)ella,uaxey = (en®) ™ (Im, ® J)ella aaax(e))
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for any e € M,(E), hence ||j||s < cn?. Therefore,

7 o eX(MAX(E)) VN

ex(X) > ex(E > Cec

" el i e T Aen?
(by [3], ex(MAX(E)) > VN /4). _

Acknowledgments. We would like to thank the organizers of of the workshop in
Linear Analysis and Probability in College Station, TX, in 2004 and 2005, where
part of this work was carried out.

REFERENCES

[1] E. Effros and Z.-J. Ruan. Operator spaces, Oxford University Press, New York, 2000.
[2] W. Johnson and E. Odell. The diameter of the isomorphism class of a Banach space, Ann.
Math., 162:423-437, 2005.
[3] M. Junge and G. Pisier. Bilinear forms on exact operator spaces and B(H) ® B(H), Geom.
Funct. Anal., 5:329-363, 1995.
[4] F. Lehner. M, espaces, sommes d’unitaires et analyse harmonique sur le groupe libre. PhD
thesis, Université Paris VI, 1997.
[5] J. Lindenstrauss and L. Tzafriri. Classical Banach spaces I, Springer-Verlag, Berlin, 1977.
[6] T. Oikhberg. The non-commutative Gurarii space, Arch. Math., 86:356-364 (2006).
[7] T. Oikhberg and E. Ricard. Operator spaces with few completely bounded maps, Math. Ann.,
328:229-259 (2004).
[8] V. Paulsen. Completely bounded maps and operator algebras, Cambridge University Press, 2002.
[9] G. Pisier. An introduction to the theory of operator spaces, Cambridge University Press, 2003.
[10] G. Pisier. Completely bounded maps into certain Hilbertian operator spaces, Int. Math. Res.
Not., 74:3983-4018, 2004.
[11] G. Pisier and D. Shlyakhtenko. Grothendieck’s theorem for operator spaces, Invent. Math.,
150:185-217, 2002.
[12] E. Ricard. Décompositions de H', multplicateurs de Schur et espaces d’opérateurs, PhD thesis,
Université Paris VI, 2001.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA - IRVINE, IRVINE CA 92697
FE-mail address: toikhber@math.uci.edu



