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Abstract

W e study the role of cell-to-cell signals in the reco v ery mec hanics of an em-

bry onic epidermal w ound. Tw o biomec hanical mo dels of epidermal w ound

reco v ery in em bry os, one mo del quasistatic and one dynamic, are constructed.

A k ey elemen t of the dynamic mo del is a h yp othetical mec hanism of w ound

recognition and repair, based on the a v ailable exp erimen tal evidence [14 ].

Once this mec hanism is assumed, the b eha viour of the epidermis surrounding

the w ound is determined b y the propagation prop erties of the relev an t cell-

to-cell signal t yp e. The only crucial v ariable in the mo del, therefore, is the

function describing ho w the cell-to-cell signal deca ys with distance. Elemen-

tary considerations suggest that the signals in v olv ed m ust ha v e a w ell-de�ned

direction. The n umerical results for general elliptically shap ed w ounds sho w

w ound closure. F or suc h w ounds of relativ ely high eccen tricit y , sim ulations

also predict the ev en tual wrinkling at the w ound edge, a phenomenon qual-

itativ ely observ ed in exp erimen t [7 ]. The n umerical results obtained for a

sp ecial case of our mo del suggest that a su�cien t range of signal propaga-

tion is necessary for the w ound to close.

xiv



Chapter 1

In tro duction

The biomathematical questions addressed in this dissertation fall under the

general category of skin w ound reco v ery . In terest in treating skin w ounds can

safely b e assumed prop ortional to the frequency at whic h undesired w ounds

o ccur. Giv en the amoun t of military activit y , use of sharp equipmen t, and

other dangerous situations p eople ha v e faced throughout history , this fre-

quency is hard to o v erestimate.

The m ultitude and generalit y of questions concerning w ound repair prob-

ably requires y ears, if not decades, of man y scien tists' researc h e�orts. In

this dissertation, w e pursue the sp eci�c task of studying the mec hanisms of

w ound recognition and w ound closure b y r e-epithelization , or mo v emen t of

certain skin la y ers. So as to restrict atten tion exclusiv ely to these phenom-

ena, w e mo del them in a sp eciallized biological con text, describ ed in section

1.2.

1.1 Existing Mathematical Mo dels of W ound

Reco v ery

In the past couple of decades, w ound reco v ery has receiv ed m uc h atten tion

from b oth the biological and mathematical comm unities. F rom a certain

p oin t of view, w ound reco v ery can b e regarded as a sp ecial case of morpho-

genesis , or pattern generation, in a biological tissue, a phenomenon long of

in terest to scien tists. (A mathematical study of purely c hemical asp ects of

morphogenesis is o�ered in the seminal pap er [25 ].) In 1984, Murra y and

Oster [12 ] constructed a mo del of morphogenesis a�ected not only b y the

c hemical en vironmen t of the tissue, but also b y the mec hanical b eha vior

of the constituen t cells. This mo del has serv ed as a basis for the ensuing

mo dels of epidermal wounds (i.e., w ounds no deep er than the epidermis , or

the outermost la y er of skin) where the elastic prop erties and anisotrop y of

1



micr o�laments are tak en in to accoun t (see, in particular, [22 ]).

In particular, w ound healing has b een extensiv ely studied b y means of

the so-called me chano chemic al mo dels [16], [17 ], [18 ], in an attempt to relate

the mec hanical prop erties of the tissues to the bio c hemical agen ts presen t

therein. Suc h mo dels can b e view ed as a sp ecial case of morpho genesis .

1.2 Epidermal W ounds in Em bry os

Epidermal w ounds are injuries of the outermost la y er of the skin, called the

epidermis .

In em bry os, epidermal w ounds ha v e b een observ ed to close b y epidermal

migration whose immediate (mec hanistic) cause, no w a matter of general

agreemen t, is as follo ws. The exp erimen tal evidence summarized in [14] sug-

gests that the actin �lamen ts in the epidermal cells near the w ound edge

realign so as to form a \purse-string" around the w ound. Immediately af-

ter the w ound is in
icted, its edges b egin to retract, concurren tly with the

realignmen t with the actin �lamen ts in the w ound margin. After the actin

purse-string has b een formed, the retraction stops, and the epidermis assumes

a state of p ost-wounding quasi-e quilibrium . Then the purse-string con tracts,

closing the w ound.

The w ork in this dissertation is restricted to epidermal (as opp osed to

full-depth) w ounds, and then only to those epidermal w ounds o ccurring in

an em bry o. The reasons for the restrictions are t w o.

First, b y fo cusing on epidermal (as opp osed to full-depth) w ounds, one

singles out epidermal tissue migration from among the other phenomena

observ ed in w ound reco v ery , suc h as in
ammation, dermal migration, and

extracellular matrix remo deling in scar tissue. This substan tially simpli�es

the task of in v estigation.

Second, a remark able qualit y of epidermal w ounds in em bry os is that they

close quic kly (a w ound of size 0 : 1 mm � 0 : 5 mm in
icted on a wing bud of

a 4-da y old em bry onic c hic k closes in ab out 20 hours [10 ]), completely , and

without scars. T o quote [10] (section 9.8),

An understanding of ho w the pro cesses [of epidermal w ound re-

co v ery in adults vs. in em bry os] di�er could ha v e a far-reac hing

implications for clinical w ound managemen t (see, for example,

Martin 1997).

Besides, epidermal w ound repair in em bry os ha v e seen m uc h less mathe-

matical mo deling than the analogous pro cess in adults.

The utilit y of mo dels generally go es b ey ond explaining the kno wn exp er-

imen tal facts. Although the empirical data a v ailable for epidermal w ounds

2



in em bry os are scan t y and fragmen tary , as is to b e exp ected from suc h com-

plex biological systems, mathematical mo dels serv e a n um b er of purp oses,

including this one: they indicate fruitful directions for further exp erimen ts.

Therefore, taking care to k eep our h yp otheses minimal and consisten t with

the kno wledge and in tuition of the biologists and bio engineers, w e pro ceed to

construct and analyze mo dels of epidermal w ound repair in em bry os, limited

data not withstanding.

1.3 Dissertation Outline

The dissertation is organized as follo ws.

In the next section, w e describ e the notation used b elo w.

In c hapter 2, w e dev elop a p ost-wounding quasistatic mo del, using the

setting describ ed in [10 ]. The mo del explicitly includes the anisotrop y that

arises from actin realignmen t in the epidermis near the w ound edge. The

b eha vior of radially symmetric solutions at in�nit y is studied using a t w o-

term p erturbation analysis with a small parameter to b e sp eci�ed b elo w.

Numerical solutions are computed for general elliptically shap ed w ounds. T o

v alidate the computations, w e record the v alues of the solutions at a �xed

set of p oin ts in the computational domain for a n um b er of successiv e grid

re�nemen ts. The obtained sequence at eac h p oin ts is then tested for the

Cauc h y criterion.

In c hapter 3, w e motiv ate and construct, for the �rst time, a dynamic

mo del whic h attempts a description of w ound closure subsequen t to the

quasi-equilibrium. This is accomplished in stages. First, w e p ostulate a

certain mec hanism of wound r e c o gnition and lo c ation . This mec hanism is

based on assumptions concerning in tercellular in teraction and giv es rise to

a certain v ector �eld (the biosignal asymmetry �eld) whic h, in turn, guides

the direction-preferen tial con traction of the purse-string via a Wound Clo-

sur e Postulate (p ostulate 3.6.1). An e�cien t algorithm for appro ximating

the biosignal asymmetry �eld is giv en in app endix 3.10.

In c hapter 4, w e consider the radially symmetric case of the dynamic

mo del describ ed in c hapter 3. The biosignal asymmetry �eld is sho wn to b e

cen tral in this case. This prop ert y (theorem 4.3.1) is the k ey result of the

c hapter. The ensuing simpli�ed form of the mo del is then deriv ed.

In c hapter 5, w e presen t and discuss n umerical solutions for the dynamic

mo del for radially symmetric and elliptically shap ed w ounds. By increasing

the eccen tricit y of an elliptically shap ed w ound, w e attempt to appro ximate a

slash w ound, and e�ort hindered b y the phenomenon of stress concen tration

at the v ertices of the w ound.

In c hapter 6, w e summarize the w ork done and results obtained in this

dissertation.
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Chapter 2

The Quasistatic Mo del

2.1 The Biological Setting

Immediately after an epidermal w ound is in
icted, its edges b egin to retract,

concurren tly with the realignmen t with the actin �lamen ts in the w ound

margin. After the actin purse-string has b een formed, the retraction stops,

and the epidermis assumes a state of p ost-wounding quasi-e quilibrium . This

sequence of ev en ts is sho wn in Figure 2.1.

F ollo wing [10 ], w e prop ose to mo del the quasi-equilibrium with a station-

ary force-balance equation for the displacemen t of epidermal tissue.

2.2 The Spatial Domain of the Problem

W e �x a compact, simply connected domain 


w

� R

2

, whic h will b e called

the initial wound . W e put


 := R

2

� 


w

; �

w

= @ 


w

(2.1)

The domain 


w

represen ts the original, sur gic al ly in
icte d wound .

2.3 A Class of Mo dels Prop osed b y Murra y

et. al.

The mo del prop osed in [10] for the displacemen t �eld

~ u : 
 ! R

2

of the epidermal tissue around a freshly (48 hrs ago) in
icted w ound, in a

brie
y lasting state of quasi-equilibrium, has the general form

r � � =

~

f ; (2.2)

4



Figure 2.1: The sequence of ev en ts leading up to the p ost-w ounding quasi-

equilibrium. A t quasi-equlibrium, actin �lamen ts ha v e aggregated (the part

of the epidermis sho wn in a dark er shade) near the retracted w ound edge.

with b oundary conditions

� � ~ n =

~

0 at the w ound edge, (2.3)

lim

j ~ x j!1

~ u ( ~ x ) =

~

0 ; (2.4)

where � denotes the stress tensor, and ~ n denotes the normal to the w ound

edge.

2.3.1 The P arameters

The parameters in v olv ed in the mo del are deriv ed b y considering �rst the

follo wing.

� the w ound radius L (

:

= 500 �m )

� the parameters E ; � re
ecting the elastic prop erties of the tissue

5



� the co e�cien t � represen ting the strength of attac hmen t b et w een the

epidermis and the underlying mesenc h yme

� the dimensionless parameter � re
ecting the exten t to whic h com-

paction of actin �lamen ts con tributes to the traction stress p er �lamen t

� the constan t �

0

suc h that �

0

I is the traction stress in the absence of

actin �lamen t compaction

One then nondimensionalizes the spatial v ariable ~ r , the displacemen t ~ u

b y

~ r

�

:= ~ r =L; ~ u

�

:= ~ u=L; (2.5)

and the other parameters b y

E

�

= E =�

0

; �

�

= � =�

0

; �

�

= �L

2

=�

0

; (2.6)

F ollo wing [10], w e henceforth use this nondimensionalized form, with the as-

terisks omitted, and with the parameters ha ving the follo wing v alues (adopted

from [10]):

E = 0 : 5 ; � = 0 : 8 ; � = 0 : 2 ; � = 3 (2.7)

2.3.2 The Constitutiv e Relations According to Murra y

et. al.

The constitutiv e relation considered in [10] is

� =

1

1 + r � ~ u

 

E � + �( r � ~ u ) I +

1

1 + � r � ~ u

I

!

; (2.8)

with

� =

1

2

�

r ~ u + r ~ u

T

�

(2.9)

The restoring force prop osed in [10] has the form

~

f :=

� ~ u

1 + r � ~ u

(2.10)

2.4 A New Quasistatic Mo del for the P ost-

W ounding Quasi-Equilibrium

One explanation for the formation of the \purse-string" [10 ] is that the actin

�lamen ts are realigned as a result of applied stresses that arise as the epider-

mis retracts from the w ound. Sev eral c hoices of the activ e con traction stress
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term are o�ered in [10 ], the last c hoice b eing an expression in v olving the

ratio of the principal stresses. The result is the quasistatic mo del describ ed

in section 2.3, where actin aggregation is re
ected b y the term

1

1 + r � ~ u

; (2.11)

and cell traction stress is mo delled b y the term

1

1 + � r � ~ u

I (2.12)

On ph ysical grounds, ho w ev er, one exp ects the strains arising in the p ost-

w ounding quasi-equilibrium to b e small. A consequence of this exp ectation

is that the signi�cance of the quan tit y r � ~ u in the term (2.11) is no greater

than that of the (neglected) quadratic terms in the Cauc h y strain tensor.

One therefore has

1

1 + r � ~ u

[ E � + �( r � ~ u ) I ]

:

= E � + �( r � ~ u ) I (2.13)

W e incorp orate this assumption in to our construction of a new mo del, where

the constitutiv e relations ha v e the form (2.14), and the traction stress term

explicitly includes the anisotrop y arising in the alignmen t of actin �lamen ts.

Notation 2.4.1 L et R

� = 2

denote the r otation thr ough an angle of � = 2 in R

2

de�ne d as fol lows: if

e

1

= [1 ; 0] ; e

2

= [0 ; 1]

is the standar d b asis of R

2

, then

R

� = 2

e

1

:= e

2

; R

� = 2

e

2

:= � e

1

W e observ e (or, rather, p ostulate) that if a material p oin t is displaced

from p osition ~ x to p osition ~ x + ~ u , then the actin �lamen ts at ~ x tend to

realign in fa v or of the direction R

� = 2

~ u . In addition, w e assume that the

actin �lamen ts con tribute additiv ely to the prop erties of the linearly elastic

epidermis,

� = E � ( ~ u ) + �( r � ~ u ) I + (activ e con traction stress ) ; (2.14)

and that, in accordance with the ab o v e observ ation, the activ e con traction

stress normalize d by �

0

(see (2.5)), denoted b y �

a

( ~ u ), satis�es the follo wing

conditions

1. �

a

(

~

0 ) = I

7



2. �

a

( ~ u ) decomp oses in to the sum of

� an isotr opic p art �

a

iso

( ~ u ) / I , and

� an anisotr opic p art �

a

ani

( ~ u ) / R

� = 2

~ u 
 R

� = 2

~ u

More sp eci�cally , w e p ostulate the form

�

a

iso

( ~ u ; r ~ u ) = c

i

( ~ u; r ~ u ) I (2.15)

�

a

ani

( ~ u ; r ~ u ) = c

a

( ~ u ; r ~ u )

h

R

� = 2

~ u 
 R

� = 2

~ u

i

; (2.16)

sub ject to the \actin conserv ation condition"

c

i

( ~ u; r ~ u ) + c

a

( ~ u ; r ~ u ) = 1 (2.17)

and to the \compaction-realignmen t relation" whic h states that � c

i

( ~ u ; r ~ u )

and c

a

( ~ u ; r ~ u ) increase with actin compaction � , at a rate c haracterized b y

the parameter � . W e k eep the appro ximation �

:

= �r � u o�ered in [10].

A simple c hoice satisfying all of the ab o v e is

c

i

= 1 + � r � ~ u; c

a

= � � r � ~ u ; (2.18)

resulting in the activ e strain

�

a

:= (1 + � r � ~ u ) I � � ( r � ~ u )

h

R

� = 2

~ u 
 R

� = 2

~ u

i

(2.19)

Accordingly , w e assume the constitutiv e relation

� = �

�

[ ~ u ] = E � + �( r � ~ u ) I + (1 + � r � ~ u ) I � � ( r � ~ u )

h

R

� = 2

~ u 
 R

� = 2

~ u

i

; (2.20)

and tak e the restoring force to b e � ~ u .

The resulting mo del is

r � � = � ~ u ; (2.21)

with the same b oundary conditions, namely (2.3, 2.4).

2.5 Consistency of the Boundary Conditions

for W ounds with Bi-axial Symmetry

Refer to the notation in tro duced in 2.2. Assume that 
 is in v arian t under

the re
ections S through the axes

f ( x

1

; 0) : x

1

2 R g ; f (0 ; x

2

) : x

2

2 R g (2.22)
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(This symmetry is c haracterized b y the Klein gr oup Z = 2 Z � Z = 2 Z .) F or large

R > 0, let �

R

denote the image of �

w

under the homothet y

~ x 7! R ~ x

Finally , let 


R

b e the domain obtained b y truncating the un b ounded domain


 at �

R

.

In tegrating (2.21) o v er 


R

and applying the Div ergence Theorem and the

b oundary condition (2.3), w e obtain the conistency condition

Z

�

R

� � ^n d �

R

+ �

Z




R

~ u d ~ x =

~

0 (2.23)

for the mo del (2.21, 2.3, 2.4).

Prop osition 2.5.1 Supp ose that, for a wound 


w

symmetric under r e
e c-

tions S thr ough Cartesian axes, the displac ement �eld ~ u ( ~ x ) determine d by

(2.21, 2.3, 2.4) has the same symmetry:

~ u ( S ~ x ) = S ~ u ( ~ x ) (2.24)

Then e ach of the inte gr als in (2.23) is zer o.

Before pro ving the prop osition, w e state its immediate consequence, the

k ey result of this section.

Corollary 2.5.1 F or wounds with bi-axial symmetry, the mo del (2.21, 2.3,

2.4) is c onsistent.

Pro of of prop osition 2.5.1. Fix a large R > 0 and the corresp onding

�

R

; 


R

. De�ne

U := �

R

\ f ( x

1

; x

2

) : x

2

� 0 g ; L := �

R

\ f ( x

1

; x

2

) : x

2

� 0 g

If S

0

is the comp osition of the t w o re
ections through the axes (2.22), i.e. if

S

0

: ( x

1

; x

2

) 7! ( � x

1

; � x

2

) ;

then, b y direct computation on (2.20) with the use of (2.24), w e ha v e

� [ ~ u ( S

0

~ x )] = � � [ ~ u ( ~ x )] (2.25)

In tegrating the normal comp onen t of the left (resp., righ t) hand side of (2.25)

o v er U (resp., L ), w e see that the t w o resulting in tegrals (eac h tak en with

appropriate orien tation) sum to the zero v ector. Th us, �rst in tegral in (2.23)

equals the zero v ector. The second in tegral is handled similarly , using the

symmetry (2.24) instead of (2.25). These t w o equalities hold for all R , hence

for R ! 1 . This completes the pro of.
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2.6 P erturbation Analysis of the Radially Sym-

metric Case

The radially symmetric case of the quasistatic mo del yields the follo wing

t w o-p oin t b oundary v alue problem on the domain 1 < r < 1 :

Au

00

+ A

u

0

r

+ ( B � E )

u

r

2

+ � u

2

�

u

0

+

u

r

�

= �u (2.26)

Au

0

+ B

u

r

+ 1 = 0 at r = 1 (2.27)

lim

r !

u ( r ) = 0 as r ! 1 ; (2.28)

where the biomec hanical parameters ha v e the v alues (2.7), and

A := E + � + � (= 1 : 5) ; B := � + � (2.29)

In tro ducing the notation

~

� :=

�

A

; b :=

B � E

A

; � :=

�

A

; (2.30)

w e rewrite (2.26) in the form

u

00

+ u

0

=r + bu=r

2

+ � u

2

( u

0

+ u=r ) �

~

�u = 0 (2.31)

and pro ceed to analyze the BVP (2.31, 2.27, 2.28) as sho wn b elo w.

2.6.1 The Setting the of the P erturbation Problem

Giv en the n umerical v alues (2.7), w e see that

� =

0 : 2

1 : 5

< 0 : 15 (2.32)

Regarding � as a small parameter, w e expand the solutions of (2.31, 2.27,

2.28) as series in p o w ers of � ,

u ( r ) = u

0

( r ) + � u

1

( r ) + : : : ;

and seek the terms u

k

( r ) for k = 0 ; 1.

2.6.2 The Unp erturb ed Problem

T o the unp erturb ed case � = 0 corresp onds the problem

u

00

+ u

0

=r + bu=r

2

�

~

�u = 0 (2.33)

Au

0

+ B u=r + 1 = 0 at r = 1 (2.34)

u ( r ) ! 0 as r ! 1 (2.35)
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Notation 2.6.1 L et

v := u=

~

� (2.36)

and

p

2

:= b=

~

� (2.37)

W e rewrite the Bessel equation (2.33) in the form

r

2

v

00

+ r v

0

+ ( p

2

�

~

�r

2

) v = 0 (2.38)

Hence [1] the solutions are the linear com binations

c

1

I ( ip; r ) + c

2

K ( ip; r ) (2.39)

Of the limit relations

lim

r !1

I ( ip;

p

2 r ) = 1 ; lim

r !1

K ( ip;

p

2 r ) = 0 ;

only the second is consisten t with the b oundary condition (2.35), hence

c

1

= 0

Substituting the resulting form

u

0

( r ) =

~

�c

2

K ( ip;

p

2 r ) as r ! 1 (2.40)

in to the b oundary condition (2.34), w e �nd c

2

, indicated p ositiv e b y our

n umerical calculations. It is kno wn, furthermore, that the mo di�ed Bessel

function K ( ip;

p

2 r ) is p ositiv e for r > 0 and satis�es the b ound

K ( ip;

p

2 r ) = O

0

@

e

�

p

2 r

q

p

2 r

1

A

as r ! 1 (2.41)

2.6.3 The 1st-Order Correction T erm

The corresp onding BVP is

u

00

+ u

0

=r + bu=r

2

�

~

�u = � u

2

0

( u

0

0

+ u

0

=r ) (2.42)

Au

0

+ B u=r = 0 at r = 1 (2.43)

u ( r ) ! 0 as r ! 1 (2.44)

Since the left hand side of (2.42) coincides with that of the unp erturb ed ODE

(2.33), w e once again resort to notation 2.6.1, taking

v

0

( r ) = u

0

( r ) =

~

� ; (2.45)
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and seek the solutions to

r

2

v

00

+ r v

0

+ ( p

2

�

~

�r

2

) v = f (2.46)

with

f := �

1

~

�

u

2

0

( u

0

0

+ u

0

=r ) = �

1

~

�

3

v

2

0

( v

0

0

+ v

0

=r ) ; (2.47)

b y v ariation of parameters; i.e., in the form

v

1

( r ) = w ( r ) v

0

( r ) ; (2.48)

where w ( r ) is to b e found. Substituting this form in to (2.46), w e get

w

00

( r ) + w

0

( r ) h ( r ) = g ( r ) ; (2.49)

where

h := 2

v

0

0

v

0

+

1

r

; g :=

f

r

2

v

0

= �

~

�

2

r

2

v

0

( v

0

0

+ v

0

=r ) ;

In tro ducing the in tegrating factor

� ( r ) = e

R

r

1

h ( � ) d�

= v

0

( r )

2

r ; (2.50)

w e obtain

� ( r ) w

0

( r ) =

Z

r

1

� ( s ) g ( s ) ds (2.51)

T o estimate the latter in tegral, w e use [1] the follo wing asymptotic b ounds.

v

0

( r )

v

0

0

( r )

)

= O ( e

� r

=

p

r )

� ( r )

g ( r )

)

= O ( e

� 2 r

)

9

>

>

>

>

=

>

>

>

>

;

as r ! 1 (2.52)

(the stated b ound on g ( r ) is not the b est one, but su�cien tly go o d for our

purp oses). Th us, the in tegrand in (2.51) satis�es

� ( s ) g ( s ) = O ( e

� 4 s

) as s ! 1 ; (2.53)

and, since the b ound is a nonnegativ e function in tegrable on [1 ; 1 ], it com-

m utes with in tegration, and w e ha v e

� ( r ) w

0

( r ) = O

�

e

� 4 r

�

as r ! 1 (2.54)

It follo ws that

w

0

( r ) = O

�

e

� 2 r

�

as r ! 1 (2.55)
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Since the ab o v e b ound on w

0

( r ) is, again, a nonnegativ e function in tegrable

on [1 ; 1 ], w e ha v e

w ( r ) = O

�

e

� 2 r

�

as r ! 1 (2.56)

and

w ( r ) � 0 for r � 1 (2.57)

Finally , b y (2.48), w e obtain

v

1

( r ) := v

0

( r ) w ( r ) = O

 

e

� 3 r

p

r

!

as r ! 1 (2.58)

In particular,

v

1

= o ( v

0

) as r ! 1 ; (2.59)

It follo ws that the appro ximation

v

0

( r ) + � v

1

( r )

of the solution deca ys at in�nit y at the rate O

�

e

�

p

2 r

p

p

2 r

�

as r ! 1 .

2.7 Numerical Solutions of the Quasistatic Prob-

lem

2.7.1 The Radially Symmetric Case

The radially symmetric case of (2.21) reduces to a nonlinear 2nd-order ODE,

whic h has b een solv ed b y applying Newton's metho d to the corresp onding

nonlinear �nite di�erence equation. Figure 2.2 depicts one suc h solution;

note the relativ ely large epidermal retraction. The computation w as carried

out using the nondimensionalized constan ts (2.7). Comparing the solution

sho wn in Figure 2.2 to Sherratt's [22 ], w e see that the epidermal retraction

is of the same order of magnitude in the t w o solutions.

The n umerical data indicate that the scalar-v alued solution u = u ( r )

satis�es

u j

r =1

= jj u jj

1

Hence, to examine the con v ergence of the n umerical sc heme, it su�ces to

sho w that the n umerical appro ximations of the b oundary v alue u j

r =1

form

a sequence that con v erges, at a certain rate criterion sp eci�ed b elo w, as the

n um b er of grid p oin ts is increased.

Letting k range from 1 to 6, w e denote b y u

k

the n umerical appro ximation

of u j

r =1

resulting from solving (2.21) n umerically on a grid with (2

k � 1

)25

stations. The obtained n umerical data are listed in T able 2.1. F or 2 � k � 6,
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k # of Grid P oin ts (= (2

k � 1

)25) u

k

1 25 0.5244892252544697

2 50 0.4813108016978246

3 100 0.4731558322572437

4 200 0.4718007860945425

5 400 0.4715830558422486

6 800 0.4715462392632123

T able 2.1: Con v ergence analysis for the radially symmetric case of the qua-

sistaic mo del

the inequalit y

j u

k

� u

k � 1

j < 2

� k +1

is satis�ed, indicating that the sequence ( u

k

)

k

is Cauc h y . F urthermore, letting

N denote the highest v alue of the index k in the sequence, and letting

h

k

:= (10 � 1) = [(2

k � 1

)25]

b e the mesh size corresdp onding to a grid with (2

k � 1

)25 stations, w e observ e

2nd order con v ergence to u

N

; i.e.,

j u

N

� u

k

j = O ( h

2

k

) (2.60)

as k increases to w ards N .

2.7.2 The Elliptically Shap ed Case

Sho wn in the tables b elo w are the v alues of some n umerical solutions

~ u = ( u

1

( p

1

; p

2

) ; u

2

( p

1

; p

2

)) ; p

1

< 1 ; 0 < p

2

� � = 2

computed in the elongate d p olar c o or dinates describ ed in app endix B. The

nondimensional pseudo-e c c entricity parameter is de�ned b y

e :=

j ma jor axis j � j minor axis j

j minor axis j

(2.61)

and in the follo wing results has v alue

e = 0 : 4

In the notation used in the follo wing tables, for eac h of n = 1 ; 2 and eac h

�xed spatial p oin t ~ x , the corresp onding sequence ( u

( k )

n

( ~ x ))

k

, is seen to b e

Cauc h y . (F or eac h suc h sequence, w e ha v e tak en the p

1

-grid to ha v e (2

k � 1

)60
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stations, while the p

2

-grid has b een k ept �xed at some n um b er M

2

of sta-

tions.) F urthermore, letting N denote the highest v alue of the index k in the

sequence, and letting

h

k

:= (10 � 1) = [(2

k � 1

)60]

b e the p

1

-mesh size, w e observ e 2nd order con v ergence to ~ u

( N )

( ~ x ); i.e.,

j ~ u

( N )

(1 ; p

2

) � ~ u

( k )

(1 ; p

2

) j = O ( h

2

k

) 8 p

2

2 f 0 ; � = 4 ; � = 2 g (2.62)

as k increases to w ards N .
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Numerical Data for the ~q

1

-co ordinate of ~ u

k No. of p

1

-grid pts No. of p

2

-grid pts u

( k )

1

(1 ; 0) u

( k )

1

(1 ; � = 4) u

( k )

1

(1 ; � = 2)

1 60 30 0.3865204328645332 0.4181932181523599 0.4760820215056981

2 120 30 0.3472136889663879 0.4187098695466196 0.4752977561810137

3 240 30 0.3404961156378067 0.4190973011515558 0.4752289554560816

4 480 30 0.3393606416003349 0.4191931976720051 0.4752256618917599

5 960 30 0.3391512735211366 0.4192146073837343 0.4752264946675707

1 60 60 0.3869578465828290 0.4181950174647636 0.4760815495985574

2 120 60 0.3473140533455672 0.4187113572120673 0.4752985061745337

3 240 60 0.3404675731556163 0.4190963315937192 0.4752296689376077

Numerical Data for the ~q

2

-co ordinate of ~ u

k No. of p

1

-grid pts No. of p

2

-grid pts u

( k )

2

(1 ; 0) u

( k )

2

(1 ; � = 4) u

( k )

2

(1 ; � = 2)

1 60 30 0.0000000000000000 0.1534872192198908 0.0000000000000000

2 120 30 0.0000000000000000 0.1466126525598786 0.0000000000000000

3 240 30 0.0000000000000000 0.1457571390581806 0.0000000000000000

4 480 30 0.0000000000000000 0.1456239122910518 0.0000000000000000

5 960 30 0.0000000000000000 0.1455930207164078 0.0000000000000000

1 60 60 0.0000000000000000 0.1534482341724016 0.0000000000000000

2 120 60 0.0000000000000000 0.1465539581568468 0.0000000000000000

3 240 60 0.0000000000000000 0.1457017247992143 0.0000000000000000

T able 2.2: Con v ergence analysis for the quasistatic mo del of an elliptically shap ed w ound (semiaxes 1 and 1 : 4).
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CIRCULAR WOUND:  E =0.5  G =0.8  b =0.2  l  =3; r-mesh size:800

r (x 500 m m)

u(
r)

Figure 2.2: A t ypical n umerical solution for the radially symmetric w ound.

The mo del captures the epidermal retraction o v er man y cell lengths (on the

scale of the �gure, a cell length is ab out 0 : 02. In the computations, the

domain of r has b een truncated to the in terv al [1 ; 10]. The scaled parameter

v alues used here are E = 0 : 5 ; � = 0 : 8 ; � = 0 : 2 ; � = 3. They appro ximately

corresp ond to those used b y Sherratt [22]; the di�erence b et w een the t w o

sets of v alues is in the scaling.
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Elliptically Shaped Wound, Static Model

  E =0.5  G =0.8  b =3  l  =0.2  e =1

Figure 2.3: A t ypical solution for an elliptically shap ed w ound (1st quadran t)

with semiaxes 1 and 2. Legend: * material p oin ts, | displacemen t v ectors,

- - w ound edge.
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Chapter 3

The Dynamic Mo del:

Bac kground and F orm ulation

3.1 The Mec hanism of W ound Recognition

In this section, w e consider the long-term healing pro cess of an epidermal

w ound in an em bry o. Biologists ha v e come to agree on how a w ound closes;

this is b eliev ed to o ccur via the \purse-string" mec hanism [14]. Ho w ev er,

there app ears to b e no conclusiv e theory of why a w ound b egins and con tin ues

to close un til healed. This is, essen tially , the question of how an or ganism

r e c o gnizes the pr esenc e of a wound , whic h w e no w address.

3.1.1 The Role of Chemotaxis in Em bry onic Epidermal

W ound Reco v ery

There is evidence [5] [8] that the cells injured during the w ounding release

c hemicals that signal to other cells to c hange their genetic and lo comotiv e

b eha vior in certain w a ys. Ho w ev er, the signi�cance of chemotaxis , i.e. the

phenomenon of cells tra v eling in resp onse to a c hemical signal, in em bry onic

w ound healing is still unclear, as is the relation b et w een c hemotaxis and the

purse-string me chanism . The latter mec hanism is still held [8] [14 ] primarily

resp onsible for w ound closure.

Chemotaxis is b eliev ed to b e based on the cells' resp onse to c hemoattrac-

tan t concen tration gradien ts in the extracellular en vironmen t. Ph ysical in tu-

ition suggests that suc h gradien ts di�use a w a y in a matter of min utes (tens

of min utes, p erhaps). This is the same time scale as that of the formation

of the actin purse string. Since concen tration gradien ts ha v e a w ell-de�ned

direction, they carry enough information to orien t the actin �lamen ts so that

the purse string is formed: the �lamen ts form the purse string b y aligning

themselv es p erp endicularly to the concen tration gradien ts. One ma y conjec-
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ture that the relation b et w een the gradien ts and actin realignmen t is that of

cause and e�ect, but this is not crucial to the rest of this dissertation, as the

time in our ev olution mo del b egins at the instan t when the quasi-equilibrium

describ ed b y (2.21, 2.3, 2.4) has just b een reac hed. By this time, the purse

string has already b een formed, and the c hemoattractan t gradien ts, ha ving

pla y ed whatev er role, ha v e di�used. No w there are t w o p ossibilities: the

gradien ts either ha v e no further e�ect, or their brief presence has started

some c hain reaction, whic h con tin ues after they are gone (or p erhaps forcibly

main tains the gradien ts).

In this dissertation, w e con�ne ourselv es to the former p ossibilit y , based

on the follo wing considerations. Unless the men tioned c hain reaction is suf-

�cien tly long-lasting or furnished with excellen t feedbac k con trol, its role in

the w ound reco v ery can b e sho wn insubstan tial b y the follo wing though t ex-

p erimen t: k eep a w ound op en, b y mec hanical means, un til the reactions die

out. No w remo v e the mec hanical obstacle to w ound closure. W e still ex-

p ect the w ound to start reco v ering. (The only evidence that seems to exist

is for full-depth w ounds in adult skin: surgeons use drainage tub es inserted

through a skin puncture. Suc h tub es are k ept in the puncture for da ys. After

the tub e is remo v ed, ho w ev er, the puncture still pro ceeds to close.)

Hence, all dynamic mo dels form ulated b elo w rest on the assumption that

the c hemoattractan t gradien ts, once di�used, ha v e no further b earing on the

reco v ery of the w ound.

3.1.2 An Approac h to Explaining W ound Recognition

and W ound Closure

More globally , despite the a v ailable evidence, the task of tracing the causal

c hain of ev en ts leading to w ound closure still app ears a formidable problem.

F or instance, consider the cause-e�ect relation b et w een the actin restructur-

ing in the w ound margin and the mec hanical stress that arises there. Some

w orks [14] prop ose that the actin �lamen ts restructure themselv es in resp onse

to a mec hanical stim ulus (stress). A t the same time, the purse-string mec ha-

nism is a theory that the b eha viour of the actin �lamen ts around the w ound

(namely , a c hange in stress) causes mec hanical c hanges (w ound closure) in

the tissue.

In some exp erimen ts, e.g. [14], the causal c hain has b een brok en b y

blo c king one of the signals kno wn to participate in w ound healing. This,

ho w ev er, cannot pro vide complete information ev en on the role the blo c k ed

signal in the c hain of ev en ts.

I therefore attempt here a more phenomenological explanation of ho w an

organism con tin ues, after the purse string has formed, to detect and close

the w ound. This leads to an em bry onic w ound healing mo del whic h has the
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adv an tages of b eing (a) self-con tained, (b) relativ ely simple, and (c) su�-

cien tly 
exible to allo w the inclusion of man y conjectured or exp erimen tally

observ ed phenomena. The disadv an tage is that the c hoice of a certain v ector

�eld (to b e denoted

~

h ( t; ~ x )) is a fairly phenomenological construction with a

purely in tuitiv e motiv ation. This approac h, ho w ev er, is exactly what a�ords

adv an tage (c).

3.2 A Class of Biomathematical Mo dels

Ph ysicists assert that \the la ws of ph ysics remain unc hanged with time". The

mathematical coun terpart of this statemen t is as follo ws. A closed mec hanical

system is describ ed b y a di�eren tial equation with an autonomous v ector �eld

[3]. In other w ords, the resp onse of suc h a system to the same \signal" do es

not dep end on when the signal arriv es.

By con trast, the resp onse of a biological system to the same signal v ery

w ell ma y , at least at the lev el of observ ation accessible to mo dern science,

v ary with time. P erhaps this is an indication that none of the biological

systems observ ed so far ha v e b een \closed" in the sense of ph ysical energy .

Th us, as time progresses, a biological system generally c hanges not only

its ph ysical (more precisely , inor ganic chemo-physic al ) state, but also its

tr ansition mapping of one ph ysical state to another, all in resp onse to some

external signal.

This transition mapping can b e iden ti�ed with the biolo gic al state of a

system. The follo wing example sho ws that if t w o biological systems of iden ti-

cal sp ecies are in di�eren t biological states, their resp onses to the same signal

will generally also di�er.

Example 3.2.1 Supp ose that p ersons A and B ar e in identic al physic al c on-

dition (physic al state), but A has a much str onger immune system (biolo gic al

state) than B do es. Subje cting b oth p ersons to very c old we ather (external

signal) le ads to di�er ent physic al r esp onses fr om the two.

F or the rest of this section, w e will use the follo wing terminology , whic h

corresp onds to the commonly accepted in tuitiv e usage. The transition map-

ping of a biological system will b e called its biolo gic al state ; the v ector �eld

describing the c hange in the biological state, the biolo gic al r esp onse mapping

of the system.

Consider a biological system B with ph ysical states ~p (whic h liv e in some

phase space X ), biological states

~

b , a biological resp onse mapping ~� , and

external signals ~ y represen ting the system's en vironmen t. In ligh t of the

ab o v e, it is reasonable to lo ok for an ev olution mo del of the system B in the
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form

@

@ t

~p =

~

b ( ~p; ~ y ) (3.1)

d

dt

~

b = ~� ( t;

~

b; ~p ) (3.2)

The �rst of these equations can b e called the physic al p art of the mo del; the

latter, the biolo gic al p art .

Remark 3.2.1 The assumptions welde d into the ab ove e quation imply the

fol lowing very str ong r elation b etwe en the physic al states ~p and the biolo gic al

states

~

b . Supp ose ~ y is an element of a set Y of c ontr ols. If ~p is a p oint on a

manifold X , which serves as a phase sp ac e for the physic al states, then e ach

~

b is (or c orr esp onds to) a mapping fr om X � Y to the tangent bund le T X

over X .

Man y of the published mathematical mo dels are, explicitly or implicitly ,

of the form (3.1-3.2). The Lotk a-V olterra mo del of predator-prey in teraction

[10 ] is purely biological, i.e. with no ph ysical state app earing explicitly . So

are some mo dels of cell cycle con trol [15]. In [20], ho w ev er, b oth parts are

presen t explicitly: the ph ysical part of the mo del is equation (2), whic h sa ys

@ �

@ t

+ r �

 

�

@ u

@ t

!

= ( �

0

A

0

+ � A

1

) : �;

\where �

0

and � are the initial and the curren t mass densit y of the ECM

[extracellular matrix], � is the linearized strain tensor

� =

1

2

h

r u + r u

T

i

;

and A

0

; A

1

are the tensorial material parameters for whic h there are not an y

exp erimen tal data" (quoted from [20]). The biological part of the mo del is

equation (6), equiv alen t to an ODE, whic h sa ys

E ( x ; t ) = E

0

"

� ( x ; t )

�

0

( x ; t )

#

p

;

where E ( x ; t ) denotes the Y oung's mo dulus, assumed in [20 ] time- and space-

dep enden t, and where \the parameters E

0

; �

0

and p are not clearly de�ned

and ha v e h yp othetical v alues in this study" (quoted from [20]).

The mo del o�ered b elo w resem bles structurally the one in [20], in that

the ph ysical state will corresp ond to the displacemen t �eld ~ u of the epird-

ermis surrounding the w ound, while the biological state will corresp ond to
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the activ e strain tensor �

a

, whic h pla ys a direct role in the ev olution of the

displacemen t.

The mo del in [20] do es not include the external en vironmen t signal ~ y .

Neither do es the mo del presen ted here, although it ma y b e pro�tably revised

in the future to include some suc h signal, for the purp ose of con trolling the

pro cess of w ound repair to the patien t's adv an tage.

3.3 Preliminary Constructions: A Mathemat-

ical Mo del of Cell-to-Cell Signalling

Throughout this section, w e discuss certain b eha vioral asp ects of a collection

of biological cells o ccup ying a domain M in R

N

and exc hanging signals of a

nature sp eci�ed b elo w. A biological cell is iden ti�ed with a p oin t ~ c 2 M whic h

giv es the spatial p osition of the cell. The discrete cell tissue is appro ximated

b y a con tin uum o v er whic h ~ c v aries.

3.3.1 In tuitiv e Considerations

Let ~ c

n

(resp., ~ c

f

) denote an epidermal cell near (resp., far a w a y from) the

w ound edge. It is w ell-kno wn [14] that ~ c

n

and ~ c

f

will exhibit di�eren t b e-

ha viors. Immediately b efore the in
iction of the w ound, b oth cells ha v e the

same biological function; i.e., they ha v e the appropriate genes expressed to

a roughly equal degree. It is therefore reasonable to supp ose that the b eha v-

ioral di�erences that app ear after the w ounding are caused b y the di�erences

in some external signals receiv ed b y ~ c

n

and ~ c

f

.

W e therefore adopt an explanation based on the h yp othesis that a cell

is able to distinguish b et w een directions from whic h it receiv es signals. (F or

man y kinds of signals, this h yp othesis is supp orted b y exp erimen tal evidence;

see the material on in tercellular comm unication in [2 ].) The biological nature

of the signals in question is thoroughly discussed in section 3.4.2.

W e assume that, on M , there is de�ned a smo oth, time-dep enden t v ector

�eld

~

h ( t; ~ c ) with v alues in a Hilb ert space H with inner pro duct ( �j� )

H

. This

�eld describ es the state of the biological system o ccup ying the domain M at

time t . F or p oin ts ~ c

1

and ~ c

2

in M , w e in tro duce the scalar-v alued inter action

function

F ( ~ c

1

; ~ c

2

) � 0 ;

assumed prop ortional to (

~

h ( t; ~ c

1

) j

~

h ( t; ~ c

2

))

H

and monotone nonincreasing with

j ~ c

1

� ~ c

2

j . (The assumption of monotonicit y ma y ha v e to b e dropp ed in a

setting more general than the w ound reco v ery mo del describ ed in the presen t

w ork.)

23



3.3.2 A Generalization of Newton's La w of Gra vit y

By Newton's La w of Gra vit y , the force of in teraction b et w een t w o mass

p oin ts, lo cated at ~ c

1

and ~ c

2

, resp ectiv ely , has magnitude

F ( ~ c

1

; ~ c

2

) = k

� ( ~ c

1

) � ( ~ c

2

)

j ~ c

1

� ~ c

2

j

2

; (3.3)

where � ( ~ c ) is the mass at lo cation ~ c , and k a constan t. Regarding this form ula

as ha ving the general form

F ( ~ c

1

; ~ c

2

) = k � ( ~ c

1

) � ( ~ c

2

) g ( j ~ c

1

� ~ c

2

j ) ; (3.4)

where g ( s ) is a function of the real argumen t s � 0 (th us, form ula (3.3) is

the sp ecial case g ( s ) = 1 =s

2

), w e see that g ( s ) re
ects ho w the in tensit y of

in teraction b et w een t w o p oin t ob jects dep ends on the distance b et w een these

ob jects.

3.4 A Choice of Mathematical Apparatus

3.4.1 Biosignal Asymmetry V ectors

The quan tit y F ( ~ c

1

; ~ c

2

) will b e called the absolute

~

h -inter action b etwe en ~ c

1

and ~ c

2

. It follo ws that the cum ulativ e absolute in teraction b et w een a p oin t

~ c and all p oin ts lying in the direction ^y from ~ c is giv en b y the in tegral

w ( ~ c ; ^y ) :=

Z

1

0

F ( ~ c ; ~ c + s ^y ) ds (3.5)

This in tegral is to b e though t of as the total biosignal r e c eive d by ~ c fr om the

dir e ction ^y , or, briefer, the ^y -biosignal at ~ c . Suc h a signal can b e a v eraged

o v er all the directions ^y , to yield the aver age biosignal w ( t; ~ c ) r e c eive d by ~ c .

Finally , for eac h direction ^y , w e consider the di�erence

� ( t; ~ c; ^y ) := w ( t; ~ c ) � w ( ~ c ; ^y ) ;

whic h measures, at ~ c , the deviation of the ^y -biosignal from the a v erage one.

W e call � ( t; ~ c; ^y ) the biosignal asymmetry of ^y . In tegrating � ( t; ~ c; ^y ) ^y ( � ) o v er

all the directions ^y ( � ) that emanate from ~ c at time t , w e obtain the me an

biosignal asymmetry ve ctor

~

�( t; ~ c ) :=

Z

[0 ; 2 � ]

� ( t; ~ c ; ^y ) ^y ( � ) d� (3.6)
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3.4.2 A Biologically Sound Choice of

~

h ( t; ~ c ) and F ( ~ c

1

; ~ c

2

)

in the Con text of W ound Reco v ery

W e assume that the

~

h -in teraction function F , de�ned ab o v e, has the form

F ( t; ~ c

1

; ~ c

2

) :=

�

�

�

�

~

h ( t; ~ c

1

) j

~

h ( t; ~ c

2

)

�

H

�

�

� g ( j ~ c

1

� ~ c

2

j ) ; (3.7)

where the scalar-v alued cut-o� function g , de�ned for s � 0, c haracterizes

the in
uence of distance b et w een ~ c

1

and ~ c

2

on the in teraction b et w een these

t w o p oin ts. Hence, w e assume g satis�es three conditions:

g ( s ) � 0 8 s (3.8)

g ( s ) is nonincreasing (3.9)

m

L

( supp g ) � (�nite) range of

~

h -in teraction (3.10)

One has considerable freedom in the c hoice of the de�nition. The �eld

~

h ( t; ~ c ) is mean t to describ e the b ological state of the tissue. Since our primary

concern is whether a p oin t ~ c at time t is co v ered b y epidermal tissue (and

not, sa y , the thic kness of the tissue at ~ c ), w e in tro duce the function �

e

( t; ~ c )

whic h represen ts the normalized epidermal cell p opulation densit y; hence,

�

e

( t; ~ c ) =

(

1 if ~ c lies outside the w ound at time t

0 otherwise

(3.11)

T o describ e the biological state of the tissue, use the one-dimensional �eld

~

h ( t; ~ c ) := �

e

( t; ~ c ) 2 R

1

=: H (3.12)

There are, to b e sure, other c hoices. F or instance, in order to include the

concen tration n ( t; ~ c ) of a c hemical n utrien t leaking out of the injured cells as

a signi�can t factor in the healing pro cess, one ma y c ho ose

~

h ( t; ~ c ) := [ �

e

( t; ~ c ) ; n ( t; ~ c )] 2 R

2

=: H

W e do not do this, ho w ev er, for lac k of su�cien t kno wledge ab out the signif-

icance of c hemical n utrien ts in em bry onic w ound repair.

The suitable c hoice of the in teraction function F ( ~ c

1

; ~ c

2

), dep ends on the

t yp e of in tercellular signals that F is to re
ect. The basic kno wn signal t yp es

and their c haracteristics [2] [24] are listed in T able 3.1.

F or the �rst signal t yp e listed in the table to arise, the organism m ust b e

relativ ely mature: neural net w orks require that su�cien tly man y cells ha v e

di�eren tiated to b ecome neurons.

The endo crine system, in turn, requires a v ascular net w ork whic h, ho w-

ev er w ell dev elop ed, cannot conduct signals in a w ell-de�ned rectilinear di-

rection.
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Signal

T yp e

Carried By

T ransmitted

Via

Range Sp eed

neural

electrical

impulses

axon c hannels large

:

= ligh t sp eed

endo crine hormones blo o d

v ascular

net w ork

blo o d
o w

v elo cit y

paracrine

c hemical

n utrien t

concen tration

gradien ts

extracellular

matrix

lo cal 2D-di�usivit y

direct

con tact

ions, etc.. connexons lo cal 1D-di�usivit y

mec hanical

mec hanical

w a v es

�b ers with

tensile

strength

large

mec hanical

w a v e

propagation

sp eed

T able 3.1: Basic kno wn cell signal t yp es.

These considerations narro w the p ossibilities to the last three signal t yp es.

P aracrine signalling can pla y a role immediately after the w ound has b een

in
icted: c hemoattractan ts leak out of the injured cells, and their concen tra-

tion gradien ts p oin t to w ard the w ound. This ma y w ell b e the cause of the

actin \purse string" formation that o ccurs shortly after the w ounding [14]

[10 ]. The gradien ts then di�use a w a y , and it is not clear whether the ensuing

w ound closure is primarily (a) a sequence of ev en ts set in motion b y the gra-

dien ts in the concen trations of c hemical n utrien ts, or (b) a resp onse to other,

constan tly presen t, signals. In this pap er, w e c ho ose (see the explanation in

section 3.1.1) to explore p ossibilit y (b)

1

, whic h rules paracrine signalling out

of our mo del.

Con tact signalling tak es place at ev ery instan t, but acts short-range. Our

n umerical evidence, on the other hand, suggests that a long-range signal t yp e

is required for the w ound to close.

W e therefore assume that the w ound closure (that is to sa y , the con trac-

tion of the actin \purse string") is driv en b y signals with a precisely de�ned

direction and a long range of propagation. These prop erties are observ ed in

signals of the last t yp e listed in T able 3.1; namely , the mec hanical signals

[24 ].

Accordingly , denoting b y r

sp

the range of signal propagation, w e c ho ose

1

Recall that the time in our dynamic mo del is to start after the \purse string" has

already formed.
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the cut-o� function g ( s ) app earing in (3.7) th us:

g ( s ) = �

[0 ;r

sp

]

( s ) ; where �

[0 ;r

sp

]

: R 3 s 7!

(

1 if s 2 [0 ; r

sp

]

0 otherwise

(3.13)

This c hoice of g ( s ) yields

F ( ~ c

1

; ~ c

2

) =

(

1 if j ~ c

1

� ~ c

2

j � r

sp

and b oth lie outside the w ound

0 otherwise

(3.14)

3.5 The Setting of the Dynamic Mo del

The follo wing is a construction of a dynamic mo del that con tains an assump-

tion for a mec hanism of wound r e c o gnition and the ensuing closure b y the

purse-string mec hanism [14].

3.5.1 The Spatial Domain

W e �x a compact, simply connected domain 


w

� R

2

, whic h will b e called

the initial wound . W e put


 := R

2

� 


w

; �

w

= @ 


w

(3.15)

The domain 


w

represen ts the original, sur gic al ly in
icte d wound . Th us, b y

the time the quasi-equilibrium ~ u

q e

: 
 ! R

2

; de�ned b y (2.21, 2.3, 2.4)

with 


1

= R

2

, has b een ac hiev ed, the in tact epidermis o ccupies the domain

f ~ x + ~ u

q e

( ~ x ) : ~ x 2 
 g

3.5.2 The Unkno wn F unctions

The unkno wn functions of the mo del, de�ned for ~ x 2 
 ; t � 0, are:

� The displacemen t ~ u ( t; ~ x )

� The activ e strain �

a

( t; ~ x ) arising from the con traction of the actin �la-

men ts

3.6 A F orm ulation of the Dynamic Mo del

3.6.1 The Underlying P ostulated Mec hanisms of W ound

Recognition and W ound Closure

P ostulate 3.6.1 (The W ound Closure P ostulate) A ctin �laments c on-

tr act actively along the dir e ctions ortho gonal to the me an biosignal asymmetry

ve ctor

~

� ( t; ~ c ) .
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�
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Case (2): Cell E gone

Figure 3.1: An illustration to example 3.6.1. The diagram on the left sho ws

the case when all the neigh b ors of A are in tact. The diagram on the righ t

sho ws the case when E is destro y ed.

Example 3.6.1 T o se e the Wound Closur e Postulate at work, c onsider a c el l

o c cupying (and identi�e d with) a lo c ation A in intact epidermis (se e Figur e

3.1). F or simplicity, assume A has exactly four imme diate neighb or c el ls,

N ; W ; S; E , p ositione d as shown in the Figur e: e ach of N ; S is adjac ent to

E and to W . It is r e asonable to exp e ct that c el l A r e c eives identic al signals

fr om al l four neighb ors. Onc e a wound is in
icte d so that the c el l at E is

destr oye d, with the r emaining four c el ls unharme d, the situation changes.

Me asuring the signal intensity in some normalize d units, we c an say that

now the c el ls at S; N ; W e ach deliver 1 unit, while the c el l at E delivers 0 , so

the aver age signal r e c eive d by the c el l at A is 0 : 75 . The c el l lo c ation whose

signal deviates the most fr om the aver age is, ther efor e, E . The dir e ction of

this maximal deviation fr om the me an is AE . Henc e, the actin �laments at A

must c ontr act along the dir e ction S N ortho gonal to AE . The two sc enarios

ar e analyze d in T able 3.2.

Scenario 1:

All cells in tact

Scenario 2:

Cell E destro y ed

mean signal

receiv ed b y cell A

1 0 : 75

direction of largest

deviation from the

mean signal

unde�ned

F rom A to w ards

where E w as

T able 3.2: A summary of the in tercellular signalling describ ed in example

3.6.1.

28



3.6.2 The Mo del Axioms

W e no w state the axioms that, together with p ostulate 3.6.1, lead to the

mo del equations presen ted b elo w.

Axiom 3.6.1 (Mec hanotaxis) Epidermal c el ls at ~ x ar e actively c arrie d by

the displac ement ~ u .

Axiom 3.6.2 (Restoring F orce) In [10 ], the r estoring for c e has the form

�

1 + r � ~ u

~ u;

The derivation of the latter form, as o�er e d in [10], runs as fol lows. The

r estoring for c e is mo dele d by the expr ession

�G ~ u;

wher e � char acterizes the str ength of the epidermal attachment to the under-

lying substr atum, and G is a sc alar-value d function char acterizing the actin

�lament density. The latter density is, in turn, assume d to satisfy the \actin

c onservation " c ondition

G (1 � 4 ) = � = const:;

wher e 4 denotes the amount of tissue c omp action and is appr oximate d by

�r � ~ u . The c onstant � turns out r esc ale d to 1 as a r esult of nondimension-

alization.

Base d on the c onsder ations exp ounde d in se ction 2.4, we r eplac e the de-

nominator ( 1 + r � ~ u ) by 1 . On the other hand, we take ac c ount of the

underlying mesenchyme moving to gether with the c ontr acting epidermis [14],

at a r ate pr op ortional to @

t

~ u . The r esulting expr ession for the r estoring for c e

is

� ( ~ u + c

v mm

@

t

~ u ) ; (3.16)

wher e the c o e�cient c

v mm

char acterizes the mesenchymal motile r esp onse and

has hyp othetic al value. Sinc e @

t

~ u is initial ly zer o, the new expr ession (3.16)

for the r estoring for c e is c onsistent with the r estoring for c e � ~ u use d in the

quasistatic mo del (2.21).

Axiom 3.6.3 (Constitutiv e Equations) We p ostulate the c onstitutive e qua-

tion

� ( ~ u ) := �

1

@ �

@ t

+ �

2

@ ( r � ~ u )

@ t

I + E � + �( r � ~ u ) I + �

a

; (3.17)

wher e the term �

a

r e
e cts the str ain due to actin �lament c ontr action, and

�

1

; �

2

; E ; � ar e the visc o-elastic c onstants.
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P arameter Role

(Range of )

Scaled

V alue(s)

E 2 � (1st Lam � e's constan t) 0 : 5

� 2nd Lam � e's constan t 0 : 8

� substratum attac hmen ts 3

� actin compaction v.s. traction (section 2.3.1) 0 : 2

�

1

shear viscosit y 1 : 0

�

2

bulk viscosit y 0 : 1

r

sp

cell signal reac h 3 : 0 � 2 : 0

c

�

biosignal in tensit y 10 : 0

c

v mm

mesenc h ymal motile resp onse 0 : 1

c

c

actin cable con traction resp onse 1 : 0

T able 3.3: The nondimensional parameters app earing in the mo del. The �rst

four are describ ed in section 2.3.1. The others ha v e h yp othetical v alue. The

parameter c

v mm

re
ects the exp erimen tally observ ed [14] mo v emen t of the

mesenc h yme together with the epidermis during the re-epithelialization of

the w ound area.

The follo wing is an instance of p ostulate 3.6.1.

Axiom 3.6.4 (Activ e Strain) A ctive str ain in an epidermis with biosignal

asymmetry

~

� identic al ly zer o has no pr eferr e d dir e ctions and c onstantly in

sp ac e e quals �

a; 0

I . In the pr esenc e of a nonzer o biosignal asymmetry �eld

~

� ,

actin �laments c ontr act along the dir e ctions ortho gonal to

~

� , at a r ate that

incr e ases with j

~

� j

2

.

3.7 The P arameters in the Dynamic Mo del:

Scaling and V alues

3.7.1 The Visco elastic P arameters

The visco elastic and biological parameters app earing in the mo del, with their

brief descriptions and scaled v alues, are listed in T able 3.3. F or the elastic

and biological parameters E ; � ; �; � app earing in the quasistatic mo del, w e

use the scaling describ ed in section 2.3.1. F or the parameters c haracterizing

the viscosit y and cell-signal transduction prop erties of the tissue, w e use

h yp othetical v alues.
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3.7.2 The Time P arameter

The scaling of time t crucially dep ends on the biological parameters, ex-

p erimen tal data for whic h are not a v ailable. F or their h yp othetical c hoices

indicated in T able 3.3, a w ound that closes do es so inside of 1 \unit" of

the time v ariable app earing in the mo del. The exp erimen tal evidence [10]

suggests that a w ound closes in ab out 20 hours (see section 1.2). Th us, w e

measure t in units of 20 hours eac h.

3.8 The Equations of Epidermal Motion

The motion equation for the epidermis with displacemen t ~ u and v elo cit y @

t

~ u

is

� @

tt

~ u = r � � � � ( ~ u + c

v mm

@

t

~ u ) ; (3.18)

where � is de�ned b y (3.17), and � represen ts the \area densit y" of cell

p opulation, hence (see (3.11)) is assumed constan tly 1.

F or the ev olution of �

a

, axiom 3.6.4 yields

@

t

�

a

= c

c

�

�

a; 0

+ c

2

�

~

�

?




~

�

?

� �

a

�

(3.19)

where c

c

; c

�

are p ositiv e constan ts, and

~

�

?

is the image of

~

� under the

rotation de�ned b y

^r 7! �

^

� ;

^

� 7! ^r (3.20)

The bioph ysical in terpretation of (3.19) is as follo ws.

If

~

� =

~

0 (e.g., if there is no w ound), then (3.19) merely main tains �

a

at

its normal v alue �

a; 0

.

If

~

� 6=

~

0, the situation is b est illustrated b y considering the case when

the w ound itself and all the v ector- and tensor �elds are radially symmetric

(a separate c hapter is dev oted to this case b elo w). In this symmetric case,

as w e shall see,

~

� has direction � ^r . Multiplying (3.19), in the sense of (A.1),

b y ^r and, separately , b y

^

� , one obtains

@

t

�

a

� ^r = c

c

[ �

a; 0

� �

a

] � ^r ; (3.21)

@

t

�

a

�

^

� = c

c

[ �

a; 0

� �

a

] �

^

� + c

c

c

2

�

j

~

�

?

j

~

�

?

; (3.22)

i.e., the sole e�ect of the v ector �eld

~

� is to increase the tangen tial comp onen t

of the activ e strain.

3.8.1 Boundary Conditions

The w ound edge �

w

is assumed stress-free:

� � ^n j

�

w

=

~

0 (3.23)
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A t in�nit y , w e assume

lim

j ~ x j!1

~ u ( ~ x ) =

~

0 (3.24)

3.8.2 Initial Conditions

After a w ound has b een in
icted, the epidermis surrounding the w ound is

instan tly displaced to a new, p ost-w ounding, con�guration ~ u

pw

. Within min-

utes, ho w ev er, further displacemen t o ccurs, and the epidermal tissue reac hes

a state ~ u

q e

of quasi-equilibrium [10]. The state ~ u

q e

is ac hiev ed on a time

scale m uc h faster than that of the subsequen t pro cess of w ound closure. The

presen t mo del, aimed to re
ect the latter long-term pro cess, therefore allo ws

us to assume that ~ u

q e

is ac hiev ed (nearly) instan tly . Accordingly , w e tak e

~ u

q e

, as opp osed to ~ u

pw

, to b e the initial state for the displacemen t �eld.

~ u j

t =0

= the solution ~ u

q e

of the quasistatic problem (2.21, 2.3, 2.4)

(3.25)

T o re
ect the quasi-equilibrium status of ~ u

q e

, w e imp ose

@

t

~ u j

t =0

=

~

0 (3.26)

In ligh t of this initial condition, the initial activ e strain m ust coincide

with (2.19):

�

a

j

t =0

= (1 + � r � ~ u

q e

) I � � ( r � ~ u

q e

)

h

R

� = 2

~ u

q e


 R

� = 2

~ u

q e

i

(3.27)

3.8.3 Summary

In summary , our mo del amoun ts to the system

@

tt

~ u = r � � � � ( ~ u + c

v mm

@

t

~ u ) (3.28)

@

t

�

a

= c

c

�

�

a; 0

+ c

2

�

~

�

?




~

�

?

� �

a

�

(3.29)

sub ject to the b oundary conditions

� � ^n j

�

w

= 0 (3.30)

lim

j ~ x j!1

~ u ( ~ x ) =

~

0 (3.31)

and the initial conditions

~ u j

t =0

= ~ u

q e

(3.32)

@

t

~ u j

t =0

=

~

0 (3.33)

�

a; 0

j

t =0

= (1 + � r � ~ u

q e

) I � � ( r � ~ u

q e

)[ R

� = 2

~ u

q e


 R

� = 2

~ u

q e

] (3.34)

Here, again, the stress tensor � is giv en b y (3.17)
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3.9 The Numerical Metho ds of Choice for the

Dynamic Mo del

The initial state of the system is obtained b y solving n umerically the qua-

sistatic problem (2.21, 2.3, 2.4). The equations of epidermal motion ha v e

b een solv ed using the Crank-Nicolson metho d. A simple algorithm for ap-

pro ximating the in tegral (3.6), v alid for the c hoice (3.13) of the cut-o� func-

tion, is describ ed in section 3.10.

3.10 An Algorithm for Computing the Mean

Biosignal Asymmetry V ector

3.10.1 Motiv ation and Guiding Observ ations

All computational sim ulations using equation (3.28) require some appro xi-

mation of the in tegral (3.6). The n umerical pro cedures for suc h in tegrals

are generally cum b ersome. The follo wing ob erv ations, based on our sp eci�c

c hoice (3.14) of F , suggest an e�cien t alternativ e.

Notation 3.10.1 The p ar enthesize d abbr eviation (IED) henc eforth denotes

in tact epidermis and r efers, for �xe d t , to the set

f ~ x + ~ u ( t; ~ x ) : ~ x 2 
 g ;

wher e 
 is the physic al domain de�ne d by (2.1).

In accordance with (3.5) and (3.13), w e ha v e

w ( ~ c; ^y ) :=

Z

1

0

F ( ~ c ; ~ c + s ^y ) ds (3.35)

=

Z

r

sp

0

F ( ~ c; ~ c + s ^y ) ds (3.36)

Consequen tly ,

w ( ~ c ) =

Z

j ~ c �

~

� j� r

sp

F ( ~ c;

~

� ) dm

L

(

~

� ) (3.37)

=

(

0 if ~ c 2 (w ound region)

m

L

�

f

~

� : j ~ c �

~

� j � r

sp

g \ ( I E D )

�

otherwise

(3.38)

F or brevit y , denote the latter set th us

U

c

( ~ c ) := f

~

� : j ~ c �

~

� j � r

sp

g \ ( I E D ) (3.39)
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It follo ws that, for ~ c outside the w ound at time t , w e ha v e

~

� ( ~ u ; ~ c ) =

Z

[0 ; 2 � ]

[ m

L

( U

c

( ~ c )) � w ( ~ c ; ^y )] ^y ( � ) d� (3.40)

= �

Z

[0 ; 2 � ]

w ( ~ c ; ^y ) ^y ( � ) d� (3.41)

W e arriv e at the follo wing observ ation.

If ~ c at time t lies outside the wound, then the p oint

~ c �

~

�( ~ u; ~ c ) (3.42)

is the b aryc enter (i.e., the c enter of mass in the sense of the L eb esgue me a-

sur e) of the set

U

c

( ~ c ) (3.43)

which, in turn, c an b e c alculate d fr om the ar e a and the b aryc enter of the set

U ( ~ c ) := f

~

� : j ~ c �

~

� j � r

sp

g \ (wound r e gion at time t ) ; (3.44)

This, in turn, suggests a simple algorithm, describ ed b elo w, for calculating

�( ~ u; ~ c ), giv en t; ~ c; ~ u ( t; � ) and a parametrization

~

B ( s ) ; s 2 [0 ; 2 � [, of the

w ound b oundary at t . The idea is to appro ximate the b oundary of (3.44) b y

a p olygon P , whose area and barycen ter are then easily found.

3.10.2 Preliminary Considerations

Recall that

~

B ( s ) is a simple closed curv e.

Assume that a discretization of

~

B ( s ) is giv en at K v alues s

k

( k =

0 ; : : : ; K � 1) of the v ariable s 2 [0 ; 2 � [. Let D ( ~ c; r

sp

) denote the closed disc

with cen ter ~ c and radius r

sp

. Moreo v er, replacing eac h

~

B ( k ) b y

~

B ( k ) � ~ c , w e

reduce the situation to the case

~ c =

~

0 ;

whic h will b e assumed in the description of the algorithm.

Eac h

~

B ( s

k

) that lies in D ( ~ c; r

sp

) will serv e as a v ertex of P . As for the

remaining

~

B ( s

k

), eac h will b e pro jected on to the b oundary of D ( ~ c; r

sp

) along

the line connecting ~ c and

~

B ( s

k

). Th us, the p olygon P is to appro ximate the

b oundary of the set

S ( t ) := D ( ~ c ; r

sp

) \ (w ound region at time t ) (3.45)

F or use in the algorithm, w e allo cate an arra y

~

P ( K + 1) capable of storing

( K + 1) v ectors of dimension 2, n um b ered 0 to K . This arra y will con tain

the v ertices of the appro ximating p olygon P .
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The barycen ters of

U ( t; ~ c ) ; U

c

( t; ~ c ) ; P

are denoted, resp ectiv ely ,

~

b ( U ( t; ~ c )) ;

~

b ( U

c

( t; ~ c )) ;

~

b ( P )

Recall (section A) that m

L

denotes the Leb esgue measure of the appropriate

dimension.

3.10.3 The Algorithm

Refer to Figure 3.2.

1. F or eac h k 2 f 0 ; : : : ; K g , let

~

P ( k ) :=

8

<

:

~

B ( k ) if

~

B ( s

k

) lies in D ( ~ c; r

sp

) ( a )

r

sp

~

B ( s

k

)

j

~

B ( s

k

) j

if

~

B ( s

k

) lies outside D ( ~ c ; r

sp

) ( b )

(3.46)

(By the time this lo op is exited, the arra y

~

P con tains the Cartesian

co ordinate pairs of the v ertices of the desired appro ximating p olygon

P . Observ e that

~

P (0) =

~

P ( K )

F or eac h v ector

~

P ( k ), denote its comp onen ts b y P

1

( k ) ; P

2

( k ).)

2. Find the area A ( P ) of P using the form ula

A ( P ) :=

1

2

K � 1

X

k =0

[ P

1

( k ) P

2

( k + 1) � P

1

( k + 1) P

2

( k )] (3.47)

3. Find the barycen ter

~

b ( P ) = ( b

1

; b

2

) of P using, for m = 1 ; 2, the

form ula

b

m

:=

1

6 A ( P )

K � 1

X

k =0

[ P

m

( k ) + P

m

( k + 1)] [ P

1

( k ) P

2

( k + 1) � P

1

( k + 1) P

2

( k )]

(3.48)

4. Use

~

b ( P ) and A ( P ) to �nd the barycen ter

~

b ( U

c

) of (3.44) using the

appro ximations

~ c = m

L

( U ( t; ~ c ))

~

b (( U ( t; ~ c )) + m

L

( U

c

( t; ~ c ))

~

b ( U

c

( t; ~ c ))

:

= A ( P )

~

b ( P ) + m

L

( U

c

( t; ~ c ))

~

b ( U

c

( t; ~ c ))

)

(3.49)

m

L

( D ( ~ c; r

sp

)) = � r

2

sp

= m

L

( U ( t; ~ c )) + m

L

( U

c

( t; ~ c ))

:

= A ( P ) + m

L

( U

c

( t; ~ c ))

)

(3.50)
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Figure 3.2: An illustration of the algorithm describ ed in section 3.10.3. A

discretization (

~

B ( s

k

))

k

of the closed curv e

~

B ( s ) (the curren t b oundary of

the w ound) is the p olygon sho wn in dashed lines. The p olygon P is sho wn

in solid lines, with v ertices mark ed *. An arc of @ D ( c; r

sp

) is traced out in

+'s. The pro jections of the appropriate B ( s

k

)'s on to @ D ( c; r

sp

), describ ed in

form ula (3.46(b)), are carried out along the dotted lines.
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3.10.4 P erformance Cost

Eac h of the four steps requires O ( K ) op erations, hence so do es the en tire

algorithm.

3.10.5 Accuracy

The form ulae (3.47, 3.48) are quite general and apply to a wide class of

p olygons, including p olygons with \rings" [13]. Ho w ev er, these form ulae do

not apply to p olygons with self-in tersections; furthermore, for suc h p olygons,

area is not a priori w ell-de�ned.

The error analysis for the ab o v e algorithm, therefore, b oils do wn to t w o

issues, the error in appro ximating the b oundary of (3.44) b y the p olygon P ,

and the in
uence of the p ossible self-in tersections of P .

Both issues are resolv ed b y observing that to appro ximate the b oundary

of (3.44) b y P is, essen tially , to apply the c omp osite tr ap ezoidal rule [9] to

the calculation of (3.41). The error for this rule is

O ( h

2

) ; as h := max

k

j s

k +1

� s

k

j ! 0 ; (3.51)

pro vided that

~

B ( s ) is t wice di�eren tiable (a safe smo othness assumption,

giv en the discrete nature of a cell tissue and our con tin uous appro ximation

of it).
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Chapter 4

Some Prop erties of the

Dynamic Mo del in the Radially

Symmetric Case

In this short c hapter, w e analyze the mo del for the sp ecial case when the

w ound is of radially symmetric (circular) shap e. In this case, the corre-

sp onding biosignal asymmetry �eld

~

� turns out to ha v e the same symmetry ,

regardless of the c hoice of the cut-o� function g (describ ed in section 3.4.2).

A pro of of this prop ert y (theorem 4.3.1) is the k ey result of this c hapter.

Numerical results for the radially symmetric case are demonstrated and

discussed in c hapter 5.

4.1 The In tended Meaning of Radial Symme-

try

In reference to v ector- and tensor �elds de�ned in the plane R

2

, b y r adial ly

symmetric w e mean c entr al [3]; i.e., in v arian t under the group G of motions of

the plane whic h �x the origin. (The group G , therefore, consists of rotations

ab out the origin, and of re
ections through the lines passing through the

origin.)

Example 4.1.1 In Cartesian c o or dinates ( x

1

; x

2

) in R

2

, the �eld

~ u ( x

1

; x

2

) = ( x

2

; � x

1

)

is not r adial ly symmetric, as, in p articular, the r e
e ction R of ~ u thr ough the

x

1

-axis changes the �eld: the ve ctor

R ~ u ( x

1

; x

2

) = R ( x

2

; � x

1

) = ( x

2

; x

1

)
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gener al ly di�ers fr om

~ u ( R ( x

1

; x

2

)) = ~ u ( x

1

; � x

2

) = ( � x

2

; � x

1

)

However, if f is an arbitr ary r e al function of one sc alar ar gument, then the

�eld

~ u ( x

1

; x

2

) = f ( x

2

1

+ x

2

2

)( x

1

; x

2

)

is r adial ly symmetric. In fact, �elds of the latter form ar e the only r adial ly

symmetric �elds. L etting ~ r = ( x

1

; x

2

) , we se e that every r adial ly symmetric

�eld ~ u c an b e written

~ u ( ~ r ;

~

� ) = f ( j ~ r j ) ~ r

The assumption of radial symmetry reduces the n um b er of spatial dimen-

sions to 1, hence facilitates analysis.

4.2 A Radially Symmetric W ound

Here w e tak e 
 to b e a disc of radius R > 1 cen tered at the origin, and 


w

the unit disc concen tric to 
. The unkno wn functions ~ u ; �

a

are at all times

assumed radially symmetric.

More sp eci�cally , w e assume that, in the p olar co ordinates ( r ; � ), with an

orthonormal basis ( ^ r ( r ; � ) ;

^

� ( r ; � )),

~ u ( t; ~ r ) = u ( t; j ~ r j ) ^ r ; u ( t; j ~ r j ) 2 R (4.1)

Note 4.2.1 As a c onse quenc e of (4.1), the displac ement velo city ve ctor has

the form

@

t

~ u ( t; ~ r ) = v ( t; j ~ r j ) ^ r ; v ( t; j ~ r j ) := @

t

u ( t; j ~ r j ) 2 R

Belo w w e mak e use of the follo wing algebraic c haracterization of the radial

symmetry assumed in this section. Again, w e assume


 := f ~ r j 1 < j ~ r j < R g � R

2

(4.2)

Assumption (4.1) and the de�ning equation (3.12), resp ectiv ely , imply that,

for all R 2 G and for all ~ r , w e ha v e

~

h ( t; R ~ r ) =

~

h ( t; ~ r ) (4.3)

~ u ( t; R ~ r ) = R ~ u ( t; ~ r ) (4.4)

The group G preserv es the domain (4.2) and the measure d� .
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4.3 A Symmetry Result for the Mean Biosig-

nal Asymmetry V ector

Throughout this section, for ~ r 2 
 : t � 0, put

~ c = ~ c ( ~ r ; ~ u ( t; ~ r )) := ~ r + ~ u ( t; ~ r ) (4.5)

Condition (4.4) implies the follo wing prop osition.

Prop osition 4.3.1 Assuming (4.2), (4.3), (4.4), the me an biosignal asym-

metry ve ctor (3.6) is invariant under the action of the gr oup G , i.e. satis�es

R

~

� ( ~ u ; ~ c ) = �( ~ u; R ~ c ) 8 R 2 G (4.6)

Pro of. Arbitrarily c ho ose and �x a transformation R 2 G and a v ector

~ c . F rom the G -in v ariance of

~

h , expressed in (4.3), it follo ws that

F ( R ~ c

1

; R ~ c

2

) = F ( ~ c

1

; ~ c

2

) 8 ~ c

1

; ~ c

2

(4.7)

Hence

w ( R ~ c ) = w ( ~ c ) (4.8)

This, in turn, implies

R

~

�( ~ u; ~ c ) = R

Z

[0 ; 2 � ]

� ( t; ~ c; ^y ) ^y ( � ) d� (4.9)

= R

Z

[0 ; 2 � ]

[ w ( t; ~ c ) � w ( ~ c ; ^y )] ^y ( � ) d� (4.10)

=

Z

[0 ; 2 � ]

�

w ( t; ~ c ) �

Z

1

0

F ( ~ c; ~ c + s ^y ) ds

�

( R ^y ) d� (4.11)

=

Z

[0 ; 2 � ]

�

w ( t; R ~ c ) �

Z

1

0

F ( R ~ c ; R ~ c + sR ^y ) ds

�

( R ^y ) d� (4.12)

=

Z

[0 ; 2 � ]

�

w ( t; R ~ c ) �

Z

1

0

F ( R ~ c ; R ~ c + s ^y ) ds

�

^y d� (4.13)

=

Z

[0 ; 2 � ]

[ w ( t; R ~ c ) � w ( R ~ c; ^y )] ^y ( � ) d� (4.14)

=

~

� ( ~ u ; R ~ c ) (4.15)

This completes the pro of.

W e state a consequence of the latter prop osition.

Corollary 4.3.1 Under the hyp otheses of pr op osition 4.3.1, the me an biosig-

nal asymmetry ve ctor has the form

~

�( ~ u; ~ c ) = �( ~ u; j ~ c j ) ^ c; �( ~ u; j ~ c j ) � 0 (4.16)
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Pro of. Fix a ~ c . Let R

~ c

2 G b e a re
ection through the line f � ~ c j � 2 R g .

Then R

~ c

~ c = ~ c , so

~

� ( ~ u ; ~ c ) =

~

�( ~ u; R

~ c

~ c ) = R

~ c

~

�( ~ u; ~ c )

This sho ws that

~

� ( ~ u ; ~ c ) is colinear with ~ c :

~

� ( ~ u ; ~ c ) = �j

~

� ( ~ u ; ~ c ) j ^c

The sign is determined b y (3.41), whic h implies

~

� ( ~ u ; ~ c ) = �j

~

� ( ~ u ; ~ c ) j ^c (4.17)

This completes the pro of.

4.4 The Ensuing Radially Symmetric F orm

of the Dynamic Mo del

Because of the assumed radial symmetry , the matrix [ � ]

f ^r ;

^

� g

of the passiv e

strain is diagonal.

The same is true of the activ e strain. T o sho w this, observ e that, b y

(4.17), the tensor

~

�

?

( t; r ) 


~

�

?

( t; r ) = j

~

�( t; r ) j

2

^

� 


^

�

has, in the co ordinates, f ^r ;

^

� g a diagonal matrix. Hence the same is true of

the activ e strain tensor:

[ �

a

( t; r )]

f ^r ;

^

� g

=

"

�

a

^r ^r

( t; r ) 0

0 �

a

^

�

^

�

( t; r )

#

(4.18)

4.4.1 The Radially Symmetric form of the T otal Stress

T ensor

W e ha v e

r � u = @

r

u + u=r (4.19)

� = E

"

@

r

u 0

0 u=r

#

+ [ �

a

]

f ^r ;

^

� g

(4.20)

@

t

(( r � u ) I ) = @

t

( @

r

u + u=r ) I (4.21)

Consequen tly , the total stress tensor � ( r ; u ) turns out diagonal with the

diagonal comp onen ts

�

^r ^r

= �

1

@

t

( @

r

u ) + �

2

@

t

�

@

r

u +

u

r

�

+ E @

r

u + �

�

@

r

u +

u

r

�

+ �

a

^r ^r

(4.22)

�

^

�

^

�

= �

1

@

t

( @

r

u ) + �

2

@

t

�

@

r

u +

u

r

�

+ E

u

r

+ �

�

@

r

u +

u

r

�

+ �

a

^

�

^

�

(4.23)
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4.4.2 A Summary of the F orm ulation of the Radially

Symmetric Mo del

Throughout this section, let u

q e

denote the solution to the radially symmetric

case of (2.21, 2.3, 2.4).

The ev olution equations (3.28), (3.29) corresp onding to the radially sym-

metric case are

@

tt

u = r � � � � ( u + c

v mm

@

t

u ) (4.24)

@

t

�

a

^

�

^

�

= c

c

[ c

2

�

j �

?

j

2

+ �

a; 0

� �

a

^

�

^

�

] (4.25)

where � is giv en b y (4.22-4.23), and �

a

^r ^r

is (since

~

�

?

is directed tangen tially)

giv en b y

�

a

^r ^r

( t; r ) = � c

c

h

�

a

^r ^r

(0 ; r ) � �

a; 0

i

e

� c

c

t

(4.26)

The unkno wn u is sub ject, for all t � 0, to the b oundary conditions

� � ^n j

r =1

= 0 (4.27)

u j

r = R

= 0 (4.28)

The ev olution of v ; �

a

is determined on the b oundary b y equations

@

t

u = v

and (4.25), resp ectiv ely .

The initial conditions, imp osed for 1 < r < R , are

u j

t =0

= u

q e

(4.29)

@

t

u j

t =0

= 0 (4.30)

�

a

^r ^r

j

t =0

= (1 + � r � u

q e

) (4.31)

�

a

^

�

^

�

j

t =0

= (1 + � r � u

q e

) � � ( r � u

q e

)( u

q e

)

2

(4.32)
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Chapter 5

The Dynamic Mo del:

Numerical Sim ulations

Sho wn in the Figures in this c hapter are some sample solutions, for the

indicated v alues of parameters describ ed in table 3.3. Eac h Figure sho ws

a sequence of frames from a \mo vie" generated b y solving n umerically the

corresp onding instance of the dynamic mo del.

Remark 5.0.1 In Figur es 5.1 and 5.2, the horizontal and the vertic al c o-

or dinate axes ar e sc ale d di�er ently, giving a cir cular wound an elongate d

app e ar anc e. In Figur e 5.3, the horizontal and the vertic al c o or dinate axes

ar e sc ale d di�er ently, c ausing a wound in r e ality ne arly cir cular to app e ar

elongate d. This di�er enc e in sc aling is the pric e of r etaining the gr aphic al ly

gener ate d information pr esent in the Figur es; namely, the time stamp shown

in e ach fr ame, and the values of the crucial c omputational p ar ameters shown

under e ach fr ame in the Figur es c orr esp onding a cir cular wound.

5.1 Radially Symmetric W ounds

Figure 5.1 sho ws that the mo del predicts the closure of a radially symmetric

w ound with the indicated parameter v alues. In particular, the range of cell

signal propagation has in this case b een c hosed equal to the diameter of the

w ound. Closure is observ ed as a rule in calculations with the signal range

k ept ab o v e 0 : 75, the parameter c

�

v aried b et w een 7 : 0 and 40 : 0, and the

parameter c

c

v aried from 8 : 0 to 20 : 0.

Figure 5.2 sho ws a radially symmetric w ound, with a smaller range of

signal propagation but all else equal, failing to close. An implied limitation

of the mo del is that, in order for the w ound to close, the range of signal

propagation m ust b e ab o v e a certain threshold v alue.

43



These t w o sim ulations suggest that, for a reasonable c hoice of visco-elastic

parameters, the w ound's abilit y to close dep ends on the signal range b eing

in some sense commensurate with the size of the w ound. With to o small

a range, a w ound fails to close, as our n umerical results suggest. With to o

large a range, on the other hand, a w ound also fails to close. This can b e

seen as follo ws.

The considerations in section 3.10.1 suggest, at least for the c hoice (3.13)

of the cut-o� function for the cell signal, that as r

sp

! + 1 , the barycen ter

of the set 3.43 tends to ~ c . Th us, letting r

sp

! + 1 in equation 3.42, one

obtains

~

� =

~

0 ; (5.1)

whic h that the organism fails to ev en recognize the presence of the w ound.

5.2 Elliptically Shap ed W ounds

5.2.1 The W rinkling of the W ound Edge

F or w ounds of relativ ely high eccen tricit y , the mo del predicts that the w ound

edge ev en tually \wrinkles up" (Figure 5.4). This agrees, at least qualita-

tiv ely , with the exp erimen tal data collected b y observing the closure of the

dorsal op ening in dr osophila em bry os (the photographs sho wn in Figure 1(A)

of [7 ]). The qualitativ e similarit y is claimed taking in to accoun t the di�er-

ence in shap e b et w een an ellipse (our sim ulation) and a slash (the quoted

exp erimen tal results).

Within the framew ork of our mo del, a p ossible explanation of this phe-

nomenon is based on the b eha vior of the activ e strain tensor �

a

. This tensor,

b eing one of the unkno wns of the mo del, ev olv es according to equation

@

t

�

a

= c

c

�

�

a; 0

+ c

2

�

~

�

?




~

�

?

� �

a

�

(3 : 29)

The latter equation implemen ts the W ound Closure P ostulate (p ostulate

3.6.1); for the de�nition of v ector

~

�

?

, see the explanation follo wing equa-

tion (3.19) in section 3.8). F or radially symmetric w ounds, v ector

~

�

?

at the

w ound edge is strictly tangen tial to the w ound edge (this is a consequence of

corollary 4.3.1 to prop osition 4.3.1). F or w ounds of large eccen tricit y , ho w-

ev er, this is no longer true at some material p oin ts on the w ound edge, as is

sho wn in Figure 5.5. As a result, the activ e strain �

a

con tracts most strongly

not tangen tially to the w ound edge, but at a certain (nonzero) angle to it.
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5.2.2 W ounds of High Eccen tricit y: Stress Concen tra-

tion

The task of sim ulating w ounds of higher eccen tricit y than sho wn (e.g., w ounds

of eccen tricit y � 0 : 90) is hamp ered b y the w ell-kno wn phenomenon of str ess

c onc entr ation [6] whic h o ccurs near the v ertices of the elliptically shap ed

w ound. One wishing to pursue suc h sim ulations ma y ha v e to tak e a di�eren t

approac h to the mo deling, or the sim ulations, or b oth.
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 =2

Figure 5.1: A closing radially symmetric w ound

c

c

= 10 : 0 ; c

v mm

= 0 : 1 ; (cell signal reac h) = 2 : 0.) This w ound,

in realit y circular, app ears elongated b ecause the co ordinate axes are scaled

di�eren tly; see remark 5.0.1.
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 =0.006

Figure 5.2: A radially symmetric w ound failing to close

( c

c

= 10 : 0 ; c

v mm

= 0 : 1 ; (cell signal reac h) = 0 : 6). All parame-

ter v alues except signal reac h are the same as in Figure 5.1. This w ound,

in realit y circular, app ears elongated b ecause the co ordinate axes are scaled

di�eren tly; see remark 5.0.1.
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Figure 5.3: A closing elliptically shap ed w ound

with semiaxes 1 : 0 ; 1 : 2, restricted to the 1st quadran t

( c

c

= 10 : 0 ; c

�

= 10 : 0 ; c

v mm

= 0 : 1 ; (cell signal reac h) = 1 : 5).

This w ound, in realit y nearly circular, app ears elongated b ecause the

co ordinate axes are scaled di�eren tly; see remark 5.0.1.
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Figure 5.4: A closing elliptically shap ed w ound with semi-

axes 1 : 0 ; 2 : 0. (Sim ulation restricted to the 1st quadran t;

c

c

= 10 : 0 ; c

�

= 8 : 0 ; c

v mm

= 0 : 1 ; (cell signal reac h) = 1 : 5).

Observ e the wrinkling of the w ound edge at t = 0 : 8; qualitativ ely , it

resem bles the exp erimen tal results sho wn in [7] (the photographs in Figure

1(A)). See section 5.2.1 for a p ossible explanation of this phenomenon.
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Figure 5.5: A fragmen t of the edge of an elliptically shap ed w ound,

with semiaxes 1 ; 2. The w ound edge is traced out in +'s. The v ec-

tor

~

� at a p oin t on the w ound edge is sho wn as a dotted line. The

solid straigh t line, indicating the direction of

~

�

?

, orthogonal to

~

� , is not

tangen t to the w ound edge. (Sim ulation restricted to the 1st quadran t;

c

c

= 10 : 0 ; c

�

= 8 : 0 ; c

v mm

= 0 : 1 ; (cell signal reac h) = 1 : 5).
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Chapter 6

Discussion

After an epidermal w ound is in
icted on an em bry o, the w ound edges b egin

to retract, concurren tly with the realignmen t with the actin �lamen ts in the

w ound margin. After the actin purse-string has b een formed, the retraction

stops, and the epidermis assumes a state of p ost-wounding quasi-e quilibrium .

F ollo wing the general approac h to mo deling suc h a quasi-equilibrium pre-

sen ted in [10 ], w e form ulated a new quasistatic mo del so as to capture the

crucial features (epidermis retraction and actin aggregation at the w ound

edge), whic h w e then analyzed using p erturbation theory , and solv ed n umer-

ically for the cases of radially symmetric and elliptically shap ed w ounds. W e

then form ulated a phenomenological dynamic mo del to describ e the ev olution

of the epidermis around the w ound subsequen tly to the quasi-equilibrium, us-

ing the solution to the quasistatic mo del as the initial state. The dynamic

mo del has b een sho wn to retain the radial symmetry p ossessed originally ,

and has b een solv ed n umerically for the cases of radially symmetric and el-

liptically shap ed w ounds.

6.1 The Quasistatic Mo del

The quasistatic mo del (2.21, 2.3, 2.4), with the stress tensor de�ned b y (2.20)

is form ulated to capture the p ost-w ounding quasiequilibrium brie
y exp eri-

enced b y the epidermis retracting from a freshly in
icted w ound. A p ossible

impro v emen t of the mo del w ould b e a generalized (or otherwise revised) for-

m ulation that attains frame-in v ariance. On the other hand, the mo del suc-

cessfully captures the anisotrop y observ ed in the alignmen t of actin �lamen ts

near the w ound edge.

In the radially symmetric case (in whic h the PDE reduces to an ODE in

the indep enden t radial v ariable r ), the co e�cien t of the nonlinearit y has b een

regarded as a small parameter � . A 1st-order p erturbation analysis carried

out at � = 0 has sho wn that b oth the unp erturb ed solution (a mo di�ed
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Bessel function K ) and the 1st-order correction term deca y exp onen tially as

r ! 1 .

Numerical solutions for the radially symmetric case ha v e b een obtained

and qualitativ ely resem ble those obtained b y Sherratt in [22].

6.2 The Dynamic Mo del

W e next addressed the problem of mo deling the healing pro cess follo wing the

quasi-equilibrium. W e approac hed this problem from a phenomenological

standp oin t, starting with an attempt to describ e the biological state of the

system in a w a y adequate for the con text of epidermal w ound repair.

6.2.1 The Biological State of a System

The �rst conceptual blo c k of the dynamic mo del is a description of the (rel-

ev an t asp ects) of the biological state of the system. It is conceiv able that

when studying w ound repair, or an y other biological pro cess, one ma y b e

(as man y scien tists ha v e b een) faced with suc h v arious functional asp ects of

the tissue as gene expression rates, concen tration of c hemical n utrien ts in

the extracellular matrix, and cell proliferation and ap optosis. All of these,

ho w ev er, can b e considered as participan ts, direct or indirect, in cell-to-cell

signalling. Th us, w e fo cus on in tercellular signals as the primary descriptors

of the biological state of the tissue in question.

6.2.2 Cell-to-Cell Signalling

Once the description of the biological state of the system has b een nar-

ro w ed do wn to a single t yp e of cell signalling, the �rst question that arises is,

Whic h t yp es of in tercellular signals are the ma jor pla y ers in the healing pro-

cess? Reasoning b y con tradiction, w e ruled out the signals that either lac k

the w ell-de�ned direction needed to "inform" the actin �lamen ts ho w to con-

tract, or are not y et presen t in the early stages of an em bry o's dev elopmen t,

or ma y not p ersist long enough to ensure w ound closure. This eliminates

the endo crine and paracrine signals. F urther, n umerical sim ulations sho w

that signals with to o short a range do not lead to closure. This eliminates

neural and con tact signals as candidates. The only remaining basic t yp e of

in tercellular signal is the mec hanical one, called me chanotr ansduction [24 ],

whic h has the necessary features: a su�cien tly large range of propagation

and w ell-de�ned direction. It has b een assumed that this signal propagates

undiminished a certain distance, and then stops completely . Based on this

assumption, the function re
ecting in our mo del the nature of cell-to-cell in-
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teraction has b een c hosen the step function of the distance b et w een the t w o

in teracting cells.

6.2.3 A Mec hanism of W ound Detection

The cell-to-cell signals are view ed as the organism's means of recognizing

the presence, and gauging the "sev erit y", of the w ound. Exp erimen ts with

c hemoattractan t gradien ts [5] indicates that a cell is in principle able to

distirnguish b et w een t w o signals coming from t w o di�eren t directions. W e

adopted this assumption.

If one assumes, further, the existence of a "normal" signal con tin uously

receiv ed b y a cell in in tact epidermis, a p ossible mec hanism of w ound recog-

nition is as follo ws. A cell compares the signals it receiv es from eac h direction

to the "normal" signal. If an y of the incoming signals di�ers from the norm,

this is the direction "to w ards a malfunction (w ound)". The dra wbac k of this

approac h, ho w ev er, is that suc h "norms" are largely unkno wn, particularly

in the con text of w ound healing.

W e therefore tak e a di�eren t approac h. W e assume that a cell a v erages

the signals it receiv es from all directions, and compares eac h incoming signal

to the a v erage. The individual signal deviating the most from the a v erage

indicates the direction "to w ards" the malfunction. (In fact, w e calculate this

deviation as a v ector equal to the sum of the direction v ectors, w eigh ted

b y the scalar deviation from the a v erage.) The magnitude of the deviation

indicates the "sev erit y" of the malfunction.

This mec hanism, illustrated in example 3.6.1, is tak en as one of the under-

lying h yp otheses of the mo del. It yields, for eac h cell in the in tact epidermis

near the w ound, a v ector emanating from that cell and p oin ting to w ards the

w ound. The magnitude of the v ector re
ects the sev erit y of the w ound as

p erceiv ed b y the cell. (Cells closer to the w ound p erceiv e it as a more sev ere

one.) This v ector is termed, the biosignal asymmetry ve ctor .

6.2.4 A Mec hanism of W ound Closure

Based on the exp erimen tal evidence [14] whic h indicates that an epidermal

w ound in an em bry o closes via a con tracting purse-string formed b y the

actin �lamen ts around the w ound, w e assume that, within the framew ork of

our mo del, actin �lamen ts in a cell con tract the most along the directions

orthogonal to the biosignal asymmetry v ector at that cell. In particular,

for a circularly shap ed w ound in a radially symmetric setting, the biosignal

asymmetry v ector p oin ts directly to w ards the cen ter of the w ound, hence the

con traction is highest along the directions tangen t to the b oundary of the

w ound. Th us, the active str ain tensor , in tended to capture exclusiv ely the
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con traction of actin �lamen ts, is de�ned directly in terms of the biosignal

asymmetry v ector, so as to satisfy the men tioned orthogonalit y condition.

6.2.5 P ossible Impro v emen ts

As usual, the mo del admits ro om for impro v emen ts. It could b e informativ e,

mec hanically and biologically , to obtain a pro of of consistency (or an example

of inconsistency) of b oundary conditions for the general case, i.e. for w ounds

without biaxial symmetry . F rom a purely practical standp oin t, a scaling of

the co e�cien ts with solid empirical grounds or in tuitiv e justi�cation, or b oth,

seems a w orth while pursuit, sub ject to the a v ailabilit y of exp erimen tal data.

These ha v e b een left for the auhor's and his colleagues' future researc h.

W e conclude this section with t w o remakrs on the mo deling of w ounds of

high eccen tricit y .

Remark 6.2.1 As was mentione d in se ction 5.2.2, simulation of wounds

of high e c c entricity may r e quir e a r evision of the appr o ach to mo deling and

analysis taken her e.

Remark 6.2.2 One se eking to r epr o duc e the numeric al r esults pr esente d

her e for the closur e of el liptic al ly shap e d wounds should take c ar e to sele ct the

discr etize d time step su�ciently smal l to avoid numeric al inac cur acies that,

up on ac cumulation over time, may disturb the bi-axial symmetry.

6.2.6 P ossible Generalizations

The dynamic mo del admits man y directions for generalization.

The c hosen description of the biological state (section 3.4.2) can b e re-

vised to include more information, suc h as the space-dep enden t expression

of certain genes or to abandon the assumption that concen tration gradien ts

of c hemical agen ts are, in the biological con text under consideration, short-

liv ed. The function describing the cell-to-cell in teraction via signals of a

c hosen t yp e can b e revised to re
ect more fully the asp ects of the biological

phase space and of the relev an t exp erimen tal data that ma y app ear in future

publications.

The mo del can b e revised to include some external signal, i.e. a source

term re
ecting the injection of a drug in to the organism.

Finally , b esides w ound repair, one ma y consider applying the general

mo del to other biological pro cesses, ev en to those not necessarily considered

abnormal.
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6.2.7 The Signi�cance of the Dynamic Mo del

The dynamic mo del presen ted in this dissertation is, to the b est of our kno wl-

edge, the �rst phenomenological mo del of the elasto dynamics of epidermal

w ound reco v ery in em bry os.

The mo del includes a description of the \biological state" of a tissue.

Although the analysis in this dissertation has b een done for a sp ecial, v ery

simple c hoice of the \biological state" space, the latter space can b e revised

to include other information one ma y wish to k eep trac k of.

F urther, the mo del includes an explicit description of cell-to-cell in terac-

tion. This description, whic h amoun ts to a c hoice of a mathematical func-

tion, can b e adjusted to test v arious biological h yp otheses; in particular,

those concerning suc h crucial features of signal transduction as the range of

propagation and rate of deca y .

The mo del mak es a connection b et w een cell-to-cell in teraction and the

con tin uum-mec hanical b eha vior of the tissue. In fact, the equation describing

the displacemen t acceleration can b e seen as b eing \con trolled" b y the activ e

strain tensor �

a

, directly dep enden t on the assumed nature of the cell-to-cell

signaling.

The set of the phenomenological h yp otheses underlying the mo del, has

b een k ept minimal. Indeed, the only strong h yp othesis is the W ound Clo-

sure P ostulate (section 3.6.1), whic h states a direct connection b et w een the

assumed nature of the cell-to-cell signaling and the ev olution of the activ e

strain tensor in time.

Finally , the mo del suggests an explanation (section 5.2.1) for the wrin-

kling observ ed exp erimen tally [7] during the closure of the dorsal op ening in

dr osophila em bry os.
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App endix A

Notation

A.1 The Leb esgue Measure

Denote the Leb esgue measure m

L

; the dimension will b e clear from the con-

text.

A.2 V ectors

If ~ y is a nonzero v ector in a v ector space furnished with a norm jj � jj , then ^y

denotes the unit v ector in the ~ y -direction:

^y := jj ~ y jj

� 1

~ y

In that same v ector space, w e put

^

0 :=

~

0

The spaces R

n

are alw a ys endo w ed with the structure of v ector spaces

o v er R , with the Euclidean pro duct ( �j� ) and with the corresp onding norm

j � j .

In R

2

, eac h direction ^y is sp eci�ed b y an angle � ,

^y = ^y ( � ) = [cos ( � ) sin( � )]

T

A.3 T ensors

Giv en a tensor � := ~ u 
 ~ v 2 R

n


 R

n

and a v ector ~ x 2 R

n

, w e de�ne

� � ~ x := ( ~ u j ~ x ) ~ v (A.1)
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Giv en tensors �

k

:= ~ u

k


 ~ v

k

2 R

n


 R

n

; k = 1 ; 2, w e de�ne

�

1

: �

2

:= ( ~ u

1

j ~ v

1

)( ~ u

2

j ~ v

2

) (A.2)

Denote b y I the iden tit y tensor in R

2


 R

2

. In all bases, I has the matrix

"

1 0

0 1

#

(A.3)

A.3.1 Symmetric T ensors: Some Prop erties and Con-

structs

Cho osing a basis f

~

b

1

;

~

b

2

g of R

2

, w e obtain for eac h symmetric tensor

� 2 Sym ( R

2


 R

2

)

the corresp onding matricial represen tation

[ � ]

f

~

b

1

;

~

b

2

g

=

"

�

11

�

12

�

12

�

22

#

; (A.4)

and for eac h v ector

~

� 2 R

2

the comp onen t represen tation

~

� = �

1

~

b

1

+ �

2

~

b

2

; (A.5)

whence

~

� 


~

� =

X

j

1

;j

2

�

j

1

j

2

~

b

j

1




~

b

j

2

; (A.6)

�

j

1

j

2

:= �

j

1

�

j

2

(A.7)

Also, for f

~

b

1

;

~

b

2

g c hosen the standard basis, w e de�ne on Sym ( R

2


 R

2

)

the p ositiv e-de�nite quadratic form

( � : � ) := �

2

11

+ 2 �

2

12

+ �

2

22

(A.8)

A.4 Di�eren tial Op erators on T ensor Fields

If a v ector �eld ~ u ( ~ x ) 2 R

n

de�ned in a domain 
 2 R

n

is di�eren tiable

as a function from 
 to R

n

, w e denote b y r ~ u ( ~ x

0

) the total deriv ativ e of ~ u

at ~ x

0

2 
; i.e., r ~ u ( ~ x

0

) denotes the linear op erator

A

~ x

0

: R

n

! R

n
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suc h that, for

~

h 2 R

n

,

~ u ( ~ x

0

+

~

h ) = ~ u ( ~ x

0

) + A

~ x

0

~

h + O ( j

~

h j

2

) as j

~

h j ! 0

If a tensor �eld � ( ~ x ) 2 R

n


 R

n

of rank 2 de�ned in a domain 
 2 R

n

is di�eren tiable, w e de�ne the diver genc e r � � ( ~ x

0

) of � at ~ x

0

as follo ws. Let

~

�

1

; : : : ;

~

�

n

b e a basis of R

n

. F or eac h p ositiv e � , form the parallelipip ed � �

with edges �

~

�

1

; : : : ; �

~

�

n

emanating from ~ x

0

. Asso ciate to � � the in tegral

Z

S

�

� � d ^n 2 R

n

where ^n ranges o v er the outer unit normals to the b oundary S

�

of � �. De-

noting b y V ( � �) the v olume of � �, w e put

r � � ( ~ x

0

) := lim

� ! 0

1

V ( � �)

Z

S

�

� � d ^n ;

this de�nition is indep enden t of the c hoice of basis.

Example A.4.1 If a tensor � 2 R

2


 R

2

has, in the standar d b asis f ~ e

1

; ~ e

2

g

of R

2

(c orr esp onding to the Cartesian c o or dinates ( x

1

; x

2

) ), the matrix

[ � ]

f ~ e

1

; ~ e

2

g

=

"

�

11

�

12

�

21

�

22

#

; (A.9)

then

r � [ � ]

f ~ e

1

; ~ e

2

g

=

"

@

x

1

�

11

+ @

x

2

�

21

@

x

1

�

12

+ @

x

2

�

22

#

T

(A.10)

58



App endix B

Elongated P olar Co ordinates

( p

1

; p

2

)

B.1 Relation to the Cartesian Co ordinates

x

1

= (1 + e ) p

1

cos ( p

2

) (B.1)

x

2

= p

1

sin( p

2

) (B.2)

In the ellipse f (1 ; p

2

) : p

2

2 [0 ; 2 � [ g , the parameter a is the di�erence

b et w een the lengths of the semi-axes. Th us, a = 0 reduces to the radially

symmetric case.

B.2 Mobile Basis

~q

1

= ^ {

cos( p

2

)

1 + e

+ ^| sin( p

2

) (B.3)

~q

2

= ^ {

� sin( p

2

)

1 + e

+ ^| cos ( p

2

) (B.4)

B.3 P airwise Euclidean Pro ducts

~ q

1

� ~q

1

=

"

cos ( p

2

)

1 + e

#

2

+ sin

2

( p

2

) (B.5)

~ q

1

� ~q

2

=

e

1 + e

cos( p

2

) sin ( p

2

) (B.6)

~ q

2

� ~q

2

=

"

sin( p

2

)

1 + e

#

2

+ cos

2

( p

2

) (B.7)

(B.8)
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B.4 Deriv ativ es of Mobile Basis

@

p

1

~q

1

=

~

0 (B.9)

@

p

1

~q

2

=

~

0 (B.10)

@

p

2

~q

1

= ~ q

2

(B.11)

@

p

2

~q

2

= � ~ q

1

(B.12)

B.5 Elemen tary Di�eren tial Op erators

The Gradien t of a Scalar Field

r f = ~ q

1

@

p

1

+

1

p

1

~q

2

@

p

2

(B.13)
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The Gradien t of a V ector Field ~ u = ~ q

1

u

1
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The Div ergence of a V ector Field ~ u = ~q

1

u

1

( p

1

; p

2

) + ~ q

2

u

2

( p

1

; p

2

):

r � ~ u = ( ~ q

1

� ~q

1

) @

p

1

u

1

+ ( ~ q

1

� ~q

2

)

"

@

p

1

u

2

+

1

p

1

@

p

2

u

1

+

� 1

p

1

u

2

#

+ ( ~ q

2

� ~q

2

)

"

1

p

1

u

1

+

1

p

1

@

p

2

u

2

#

61



The Div ergence of a (Rank 2) T ensor Field (for � = ~q
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