HYPERREFLEXIVITY AND OPERATOR IDEALS
TIMUR OIKHBERG

ABSTRACT. Suppose (8, 3) is an operator ideal, and A is a linear space of oper-
ators between Banach spaces X and Y. Modifying the classical notion of hyper-
reflexivity, we say that A is called B-hyperreflexive if there exists a constant C' such
that, for any T' € B(X,Y) with a = sup 3(¢T'%) < oo (the supremum runs over all
isometric embeddings ¢ into X, and all quotient maps of Y, satisfying ¢Ai = 0),
there exists a € A, for which (T —a) < Ca. In this paper, we give examples of B-
hyperreflexive spaces, as well as of spaces failing this property. In the last section,
we apply Sg-hyperreflexivity of operator algebras (Sg¢ is a regular symmetrically
normed operator ideal) to constructing operator spaces with prescribed families of
completely bounded maps.

1. INTRODUCTION

1.1. Main definitions. In the early 1970s, the notions of hyperreflexivity of opera-
tor algebras (and, more generally, of subspaces of B(H), where H is a Hilbert space)
was introduced by W. Arveson [4], in order to compute the distance to nest algebras.
Later, the notion of hyperreflexivity was expanded to subspaces of B(X,Y’), where
X and Y are Banach spaces.

In this paper, we consider hyperreflexivity of spaces of operators with respect to
operator ideals. More precisely: suppose X is a class of Banach spaces, stable under
taking subspaces and quotients. Suppose B is a maximal Banach operator ideal,
defined for members of X'. That is, forany X, Y € X, B(X,Y) isasubset of B(X,Y),
equipped with the norm 3(-). (B(X,Y),3) is a Banach space. The ideal property
means that, for any Xo, X,Y Yy € X, and every T' € B(X,Y), Tx € B(Xo, X),
and Ty € B(Y,Yy), we have B(TyTTx) < | Tv||B(T)||Tx||. Maximality of B means
that, for every T € B(X,Y), B(T) = sup B(¢Ti), where i : E — X is an injection,
q:Y — Fis a quotient, and the spaces E, F' € X are finite dimensional. For further
information about operator ideals, see [13, 14, 37, 47].

We say that a maximal Banach ideal B is nice if there exists a sequence of positive
scalars 3, /" oo, so that for any n-dimensional £ € X and any T" € B(E,Y),
B(T) > (3, whenever ||Te| > 1 for any e € E. By Dvoretzky Theorem, this is
equivalent to the existence of a sequence of positive scalars 3, " oo s.t. 3(T) = 3,
whenever T' € B(¢3,Y) is such that ||T¢|| > 1 for any e € £3.
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A number of well-known operator ideals turns out to be nice. Recall that, for
1 < ¢ < p < oo, the (p,¢)-summing norm of T € B(X,Y) (denoted by m,,) is
defined as the smallest positive constant ¢ such that, for every x,...,x, € X,

(Y Iral)” < swp  (Flat(@)l)".

preX* o<1

The ideal of (p,q)-summing operators is denoted by IL,,. If p = ¢, we speak of
p-summing operators. The norm and the ideal are then denoted by m, and II,,
respectively. It turns out that (see e.g. p. 207 of [14]) II,, is nice if p € [1,00),
and 1/g — 1/p < 1/2. In particular, the ideal II, is nice for p € [1,00). The ideal
I, of p-integral maps is nice for p € [1,00) (to see this, compare the p-summing
and p-integral norms). The ideal D, of p-dominated maps (p € [1,00)) is nice by
17.4.3 and 17.4.7 of [37]. On the other hand, the ideal I', of p-factorable operators
is maximal (see e.g. Chapter 9 of [14]), but not nice.

Suppose A is a non-empty absolutely convex subset of B(X,Y), closed in the
weak operator topology (that is, in the topology determined by the family of semi-
norms py (1) = y*(Tx), with x € X and y* € Y*). Denote the Minkowski gauge
functional, associated with A, by p4 (or simply by p, if there is no possibility of
confusion). Suppose B is an operator ideal For T' € B(X,Y") denote by d4 5(T) the
infimum of all A > 0 with the property that, for any v > 1, B(uTv) < Ay whenever
the contractions v: E — X and u : Y — F (E, F € X are finite dimensional) satisfy
B(uav) < ~ for every a € A. For C' > 0, we say that A is C' — B-Azoff-Shehada
hyperreflexive (C' — B-ASHR, for short) if, for any 7" € B(X,Y) with d4 (7" fi-
nite, and any € > 0, we can write T = a + b, with a € FA, b € B(X,Y), and
pla) + B(b) < (C+e)das(T).

Throughout the paper, we work with maximal Banach ideals. In this case, the
condition that £ and F are finite dimensional is redundant.

If A— B(X,Y) (throughout the paper, we use the notation “Z; < Z5” to mean
“Z is a closed linear subspace of a Banach space Z,”) is C'—8-ASHR (or B-ASHR),
we simply say that A is C' — B-hyperreflexive (resp. B-hyperrefiexive). The space A
is C' — B-hyperreflexive iff we have

distss(T', A) := inf B(T' — a) < Cdan(T),
where

(1.1) das(T) = sup B(uTv),

with the sup taken over all finite rank contractions v and v with u.Av = 0. Note that
das(T) = sup B(qT), where the supremum runs over all injections 7 : £ — X and
quotient maps ¢ : Y — F, for which E, F € X are finite dimensional, and ¢Ai = 0.
Indeed, for u and v as in (1.1), take E' = ranv, and G = keru. Denote by v’ the
astriction of v to F, and by ' the operator on F' = Y/G, defined by u/(qy) = uy.
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Let ¢ be the embedding of F into X, and let ¢ : Y — F' be the quotient map. Then
qAi =0, and v/qTiv" = uTv for any T € B(X,Y). As v and v’ are contractions, we
have B(uTv) < B(qT7).

The simplest example of a B-ASHR subset of B(X,Y) (B is a maximal Banach
ideal) is {0}. Other examples and counterexamples are found in Sections 2 and 3.

To indicate the connection with the classical definition of hyperreflexivity (see
e.g. [12, 30]), recall that a subspace A of B(X,Y) is C-hyperreflezive if, for every
T € B(X,Y),

(1.2) inf |[T"—a| <C sup d(Tz, Az)
acA zeX, ||z]|=1

(d stands for the distance in Y). A subspace A is called hyperreflezive if it is C-
hyperreflexive for some C'. Suppose B is the ideal of bounded linear maps. Denote
by i, the canonical embedding of Cx into X, and by ¢, the quotient map Y — Y/ Ax.
Then the right hand side of (1.2) is nothing but C'sup,¢ x ||¢.T".||, while the left hand
side equals distg(7,.A). On the other hand, suppose i : E — X and ¢ : Y — Y/G
are an embedding and a quotient map, respectively, such that gAi = 0. Pick ¢ > 0,
and find a norm one x € E s.t. ||¢Tix| > (1 — ¢)||¢Tiz|. Then Az C G, hence (in
the above notation)

@ Tiz|| = ||qTiz|| > (1 —¢)||qTiz||.

Thus, the left hand side of (1.2) becomes left hand side of (1.2) when we take B to
be the ideal of bounded operators.

Over the last thirty years, a lot of information about hyperreflexivity has been
accumulated (see e.g. [11]). For instance, by [44], that any one-dimensional subspace
of B(X,Y) is 3-hyperreflexive (1-hyperreflexive if X and Y are Hilbert spaces, see
[3]). More generally, by [30], any reflexive finite dimensional space of operators is
hyperreflexive. In the case of B-hyperreflexivity, this is false. By Theorem 2.12 and
Proposition 2.14, for many pairs of infinite dimensional Banach spaces (X,Y’), and
many nice ideals B, there exists T' € B(X,Y) s.t. FT is not B-hyperreflexive (here,
F stands for the field of scalars, either R or C). Moreover, by Theorem 2.15, for
many nice ideals B (such as I', for 1 < p < oo, and I, for 1 < ¢ < 2) there exists
a Banach space X s.t. Fly is not B-hyperreflexive. However, by Theorem 2.1, FIyx
is [T ,o-hyperreflexive (for 2 < ¢ < oo) for any Banach space X. Moreover, if B is a
nice operator ideal, and X is a £, space (1 < p < 00), then FIx is B-hyperreflexive
(Theorem 2.9).

In Section 3, we consider spaces of operators between complex Hilbert spaces. In
particular, Theorem 3.1 shows that any von Neumann algebra is Sg-hyperreflexive,
when £ is a reflexive symmetric sequence space € (the question of whether every
von Neumann algebra is hyperreflexive is open). By Theorem 3.3, the linear span
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of a non-compact operator is Sg-hyperreflexive. On the other hand, the nest alge-
bras with infinite nests, and the algebras of analytic Toeplitz or Laurent operators,
are hyperreflexive, but not Sg-hyperreflexive for most symmetric sequence spaces £
(Theorems 3.4, 3.5).

In Section 4, we apply B-hyperreflexivity to the problem of constructing operator
spaces with prescribed sets of ¢.b. maps. Theorem 4.1 shows: suppose £ is a sym-
metric sequence space satisfying certain properties, Sg is the corresponding operator
ideal, H is a separable Hilbert space, and A is an absolutely convex Sg-ASHR sub-
space of the unit ball of B(H), containing the identity Iy. The H can be equipped
with an operator space structure X, s.t. CB(X) = CA + S¢.

Remark 1.1. (1) The term “Azoff-Shehada hyperreflexivity” is inspired by the works
of E. Azoff and H. Shehada (see e.g. [5]) on reflexivity of convex sets.

(2) By changing the above definitions slightly, we define d/y »(T") (A C B(X,Y),
T € B(X,Y) as the infimum of all A > 0 with the property that, for any v > 0 (as
opposed to “y > 17 in the definition of d 4 (7)), B(¢T7) < Ay whenever the injection
i: E — X and the quotient map ¢ : Y — F (E, F € X are finite dimensional) satisfy
B(qai) < vy for every a € A. Clearly, dy 5(T) > da»(T). For any C' > 1, we may
have d/y (1) = Cdas(T) (consider, for instance, the case of X =Y =TF, T' = I,
and A= {\Ir| |\ <C1}.

We say that A is (C' — B)"-Azoff-Shehada hyperreflexive if for any 7' € B(X,Y)
with d/y (7) finite, and any ¢ > 0, we can write T' = a+b, with a € FA, b € B(X,Y),
and p(a) + B(b) < (C +¢€)dy »(T). It is not clear whether the notion of (C' — B)’-
ASHR is strictly weaker than of C' — B-ASHR. In this paper, we mostly consider
B-hyperreflexivity of spaces of operators, in which case, the distinction between the
two versions of versions of ASHR is irrelevant. We selected our definition of ASHR
over the possible alternatives for the sake of applications to the theory of operator
spaces (Section 4).

Remark 1.2. In this paper, all the ideals are assumed to be normed. Many proofs
will also go through for quasi-normed ideals. Indeed, suppose first that (98,3) is a
normed ideal. If T" is a rank n contraction, then it factors contractively through an
n-dimensional space, and therefore, by the existence of an Auerbach basis, it can be
represented as a sum of rank 1 contractions 77,...,7,,, with m < n. By 6.1.5 of
[37], B(Tx) = ||Tx|| for each k, hence B(T) < n. Therefore, B(T) < ||T||rank T" for
any finite rank operator T

Now suppose the ideal (98, 3) is quasi-normed. By Section 6.2 of [37] (and passing
to an equivalent ideal norm if necessary), we can assume the existence of r € (0, 1]
such that B(> "L, Sk)” < Yoo, SkB(Sk)" for any Sy, ..., S, € B. Then B(T) <
|T||(rank T)*/". The proofs where finding an upper estimate for 3(T) (for a finite
rank 7') is important can be done in this setting, too. Thus, Theorems 2.1, 2.12,
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2.15, and Corollary 2.2 still hold in the quasi-normed setting. On the other hand, we
cannot establish Lemma 2.11 without assuming that the ideal involved is normed.
We do not know if Theorems 2.9 and 2.10 remain valid for quasi-normed ideals.

1.2. Preliminaries. We some observations, to be used throughout the paper. First,
we prove that B-hyperreflexivity, and B-ASHR, are stable under isomorphisms.

Proposition 1.3. Suppose X1, X5, Y1, and Yy are Banach spaces, (98, 3) is a maz-
imal ideal, U : X1 — Xy and V' 'Yy — Ys are isomorphisms, and A — B(X1,Y))
is C — B-hyperreflezive. Then A" = VAU is a [|[V][|[VHCIUINU|| — B-
hyperreflexive subspace of B(Xs,Y5).

Proof. Consider T' € B(X3,Y3), such that B(A'TB’) < A < 1 whenever the contrac-
tions A’ and B’ satisfy A'(VAU')B’" = 0. We have to show that distgs(7,.A") <
IVIIIVHICNUNT Y. To this end, consider S = V~'TU, and note that 3(ASB) <
A|UJ|[V~!|| whenever B : E — Y; and A : X; — F are contractions with AAB = 0.
Indeed, B’ = UB/||U|| and A’ = AV ~1/||[V || are also contractions, and A’A’'B’ = 0.
Moreover, ASB = |U||||V Y| A'TB’. Thus, B(ASB) < A|U||||[V ]|, hence there ex-
ists a € As.t. B(S —a) < C|U||[V7!. Let «’ = VaU™'. Then

BT —a) < IVIIUB(S — a) < CIUNIVIIVIIIT)
(here, we use the identity 7=V SU™!). ]

A similar statement holds for Azoff-Shehada hyperreflexivity.

Proposition 1.4. Suppose X1, X5, Y1, and Yy are Banach spaces, (98, 3) is a maz-
imal ideal, U : X1 — Xy and V 'Yy, — Yy are isomorphisms, and A C B(X1,Y)1)
is B-Azoff-Shehada hyperreflevive. Then A" = VAU C B(X,,Ys) is B-Azoff-
Shehada hyperreflexive.

The proof of this proposition is similar to that of Proposition 1.3. We do not
compute the B-Azoff-Shehada hyperreflexivity constant explicitly, since we never
need it.

Similarly, we show that “deformations” of sets of operators preserve their 28-Azoff-
Shehada hyperreflexivity.

Proposition 1.5. Suppose A and A’ are non-empty absolutely conver subsets of
B(X,Y), and A is C — B-Azoff-Shehada hyperreflezive. Suppose, furthermore, that
ClAC A C CoA (0 < Oy < Cy). Then A" is Cmax{1,C;'} max{1, Cy} —B-ASHR.

Proof. Suppose T € B(X,Y) is such that, for any v > 1, and any pair of finite
rank contractions u,v with B(uav) < v for any a € A, we have B(uTv) < ~. Fix
7' > 1, and suppose the finite rank contractions u and v are such that B(uav) <
v for any a € A. Then B(uav) < max{l,Cy}y for any a € A’, and therefore,
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B(uTv) < max{l,Cy}y. Thus, for every ¢ > 0 we can write T" = a + b, with
pa(a) + B(b) < Cmax{l,Cy} + . However, pa(a) < pa(a)/Cy, hence

pa(a) + B(b) < max{1,Cr " }pala) + B()) < max{1,C7 ' }(Cmax{l,Co} +¢).
¢ can be arbitrarily small, hence we are done. [ ]

We also need to mention a connection between B-hyperreflexivity of subspaces,
and B-Azoff-Shehada hyperreflexivity of their unit balls. Clearly, if A is a WOT
closed subspace of B(X,Y), then its closed unit ball Ba(.A) is also WOT closed.

Proposition 1.6. Suppose (B, 3) is a maximal ideal, and let A be a subspace of
B(X,Y), closed in the weak operator topology, is C —B-hyperreflexive. Then Ba(.A)
is (2C + 1) — B-Azoff-Shehada hyperreflexive.

Proof. Suppose A is C' — B-hyperreflexive, T € B(X,Y'), and dgaa)s(T) < 1. We
shall show that, for any ¢ > 0, we can write T'=a + b, with a € A, b € B(X,Y),
Ib]] < C, and ||a]] < C' + 1.

Indeed, B(qT) < dpaa),s(T) < 1 whenever gAi = 0. As A is C' — B-hyperref-
lexive, there exist a € Aand b € B(X,Y) s.t. T =a+0b, and B(b) < C. We shall
how that [|a|| < C' + 1. Indeed, otherwise there exist norm 1 x € X and y* € Y* s.t.
y*(ax) > C'+1. Denote by i the embedding of Fz into X, and by ¢ the quotient map
Y — Y/kery*. Then gai is a rank 1 map, hence ||qai|| = B(gai) > C + 1. Similarly,

Blqaoi) = llqaoill < llgllflaoll[l2] <1

for any ay € Ba(A). But, by the triangle inequality,

B(qTi) > B(qai) — B(gbi) > C +1—B(b) > 1,
a contradiction. Thus, ||a]| < C + 1. u

Finally, we introduce several Banach space definitions, with an eye for stating a
version of the “principle of small perturbations”.

A family of finite dimensional subspaces (F),),en of a Banach space X is said
to be a finite dimensional decomposition (FDD, for short) if X = m, and
sup,, || Pn|| < oo, where P, is the projection onto span[F;|i < n], with ker P, =
span[F; |i > n]. The number sup,, ||P,|| is called the FDD constant of (F,). We
say that a sequence (F},) of subspaces of X is an FDD sequence if it is an FDD of

A sequence (z,)nen in a Banach space X is called a basis (respectively, a basic
sequence) if (Fz,),en is an FDD (resp. FDD sequence) in X. The FDD constant
in this case is called the basic constant. A basis (or a basic sequence) (z;) is called
C'-unconditional if, for any eventually null sequence («;);en of scalars, and for any
sequence (w;)ien With |w;| = 1 for every 4, we have || >, aw;z;|| < C|| >, az;|. The
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infimum of all such C’s is called the unconditionality constant of (x,). The basis ()
is called normalized if ||x,|| = 1 for each n.

We denote by v (7T") the nuclear norm of an operator 7'. It is known that the set of

nuclear operators is a Banach ideal, but not a maximal ideal. For any Banach ideal
(%8, B), and any operator T', we have ||T']| < B(T) < vy (T).
Lemma 1.7. Suppose (F,) is a C-FDD sequence in a Banach space X. Sup-
pose, furthermore, that the operators T € B(X) and T,, € B(F,) (n € N) satisfy
S dim F, - v (T|p, — T,) < oo. Then there exists T € B(X) such that T|r, = T,
and (T —T) <203 dim F, - y(T|p, — T).

Proof. Set Y = span[Fy, Fy,...], and let P, : Y — span[F},... F,] be a projection
with ker P, = span[F;|i > n]. Let @, = P, and Q,, = P,, — P, for n > 2. Then
Q.|| < 2C for each n. Clearly, @, extends to a projection @, from X onto F,, with
1Qnll < ||Qnl|dim F,. Then T'=T — 3% (T — T,,)Q,, has the desired properties. m

2. THE BANACH SPACE CASE

2.1. The Banach space case: positive results. In this subsection, we give ex-
amples of B-hyperreflexive spaces of operators.

Theorem 2.1. If X is an infinite dimensional Banach space, and 2 < q < oo, then
FIx is C — y-hyperreflexive, where C' is an absolute constant (independent of X
and q).

It is easy to see that, for any linear operator u, me2(u) = |lu|l. By [30], every
1-dimensional space is hyperreflexive. Thus, only the case of 2 < ¢ < 0o needs to be
considered.

Before proving the theorem, we state and prove its corollary.

Corollary 2.2. Suppose P and Q) are infinite rank projections in Banach spaces X
and Y, respectively. Suppose, furthermore, that A € B(X,Y') is such that QAP is
invertible as a linear map from ran P to ran @, and A(ker P) C ker Q. Then, for
2 < q < oo, FA is I o-hyperreflexive.

Proof. We shall use Cy, C1, ... to denote constants, depending only on P, ), and A.
Let Xy = ker Pand Yy = ker Q. Any T € B(X,Y') can be written as T' = QT P+ (I —
Q)TP+QT(I—-P)+(I—-Q)I'(I—P). Suppose dram,,(T) < 1. Viewing QAP as an
invertible operator from ran P to ran @, we conclude that drgapm,,(QTP) < 1. By
Theorem 2.1 and Proposition 1.3, there exists A € F s.t. 7, (QTP — AQAP) < Cy.
We shall show that 7 (7T — AA) < C;. Without loss of generality, we can assume
that A = 0.
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Note first that
I _
(I = Q)TP) < || — QHHPHM(HI . gHTHPH)

< |17 = QIIPldran,,(T) < 1T = Q[P
(we use the fact that (I — Q)AP = 0). Similarly, m(QT(I — P)) < Q||| — P]|.

To handle (I —Q)T'(I — P), pick ¢ € (0, mp2(({ —Q)T'(I — P))), and prove that ¢ <
(5. Indeed, if its not so, then there exists w : £§ — X s.t. mp((I—Q)T(I—P)w) > ¢
Let v = ({ — P)w/||I — P||. Then mu(({ — Q)Tv1) > ¢/||I — PJ||. We estimate the
left hand side from above.

By p. 207 of [14], lim, my(ls) = oo, hence, by Dvoretzky Theorem, QTP is
strictly singular. Perturbing 7" slightly (cf. Lemma 1.7), we can assume the existence
of an n-dimensional subspace F' < ran P s.t. T|p = 0, and d(¢5, F) < 2. Find a
contraction vy : £ — F s.t. ||vz||™! < 2. Then v = (vy + v2)/2 is a contraction. Let
q:Y — Y/A(ranv) be a quotient map. We shall show that 7 (¢7v) > Csc. To this
end, observe that, for any n € £, Av;n = Av; o (v, ' A7) o Avyn, hence

[Avll < CillAvanl, with Cy = 2 AN (Al )
Therefore, for any & € (3,
2|lqT vl = nlgéﬂ [T (v1 + v2)§ — A(vr + v2)n)|
2

1 1
> max { || Avan], | Toié — Avin|}
[P I7=P]

1
> gppy PP max{t: [Tvigl] = Cit}
1 Cy 1
J— > .
= 2P| (04 1t e Tl C4t)) > 20| Tv €|

Thus, by definition of Iy, mpe(¢Tv) > Csmpe(Tv) > Cse. But gAv = 0, hence
7g2(¢Tv) < 1, which yields the desired estimate for c. [

To prove Theorem 2.1, we need a series of lemmas. The first one is a part of the
Banach space lore.

Lemma 2.3. Suppose E is a finite dimensional subspace of an infinite dimensional
Banach space X, and ¢ > 0. Then X contains a finite codimensional subspace Y, so
that |le + y|| = max{(1+ &)~ YYle|l, (2 + ) |y|} for everye € E andy € Y.

The next result is very easy to verify.

Lemma 2.4. Suppose (x,) is a normalized basic sequence in a Banach space X,
with a basic constant c. Suppose, furthermore, that T € B(X) is such that, for every
n €N, [|[Tz,| < yn, where Y, yp < 0o. Then, for any x € span(xy | k > n], we have

1T < 2cl|| 3202, Y-
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Proof. Write x = > 2 agxy. Then, for any m > n, ||, agxi] < cf|z], and
therefore,

m m—1
= 1Y gz — Y | < 2]l
k=n k=n

We conclude the proof by observing that | Tz|| < > pc | ou| 7. |

The following result seems to be well-known, too. We sketch the proof for the sake
of completeness.

Lemma 2.5. Suppose X is an infinite dimensional complex Banach space, and ()
is a sequence of positive numbers. Then for every T € B(X) there exists A € C and
a normalized basic sequence (x,) in X, such that lim,(T — Nz, = 0, and, for each
neN, [|D0 apell < (1 +3)| Yore, arxy|| whenever ay, as, ... is an eventually
null sequence of scalars.

Sketch of the proof. By Lemma 2.3, it suffices to prove that, for some A € C, T'— A
is not an isomorphism on any finite codimensional subspace of X. Indeed, otherwise
the generalized Fredholm index (7" — \) is defined for every A. By the continuity
of the generalized Fredholm index (see Section 4.4 of [1]), i(T" — ) is independent
of A. But T"— X is an isomorphism on X for |[A| > ||T||, hence T"— A is a Fredholm
operator of index 0 for each A € C. Thus, 0.s(T) = ), a contradiction. (]

Corollary 2.6. Suppose X is an infinite dimensional complex Banach space. Then
for every T € B(X) there exists A € C so that, for every finite dimensional subspace
E of X, e >0, and n € N, there exists A € C, and a subspace F of X, (1 + ¢)-
isomorphic to 0y, and such that (i) |[(T — N) f|| < e||f|| for any f € F, and (ii) for
anye € E and f € F, |le+ f|| > max{(1+¢) e, (2+¢e) | fII}.

Proof. By Lemma 2.5, there exist A € C and a sequence (z,) in X, with basic
constant less than 2, such that ||[(T — M)z,|| < 1/(5-4""1). By Lemma 2.4, ||(T —
ANyl < 47" for every y € Y,, = span[z; |i > n]. This yields an infinite dimensional
Y — X st ||(T—N)y|| < e forevery y € Y. An application of Lemma 2.3 completes
the proof. [

Proof of Theorem 2.1, the complex case. Suppose dcrym,(T) < 1, and show that
m2(T — Mx) < 36, with A € C from Corollary 2.6. Clearly, it suffices to assume
that A = 0, and prove that m,(T") < 36.

Pick ¢ € (0, 74,2(T)). By Chapter 11 of [47], there exists a contraction u : £5 — X
s.t. mg(Tu) > c. Perturbing T slightly and applying Corollary 2.6, we prove the
existence of an n-dimensional F' — X s.t. d(F,03) < 2, T|r = 0, and |le + f]| >
max{|e|l, || f]|}/3 for any f € F and e € E = span[ranu,ranT'u]. Find uy : 5 — F
st. [Jur|| =1, |lu;t|| < 2. Then v = (u + u;)/6 is a contraction.
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Denote by ¢ the quotient map X — X/ranwv. Then, for every £ € 3,
(2.1) lgTeg]l > |1 Tug]/36.

Indeed, any element of ranv can be written uniquely as e + f, withe € E, f € F,
and ||| > [l Then

1
1Tvg = (e + F)ll = I(Tv€ — e) + fI| < 5 max{||TvE —ell, [|£]]}-

IF £ < ITe€]/2, then |Tog — el > | Tuell — el > | Tvél/2, and [To€ —(e-+ )] >
| TvE||/6. If || f]] = [TvE]|/2, the same inequality also holds. Therefore, for any
€ ey, ||gTvé|| = || Tv€||/6. Moreover, TvE = Tu /6, which yields (2.1).

By definition of the (g,2)-summing norm, w4, (¢7v) > ¢/36. However, qv = 0,
hence 7y (q1Tv) < derym,,(T) < 1, and we are done. ]

We next handle the real case of Theorem 2.1. For a real Banach space X define its
complexification X. as a complex Banach space, isomorphic to X @& X as a real space.
Multiplication by i = /—1 is defined as i(z,y) = (—y, x). The norm is defined by

x, .= max |[cos¢- T +sing - .
(o), = max fleos o +sing -yl
Consequently,

(2.2) max{||z([, [lyll} < [I(z, y)llx. < 2l + [yl

It is well known (see e.g. Section 1.1 of [1]) that X, is indeed a complex Banach
space. Henceforth, we identify (z,y) € X, with  + iy. For T" € B(X,Y), its
complexification T, € B(X,,Y.) is defined by setting T.(z + iy) = Tx + iTy.

Since we are working with direct sums of Banach spaces, we need:

Lemma 2.7. Suppose X and X5 are infinite dimensional Banach spaces. Denote
by P1 and Py the canonical projections from X1 @y Xo onto Xy and Xs, respec-
tively. Then every infinite dimensional subspace Y of X1 @s Xo contains an infinite
dimensional subspaces Z such that either Py|z or Ps|z is invertible.

Proof. Suppose that, for any infinite dimensional Z — Y, Pj|z is not invertible.
Then there exists a normalized basic sequence (z,), with the basic constant less
than 2, and such that ||Piz,| < 272 for each n. We shall show that P, is an
isometry on Z = span|z, |n € N|. Indeed, by Lemma 2.4, |Piz| < ||z| for every
x € Z. However, ||z|| = max{|| Pz, || P2x|}, hence ||Pox| = ||z|| for any x € Z. =

Lemma 2.8. Suppose X, is the complexification of a real Banach space, T € B(X),
and a norm one vector z = x + iy € X. (with x,y € X) satisfies ||Tez — iz| <
1/20 (here, T, is the complezification of T ). Then, for any a,b € R, |lax + by|| >
C'max{|al, |b|}, where C' = 1/(4(||T|| +4)).
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Proof. By (2.2), 1/2 < max{||z|,||y]|} < 1. By definitions of X, and T,, T,z =
Tx+iTy, and iz = —y +ix, hence T,z —iz = (Tx +y) +i(Ty — z). By (2.2) again,

max{(|Tz +y|, [Ty — ||} < 1/20.

Show first that ||z 4 by|| > C for each b € R. Indeed, suppose ||z + by|| < v < 1.
Then [b]||y| < ||z + by|| + ||=]| < 2, hence |b| < 4. Therefore,

1
1T (2 +by) = (=y + b2)|| < Tz +yll + Bl Ty — 2] < 2,

hence
1
I =y +bal < [ Tlllz + byll + [ T(x + by) = (=y + b2) | <[ T]|7 + 5.

Therefore,

1

5 S Ayl = lIb(z + by) = (—y + ba)

1
<ol +byll + I =y + ball < (4+ [Ty + 7,

and therefore, v > 1/(4(||T|| + 4)). This show that ||ax + by|| = C|a|. Similarly, we
show that |lax + by|| > C|b). n

Proof of Theorem 2.1, the real case. Consider T' € B(X), with drr, 11,(T) < 1. By
Lemma 2.5, for any T" € B(X) there exists A = a+ i € C (o, € R) s.t. the
restriction of T, — Ay, to an infinite dimensional subspace Z of X, is compact. We
shall show that § = 0. This would imply the existence of infinite dimensional ¥ — X
s.t. (T'— al)ly is compact. Indeed, we can view Z as a subspace of X @ X, and
denote by P, and P, the projections onto the first and the second copies of X (the
“real” and “imaginary” parts of X, respectively). By Lemma 2.7, we can assume the
existence of ¢ > 0, and of an infinite dimensional Zy — Z s.t. ||Pz]| > ¢||z|| for each
z € Zy. Find a normalized basic sequence (2,)nen in Zy, s.t. (T — al)z,|| < 47"
Let y, = Pyz,. Note that ||y,| = ¢ for each n, and (y,)nen is a basic sequence in Y.
Moreover, by (2.2),

(T = alx)yall < I(T. = ali)zall < 47" yal

for each n. Thus, (T — aly)|y is compact, where Y = span|[P;z, |n € N]. The proof
can then be completed as in the complex case.

By considering T' — alx instead of T, we can assume that o = 0. We need to
establish that, if the restriction of (7. — iflx,) to an infinite dimensional subspace
of X, is compact, and dgy, 1,(7") is finite, then § = 0.

Indeed, otherwise we can assume that § = 1. We are going to find (inductively)
a normalized sequence z, = x, + iy, € X. (Tn,Yn € X) s.t. ||Tezn — izn]] < 1/(8 -
47 1(||T||+4)), and the spaces F,, = span[z,,, y,| form an FDD sequence with constant
less than 2.
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First note that, by Lemma 2.5, there exists a normalized sequence z;, € X, which
has basic constant less than 2, and such that [|T.z/, — iz, || < 1/(4"4(||T|| + 4)) for
each n. Let z; = z]. Suppose we have already selected zj, € span[z], |m > k| for
1 < k < n. To pick 2,41 € span[z, |m > n], find a finite collection F of norm
1 linear functionals in X*, such that maxser f(z) > (1 + 4="+D)7L||z|| for any
x € span[Fy, ..., F,]. Consider

Y = (mfef kerf) N (mfef ker (T*f)) < X

As dim (X/Y) < oo, Y N Pi(spanz,, |m > n]) is non-trivial (as before, P; is the
“real part” projection from X, to X, that is, Pi(z + iy) = x). Below we prove that
any norm 1 2,41 = Tp41 + Wpt1 € span|z), |m > nl, with 2,41 € Y, has the desired
properties. By Lemma 2.4, || T.2,11 — i2n1| < 1/(8 - 4"T(||T|| + 4)). To show that
(F,) is an FDD sequence, prove first that

(2:3) lw + 'l = (1 =247 )]

for any w’' € F, 1], and w € span[F}, ..., F,]. Clearly, we can assume ||w| = 1. If
||w'|| = 2, there is nothing to prove. Otherwise, write v’ = az,41 + byny1, where
a,b € R, and (by Lemma 2.8) max{|al, |b|} < 8(||T||+4). By (2.2), |[TZns1—Yns1ll <
1/(8 - 4™ (||T|| +4)). Note that, for any f € F, f(zps1) = f(Tx,y1) = 0, hence

W) = af(@ni1) + 0(f(Tzpir) + f(ynsr — Tonia)) = bf (Ynar — Tnia),
and therefore, |f(w')| < b|||yns1 — TTny1]| < 4~ (2.3) now follows from

> — ! 1—2.4- (D),
|w + w'|| > max|f(w+w)l rpea;<|f<w)| I;lea;<|f(w)l>

Next consider a sequence (wy)n_,, with wy € Fy. By (2.3), H] mar(L—2 -

AN TSN wel = S w| for 1 < m < N. However, In((1 —¢)™) < 14 1.2¢
for € € (0,1/8], hence

H (1-2-47)" < 2.424—J’ =0.2<1n1.25.
j=2 j=2

Therefore, || S35, wi| < 1.25] S0, we], hence (F},),en is an FDD sequence, with
constant not exceeding 1.25.

Define T,, € B(F,) by setting T,,x,, = yn, Ty, = —2,. To find an upper estimate
for v1(T'|g, — T},), define projections P;, P, € B(F},) by setting Pz, = x,, Py, =0,
Py, = yn, and Pox, = 0. By the Lemma 2.8, |2, ||| < C = 4(||T|| +4). As
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P, + P, = I, we have
n(Tlp, —T.) < ni((Tlp, — To)Pr) + i((T|p, — T,) P2)
<P (T = To) lran ) + ([ P2|| i ((T = Ta) |ran s )

)8 )Y
C (I =Tyl + I = Tyl

20(I(T = Ta)aall + (T — To)yall)
2C (|| T2y + Yull + | Tyn — zl) < AC|Tozn — izn|| <47

N

/A

Applying Lemma 1.7, we can find T € B(X) s.t. (T —T) < 2, and T|p, = T,
for each n. Let Y = span[F, |n € N], and denote by S the operator Ty (viewed
as acting into Y'). Clearly, S*> = —Iy. Find a 2n-dimensional subspace of F < Y,
for which there exists a contraction u : 3" — E with ||u™!|] < 2. By Lemma 3.4 of
[46], there exists an n-dimensional G < 3" s.t. || Poru=tSuél| > ||€|| for each € € G
(Pg1 stands for the orthogonal projection onto G*). That is, ||u=tSu& + 5| = ||€]]
for any &, n € G. Therefore, ||Sué + un|| = [|£]|/2 for such n and &.

Denote by ¢ the quotient of X by u(G). Then, for any ¢ € G, |lqTué|| > ||€]|/2.
Therefore, by Proposition 19.1 of [47],

- - 1 nt/a
dRIXI[qg (T) = qu(qTU) = 571}#([(3) > T’

hence, for every n € N,
~ ~ nl/q
dRIX7Hq2 (T) 2 dRIx,HQQ (T) - 7Tq2 (T — T) > R 27

which yields a contradiction. [ ]

As seen from the proof above, the ideals Il are special, due to their connection
to the Hilbert spaces (and due to Dvoretzky Theorem). For an arbitrary nice ideal
B, FIx can be shown to be B-hyperreflexive if X has some “structure.”

Theorem 2.9. If X is an L, -space (1 < p < 0o, k > 1), and B is a mazimal
ideal, then Flx is C' — B-hyperreflexive, with C' dependent only on k.

We say that a basis (e;) is a Banach space E is self-repeating if there exists C' > 1
s.t., for any N € N, and for any infinite S C N, there exist ¢1,...,ix in S, so that
K| Z;VZI aje;| < | Zjvzl aje, || < k|| Z;VZI aje;|| for all aq,..., o, € F. It is easy

to observe that every subsymmetric basis is self-repeating.

Theorem 2.10. Suppose X is a Banach space with a self-repeating unconditional
basis, and B is a maximal ideal. Then Flx is B-hyperreflexive.

Note however that simply the existence of an unconditional basis does not entail
the B-hyperreflexivity of FIx (see Theorem 2.15).
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We start the proof of the two preceding theorems by learning to “diagonalize”
operators. If X is a Banach space with an unconditional basis (e;);cz, we call T €
B(X) diagonal if, for every i € Z, Te; = t;e; (t; € F).

Lemma 2.11. Suppose B is a maximal ideal, X is a Banach space with a C-un-
conditional basis (e;); (N € NU {oo}), and T € B(X) is such that dgr, (T) is
finite. Then there exists a diagonal Ty € B(X) s.t. B(T —Ty) < 4C*B(T), and
drrye 3(Th) < (4C% +1)B(T).

Proof. By homogeneity, we can assume that dpr, 5(7") < 1. We shall only consider

the case of infinite dimensional X (the finite dimensional one is tackled similarly).
Denote by f; the functional biorthogonal to e;, let t; = f;(Te;), and denote by T}

the linear operator on X, defined by Tie; = t;¢;. We shall show that (T —T;) < 4C2.
For F C N, define the projection Pz by setting

€; 1eF
Pf@i_{o i¢F

For simplicity, we denote Pp .. ) by @,. Observe that

,,,,,

QnTlQn = QnTQn — 2% Z (Qn — P]:)TP]:

However, (Q,, — Pr)Pr = 0, hence

B((Qn — Pr)TPr) < [|Qu — Pr|l| PFl| < C,

and therefore, 3(Q,TQ, — Q,T1Q,) < 4C? for each n.

It remains to show that B(T — Ty) < 4C?. To this end, it suffices to prove that
an operator S € B(X) satisfies B(5) < 1 whenever 3(Q,5Q,) < 1 for each n.
Indeed, for every ¢ € (0,8(S)) there exist finite rank contractions A and B such
that B(ASB) > B(S) — . Note that lim,, 11 (Q,,B — B) = 0, hence, by a small
perturbation argument, we can assume that ),,B = B. By a small perturbation
once again, we can assume that, for some n > m, Q,5Q,, = SQ.,,. Thus,

1> B(QnSQn) 2 B(AQ.SQnB) = B(ASB) > B(5) —«.

Since ¢ is arbitrary, we get the desired estimate. [

Proof of Theorem 2.9. In this proof, Cy, C,... stand for constants, which depend
only on x (we do not keep track on the rate of growth of our constants C; as k — oo,
but it appears to be polynomial).

By [25], X contains an increasing net of finite dimensional subspaces (X;);ez (or-
dered by inclusion), s.t. d(Xi,éfi) < Cy (K; is even), X = U;ezX;, and, for each i,
there exists a projection P; from X onto X; of norm less than Cy. Then, for each 1,
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there exists a normalized basis (eg-i))j-(:il in X;, such that, for any sequence of scalars

K;
(aj>j:17
K; _ K; K; 4
(2.4) CallY "ol < I asosll < Coll Y- agel|
j=1 j=1 j=1

((6;)72 is the canonical basis in ¢X7).

Suppose T" € B(X) is such that B(AT'B) < 1 whenever A and B are finite rank
contractions with AB = 0. For each i consider T; = P, TP, as an operator on X;.
For any pair of finite rank contractions B : £ — X; and A : X; — F, B(AT;B) =
B(APT,;B) < Cy whenever AB = 0 (we view B as taking E to X, and AP, as
mapping X to F'). By Lemma 2.11, there exists an operator S; € B(X), diagonal
with respect to (ey))K" such that B(T;|x, — S;) < Cy. We shall show that there

. ]:17
exists s € F s.t.
(2.5) B(S; — s x,) < Cs.
(
J .
we can assume that s; > sy > ... > sg,. Pick s = s € [Sk,/24+1, Sk, /2] (in other

Consider the real case first. We have: Sieg-i) = sj€ 2 By changing the enumeration,

words, s is a median of the sequence (s;)), and show that (2.5) holds for this value
of s®). To achieve this, consider the maps B : E{f’ﬂ — X; and A : X; — Efi/Q,

defined as follows:

1 d; d; :
(26) B = 2—00(63' +ex,—j), Aej = 2—(;07 Aeg,—j = —2—50 (1<) <K/2)
((@)ﬁf is the canonical basis for 651/2). Clearly, max{||A||,||B||} < 1, and AB = 0.
Therefore,

B(AS;B) < B(AT,B) + B(T; — Si) < Co + Ch.

On the other hand, 4C3AS;Bd; = (s; — sk,—;)d;. Denote by A, Aj, and A, the

. K; /2 . . .
diagonal operators on ¢, “, whose diagonal entries are, respectively, (s; — sk,—;),
(s; —s), and (s — sk,—;). Then A = 4CZAS;B, hence B(A) < 4C3B(AS;B) < Cj.
Moreover, there exist (diagonal) contractions Uy, U, € B(ﬁfi/z) st. A, =UA (r =
1,2). Therefore, B(A,) < B(A). Finally, S; — slx, = Wi A Vi + WoAo Vs, with
6 J< K2
0 j>K;/2°
and Vi, Wy defined similarly. By (2.4), || V.||, ||[W.|| < Co. This implies

‘/I:Xi—>€£(i/2:ejl—>{ Wl:ffi/QﬁXi:éjHej,

2

B(S; — sIx,) <Y _WilIV;IIBA,) < Ca,
r=1

hence (2.5) holds.
The complex case is slightly more involved. There, we write s; = a; +i3;. Let o
and § be medians of («;) and (f3;), respectively. As above, it suffices to show that
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the diagonal operators (a; — a) and (8; — ), acting on X;, have B-norms bounded
by a constant Cy/2. Now suppose oy > g > ... > ak,. With A and B as in (2.6),
we show that the

B(diag (aj — ag,—j + (85 — Br,— ]))K /2) < Cs.

Here, diag (t )-;/ is viewed as a diagonal operator on &,i ] = [ for 1 < 5 <

K;/2, then B(diag (t;)) > B(diag (t})). Therefore, B(diag (a; — a;, _j)K /2) < Cs. As

7=1
in the real case, we conclude that B(diag (a; — a)K i /?) < C. Similarly, we show that

B(diag (5; — 5)K /2) < Cs. Thus, (2.5) holds, with s®) = o 443, and Cy = 2Cs.
The inequality (2.5), and the reasoning preceding it, imply that

B((PTP, —sYP)|x,) < B(P, S) +B(S; — sy < CL 4 Cy = C.
But (Ix — P;)IxP; =0, hence
B((Ix — P)TP) < |[Ix — B[ PIIC < (Co +1)CoC.

Therefore,
BUT - s"1Ix)x,) < BUPT — sWIx)|x,) + B((Ix = P)TPR) < Cr.

Passing to a subnet of Z if necessary, we can assume that lim; s®) = s exists. We
shall show that 3(T — slx) < C;. Indeed, suppose j > i. Then

BUT — sV 1Ix)|x,) < BUT — sV 1Ix)|x,) < Cr.
Taking the limit, we see that, for each i, B((T — slx)|x,) < C7. Therefore,
B(T —slx) = sqpﬁ((T —slx)|x;) < Cr,

and we are done. ]

Proof of Theorem 2.10. Suppose (e;) is a self-repeating unconditional basis in a Ba-
nach space X. By renorming, we can assume that this basis is 1-unconditional, and
normalized. Consider T € B(X) with dpr, »(T") < 1, and show that B(T'—slx) < Cj
for some s € F (in this proof, Cy and C denote constants, depending only on the
“self-repeating constant” k). By Lemma 2.11, there exists a diagonal operator S s.t.
B(S —T) < Cy. We use the notation S = diag (s1, s, ...) (that is, Se; = s;e;). Let
s be a cluster point of the sequence (s;), and show that 8(S — slx) < C4.

Without loss of generality, assume s = 0. Denote by @),, the n-th basis projection
(Quei = e; if i < n, Que; = 01if ¢ > n). As in the proof of the previous theorem, it
suffices to show that B(SQ,—sQ.,) < C; for each n. By a small perturbation method,
and using the definition of the self-repeating basis, we can assume the existence of
in > 0> > nyoste /YT agell <Ol age |l < k(ST agesl| for
all aq,...,a, € F, and Se;;, = 0 for 1 < j < n. Let £ = spanfey,...,e,], and
consider B : £ — X :e; — (¢j +e;)/(2k). Define A : X — FE by setting
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Aej = e;/(2k), Aei; = —e;/(2k), Aep, = 0if k ¢ {1,...,n,i1,...,7,}. Clearly, A and
B are contractions, and AB = 0. Moreover, ASBe; = (s;—s)/(4x%)e;. Identifying F
with ran @, we obtain: Q,S = ABQ,/(4x*). Thus, 3(Q,S) < 4x*B(ASB) < 4k?,
and we are done. ]

2.2. The Banach space case: counterexamples. It is known (see e.g. [30]) that
every 1-dimensional space is hyperreflexive (more generally, every reflexive finite di-
mensional space of operators is hyperreflexive). In this subsection, we give examples
of 1-dimensional spaces which are not B-hyperreflexive.

Theorem 2.12. Suppose X and Y are Banach spaces, and B is a mazximal Banach
1deal.

(1) Suppose the norms || - || and B(-) are not equivalent on F(X,Y). Then there
exists an approzimable T € B(X,Y), for which FT is not B-hyperreflexive.

(2) For every C > 0 there exists T € B(X) such that FT is not C-B-hyperref-
lexive.

Remark 2.13. G. Pisier (see e.g. [39, 40]) constructed an example of a Banach space
Xp on which every approximable operator is nuclear. We do not know whether there
exists T' € B(Xp) for which FT" is not B-hyperreflexive.

Proof. (1) For n € N let ¢(n) = sup,anku—n 8(u)/|lu| (note that 1 < ¢(n) < n, and
lim,, ¢(n) = o0). Find a sequence of 4-tuples (g, ng, uk, Fr)ren, where, for each k,
ar >0, np € N, u, € B(X,Y) is a contraction of rank not exceeding ny, F, is a finite
dimensional subspace of X, and the following collection of inequalities is satisfied:

(1) Blux) = Blur|r,) > d(nk)/2.
(2.7) (2) gy < 27D min; ¢ o (max{dim Fj, 4n;})~}
(3) B(nes1) > 2 107y} (305 ny + 10%).

Indeed, the selection of such 4 tuples can be done inductively. First let oy = 275,
ny = 10, and pick u; and F to satisfy (2.7(1)). If the first k£ 4-tuples have already
been selected, find ayy1 > 0 for which (2.7(2)) holds. Then find ngy to satisfy
(2.7(3)). Finally, we pick ugi1 and Fjyq satisfying (2.7(1)).

Consider T = Y77 | auy, (the sum converges in B(X,Y), since 0 < a; < 27%F).
We claim that FT" is not B-hyperreflexive. To this end, show first that 7" ¢ B(X,Y).
Indeed, for each k > 1,

oo

(2.8) B(T) = B(T|r,) = cwB(ux|r,) Z%ﬁ ujlp,) — Z a;B(uj|r,).

j=k+1

But, for j < k, B(u,|r,) < B(u;) < ¢(n;) < nj, hence zj;l a;B(u;|p,) < zf;ll n;.
On the other hand, for j > k, B(u;|r,) < dim Fy. By (2.7(2)), a;dim Fj, < 27%qy
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Finally, by (2.7(3)), cxB(uk|r,) > arp(ng)/2. Therefore, (2.8) and (2.7(3)) imply:

B(T) = B(T|r,) = 10% + 10’“271] an — ay Z 2767 > 10k,
j=k+1
But £ > 1 can be arbitrarily large, hence T ¢ sB(X, Y).
Therefore, for k > 1, disty(apug, FT) = apB(ur) > arp(ng)/2 > 10?*. Next we
estimate dprss(aguy) from above. To this end, suppose A and B are contractions,
and ATB = 0. Then

k—1
—apAuB = ZajAu]BjL Z a;Au; B,
Jj=1 j=k+1
and therefore,
k—1 o0
(2.9) BlarAuB) <Y a;B(u) + B( D ajAu;B).
j=1 j=k+1

But B(u;) < ¢(n;). Moreover, by (2.7(2)),

1> 0AuB| < ) oy ak Z 27 < W

j=k+1 j=k+1 ] =k+1
and
0 k k
rank ( Z ajAu;B) = rank (Z ajAu;B) Zn < 2ny.
j=k+1 j=1 J=1
Therefore,
B( Z a;Au;B) < || Z a;Au;B||rank Za]Au] 26k
j=k+1 j=k+1

Thus, by (2.9) and (2.7),
k-

BlarAuB) < Z Oék¢(nk) +_ O‘kﬁb(nk).

26k 10k—1 26k 2k+1
=1

Therefore,

app(ng)  Blogur)

9k+1 < 9k ’
If FT is C — ®B-hyperreflexive, then C' > 2¥. To complete the proof of part (a), recall
that k can be arbitrarily large.

(2) Pick a finite rank S € B(X) with B(S) > C, and let ' = S — A x, where
A € (0, (rank (S))™1). Then T ¢ B(X), hence distg(S,FT) = B(S). On the other
hand, suppose the contractions A and B satisfy ATB = 0. Then ASB = AAB, and
B(ASB) = A\B(AB) < Arank (ASB) < Arank (5) < 1. n

d]FT,%<05kuk) <
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Proposition 2.14. Suppose B is a nice ideal, and a pair X, Y of infinite dimen-
sional Banach spaces satisfies one of the following conditions:

(1) X =Y has the Bounded Approzimation property.

(2) There exists C > 0 such that, for every n, X contains a C-complemented
C-isomorphic copy of ly.

(3) X has a complemented infinite dimensional K -convez subspace.

Then the norms B(-) and || - || are not equivalent, and, by Theorem 2.12(1), there
erists T € B(X,Y') so that FT is not B-hyperreflezive.

Proof. (1) By definition of the Bounded Approximation property, there exists a con-
stant C' with the property that for any finite dimensional subspace E of X, there
exists a finite rank u € B(X), s.t. u|g = Ig, and |Ju|| < C. The ideal (98, 8) is nice,
hence for every A > 0 there exists a finite dimensional £ — X s.t. B(Ig) > CA.
Therefore, B(u)/||u|| can be as large as possible, for finite rank u € B(X).

To prove (2), fix n, and select E,, — X, C-isomorphic to ¢4, for which there exists
a projection P, : X — E, ||P,]] < C. Find F, — Y s.t. d(F,,¢5) < 2. Then
there exists u, : E, — F, of norm less than 2C, s.t. wu, 1'is a contraction. Then
|lun Pl < 2C, while B(u,P,) = ¢(n) / oco. Finally, (2) implies (3), by [38]. n

Theorem 2.15. Suppose (B, 3) is a mazimal Banach ideal, such that either

lim lim Blly) =
P55 Bly)

or

lim lim ﬁ(I%L) = 00
p,/'2n—o0 ﬂ([[;)

Then there exists a Banach space X with an unconditional basis such that FIx is not

B -hyperreflexive.

Remark 2.16. Examples of ideals covered by the previous theorem include I, (1 <
p<2),and I, (¢ € [1,2),1/p—1/g+1/2 > 0),and I', (1 < p < 00). In particular,
the case of I, (¢ € [1,2)) is covered.

The cases of I, and I, follow from Chapter 22 of [37]. To deal with II,,, observe
that, by p. 207 of [14], my, (L) = n/P=Y/aF1/2 Moreover, my,(Ipm) > nt/P=t/at/v
(here, u > 2, and 1/u+1/u’ = 1). To establish the last inequality, suppose e1, ..., e,
is the canonical basis in ¢];. Then

sup (D Jat () T =t

zreX* ||lz*|I<1 i

and (3, [les[[)!/? = n'/P.
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Proof. We only deal with the case of

lim lim B([gn) =0
P\2 n—00 ﬁ([en) ’

as the second one is handled similarly. We work with the space

= (2),

with p; \ 2, and n; /" co. More precisely:

(1) n;’s increase very fast: for each k,

k—1
cx = B(Lyi) = 1007 > ni, 6711007 ey > dy = Blzn)
=1
(this is possible, since, for m € N and j < 2m, B(lep) < B(Igm) < 2B8(Ley)).
(2) pi’s approach 2 “even faster”: for each k, 52(1/2=1/pks1) < 9,

The space X was introduced by W. Johnson in [20] (see also pp. 112-113 of [27]).
He proved that all subspaces of X have the Bounded Approximation Property, al-
though X is not isomorphic to a Hilbert space.

Denote by P; the natural contractive projection onto X; = (. Then B(P;) = ¢.
To complete the proof, we have to show that der, ss(P;) < S04 ni + 6d;. Assuming
the above inequality is true, we would have, for each ¢

5(3) S Ci
dpre s(P;) = ¢i/10071 4 ¢;/1007+1
which, by definition, means that F/x is not 2B-hyperreflexive.

Fix i, and show that, for any subspace E of X, B(¢rPiir) < 22;11 ny + 6d;, where
ip is the injection of E into X, and gg : X — X/F is the quotient map. To achieve
this, let Q@ = Ix — >, _, Py. Clearly, —qgPjig = QE(ZZ;11 Pv)ig + qeQig, hence

> 100,

(2.10) BlasPiz) < Blas(>_ Fo)ix) + BlasQis).

But
i1

Blan(3" Poliz) < rank (as(3" Pois) < 3.
k=1

k=1 1

[y

~.

=
Il

To estimate B(qpQig), note that qpQip = _QE(ZZﬂ Py)ig, hence rank (¢pQig) <
2n;. Let Y = ran @, and consider F' = Q(F) and Z = ker (qe@) as subspaces of
Y. Then qpQir = (¢gQ)(Qig) factors canonically (contractively) via qzir (where
ir: F—Y and qz : Y — Y/Z are an injection and a quotient map, respectively),
and dim F'/(F N Z) < 2n;. By p. 112 of [27] or [20], G = ¢qz(F) is 3-isomorphic to
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G1/Gs, where (G is a subspace of Y, of dimension not exceeding 5*". But then (cf.
[23], or [21]) G is 2-isomorphic to a Hilbert space. Therefore, d(G, (4™¢) < 6, and

BleeQir) < B(lg) < 6B(Igma) < 6d;,
Going back to (2.10), we obtain the result. [ ]

Remark 2.17. In [22], D. Larson proposed the following generalization of hyper-
reflexivity from algebras of operators to general Banach algebra. We say that a
subspace A of a Banach algebra U is C-Larson hyperreflexive (C'-LHR, for short) if,
for any u € U, we have

inf lu —a|| < Csup{[lvuw]|[v,w € U, vAw = 0, max{]jo]|, [[w]]} < 1}.
ac

We say that A is Larson hyperreflezive (LHR) if it is C-Larson hyperreflexive for
some C'. The motivation for this definition comes from the following observation: a
subspace of Y = B(X) (X being a Banach space) is C-Larson hyperreflexive iff it is
C-hyperreflexive in the usual sense.

As noted above, every one-dimensional subspace of B(X) is hyperreflexive. This
is not the case if we consider Larson hyperreflexivity.

Corollary 2.18. There exists a Banach algebra U with the identity I, such that CI
1s not Larson hyperreflexive.

Proof. Find an infinite dimensional Banach space X and a maximal Banach ideal
B s.t. Clx is not B-hyperreflexive (the existence of such X and B was established
in Theorem 2.15). Define U as CIx &1 B(X) (for A € C and T € B(X), we set
IMx @1 Ty = |\ +B(T)). We can view U as a subalgebra of B(X), with the usual
operator multiplication, but with a different norm. It remains to show that CI is not
Larson hyperreflexive. Indeed, for any n € N there exists T' € B(X) s.t. B(T) > n,
and B(vTw) < 1 whenever v and w are contractions satisfying vw = 0. Then

On the other hand, if v,w € U are such that max{||v|y, ||w|lx} < 1, then v and w
belong to the unit ball of B(X). Therefore,

sup{|[vTwl|jy | v,w € U, vw = 0, max{||v||y, |w]u} < 1}

< sup{B(vTw) |v,w € B(X), vw = 0, max{||v| px), |w|lpx)} <1} < 1.

As n can be arbitrarily large, CI is not Larson hyperreflexive. [ ]

Remark 2.19. One can strengthen the statements of Theorems 2.12 and 2.15 by
considering the ampliations of the operators involved. For T' € B(X,Y) and n €
N U {oc}, the n-th ampliation of T is defined as T = Iy @ T € B((3(X), (3(Y)).
For A C B(X,Y), set A™ = {T™|T € A}. The proofs of the theorems yield,
respectively:
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(1) Suppose X and Y are Banach spaces, and B is a maximal Banach ideal, for
which the norms || - || and B(+) are not equivalent on F(X,Y"). Then there exists an
approximable 7' € B(X,Y), for which FT'™ is not B-hyperreflexive for any n € N.

(2) Suppose (B, 3) is a maximal Banach ideal, and either lim,\ 2 lim, %

2
= 00, or limy, - lim, . % = 00. Then there exists a Banach space X with an
unconditional basis such that Fls (x) is not B-hyperreflexive for any n € N.

This contrasts sharply with the classical setting: by [24], if A is an n-dimensional

subspace of of B(X,Y), then A" is reflexive, and therefore, by [30], hyperreflexive.

3. THE HILBERT SPACE CASE

3.1. The Hilbert space case: introduction. In this section, we deal with the
class of Hilbert spaces, and the separable symmetrically normed ideals (see [17, 45] for
general information on the topic). To describe these ideals, suppose € is a symmetric
sequence space, that is, a Banach space of sequences of complex scalars, such that,
for any sequence («;);en of scalars, any sequence (w;);en of scalars with |w;| = 1,
and any permutation 7 of N, we have ||(c;)ien|le = [|(witr(i))ien]le. Henceforth, we
assume that |[(1,0,0,...)|]|¢ = 1. Then Sg consists of all compact operators 7" with
(5;(T1))jen € Se¢ (s1(T) = s2(T) > ... > 0 are the singular values of T'), with the
norm | Tle = [|(s5(T))jenlle

Suppose a symmetric normed space £ coincides with & = spanle, |n € N] — &,
where e, = (0,...,0,1,0,...) (1 occupies n-th position). It is known (Section III.6
of [17]) that Sg is a separable symmetrically normed ideal. Conversely, if S is a
separable symmetrically normed ideal, then § = Sg¢, for a symmetrically normed
space &£ satisfying €& = &.

As an analogue of maximality, we require the space £ to be mononormalizing
(the term comes from p. 88 of [17]; in [45], such spaces are called regular). That is,
we require that two conditions be satisfied: (i) if lim, ||(z1,...,2,,0,0,...)|¢ =
C < oo, then (z;)ien € &, and |[(xi)ien|le = C; and (ii) if (2;)ieny € &, then
lim,, |[(@, Znt1s---)|[[e = 0. Note that these two conditions guarantee £ = &. As
before, we say that the the symmetric sequence space £, and the corresponding
ideal Sg, are nice, if £ is mononormalizing, and lim,, ||I;||s = oo, or equivalently,
lim,, cg(n) = oo, where cg(n) = ||(1,...,1,0,...)][¢ (n 1’s followed by 0’s). In other
words, a symmetric mononormalizing sequence space £ is nice if the formal identity
map [ : & — ¢ is not an isomorphism.

It is easy to see that, for every A — B(H,K) (H and K are Hilbert spaces)
and T € B(H,K), dag(T) = sup HPj(ranQ)TQHg, where the supremum is taken
over all orthogonal projections (), and Pj(ran Q) is the orthogonal projection with
kernel A(ran@). In particular, if 4 — B(H) is a unital operator algebra, then
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dae(T) = sup |Q+TQ||¢, with the supremum taken over all orthogonal projections
() onto invariant subspaces of A.

3.2. The Hilbert space case: main results. As in the Banach space setting,
the differences between the classical hyperreflexivity and Sg-hyperreflexivity are nu-
merous. For instance, it is unknown whether every von Neumann algebra is hyper-
reflexive (this question is equivalent to the famous Kadison Similarity Problem, see
e.g. Section 27 of [41]). However, we have:

Theorem 3.1. Suppose £ is a nice sequence space.

(1) If € is reflexive, or equals {1, then any von Neumann algebra is 8 — Sg-
hyperreflexive.
(2) If H and K are Hilbert spaces, then B(K) ® Iy is 4 — Sg-hyperreflexive.

Remark 3.2. E. Christensen [8] (see also Section 9 of [11]) proved that any injective
von Neumann algebra is hyperreflexive. See [9] for more examples of hyperreflexive
von Neumann algebras, and for the connections to other open problems.

By Theorem 3.1, Cly is 4 — Sg-hyperreflexive for any Hilbert space H. By Theo-
rem 2.12, not every 1-dimensional subspace of B(H) is Sg-hyperreflexive. However,
many such subspaces are:

Theorem 3.3. If £ is a nice sequence space, and A € B(H, K) is not compact, then
CA is 42+ || A|ll|AllZL) — Se-hyperreflexive.

€SS

On the other hand, it is known (see e.g. [4, 11]) that any nest algebra is hy-
perreflexive. The algebras of analytic Toeplitz and analytic Laurent operators are
hyperreflexive ([10] and [43], respectively). By contrast, we have:

Theorem 3.4. Suppose £ is a nice sequence space. Then a nest algebra A is Se-
hyperrefiexive if and only if the corresponding nest contains finitely many projections.

The algebra £ of analytic Laurent operators is the algebra of multiplication oper-
ators My (¢ € Hy), acting on Ly(T), where the unit circle T is equipped with the
normalized Haar measure. One can view L as the weak*-closed subalgebra of B(Ls)
generated by the bilateral shift.

Now denote by P the orthogonal projection from Ly(T) onto the Hardy space
Hy. The algebra 7 consists of analytic Toeplitz operators T, = P(H)M¢| u, (as
before, ¢ € H,,). Clearly, both £ and 7 are algebraically isomorphic, and weak*
isometric, to H.

Theorem 3.5. Suppose A is either the algebra of analytic Toeplitz operators, or the
algebra of analytic Laurent operators, n € N, and £ is a nice symmetric sequence
space. Then A™ is not Sg-hyperreflezive.
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Remark 3.6. Here, A™ denotes the n-th ampliation of A (defined in Remark 2.19).
As shown in Proposition 3.16, A(>®) is £-hyperreflexive whenever & is nice, and A is
a unital weak* closed subalgebra of B(H) (H is a Hilbert space).

Proof of Theorem 3.1. (1) We use the standard connection between derivations and
hyperreflexivity. Consider a von Neumann sub-algebra N of B(H) (H is a Hilbert
space). Suppose 7' € B(H) is such that, for any N-invariant orthogonal projection P,
we have ||(I — P)T'Pll¢ < 1. We shall show that there exists a € N s.t. ||T—alle < 8.
To this end, introduce a map ¢ : N' — Sg : b+ bT — Th (N’ is the commutant of
N). To check that ¢ is bounded, note that, for any P € N’,

16Plle = |PT = TPl|e = |PT(I = P) = (I = P)TP|
<|PT(I = Plle + | = P)TPlle < 2.

Therefore, ||0U||e < 4if U is self-adjoint unitary, which, in turn, implies that ||d]| < 8.
By [19], there exists S € Sg, s.t. [|S|le¢ < 8, and §b = bS — Sb for any b € N'. In
particular, bS — Sb = bT — Tb for any b € N, hence b(T — S) = (T — S)b, and, by
the double commutant theorem, T'— S € N.

(2) Tt suffices to consider the case of H being finite dimensional, that is, H = .
Suppose T € (y(K) satisfies dp(ym ¢(T) < 1, and show the existence of A €
B(K) st. ||[A™ —T|¢ < 4. Denote by P, ..., P, the orthogonal projections from
(3 (K) onto the copies of K. Let A; = P,TP;, viewed as acting on K, and write
T =371, Eiy ® Aij, where (Ej)?;_; are matrix units in B(£3). Let ny = [n/2],
ny = n — ny. Consider the Grassman manifold G of n;-dimensional subspaces of ¢7,
equipped with the rotation-invariant probability measure. By Lemma 4.6 of [34],

ning
2 _

1
/((Ieg —P)®Ik)(E; @ Ay)(P® Ik)dP = - 1(Eu‘ - ﬁ]eg) ® Aii
g
for each 7, and

ning

/((Izg —P)® Ig)(Ei; @ Ay) (P ® Ig)dP = - 1E@‘j®Az’j
g

2 _

when ¢ # j. Let A=3"" , A;;/n. Then

ning

n2 —

/((Igg—P)@[K)T(P(X)[K)dP: l(T_IEg(X)A)’
g

But ((I;g — P) @ Ix)B(K)™ (P ® Ix) = 0 for cach P € G, hence
(g = P) @ I)T(P @ Ik)le < dpgeyon e(T) < 1.
Therefore, ||T — A™||¢ < (n? — 1)/(niny) < 4. u

Remark 3.7. Suppose the sequence space £ in Theorem 3.1(1) is such that there
exists a constant k with the property that, for two disjointly supported vectors
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z,y € €, we have ||z + y|| < kmax{||z|], |lyl|} (for instance, if & = ¢,, then x = 21/P
works). Then, in the above proof, we have

IPT(I = P) = (I = P)TP|le < smax{||[PT(I = P)|e,[|(I = P)TP||¢},
and we conclude that any von Neumann algebra is 4k — Sg-hyperreflexive.

Proof of Theorem 3.3. Suppose, without loss of generality, that A € B(H, K) satis-
fies [|A||ess < 1. Pick ¢ € (0, ||Al|ess). Suppose Ty € B(H, K) is such that deas(Tp) <
1. We shall show the existence of A € C for which ||y — MA|lg < 8 + 4[| Allc .

Use polar decomposition to find orthogonal projections P € B(H) and @ € B(K)
st. A= QAP+ (I - QUA(I - P), (T — QA(I - P)h] < 1, and [QAPE| > clé]
for any £ € ran P. Observe that QA(I — P) = (I — Q)AP = 0, hence

1To—(QToP+(I=Q)To(I=P))lle < |QTo(I=P)lle+[[(I=Q)ToPlle < 2dcas(To) < 2.

Let T = QTy P+ (I —Q)To(I — P). Tt remains to prove that [|T—\A|le < 6+4[|Al/c™!
for some A\ € C.

By Theorem 3.1(2), CP < B(ran P) is 4 — Sg-hyperreflexive. Moreover, QAP
(viewed as an operator from ran P to ran Q) has an inverse of norm not exceeding ¢™!.
Hence, by Proposition 1.3, CQAP is 4||A||c™! — Se-hyperreflexive. If the contractions

v:H —ran P and u : ran ) — K satisfy u(QAP)v = 0, then
HUQTPUHg = HUQTOPUHg d(CAg<T0) < 1.

Therefore, there exists A € C s.t. ||QTP — AQAP||¢ < 4||Allc™!. Passing from T to
T — M\A if necessary, we may assume that A = 0.

Next we estimate ||(I—Q)T(I—P)||s. For every € > 0 there exists an n-dimensional
subspace E; of ran (I — P) s.t. |[(I — Q)T (I — P)|g,lle > (I —Q)T'(I — P)||s —e.
As ||Alless < 1, and QTP is compact, we can assume (by perturbing 7" slightly) the
existence of an n-dimensional Fy < ran P s.t. ||A|g,|| < 1, and T'|g, = 0. Consider
the isometries u; : £ — E; (j = 1,2), and let u = (u; +uy)/v/2. Let E = ranu, and
let R be the orthogonal projection onto A(E)+. We shall show that, for any & € £3,
|RTug|| > |Turé] /2. Indeed,

2| RTug||* = 2 inf ||Tug + Aun||* = inf (||Twi€ + Aun||* + || Auanl|?)
nely nely
> inf ((ITwéll = [l Awnll)” + | Auznll®).
2
However, ||Ausn|| = c||n||, while ||Auin|| < ¢||n||. Therefore,
2||RTul]* > mf ((ITw&| = t)* + %) = | Twi&|]* /2.

We can, therefore, write Tuy = SRTu, where ||S|| < 2. Thus, 2||RTulle > [|Tu1||¢.
But RAu = 0, hence ||RTull¢e < dcag(To) + || T — Tolle < 3. Then ||[({ — Q)T(I —
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Pllle < [[Twlle + & < 2||RTu|lg + €. As € > 0 is arbitrary, we conclude that
(I =Q)T(I — P)|le <6, and

ITlle <IQTPlle + |1 — Q)T — P)lle <6+ 4] Allc™".

Therefore, || Tylle < 8 + 4||A||c™!. The constant ¢ can be arbitrarily close to || A]|ess,
hence the desired estimate for distg(7, CA). n

Proof of Theorem 3.4. The case of a finite nest is easy to handle. If a nest on a
Hilbert space H is infinite, find a strictly increasing sequence of projections 0 =
Ph< P <...< P, < P,y =1 in the nest. For 1 < k < n, pick unit vectors
ny, € ran (Py — Py), & € ran (P, — Py_1). Consider T'= Y _, & ® ng. That is, for
he H Th=>;_,(h,&)nk. Clearly, | T|| =1, and rank 7" = n. We shall show that

(3.1) diste(T, A) = ce(n) = ||(1,...,1,0,...)|¢

(the sequence on the right contains n 1’s, followed by 0’s), and, for any projection P
from the nest,

(3.2) rank ((/ — P)TP) < 2.
Assuming these two inequalities hold, we complete the proof by observing that
(I = P)TP|le <|T|lrank ((/ — P)T'P) < 2,

hence diste(T, A)/das(T) = ce(n)/2, and letting n grow without a bound.

To handle (3.1), denote by P and @ the orthogonal projections onto span|n | 1 <
k < n] and span[& | 1 < k < n], respectively. Fora € A, [|[T —alle < ||PTQ— PaQ)|¢
(here, we identify PB(H)Q with n x n matrices). We can view PT'Q) — Pa() as an
n X n matrix (the bases in the range space and in the domain space are () and (&),
respectively). Under this identification, Pa(@) is a strictly upper triangular matrix,
and PT'Q is the identity matrix /. By the pinching inequality ((IV.52) of [6], or
Theorem 1.19 of [45]), [|PTQ — PaQ|le = ||I||s¢ = ce(n), hence (3.1).

To deal with (3.2), pick P from the nest, and findi € {1,...,n}s.t. P,y < P < P,
Then, for h € h,

(- PYTPh=3"(h, P&)(I — P,
k=1
But P&, =0 for k > i — 1, while (I — P)ny = 0 for ¢ > k. Hence, only two terms in
the centered sum above do not vanish. [

Proof of Theorem 3.5. For the sake of brevity, we use the notation L[Qk] and HQ[k] for
Ly ®2 05, resp. Hy @5 (5. Define f; € L™ (j € Z) by setting f;(z) = 2?. Consider the
case of the analytic Toeplitz algebra 7 first. By Halmos’s generalization of Beurling’s
Theorem (see [18], or Section 3.1 of [35]), any invariant subspace for 7 consists of
functions

{z = U@ f(2)| f € HMY,
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where z — U(z) € B({5",03) is analytic on T, U(z) is an isometry for every z, and
m < n. Denote by Py the corresponding projection.

Let T be the left shift (of multiplicity n) on HQM — that is, for j € {0,1,...} and
h ey,

T(fjm)_{gj— Iz

In other words, T' = PYM; ||y, ® I;,. As in the proof of Theorem 3.4, we can
show that T'— a ¢ Sg for any a € 7. It remains to show that, for any U as above,
(I — Py)TPylle < n. To this end, denote by (ex)j; the canonical basis in ¢3'.
Then (f; ® Uey) (7 = 0, 1 < k < m) form an orthonormal basis in PU(HQ[n]). It
is easy to see that, for 1 < k < m, and j > 1, g : z — f;(2)U(2)e;, is an analytic
function, and ¢g(0) = 0. The function Tg : z — f;_1(2)U(z)e), belongs to ran Py,
hence (I —Py)T(f;®Uex) = 0. Thus, ran (({ — Py)T'Py) < n. As T is a contraction,
we conclude that ||(I — Py)T Pylle < n.

Now deal with the analytic Laurent algebra £. In this case, by [18], or by Section
3.1 of [35]), we have invariant subspaces of two types. First, there are those consisting
of functions

{z = UR)f(2)| f € HYMY,

where m < n, and U : T — B({3",¢3) is a measurable map, such that U(z) is an
isometry for any z € T. Denote by Py the orthogonal projection onto such subspace.
Then, there are invariant subspaces of the form

{e = U@ e L),
with U as above. The corresponding orthogonal projection will be denoted by Q.
Consider the left shift T'= My , ® Iy (that is, for h € 03, T(f; @ h) = fj_1 ® h. As
before, T'— a ¢ S¢ for any a € L, and ||(I — Py)T Pylle < n for any U. Moreover,
ran Q) is invariant under 7', hence (I — Qu)TQu = 0. Thus, ||(I — P)TP||¢ < n for
any L-invariant orthogonal projection P, and we are done. [ ]

Next we study optimal hyperreflexivity constants. By [28], any 1-dimensional
space of operators on a Hilbert space is 1-hyperreflexive. The situation is different
for Sg-hyperreflexivity.

Proposition 3.8. Suppose H and K are Hilbert spaces, Sg is a nice ideal, and A
is a C' — E-hyperreflexive subspace of B(H, K), which does not contain any non-zero
elements of Se. (1) Then C > /2. (2) If, in addition, A contains an orthogonal
projection, then C' > 2.

Remark 3.9. The condition ANSg = 0 is important. Indeed, denote by (e;)$2; the
canonical basis in /5, and let A = {T € B(l2)|(Te1,e;) = 0}. In other words, A is
the set of infinite matrices, with 0 in the upper left corner. Suppose £ is a symmetric
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sequence space. Let T = e; ® e; € B(l) (that is, Th = (h,eq)e; for any h € £5).
Clearly, distg(T,.A) = 1. Now denote by P the orthogonal projection onto span[e;],
and observe that ||PTP|l¢ = 1, while PAP = 0.

Proof. (1) Fix ¢ € (0,1), and find ¢ € A and e € H with |ja|| = 1 = |l¢||, and
|lae|| > c. Let f = ae/||ae||, and consider the finite rank operator T'= e ® f (that is,
Th = (h,e)f for h € H). By assumption, AN Sg = {0}, hence dist(T, A) = ||T]|e =
|T|| =1 (here, we use the fact that 7" is a rank 1 operator). Furthermore, if P and
@ are orthogonal projections, then QTP = Pe ® Q) f again has rank 1 (that is, for
he H, QI'Ph = (h,Pe)Qf). Thus, |QTP|s = ||QTP| = ||Pell||@Qf]]. To complete
the proof, it suffices to show that

1
(3.3) | Pel[[|Qf]] < m-

for any pair of orthogonal projections P and @), satisfying QaP = 0.

Suppose P and @) are as above. Write Pe = Ae+e¢’, where A is a scalar, and e | ¢’.
Then

0= (Pe,e—Pe) =Ne+e,(1-Ne—e)=X—|\*—|€]?

hence A\ € [0,1]. Moreover, |[e/|| = /A (1 —X), and ||[Pe|*> = X2 + ||¢/||? = \. If
A < 1/2; then the inequality (3.3) is satisfied. Otherwise, write aPe = uf + a€/,
where 1 = A|ael|. As QaPe = 0, for any g € ran @ we have u(g, f) = —(g,ae’). In
particular,

IQFI* =(Qf.Qf) = (Qf. ) = =1 HQf,ac’) < p~H|Qf[l|ac']l,
hence ||Qf| < pt€'||. But ||¢/]] = \/A(1 — \), hence

[PellllQfI< VA~ u~t/A ||1ae_|| \/_|1]ae|]

(recall that here, A > 1/2). Thus, (3.3) holds.

(2) Suppose A contains an orthogonal projection R. Find e € ran R,and consider
T =e®e. Asin part (a), it suffices to show that ||QTP|| < 1/2 if @ and P are
orthogonal projections with QRP = 0.

Denote by P, and P, the orthogonal projections onto RP(H) and (I — R)P(H),
respectively. Then RP, = 0, and QRP, = QR o RP; = 0 (to see this, approximate
the elements of ran Py by those in ran (RP)). In fact, ran P; is a closed subspace of
ran R. Therefore, RP; = P;, hence QP; =0, that is, [ — P, > Q.

On the other hand, P, + P, > P, hence |QTP| < ||QT(P, + P)||. But e is
orthogonal to ran P, — ran(/ — R), hence TP, = 0, and therefore, ||QT (P +
P)|| = [|QTP|| < ||({ — P)TP . Thus, it suffices to prove that, for any orthogonal
projection P, ||(I — P)TP|| < 1/2. To achieve this, note that

T =PTP+ (I — PYTP + PT(I — P)+ (I — P)T(I — P),
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and therefore,

1= |73 = |[PTP|z+ (I = P)TP|3+||[PT(I — P)|z + (I = P)T(I - P)|I3,
hence
(3.4) 2|(I = P)TP|3=2|PT(I - P)|; =1~ (IPTP|;+ (I = P)T(I = P)I[2).
Denoting the canonical trace on B(H) by tr, we have:

1 =trT =tr(PTP)+tr((I — P)T(I — P)) = |PTP||2+ ||(I — P)T'(I — P)||2

(we use the fact that all the operators involved have rank 1). By the arithmetic-
geometric mean inequality, |PTP|3 + |[(I — P)T(I — P)||3 > 1/2, and (3.4) yields
the desired estimate for ||(I — P)TP]. u

We now modify the construction of Theorem 2.12 to give examples of 1-dimensional
subspaces of B(H) which are not Sg-hyperreflexive.

Proposition 3.10. Suppose £ is a nice symmetric sequence space, and T is a com-
pact operator in B(H, K), with singular numbers t; > to > ... > 0.

(1) If T ¢ S¢, and

lim sup |(t1, .. 10, 0,0,..)|le .
no | gty - o 20, 0,0, e ’
then CT is not E€-hyperreflexive.
(2) If T € S¢, and

meup—Nsnitasa e _
n H(tn+1>"'7t2n70a07"')HS ’
then CT' is not E-hyperreflexive.

Proof. Write T' = Y2, tie; ® f;, where (e;) and (f;) are orthonormal systems in H
and K, respectively. That is, Th = Y .o, t;(h,e;)f; for any h € H. Fix C > 0,
and show that CT is not C' — E-hyperreflexive. In proving both (a) and (b), we
shall use the operator T,, = > 1  t;e; ® fi (n € N), and positive numbers 7(n) =
I(t1, ..., t0,0,0,.. )]le, T'(n) = ||(tns1, - - t2n, 0,0, . ) ||e-

(1) Find n € N with 7(n) > C7'(n). As T,, € S¢ and T' ¢ S¢, distg(1,,CT) =
IT.|le = 7(n). It remains to show that |uT,v||e < 7/(n) whenever the contractions
w and v satisfy uTv = 0. Indeed, for such u and v, uT,,v = u(T,, — T)v. Thus, the
singular values of uT,v (call them s; > s, > ... > 0) are dominated by those of
T, —T. That is, s; < t,4; for every j € N. Moreover, rank (u7,v) < rankT,, = n,
hence s; = 0 for j > n. Therefore,

luTvlle = 11(s1, -+ 380, 0, )le < NN(Ensts - -+ 5 t2n, 0, .. ) ||e = 7'(n).

(2) Without loss of generality, assume that 7(1) = ||T||e = 1. For n € N let
7"(n) = ||(tnt1, tasa, - - -)||e. The space £ is mononormalizing, hence lim,, 7"(n) = 0.
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Find n for which 2C7'(n) < 7”(n) < 1/2. Then, by the triangle inequality, 7(n) >
IT|le —7"(n) > 1/2, hence

dlStg(T - Tn, CT) = )l\Ielg: H(/\tl, ceey /\tn, (1 - )‘)tn—i—ly (1 - )\)tn+27 .. )Hg
> inf max{[A7(n), (1 = |A)7"(n)} = 7"(n)/2
€

(to see the last inequality, consider the cases of |A| < 1/2 and |A\| > 1/2 separately). It
remains to show that ||u(T—T,)v||e < 7/(n) whenever the contractions v and v satisfy
uTv = 0. To this end, denote the singular values of u(T'—T,)v by 51 = s9 > ... > 0.
Then s; < t,4; for any j. Moreover, rank (u(7" — T),)v) = rank (uT,v) < n, hence
sj = 0 for j > n. This implies

(T = To)vlle = [|(51,- -+, 80,0,0,...)[le < 7'(n),
and we are done. ]

Remark 3.11. Suppose T' € B(H, K). It is easy to see that, for every m € Nand T'
as in Proposition 3.10, 7™ is not Sg-hyperreflexive. This contrasts with the results

of [30], where it was shown that, for any n-dimensional subspace S — B(H, K),
S(LV2n)) is hyperreflexive.

Corollary 3.12. Consider 1 < p < o0.

(1) Suppose an operator T'€ B(H,K) (H and K are Hilbert spaces) belongs to
Spoo, but not to S,. Then CT' is not S,-hyperreflexive.
(2) There exists an operator T' € S,, such that CT' is not S,-hyperreflezive.

Proof. (1) As in Proposition 3.10, write T' = Y °°, t;e; ® f;, with "2} = oo.
Without loss of generality, assume that sup,cytxk'/? = 1. In the notation of the
previous proposition, sup, 7(n) = oo (otherwise, 7' € S,). On the other hand,
for each n, 7'(n) < (Ziﬁnﬂ |tk|p)1/p < 1. An application of Proposition 3.10(1)
completes the proof.

(2) Define a sequence (t;) by setting ¢, = 1, and ¢, = (j + 1)72279/? for k €
[27 + 1,277 (5 > 0). Then, in the notation of Proposition 3.10, 7/(27) = (j + 1)72,

and
o0

(@) = (3 (G + 1)) > o + 1),
n=j
where ¢ is a constant. We apply Proposition 3.10(2) to finish the proof. ]

3.3. Some common constructions, and an example. In this section, we show
that many classical constructions of operator theory (such as direct sums and am-
pliations) preserve the Sg-hyperreflexivity. We finish the section by proving that the
unit ball of the second of the James quasi-reflexive space, viewed as a subset of the
diagonal operators on /5, is So-ASHR.
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Proposition 3.13. Suppose £ is a nice sequence space, T and J are finite sets,
and (H;)iez, (Kj)jeg are Hilbert spaces. Suppose, furthermore, that, for any (i,7) €
I xJ, A is a non-empty WOT closed absolutely convex C' — E-ASHR subset of
B(H;, Hj). Let H = (3 ;. Hi)2, K = (3 ;c7 Kj)2, and denote by A the set of all
T € B(H,K) for which Q;TP, € A;j for any (i,j) € T x J (P; and Q; stand for the
orthogonal projections onto H; and K;, respectively). Then A is C(1+ |Z||TJ]) —
ASHR. Moreover, if € =, (1 < p < o0), then A is C(1+ (|Z]|J])*) — E-ASHR,
with & = max{1/p,1/2}.

Proof. Suppose T' € B(H, K) is such that ||uTv|¢ < 7 whenever v > 1, and the
contractions v € B(H) and u € B(K) satisfy ||uav||e < 7 for any a € A. Restricting
ourselves to the case when ranv C H; and (keru)® C Kj, we conclude that, for
each ¢ > 0, we can write Q,;TP; = a;; + b;;, with p(a;;) + ||bille < C +¢/(|Z]|T]),
Q;a;;P; = a;;, and Q;b;;P; = b;j. Let a = Z” a;; and b = Z” bi;. Then p(a) =
max; ; p(ai;) < C, and [|blle < 32, [[bille < CIZ]|T| +e. In case of Sg = S, the
lemma below yields a better upper estimate on ||b|¢. u

Lemma 3.14. Suppose 1 < p < oo, and let ¢ = min{p,2}. Suppose, furthermore,
that H and K are Hilbert spaces, and (P;)er and (Q;)jey are families of mutually
orthogonal projections, such that Iy = 3, P, and Ix = 3, Q;. Then [T, <

1
(Zi,j 1Q,TF;2) /4 for any T € B(H, K).

Proof. Denote by (E;;) the matrix units in the space of |Z| x |J| matrices. Consider
the operator
Z Sp(ran P, ran Q);)), — S,(H, K) : (T;; ZJHZEZ-]-@)TU.
i€L,jeg 4,J

By complex interpolation of non-commutative L,-spaces (see e.g. [42]), it suffices to
show that & is a contraction when p € {1,2,00}. For p = 1,2, this is obvious. To
tackle the case of p = oo, fix € > 0, and consider unit vectors ¢ € H and n € K,
st. (T¢,n) > ||[T|| —e. Fori € Z and j € J, let & = P&, and n; = Q;n. Using
the convention 0/0 = 0, we observe that ||Q,;TF|| > [(Q;TF:i&.n;)|/(&]n;1])-
Moreover, (& lll))? = 1, hence

T2 1/2 [(T&,m)) Tf%777j>|
(Zn@srei )’ > (X jepe b > 2 60l T
= > (7€) )Z TE, )

(we used Buniakovsky-Cauchy-Schwartz Inequality here). ]

(TE,m| > T —e

Proposition 3.15. Suppose (H,)icz, (K;)ier are families of Hilbert spaces, and, for
eachi € I, A; is an absolutely convex subset of B(H;, K;), closed in the weak operator
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topology. Denote by H and K the {5 direct sums of (H;) and (K;), respectively, and
let A= (> A be a “diagonal” subset of B(H,K). Then:

(1) If € is a nice sequence space, and A is C' — Sg-Azoff-Shehada hyperreflexive,
then A; is C — Sg-Azoff-Shehada hyperreflexive for each 1.

(2) If 1 < p < oo, and, for each i, A; is C' — S,-hyperreflexive subspace of
B(X,Y), then A is (5C + 4) — S,-hyperreflezive.

Proof. (1) Suppose A is C' — Sg-hyperreflexive. Fix i, and consider T' € B(H;, K;),
with dae(T) < 1. Define T € B(H, K) by setting T|y, = T, T’Hf = 0. Then
|ATB|l¢ < 1 whenever A and B are contractions. Therefore, there exist a € CA
and b € Sg s.t. T = a+b, and p(a)+||blle < C. Clearly, one can assume that a € A;.

(2) Suppose A; is C' — S,-hyperreflexive for each i. Consider T' € B(H, K), such
that d4,(T) < co. We shall show that dist,(7,.A) < 5C + 4.

Show first that 7" is an S,-perturbation of a “block-diagonal” operator. More
precisely, denote by P; (Q;) the orthogonal projection from H onto H; (respectively,
from K onto K;). Let T = >, Q,TP;. For any finite S C Z, let P = > ies Pir and

QY = Y ics Qi- Note that
I~ Tl = sup QT ~ )P,

Moreover,

QYT — T)PY = 4AveQ\N(T — TP,
where the average is taken over all subsets F' of S. But Q\) AP®) = 0, hence
|QENN(T — TYPW)|, < 1, and therefore, ||T — T, < 4.

Then we show that each of the T;’s is an Sp-perturbation of a member of A;.
Indeed, consider orthogonal projections P € B(H;) and @ € B(K;) s.t. QA;P = 0.
Identifying @ and P with orthogonal projections on H and K, we see that ||QT P|le <
1. Thus, d; = dist,(T;,A4;) < C. Fix ¢ > 0, and write T; = a; + b;, with a; € A;,
b; € B(H;, K;), and ||b;], < (1 +¢)d;. Let a =Y. a;, and b =3, b;. Clearly, a € A.
We show next that |||, < 5(1 + £)2C.

Indeed, for each i we can find orthogonal projections P/ € B(H;) and @} € B(K;),
s.t. QAP =0, and

QTP ||, = Qb Fi|l, > (1 +¢)"'C7 d;.
Let P=3, P/, and Q =, Q.. Then QAP =0, and

T / / 1 _
1QTP, = (S IIQTFE)" > (1 —<)C ',

where d = (3, d?)'/P. Therefore,
IQTPl, > |QTP, — T~ T, > (1 +¢)'C'd 4.
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But, as noted above, QAP = 0, hence ||QTP||, < 1, and therefore, (1+¢)"'C~'d <
5. This yields the desired estimate for ||b]],.

B2 = 3" IbillE < (1 -+ )Pd? < (1 + e)PrCrar.

Now recall that T'= a4 (b + (T — T)), and
b+ (T =T, < [Ibll, + [T = Tllp < 5C(1 +¢)* + 4.
Since € > 0 is arbitrary, we conclude that dist,(7,.A) < 5C + 4. [ ]

Next we deal with ampliations of sets of operators. It is known (see e.g. Exer-
cise 15.1 of [11]) that A is hyperreflexive when A is a weak* closed subspace of
B(H, K). A similar statement holds in our setting, too.

Proposition 3.16. (1) If A is a weak® closed subset of B(H, K), then A is
5 —Seg-ASHR.

(2) If AC B(H,K) is C — Sg-ASHR, then A™ is (9Cn + 8) — Sg-ASHR.

(3) If A is C — S,-hyperreflezive subspace of B(H,K) (1 < p < 00), then A™ is
(25C + 24) — S,-hyperreflezive.

Proof. (1) Suppose T' € B({y(H),l2(K)) is such that dy) ¢(T) < 1 — o, where
o > 0. We shall show that there exists a € A s.t. ||T — a®™|¢ < 4.

First we prove the existence of a € B(H, K) as above. To this end, let X = H®, K,
and denote by j the “natural” embedding of B(¢y(H),l2(K)) into a “corner” of
B(l5(X)). We shall show that j(T) is a Sg-perturbation of j(a(>)), for some a €
B(H, K). To this end, denote by B the von Neumann algebra B(X) ® I,,. Observe
that ||vj(T)ulle < 1 — o whenever u : Xy — X and v : Y — Y{ are contractions,
and vBu = 0. Indeed, denote by P and @ the orthogonal projections onto ran (Pgu)
and (kerv N K)*, respectively. Clearly, QaP = 0 for any a € B(H, K), hence
|lvi(T)ulle < dge) g(T). Therefore, by Theorem 3.1, there exists a € B(X) s.t.
5(T) — e < 4(1 — o).

In fact, this @ must belong to B(H, K). Indeed, let Py and Px denote the orthog-
onal projections from H @, K onto H and K, respectively, and let P+ and Pi be
their orthogonal complements. If a ¢ B(H, K), then either Pia or aPj is non-zero.
In the first case, (Pg ® Iy, )(a!™ — j(T)) = Pa® Iy, is not compact, a contradiction.
The second case is handled similarly.

Next we show that p(a) < 1 (that is, a € A). Indeed, otherwise there exist C' > 0,
anorm 1 ¢ € B(H,K), s.t. ¢(a) > C, yet ¢p(b) < C for any b € A (we are using the
fact that A is weak* closed).

The canonical identification of B(H, K), with trace class operators allows us to
write ¢ = >0 a2& ® n; (that is, for any b € B(H, K), ¢(b) = > o0, a?(b&i,m:)),
where (§;)eny C H and (7;)eny C K are orthonormal systems, and the non-negative
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numbers (a;)ey satisfy Y. a? = 1. Then | > 2, a?(b&;,n:)| < C for any b € A, yet
5%, a2{agm) > C.

To proceed, we identify fo with ¢ ® ¢5. Denote by (0;);en the canonical or-
thonormal basis in f5. Select m € N s.t. Ccg(m) > 1, where, as before, ce(m) =
II(1,...,1,0,...)]|e, with m 1’s (such a selection is possible, since cg(m) " oo,
and cg(1) = 1). For 1 < s < m, define hy = Y 77 ;& ® 6; @ 054w, and ks =
Yoo i ® 6; @ 05, where N is selected to be so large that

(T = a®N)|rstagspanis; | 553l < oC.

Denote by P and @ the orthogonal projections onto spanlhs|1 < s < m] and
spanfks |1 < s < m], respectively. We complete the proof by estimating ||QT P||¢
from below, and ||Q(b ® I,,)P||¢ (b € A) from above.

Note that, for any b € B(H, K), and 1 < s,t < m,

¢ b) = ;)i 051-2 b is i s=1
<(b®I@2®2€2)h87kt>:{0<) Z ! <§ 77> S;’ét :

Therefore, for any such b, Q(b ® Ip,g,¢,)P is represented by a matrix with ¢(b) on
the diagonal, and 0’s away from it. Thus, ||Q(b ® Ip,g.e)Plle = cs(m)|o(b)]. In
particular, [|Q(b ® Ir,g,0,)Plle < ce(m)C for b € A. On the other hand,

|QTPlle > [|Q(a © Irg,e,) Plle = 1Tl plle > Cg(m) — Co = Ceg(m)(1 - o).
However, let v = cg(m)C. Then

QT Plle < d o) ¢(T)y < (1—0),
a contradiction.

(2) Suppose that for T' € B(¢5(H),l5(K)) there exists o € (0,1/2) s.t. ||[uTv||e <
(1 —20)7 whenever the contractions u and v are such that ||ua™v||¢ < 7, (as before,
v = 1). As in part (1), we use Theorem 3.1 to show that there exists ay € B(H, K)
st. | T —a{”|e < 8(1 — o). Consequently,

(35)  |luaivlle < [[uTw]le + T = af|le < 8(1 — o) + (1 —20)y < 9(1 — o)y

whenever v > 1, and the finite rank contractions v and v are such that ||ua™v]|¢ < v
for every a € A.

Moreover, fix i € {1,...,n}, and restrict our attention to the contractions u and
vs.t. ranu C H®e;, and (kerv)t C K ®e; (e, ..., e, is the canonical basis for /7).
Identify H ® e; and K ® e; with H and K, respectively. Then, by (3.5), for every
e > 0 there exist a € A and b € B(H, K) s.t. ag = a +b, and p(a) + ||b]|c < 9C.

Let b= b™ + (T — a{"). Note that

18]se < 6™l + |7 — a§”]le < n]|6™ + 8.
Then T'= a ® Ipp + b, with
paen (@™) + bl < pala) + nllblle + 8 < n(pala) + [|blle) +8 < 9Cn + 8.
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Thus, A™ is (9Cn + 8) — Se-ASHR.
(3) Consider T' € B({5(H), {5 (K)) with d 4w ,(T) < 1. By Proposition 3.15, there
exist ay,...,a, € Ast. |[|[To — T, < 5C + 4, where Ty = > | E;; ® a;. Here, as
before, (E;;) denote the matrix units in B(¢3). Let n; = [n/2], and ny = n — n4.
Using Lemma 4.6 of [34] as in the proof of Theorem 3.1(3) (and keeping the same
notation), we get:
1N
n? —1

where a = (37, a;)/n € A. But ((Ip — P) @ Iy)A™ (P ® Iy) =0 for each P € G,
hence

/((]eg—P)®]H)T0(P®]H)dP= (To — Iy ® a),
g

I((Ty = P) @ I)To(P ® Il < dgon o(T) + | To = T, < 5C +5,
hence || Ty — a™]|, < 20C + 20. n

Remark 3.17. If A is a weak™ closed subspace of B(H, K), and £ is a nice sequence
space, the proof of Proposition 3.16(1) shows that A is 4 — Sg-hyperreflexive.

Recall that one can turn a space of operators into an operator algebra, by embed-
ding it into an off-diagonal corner. More precisely, consider A — B(Hy, Hy) (H;, Hy
are Hilbert spaces). Let H = Hy @, H;, and define A — B(H) as consisting of

( My, A

0 ol ), with A\, u € C, and A € A. Clearly, A is a unital operator algebra.
Hy

Proposition 3.18. Suppose & is a nice sequence space, and A, A are as above.
Then:

(1) If A is C' — Sg-hyperreflexive, then A s (94 C) — Se-hyperreflezive.

(2) If A is C — Se-hyperreflexive, then A is C' — Sg-hyperreflexive.

Proof. Denote by Ps the orthogonal projection from H onto Hy (s = 1,2).

(1) Suppose A is C' — Sg-hyperreflexive, and T' € B(H) is such that d 5 .(T) < 1.
We shall show that diste(7,.A) < 9 + C. Clearly, dp, ip, e(P-TP;) < 1 whenever
r,s € {0,1}. This allows us to consider each of the four blocks of B(H) separately.

By definition of A, PLAP, = 0, hence |PTPy|le < d;io(T) < 1. PBAP, = A'is
C — Sg-hyperreflexive, hence there exists A € A satistying |7 P, — Al < C. By
Theorem 3.1, PlfiPl = Cly, is 4 — Sg-hyperreflexive, hence there exists \; € C with
|PITP, — M\ Pi||le < 4. Similarly, there exists Ay € C with ||BT P, — Ao Pslle < 4.

Letting A = ( Aol A ), we conclude that |7 — Allg < 9+ C.

0 Mlp,
(2) Suppose A is C' — Sg-hyperreflexive. We have to prove that diste(T,.A) <
C whenever T € B(H,y, H,) satisfies dae(T) < 1. To this end, consider T =

( 8 g ) € B(H). By Proposition 56.4 of [7], K — H is an invariant subspace for
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Aiff K = Ky @y K, where K, — H, (s = 1,2), and AK; C K,. Denoting the
orthogonal projections onto K, K, and K5 by @), ()1, and ()5, respectively, we see
that

dA,g(T) = sup ||(/ — Q)TQHS = sup ||({ — Qz)Tang <1
Q Q1,Q2

(the suprema run over all the projections @, @, and @, arising from invariant
subspaces in a manner described above). Therefore, there exist A\;, A\ € Cand A € A

st. |T—Ae < Cfor A= ( 321H2 f[ ) Then ||T— Alle < ||Po(T — A)Py||e <
U,

C, which is what we need. [

To finish this section, we consider the James quasi-reflexive space, and its second
dual. For z = (z;)2, € (o define

[zll; = sup max{(z [Tinypn — xizj‘2)1/27 (Z |Tin; -y — xi2j|2)1/2}
11<12<...<12n j=1 j=1
(we identify i9,.1 with ;). The James space J is the completion of ¢y (the space
of all eventually null sequences) with respect to the norm || - ||; It is known (see
e.g. Section 1.d of [26], or [16]) that dim J**/J = 1. Most remarkably, it turns out
that J** is isomorphic to J (in fact, for a certain equivalent norm on J, J and J**
are isometric).
By [2], J** can be renormed to be a unital Banach algebra: for x € £, set

2]l = sup{llzylls [y € coo, llylls < 1}

(here zy refers to the pointwise product of the two sequences). Denote by B the set
of all x € l for which ||z|" < co. It is shown in [2] that B = span[J, 1], where
1=(1,1,...) € £y, and moreover, B is isomorphic to J**.

We can view B as a subset of the diagonal of B({s). More precisely, denote the
canonical basis of 5 by (e, )nen, and define 7 : B — B({s) by setting w(b)e,, = byen,
for each n. Let A = m(BaB). In this notation, we have:

Proposition 3.19. The set A is 15 — Sy-Azoff-Shehada hyperreflezive.
Remark 3.20. We do not know whether A is Se-ASHR for other ideals S¢.

Proof. Recall some estimates for the norms of elements of B. Note first that, for any
x € B, ||z||' =2 ||z||eo. Indeed, fix n € N, and consider y = (0,...,0,1,0,0,...) € cop
(1 in the n-th position). Then ||y||; = 1, and ||zy||; = |z.|-

Less trivially, by [2], [|z||" = [|z||;/2 for any = € lw, and ||z||" < 2||z||; for any
xeJ.

Now suppose T' € B({s) satisfies da2(T) < 1. Let Ty = > (Ten,en)en, and
Ty =T —1T,. For S C N, we have PsaPy s = 0 for each a € A, hence ||PsT Py s||2 <
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1. But PsTiPyws = PsTPns, hence ||T1]]; < 4. If v and v are contractions, and

||luav]ls < v (y = 1) for any a € A, then
(3.6) [uTovllz < luTwll2 + | T1]l2 < 57

For convenience, let t,, = (T'e,,, e,). Abusing the notation somewhat, we identify Tj
with (t,)nen € loo, and write things like || 75|’

Now consider 7; < iy < ... < ig,. For 1 < j < n,let § = (e, , — ein)/\/§7 and
n;j = (€i,, , +€i,,;)/V2. Let P and @ be orthogonal projections onto span[¢; |1 < j <
n] and span[n; | 1 < j < nl, respectively. If S € B(¢;) is a diagonal operator (that is,
Se,, = spe, for each n), then QSPE; = 27 (s9;_1 — $95)€;, for 1 < j < n. Thus,

IQSP(3 =" Isajm1 — s2;1*/4.
j=1

In particular, ||Qm(b)P||2 < ||b]|s/2 for any b € B. Therefore, ||QaP|> < 1 for any
a € A (as noted above, [|bl; < 2/[b[l). By (3.6), (30, [tiy;, — ta,12)"* < 5.
Similarly, we show that (3 7, [ti,;,, —t 2)1/2 < 5.
Moreover, for n € N, consider the projection R, onto spanle,]. As noted in the
beginning of the proof, ||R,aR,|2 = ||R.aR,| < 1 for each a € A. Therefore,

ltn| = [|R.TR,|l2 < 1. If t is a cluster point of the sequence (t,), then |t| < 1.
Moreover,
u 1/2 - 1/2
ITo — 1|, = __sup max{(z [Figjan — ti2j|2) ’ (Z [tiny 1 — ti2j|2) } SO
11 <12<...<12n j=1 7j=1

Therefore, ||Ty — t1|" < 2||Ty — t1|; < 10, and [|To]]" < [|[To — t1||; + |t| < 11. Then
we conclude that p4(To) + ||T1]]2 < 15. u

4. APPLICATIONS TO OPERATOR SPACES

In this section, we apply Se-AS-hyperreflexivity to constructing Hilbertian opera-
tor spaces with prescribed families of ¢.b. maps (see e.g. [31, 32, 33, 34] for other work
in this direction). The reader is referred to e.g. [15, 36, 41] for general information
on operator spaces.

Theorem 4.1. Suppose H is a separable operator space, £ is a nice sequence space
such that the formal identity {5 — & s contractive, and A is a subset of the unit
ball of B(H) such that: (i) A is C — Sg-ASHR, (ii) A contains the identity Iy, and
(i11) if a,b € A, then ab € A. Moreover, if \,;n € C satisfy |\ + |pu| < 1, then
Aa+ pb € A. Then there exists an operator space X, isometric to H, such that:
(1) If b € B(H) belongs to Sg, then ||b|le < ||blle. If a € A, then ||a||la < p(a).
(2) For everye > 0, every T € CB(X) can be written as T = a+b, with a € CA,
b€ Se, and pla) + ||blle < 4C||T|ep + €.
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This theorem, together with the results of the previous sections, provides a way
of producing operator spaces with prescribed families of completely bounded maps
(and, consequently, with interesting properties). In [31], we used ampliations (as in
Proposition 3.16(1)), while in [32], we worked with the Banach algebra arising from
the James space (as in Proposition 3.19). Here we provide one more example.

Corollary 4.2. Suppose (H;)!, are separable Hilbert spaces, € is a sequence space
as in the statement of Theorem 4.1, and the C' — Sg-hyperreflezive subspaces A;j of
B(H;,H;) (1 <i,5 < n) are such that (1) A;; is a unital operator algebras for any
i, and (11) Ag;Ai; C Ay whenever 1 < 4,5,k < n. Then there exists an operator
space X, isometric to (>, H;)a, such that T € B(X) is completely bounded if and
only if there exists a € B(H) such that T — a € Sg, and PjaP; € A;; for any pair
(i,7) (P; denotes the orthogonal projection from H onto H;). In particular, H;’s are
completely complemented subspaces of X, and T' € B(H;, H;) is completely bounded
if and only if it is a Sg-perturbation of an element of Aj;.

Proof. Let H = (), H;)2, and denote by A the set of all T" € B(H) s.t. P;TP; € A;;
whenever (1 < 4,5 < n. By Proposition 3.13, A is Sg-hyperreflexive. Therefore,
by Propositions 1.6 and 1.5, the unit ball of A (call it A') is Se-hyperreflexive. An
application of Theorem 4.1 completes the proof. [ ]

In particular, suppose n = 2, A;; = Cly, (i = 1,2), A12A2 C Cly,, and As As2 C
Cly, (this can be achieved if, say, Ay = {0}). Then there exist operator spaces H
and Hy s.t. T € B(H;, H;) is completely bounded iff it is a Sg-perturbation of an
element of A;;. This complements the results of [29].

The proof of Theorem 4.1 uses some ideas of [31]. To define the space X, pick a
sequence (n;)?2; C N, in which every positive integer occurs infinitely many times. By
[34], there exists a family (F;):2, of finite dimensional operator spaces such that: (i)
FE; is isometric to €3, and (ii) for any operator u : Ef — E;, we have [Jul];/(44+27%) <
lullew < |lull1 if @ = 7, ||ulle = [Jul|2 if ¢ # j. Denote by £ the dual space of £. Find
a sequence of operators u; : H — (5 such that ||u;||er = 1 and, for any € > 0, n € N,
and u : H — ¢, there exists i € N for which n; = n and ||u; — ul[; < €. On the
Banach space level, we identify the range of u; with E; described above. Denote by
Ko the space of compact operators on ¢, with finitely many non-zero entries. We
define the operator space X as follows: for x € H ® ICy, let

(4.1) lellxexs = sup {(wa ® Ie)ellmex, | € N, a € A}.

X is an operator space, since Ruan’s axioms are satisfied. It is easy to see that X is
isometric to H (as a Banach space). Moreover, all operators on X, belonging to the
class Sg, are completely bounded:



HYPERREFLEXIVITY AND OPERATOR IDEALS 39

Lemma 4.3. If Y is an operator space isometric to by, and T :' Y — X belongs to
Se, then ||T||a < ||T|e-

Proof. By the duality between Sg and Sg/ (see Section I11.12 of [17], or Section 1.8
of [45]), [lwiaT [y < lluslle lal[ITNe = [ Tle- Thus, by (4.1),
Tl = sup{||wiaT||s |7 € N,a € A} < sup{||w;aT||1|i € Nya € A} < ||T|e.

To estimate the c.b. norms of operators from below, we need:

Lemma 4.4. Suppose Y is a subspace of X. Consider the operatorsT :Y — X, u :
X =05, and v : Uy =Y, such that ||ul|ler = ||v]| = 1. Let C' = sup{||uav]||; |a € A}.
Then ||T|e = ||uTv]|1/(4 max{C,1}).

Proof. Fix € > 0, and find 7 € N s.t. n =n;, and ||[u — ul|; < &, and 47 < ¢ (we
identify ¢4 with E;). We view v and v as maps from X to E; and from E} to Y,
respectively. By (4.1),
[v]ley = sup{jujavfles |j € N,a € A}
If i = 4, then, for any a € A,
|lwiav|ep < ||uiav|): < |luav])s + ||Ju — w1 = C +e.
If 5 # 1,
lujavlle < flujavlle < llugllzllalllivll < flusllellallloff = 1.
Therefore, ||v]|s < max{C + ¢, 1}.
By (4.1), ||willee = 1, hence [Jullep < ||willes + ||u — uslls < 1+ €. Therefore,

[wT0]|ep [uT ]|y
|| = > ,
lullal|v|lee ~ (1 +€)(4+¢e)max{C +¢,1}
However, € can be chosen to be arbitrarily small. -

Proof of Theorem 4.1. By (4.1) and the remark following it, a is completely contrac-
tive whenever a € A. By Lemma 4.3, ||b||s < ||b]|s for any b € Sg. This proves part
(1) of the theorem.

To prove part (2), pick T € CB(X) with ||T'||s < 1, and show that, for every e > 0,
there exist € CA and b € S¢ satistying p(a)+||b|l¢ < 4C+¢, and T' = a+b. Indeed,
otherwise there exist 7 > 1, and contractions ug, vy € B(H), s.t. [Jupavy|ls < v for
any a € A, yet ||ugTvo|le > 4. By the duality between £ and &', there exist n € N,
v1 € B(fy,X), and uy € B(X,05), s.t. |Ju1]| = 1 = ||ur|ler, and ||ugueTvovs |1 > 4.
Let v = ujug, and v = vovy. Then ||uller < 1, ||v|| < 1, and therefore, for any a € A,

|uav||y = [Juruoavov: |1 < |lurlle ||uoavolellvr]] < 7.

By Lemma 4.4, ||T'||, > 1, a contradiction. ]



40

T.OIKHBERG

Acknowledgments. We are grateful to D. Larson and E. Ricard for valuable con-

versations. We thank the organizers of of the workshop in Linear Analysis and

Probability in College Station, TX, where part of this work was carried out.

(1]
2]

3]

ST

)

[25]
[26]
[27]

REFERENCES

A. Abramovich and C. Aliprantis. An invitation to operator theory, American Mathematical
Society, Providence, RI, 2002.

A. Andrew and W. Green. On James’ quasi-reflexive Banach space as a Banach algebra, Cana-
dian J. Math., 32:1080-1101, 1980.

E. Asplund and V. Ptak. A minimax inequality for operators and a related numerical range,
Acta Math., 126:53-62, 1971.

W. Arveson. Interpolation problems in nest algebras, J. Funct. Anal., 20:208-233, 1975.

E. Azoff and H. Shehada. On separation by families of linear functionals, J. Funct. Anal.,
96:96-116, 1991.

R. Bhatia. Matriz analysis, Springer Verlag, New York, 1997.

J. B. Conway. A course in operator theory, Amer. Math. Soc., Providence RI, 2000.

E. Christensen. Perturbations of operator algebras II, Indiana Univ. Math. J., 26:891-904,
1977.

E. Christensen. On some problems studied by R. V. Kadison, Acta Math. Sin., 19:523-534,
2003.

K. Davidson. The distance to the analytic Toeplitz operators, Illinois J. Math., 31:265-273,
1987.

K. Davidson. Nest algebras. Triangular forms for operator algebras on Hilbert space, Longman
Scientific & Technical, Harlow, 1988.

K. Davidson and S. Szarek. Local operator theory, random matrices and Banach spaces, in
Handbook of the geometry of Banach spaces, Vol. 1, 317-366, North-Holland, Amsterdam,
2001.

A. Defant and K. Floret. Tensor norms and operator ideals, North-Holland, Amsterdam, 1993.
J. Diestel, H. Jarchow, and A. Tonge. Absolutely summing operators, Cambridge University
Press, Cambridge, 1995.

E. Effros and Z.-J. Ruan. Operator spaces, Oxford University Press, New York, 2000.

H. Fetter and B. Gamboa de Buen. The James forest, Cambridge University Press, New York,
1997.

I. C. Gohberg and M. G. Krein. Introduction to the theory of linear nonselfadjoint operators.
American Mathematical Society, Providence, RI, 1969.

P. Halmos. Shifts on Hilbert spaces, J. Reine Angew. Math., 208:102-112, 1961.

T. Hoover. Derivations, homomorphisms, and operator ideals, Proc. Amer. Math. Soc., 63:293—
298, 1977.

W. Johnson. Banach spaces all of whose subspaces have the approximation property, in Seminar
on Functional Analysis, 1979-1980, Exp. No. 16, 15-26, Ecole Polytech., Palaiseau, 1980.

W. Johnson and G. Schechtman. Finite dimensional subspaces of L,, in Handbook of the
geometry of Banach spaces, Vol. 1, 837-870, North-Holland, Amsterdam, 2001.

D. Larson. On similarity of nests in Hilbert space and in Banach spaces, in Functional Analysis
(proceedings of the Seminar at the University of Texas at Austin, 1986-1987, Lecture Notes in
Mathematics 1332, 179-194, Springer, Berlin, 1988.

D. Lewis. Finite dimensional subspaces of L,,, Studia Math., 63:207-212, 1978.

J. Li and Z. Pan. Reflexivity and hyperreflexivity of operator spaces, J. Math. Anal. Appl.,
279:210-215, 2003.

J. Lindenstrauss and H. Rosenthal. The £, spaces, Israel J. Math., 7:325-349, 1969.

J. Lindenstrauss and L. Tzafriri. Classical Banach spaces I, Springer-Verlag, Berlin, 1977.

J. Lindenstrauss and L. Tzafriri. Classical Banach spaces II, Springer-Verlag, Berlin, 1979.



28
129
[30
31

[32

[43

HYPERREFLEXIVITY AND OPERATOR IDEALS 41

] B. Magajna. On the distance to finite-dimensional subspaces in operator algebras, J. London
Math. Soc., 47:516-532, 1993.

| B. Mathes and V. Paulsen. Operator ideals and operator spaces, Proc. Amer. Math. Soc.,
123:1763-1772, 1995.

| V. Miiller and M. Ptak. Hyperreflexivity of finite-dimensional subspaces, J. Funct. Anal.,
218:395-408, 2005.

] T. Oikhberg. Operator spaces with prescribed sets of completely bounded maps, J. Funct.
Anal., 224:296-315, 2005.

] T. Oikhberg. Operator spaces with complete bases, lacking completely unconditional bases,
Houston J. Math., 32:551-561, 2006.

] T. Oikhberg. The operator shift space, Proc. Edinburgh Math. Soc., to appear.

] T. Oikhberg and E. Ricard. Operator spaces with few completely bounded maps, Math. Ann.,
328:229-259, 2004.

] J. Partington. Linear operators and linear systems. An analytical approach to control theory,
Cambridge University Press, 2004.

| V. Paulsen. Completely bounded maps and operator algebras, Cambridge University Press, 2002.

A. Pietsch. Operator ideals, North-Holland, Amsterdam, 1980.

38] G. Pisier. Holomorphic semigroups and the geometry of Banach spaces, Ann. of Math., 115:375—

392, 1982.

| G. Pisier. Counterexamples to a conjecture of Grothendieck, Acta Math., 151:181-208, 1983.

| G. Pisier. Factorization of linear operators and geometry of Banach spaces, American Mathe-
matical Society, Providence, RI, 1997.

| G. Pisier. An introduction to the theory of operator spaces, Cambridge University Press, 2003.

] G. Pisier and Q. Xu. Non-commutative LP-spaces, in Handbook of the geometry of Banach
spaces, Vol. 2, 1459-1517, North-Holland, Amsterdam, 2003.

] S. Rosenoer. Distance estimates for von Neumann algebras, Proc. Amer. Math. Soc., 86:248—
252, 1982.

[44] V. Shulman. On vector functionals and minimax inequalities, in Spectral and evolution prob-

[45

46

lems, Vol. 11 (Sevastopol, 2000), 73-77, Natl. Taurida Univ. Press, Simferopol’, 2001.

] B. Simon. Trace ideals and their applications. Second edition, American Mathematical Society,
Providence, RI, 2005.

] S. Szarek. On the existence and uniqueness of complex structure and spaces with “few” oper-
ators, Trans. Amer. Math. Soc., 293:339-353, 1986.

[47] N. Tomczak-Jaegermann. Banach-Mazur distances and finite-dimensional operator ideals,

Longman Scientific and Technical, Harlow, 1989.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA - IRVINE, IRVINE CA 92697
FE-mail address: toikhber@math.uci.edu



