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Abstract

First, we give a finite-difference scheme of global order ��� , in the mean-
square sense, to solve numerically a class of stochastic differential equations
(SDEs). This scheme is inspired on Runge-Kutta methods of order 4 in the
case of deterministic ordinary differential equations (ODEs). It depends only
on increments of the Wiener processes evaluated at the partition points and
does not required evaluation of derivatives of the coefficients of the SDE.
Second, we generalize this result to conclude that any numerical scheme of
order ��� for ODEs becomes a scheme of order � for this class of SDEs. The
significance of this paper is mainly appreciated when solving � -dimensional
systems of SDEs which satisfy some restrictive conditions. Finally, some
numerical examples are provided.
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1 Introduction

We first provide a motivation to this paper. Stochastic differential equations have
been used to model systems subject to random influences and have become in-
creasingly important in the analysis of a broad range of phenomena in natural
sciences and economics. Many systems are described by differential equations
where some of the parameters and/or the initial data are not known with complete
certainty due to lack of information, uncertainty in the measurements or incom-
plete knowledge of the mechanisms themselves. In most cases we are concerned
with temporal variation, and the state of the variable system at any particular in-
stant � is described by an equation of the form:

�������	��
�����
�� ���
��
������� �


�����
���� � 
 � 
 (1)

where
��
���


and � �

���


functions defined on � � with values in � � and the
� �"!# 
 � 


are one-dimensional independent Wiener processes. It has been of much inter-
est to find ways of obtaining numerical approximations of (1), see [4], [5], [6],
[7], [10], [13], [17], [19] and [20], for instance, but, the literature on that subject
is much more extensive. The main idea of most of the methods currently being
used are based on the stochastic Taylor expansion of (1), which involves deriva-
tives of the functions

��
���

, � �"!#


���

and stochastic integrals. These present some

complications in simulation and computations so it would be better to come up
with other methods in which we do not have to deal neither with derivatives, or at
least not many, nor stochastic integrals. On the other hand, typically, one of the
main concerns of numerical analysts of deterministic differential equations have
been to produce effective and accurate schemes where derivatives are avoided as
much as possible, thus we can find a good source of candidates for our scheme
in the literature of numerical analysis of deterministic ODEs, for example see [3],
[23]. In particular, Runge-Kutta methods are well known and have been used for
so many years already in solving numerically ordinary differential equations. The
idea of the method is to replace derivatives of the solution of an ODE in its Taylor
expansion by suitable iterative substitutions of the vector field. These “suitable”
substitutions are found using the mean value theorem, the Taylor expansion of the
solution and equating terms of the same order. Thus, it is reasonable to expect
that similar methods can be translated into the stochastic case to solve stochastic
differential equations and this is our main inspiration for the current paper. Runge-
Kutta schemes for SDEs have been already introduced in [4], and [5], for a rather
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general class of SDEs. However, to achieve better order of accuracy they include
additional random variables representing higher order stochastic integrals, and a
cumbersome “rooted tree table” is introduced. Furthermore, in the best scenario
they give, the best order of convergence obtained is ����� , and it is only attained in
one dimensional cases. Even less interesting, they analyze the � � -error whereas
in most of the literature it seems to be of much interest the mean square error ( � �
sense ) and the error of weak approximations. Here, we found that the classical
Runge-Kutta scheme of order 4 for ODEs works perfectly as a scheme of order
2 in the mean square sense for certain type of SDEs, specifically, those of the

form
����� � ��

� ��� � �

�����
�� � � � 
 � 
 , where “

�
” stands for stochastic integral in the

Stratonovich sense, and satisfying the “commutativity noise condition”, in other
words �	� ��


� � 
 � �
����������������� . Moreover, this scheme does not use
stochastic integrals. We will concentrate on approximations to (1) which have this
last feature, in other words, depend only on evaluations of

� 
 � 
 at the points of
the partition. However, for schemes depending only on evaluations of

� 
 � 
 at
partitions points, it has been shown in [7] that, in general, no numerical method
can guarantee accuracy along the trajectory, in the mean-square sense, of higher
order than � 
�� 
 in the � -dimensional case, and in the multidimensional case, the
best rate of convergence we can have is of the order � 
�� ��� � 
 , unless a commutativ-
ity condition is satisfied, in which case order � 
�� 
 can be achieved. Nevertheless,
we prove in this paper that under commutativity noise and one more condition:
no drift (or

��
���
 �! 
), when written in the Stratonovich sense, any order of ac-

curacy can be achieved. We emphasize, this result does not contradict the work
on Cameron-Clark in [7], instead, it gives a smaller class of SDEs which can be
approximated at any desired rate of convergence. Our approach here is to use the
representation of solution of SDEs given by Doss in [9], to obtain and compare
terms in the stochastic expansion of the solution. Doss’ representation makes pos-
sible this proof in very simple and clear terms. Although, for this kind of SDEs,
we can compute explicitly a closed form of the solution in the � -dimensional case,
the main value of this paper stands in its application to the multidimensional case.
There, we do not have necessarily a closed form of the solution, thus numerical
approximations are needed. We should mention that similar statement to our main
result is given in [19], but no proofs or details of this fact are given. Also, in [6],
they claim that this result is true without assuming the “no drift” condition ( in the
Stratonovich sense ), therefore their claim is wrong as presented there. Finally,
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despite the various work in this subject, and the simplicity of the proof, the author
is not aware at this time of any work where this observation has been proved other
than in his previous works [21, 22].

2 Some Background from Numerical Approxima-
tion of SDEs

In order to derive an analyze numerical approximations to SDEs, we need a sort
of “Taylor representation” for the solution of (1), and some results which grant us
the convergence of of a given scheme as well as its order of accuracy. Indeed, we
have all those tools and they are presented in the subsection below.

2.1 The One-step Approximation.

Let

�� ��� ��� 
 be a probability space, let � � , ��� � � � ��� �	� , be a nondecreasing

family of � -algebras of � , and let

 � � 
 � 
 ��� ��
 , 
 � � ������� � � , be an independent

Wiener processes. Consider the system of stochastic differential equations in the
sense of Itô:

����� � ��
 � � ����
�� ���
��
����� � �


 � � ����
���� � 
 � 
 (2)

where
� � � � � � are vectors of dimension

�
. Assume that the functions

��
 � � ��
 and

� �

 � � ��
 are defined and continuous for ��
�� ��� � ��� ����� , � 
 � � and satisfy a

Lipschitz condition: for all ��
�� ��� � ��� ����� , � 
 � � , ��
 � � there is an inequality

� ��
 � � ��
�� ��
 � ��� 
 � �
��
� ���
�
� �

 � � ��
�� � �


 � ��� 
 � � � � �!� � � � (3)

Here and below
� � �

denotes the Euclidean norm of the vector
�

, and we denote
by
� � the scalar inner product of two vectors

�
and � . Let


�� 
 � 
 ��� ��
 , ��� �
� � ��� �"� , be a solution of the system (2) with # � � 
 ��� 
 � �%$'& . The one-step
approximation

� �)( *�
 � � ��
 � ��� � � � � � � � ��� �+� , is defined as follows, and
depends on

� � � � � , and , � � 
.-�
�� � � 
 � 
 ������� � � � 
.-�
�� � � 
 � 
�/ � � - � � � �10 :
� �)( *�
 ��� � 
 � � �32 
 � � � � �54 �76 ��8 � �������9� � ����� � - � � � � 
 (4)
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where 2 is a function of � � � � � and
��� 
.-�
 � ��� 
 � 
 . An example of such 2

are given below. Using the one-step approximation we recurrently construct the
approximations


 �

 ���
� � 
 � � �  ������� � � ��� 
 � �

� � 

� �



� � � ��� � ��� ��� /

� � � � � � � 
 ��� 
�


� � � � � � ( � � 
 � 
 � �



(5)

� �

 �	2


 � 
 �
�

 �
�


� � 4 ����
�- 
�� ��� 
 � 



 ��8 � � ������� � ��� � 
 �
- � � 
 � �




In order to get a better understanding of the One-step Approximation process con-
sider the following example:
Euler’s Method:

� �)( *�
 � � � 
 � � � ��
 � � ��
 � �
��
������� �


 � � ��

	 ��� � 
�� 


where
	 ��� � 
���
 � � � 
 � � � 
 � � � 
 � 
 . By (5), this approximation generates the

scheme: �


� � � � 
 �

�


� �

��
� ����� � �

	


� � 
�� 
 (6)

where
�

 � � � � are the values of the coefficients

�
and � � at the point


 � 
 �
�




, and	



� � 
�� 
 � � � 
 � 
 �

� 
�� � � 
 � 



.

2.2 Expansion of the solution of a system of stochastic differ-
ential equations.

The reader interested in further details about the stochastic expansion of the solu-
tion of a SDE can find more explanations in [17, 29]. Here, we just provide the
necessary terminology, tools, and results to understand our problem and some of
the techniques we use. Let

� �)( *�
�6 
 �	� 
�6 

be the solution of the system (2), and

let � 
 � � ��
 be a sufficiently smooth (scalar or vector) function. By Itô’s formula
we have for ��� � � � - � ��� ��� :

� 
.- � � 
�-�
�
 � � 
 � � ��
 �
��
�����

��

� � � � 
.- � � � 
�- � 
 
���� � 
.- � 
 �

��

� ��� 
�- � � � 
�- � 
�
�� - �

(7)
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where the operators � � ��
 � �������9� � � , and � are given by:

� � � 

� � ���� � 
 �

� � �� � � 
�� � �� � 
 � ��
��
� ���

�� � ���
��
� ��� �

�
� �
�� � �� � � � � � �

Formula (7) is the analog of the Taylor Expansion of an ODE in the deterministic
case.
Apply (7) to the functions � � � and ��� , and subsequently insert the expressions
obtained for � � � 
�- � � 
�- 
 
 and ��� 
�- � � 
.-�
 
 into (7). We find

� 
 6 � � 
�6 
�
 � ���
��
� ��� � � �

���
� ��� � 
�-�
 � ���

���
� � -

�
��
�����

� �
�

� �� � ��
� � � � � � 
�- � � � 
�- � 
 
 ��� � 
�- � 
�� ��� � 
�-�

�
��
�����

���
�	� � 
� � � � � 
.- � � � 
.- � 
 
 � - ��
 � � � 
.-�


�
��
�����

� �
�	� ��
� � � � � 
�- � � � 
.- � 
 
 � � � 
�- � 
 
 � -

�
� �
�	� ��
� � � � 
�- � � � 
�- � 
�
�� - ��
 � - (8)

where, e.g., � � � and ��� are computed at

 � � ��
 . Continuing this way we obtain

an expansion for � 
 � � � � � 
 � � � 
 
 . Such expansion is know as the Stochastic
Taylor Expansion (STE, in short), or the Wagner-Platen expansion (see [29]). In a
deterministic situation, this expansion is the classical Taylor expansion in powers
of
�

, with remainder of integral type. However, in the stochastic case we observe,
not only powers of

�
, but also, powers given by random variables of the form (they

are independent of � � ):� ��
 (������ ( ��� 
�� 
 � � � ���� � ����� 
�- 
 � 
� ��������� 
 
.- � 
 � 
 
� �9��� � 
 ������ ������
 
.- ��� � 
 (9)

where 8 � �9����� ��8 � take values in the set ,  � ��������� � � 0 , and where
��� � 
�- � 
 is under-

stood to mean
� - � .
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Now, it is clear that for each one-step approximation there is an error committed.
In other words, given a finite interval, without losing generality, let’s say �  ����� ,
and suppose we want to approximate the solution of (2) at time � � � by suc-
cessive one-step approximations. Since at each step we make an error, a question
arises: How large is the error carried up to time � � � ?. The answer to this
question is given by the next theorem below, but, let’s first get familiar with nota-
tion. As usual,

� � � ( � 
 � 
 denotes the solution of (2) for � 
 � � � ��� ��� satisfying
the following initial condition at � � � 
 :

� 
 � 


 � �

. By
� � � ( � 
 � ��
 � � ��� � 
 , we

denote the approximation of the solution at step 8 and such that
�


� �

,(where�


� � 
 � 




). For example,

� ����( ��� 
 � 
 � � 
 � � � � ( � � 
 � 
 � � 
 � � 
 � � (10)

For simplicity reasons we assume that � 

� � � � 


� � � �� . The theorem we
state below is the one we used to determine the order of accuracy of a given
scheme. Basically, it tell us what is the order of a scheme, based on the terms of
the stochastic expansion of the solution. In what follows � � � � . Let

� �


�
	  � 8 
 �  ��� 8 
���  

Then we have the following:

Theorem 1 ([13],[17])
Suppose that

� �)( * 
 � � ��
 includes all terms of the form � � 
 ����� � ��� � � ��
 (������ ( ��� ,
where ��
 � , up to order � inclusive.
Suppose that all functions � � 
 ���9� � ��� � 
 � � ��
 , where ��
 � , � � 
 ��� 
 � � � � 
 
 ��� �� � � , satisfy �� � ��
 ����� � ��� � 
 � � ��
 �� � � 
 � � � � � � 
 ��� � . Then the mean-square order
of accuracy of the method based on this approximation is equal to � .
Suppose that

� �)( *�
 � � � 
 includes all terms of the form � � 
 �9��� � ��� � � ��
 (������ ( ��� , where��
 � , up to order � � � ��� inclusive, as well as the term
� � ��� � ���� � -�� 
� � - � ����� � 
�� � 
� � - � � � � � � � � � � 
 � � � 
�� . Suppose that all func-
tions � ��
 ���9� � ��� � 
 � � ��
 , where ��
 � , � � 
 ��� 
 � � � � 
 
 ��� � � ��� , satisfy�� � ��
 �9��� � ��� � 
 � � ��
 �� � � 
 � � � � � � 
 ��� � . Then the mean-square order of accuracy
of the method based on this approximation is equal to � � � ��� .
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3 Runge-Kutta type schemes for certain type of SDEs
(1-dimensional case).

To begin, let us consider a simpler version of (2),
��� � and � � � . The case for� � � and arbitrary � follows easily from this. Also, for simplicity, assume that��
 � � ��
 and �


 � � ��
 are not time dependent. In fact, we will assume enough smooth-
ness on the coefficients so that

��
 � � ��
 and �

 � � ��
 can be sought as functions on

� � � � satisfying a Lipschitz condition. Thus, we study a stochastic differential
equation of the form:

	 ����� �	��
�����
�� ��� � 
�� ��
 ��� �� 
  
 � � � (11)

where ��
+�  ����� , ��
���
 and �

���


are real valued functions defined on � and satisfy
the following Lipschitz condition:

� ��
���
�� ��
 � 
 � � � �

���
��

�

 � 
 � � � � �!� � � (12)

and
� �

is a standard Brownian motion.
Under condition (12) it is proved that equation (11) with initial condition

� � , such
that # � � � � � $ & , has an unique solution

����� � 
 � � 
.��� �  ����� 
 (see [8]).

3.1 RK4 is a scheme of order 2 for SDEs of the form: �	��

���� ��
���������

Our next goal is to prove that the classical Runge-Kutta method of order 4, (RK4,
in short), used in deterministic ODEs, works as a scheme of order of accuracy
equal to 2, to solve numerically certain SDEs. Unfortunately, we cannot have the
same result in the general case (see [7]), but, we show that when

��
���
 � �
� �

���

�
� 
���


,
i.e., for equations of the form

��� � �
�

�����
	� ��� �

, where “
�
” means stochastic

integral in the Stratonovich sense, we actually have a scheme with the desired
accuracy, which does not involves derivatives of �


���

and it is very easy to imple-

ment.
Next, we give the STE of order 2, of the solution of (2):

��� ��� � ��� � ��
�����
 � � �

�����

	 � � � � �� � 
�����
 � � 
�����
�� 
 	 � � ��
 � � ���
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� � 
 �

 � � ���� 
.- � � 
���� 
�-�
 � � 
�� 


� � ���
� 
�� 
.-�
 � � 
 � 
 
�� -

� � � 
 �

 � � ����

� 

�
� 
 

� ��� 
�- � 
 � � 
.- � 
���� 
�- 


� � 
���

� �
� � ���



�

 � � ����

��

�
��
 

�
��
 �
� � � 
.-

�

���� 
�- � 
 ��� 
.- � 
���� 
�- 


� � � 
 �

 � � ����

��

�
��
 

� � - � � � 
.- � 
���� 
�- 


� � � 
 �

 � � ����

� 

�
� 
 

� ��� 
.- � 
�� - � ��� 
�- 


� � � 
���

� � ���
�

� 

�
� 
 

� � � 
.- � 
���� 
�- � 
 � -

(13)

where � / � ���� * � �� � �
�
�
� * � and � / � �

�� * and all coefficients are evaluated at the
point

� �
.

Now, two of the terms of order � ��� , namely the factors of � 
 �



and � 
�� 
 respec-
tively, can be combined using the identity

� � ���� 
�- � � 
 � � 
.-�
 � � 	 � � ���� � ���� 
�� 
�-�
�� � 
 � 
 
 � - (see [17]), to obtain instead:

� 
 �

 � 	 � � � � 
 � 
���
�� � 
 � 
 
 �

� ���
� 
�� 
.-�
�� � 
 � 
 
�� - (14)

Notice that it is impossible to obtain the factor “
� � ���� 
 � 
�- 
 � � 
 � 
�
�� - ” by just

iterating in the arguments of
��
�� 


and �

�� 


, as we are supposed to do when imple-
menting Runge-Kutta of order 4 for ODEs, into the stochastic case. In fact, by
iterating

��
�� 

and �


�� 

, we would get an expansion of the form � 
�� � 	 � � ��
 , where

� 
�� ��� 
 is a polynomial of two variables of degree ��� . Therefore, if we expect
this scheme to give a solution to (11) we better assume that:

� 
���
 
���
�� � 
 �

 
���
 �  

(15)

which in our case becomes:

�

���
�� � 
���
�� ��
���


�
� 
���
 � �

� � �

���

�
� � 
���


(16)
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whose general solution is given by:

��
���
 � �
� �

���

�
� 
���
 ��� �


���

(17)

where � is any arbitrary constant. In particular, if �
�  

, we have��
���
 � �
� �

���

�
� 
���


so (11) turns out to be of the form:

��� � � �
� �

�����


�
� 
�����
 � � � �


�����
���� � �
�

�����
�� ��� �

(18)

Now, it is a straightforward computation to proof that if � 
�� 
 
���
�� � 
 �

 
���
 �  

,
then the following identities hold:

� � 
 �

 � � � 
 �


 � � � 
���
 � �
� ���



�



� 
���
 � �
� � �



�



� 
���
 � �
� ���



�



(19)

Define

� ��
 (������ ( ��� 
�� 
�/ � � � ���� ������� 
.-�
 � 
� ��������� 
 
�- � 
 � 
 
� ����� � 
 ��� �� � � � 
 
.- ��� � 
 (20)

where the indices 8 � ������� ��8 � can take either the value
 

(then
��� � 
�- 
 � � - 
 or �

(then
��� � 
�- 
 �	��� 
�-�
 ).

Then (13) can be written as:

��� ��� � � � � �

�����

	 � � � � �� � 
�� ��
 � *�
�����
 
 	 � � ��
 �

� �� � �


�

 � 	 � � � � �� � � 
 � 
 
 � � ( � ( � 
�� 
 � � � ( � ( � 
�� 
 � � � ( � ( � 
�� 
 


� � � 
 �

 � � ( � ( � 
���
 � �� ���



�

 � �
�

� � � 
 �

 � � ( � ( � ( � 
�� 
 (21)

by (19).
Moreover, it is not hard to show that

� � ( � ( � 
�� 
 � � � ( � ( � 
�� 
 � � � ( � ( � 
�� 
 � � � 
 	 � � ��
 � � �� 
 (22)
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Also, after many mistakes, corrections and very tedious computations of some of
the stochastic integrals in (21), it yields

� � ( � ( � 
�� 
 � �
�
� � � 
 ��� � 
�� � � 
 � 
 �

� �
�
	 � � � ��� � 
 � 
 � � � � 	 � � � �

and

� � ( � ( � ( � 
���
 � �
� �
� ��� 
 ��� � 
 � ��� 
 � 
 �

� �
�
� � � 
 ��� � 
 � � � � 
 � 
�� � 
 � � � 
 � � � 
 � 
 � �

� �
�
� 
 � 
�� 
 � � � 
 � �

� �
� � � 
 � 
�� � 
 � � � 
�

� � 
 ��� � 
�� � 
 � 

� �

� �
� 


In these previous calculations, identities obtained by using the Hermite polyno-
mials evaluated at


 � � 	 � � 
 � 
�
 are used, as well as construction of stochastic
integrals in a recursive way (see [17]).
Thus, substituting the last two expressions above into (21) and after some long but
straightforward computations we have:

��� ��� � ��� � �

�����

	 � � � � � � 
�� ��
 
 	 � � ��
 �� � � � � �


�����
 
 	 � � ��
 �
� �

� ��� �

�� ��
 
 	 � � ��
 �

� � (23)

On the other hand, we perform the RK4 scheme as follows:

� � � �

�� 
 � 
 
�	 � � � �

� � � �

�� 
 � 
 � �� � �


�	 � � � �
� �

�
�

�� 
 � 
 � �� � �


�	 � � � �
� � � �


�� 
 � 
 ��� �


	 � � � �

� 
 � � � 
 � � 
 � 
 � �� 
 � � ����� � ��� � � ��� � 
 � (24)
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Then, we compute the expansion of (24) of order 4 in
	 � � � using Maple V. If the

reader feels insecure of Maple, the author has to say that doing the expansion by
hand could be one of the most challenging and longest computations from which
any learning or useful information is gained other than just applications of the
mean value theorem over and over. Besides, the chances of making mistakes are
enormous and it is a very tedious task.
After getting the expansion of (24), we observe that, in fact, it generates all terms
of the stochastic Taylor expansion of

� �
up to order � , so by theorem 2, we con-

clude that RK4 has mean square order of accuracy equal to � . Once again, we
notice that the order of accuracy is reduced by half compared with Runge-Kutta
of order 4 in the case of deterministic ordinary differential equations. Therefore,
our result can be briefly described by:
Runge-Kutta of order 4 for ODEs becomes a scheme of order 2 for SDEs of the
form:

����� �
�

�����
�� � � �

,
��� 
 � .

3.2 Multidimensional Case

So far we have worked only in the case when
� �

and
� �

are one dimensional
stochastic processes, and

��
���

, �

���


real valued functions. In this section we con-
sider the following equation:

����� � ��
�����
�� � � �

�����
 � � �

(25)

where
���

is a
�
-dimensional stochastic process,

�!/ � ���� � � , �
/ � ������ 
 � � � � � 


( the space of linear functionals from � � to � � ), and
� �

is a � -dimensional
Wiener processes.
We also observe that (25) can be written as:

�������	��
�����
�� ���
��
����� � �


�����
���� � 
 � 
 (26)

where

�
/ �
����
�
� � � � � � ����� � ���
� � � � � � ����� � � �...

...
...

...

� � � � � � ����� � � �

�
			
�

12



and

� �
/ �
����
�
� ���
� � �...
� � �

�
			
� � � / �

����
�
� � 
 � 
� � 
 � 
...� � 
 � 


�
			
�

The
��� ! � are � -independent real valued Wiener processes.

3.2.1 Main Result

We begin by giving the notation used in this part. For � 
 � � we denote by � � � � ,
or � � , any of its components. In particular, if

� 
�� ��� 
 � 
�� � 
�� ��� 
 ������� � � � 
�� ��� 
 

then

� � 
�� ��� 
 represents an arbitrary
� � 
�� ��� 
 for � � 8 � � . We consider equation

(25) as in the previous subsection, but now we require two more conditions. Thus,
let us assume the following:

H1)
��
�� 


is Lipschitz.

H2) � is in
� � 
 � � 
 .

H3) Commutative Noise:

�� � ��� �
�

 � � � �� � � � �� � ��� �

� � � � � 
� � � (27)

� ��� � ��� / � � ��� � 4 � � � � � 4 � ��� � � , and where �
� � denotes the
 8 � � 
 component of � .

Also, consider the system of ODEs:��
	 � � � � �� � � 
�� ��� 
 � � � � 
�� 
�� ��� 
�
 � � � 8 � � � � � � � �
� 
�� �  
 � �

(28)

Remark 1 From (28), we can see that it might be very difficult, or sometimes
impossible, to get a closed form of the function

�
. Further, even numerical ap-

proximations of
�

could be a difficult and cumbersome task.

Remark 2 H3 is equivalent to � � ��

� � 
 � � ��� � � � � � � .

13



Further, let � � 
 � � be the solution of the following system of ODEs:�������� ������	
� � � � ��
� � � �� � �� � ���

	 � � �� � � 
�� 
 � � � � ��
 � � � ��
����� � � 
�� 
 � � � � ��
�
�� �� �� �����
��
� ��� � � � �� � � 
�� 
 � � � � ��
 
 � � � 
�� 
 � � � � ��
 
��

(29)
where equation (29) is understood pathwise. Then, under conditions � � , � � and� � , it is proved in [27] the following:� (28) has unique solution

� 
�� � � 
 / � � � � � � � � and� ��
	 
�� � 	 
 � � 
�� 

� � 	 
 
 (30)

furthermore,� � ��� � 
 � � � � ��
 .
They also showed, in [9] and [27], that if � 
 is a scheme approximating the solu-
tion of (29) then

�


�!� 
 � 
 � � ��
 is an approximation of

� �
at time � 
 . We use

this result to prove our main theorem:

Theorem 2 Assume H1, H3, and � � 
�� ��� � � 
 � � 
 . Besides, suppose that

��
���
 � �
�
��
����� � � � �


���
 � � � (31)

where � � is the differential operator given by � � � �
� � �

�� * � and finally, as in

Theorem 2, assume that
� � ��
 ����� � ��� � 
 � � ��
 � � � 
 � � � � � � 
 ��� � where � 
 � and� � 
 ��� 
 � � � � 
 ��� ����� � . Then any numerical scheme of order ��� to approximate

solutions of ODEs becomes a scheme of order � in the mean-square sense when
approximating SDEs satisfying all the assumptions above.

Remark 3 By a numerical scheme of order ��� we mean that there exists an oper-
ator � ���� / � ��� � � � � � � � � � � � � such that � ���� 
 � 
 
���
 gives the multidimensional
Taylor expansion of � at

�
, of order ��� , in powers of

�
, and

�


� � / � � ���� 
 � 
 
 � 
 
 .Also, the vectors

� � 
�� � ������� � ��� 
 , whose components are nonnegative integers�

 are called multi-indices. We define for a multi-index

�
,
� � � / ��� � � ����� � ��� .
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Proof:
In [9], it is proved that under these conditions there is a solution

� 
�� ��� 
 to
equation (28). Further, (31) implies that:

� � 
���
 � �
�
��
�����

��
� ��� � � � �� � � � � � 
���
 � � 8 � �����9��� � � � (32)

Hence the solution of the ODE (29) is given by � ��� � � , for all � and moreover,
� ��� � 
�� � � � ��
 (33)

By assumption we have that � 

� ��� � � � � � � then applying Taylor’s formula we

have:
� � ��� � ��� � � 
�� � � � � ��� 
�� � 
�� � � � ��


� ����

 ���

�� �
� ��� � 


� � 
������ ��� � � 
� 
���
 �9��� � ���� 
�� 
 �� ��� ��� (34)

where
� � 
������ � � / � ��� 	�� ���
�	 
 ����� ��
 	 � , evaluated at


�� � � � ��
 , � � 
 ,  ������� � ��� 0 , for all
8 
�,  ������� ��
 0 , and � ��� is a random variable defined by

� ��� � �
� ��� � ��� � �

� �
� � ��� � � �� 	 � 
 ����� �
	 � � 
�
 � �	6 
 � � � 6 � � ��� 


� 
 	 � � � 
 � 
 �9��� 
 	 � ��� 
 ��� 6 ��� � � � 6 (35)

which is just the reminder of the expansion. Moreover, by (30) and the growth
condition in the statement, it yields

�
� ��� � � ��� � � � � � � � � � � � � ��� � � � �

� ��� � ��� � � �
� 
� 
�� 
 ����� � ���� 
�� 
 (36)

where
� � 
�� 
 is defined as in section 2.2.

Since , � � 
 ��� � 
�� � � 
 � 
 � � � 
 ��� � 
�� � � 
 � 
 �9����� � � � 
 ��� � 
�� � � 
 � 
 0 are in-
dependent and each is a Gaussian process with mean zero and variance

�
it is easy

to verify that:

# � � ��� � �  
� # 
 � ��� 
 � � ��� � � � 
 
 ��� � � 
 � � � ��� � (37)
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The first expression follows easily since
� � � � ��� � � , and then at least one

� �
must be an odd nonnegative integer. The second is obtained using the definition of
the Euclidean norm, the fact that � 
+�  ����� , and the order of each of the stochastic
integrals

� � 
�� 
 (see [17]).
Notice that (34) shows that the only information we would need in order to ap-
proximate

� � ��� are the increments of the Wiener processes at the partition points,
i.e,

	 � ����
 � 
 
 . Therefore, any scheme which produces all the terms of the Tay-
lor expansion of

�
up to order ��� will give the expansion of

� � ��� in powers of
�� � 
 � � ��
 � � � 
 � 
�
 � 
 ���9� 
 ��� 
 � � � 
 � ��� 
 � 
�
 ��� , where
� � � � ��� . Define� � ��� 
 / � � � � � � ���������� � 
�� 
 
�� � � 
 where � ���� 
 � 
 
���
 is defined as in the remark

above. Then
� � ��� contains all the terms of the form � ��
 �9��� � ��� � � ��
 (������ ( ��� , where� 
 � , up to order � (by definition of � ���� 
 � 
 
���
 ), and by assumption we have� � 
 ��� 
 � � � � 
 ��� � � � � , therefore by theorem 2 the scheme generated by using

the one-step approximation process given above is of mean-square order � . This
ends the proof.

�

We make the remark that Doss’ representation is what makes possible this proof
in such a trivial terms. Now, in particular if we want to implement RK4 (used in
the � -dimensional case) for multidimensional equations, we need to know whether
this method works for systems of first order equations. Indeed, it does work and
some details can be found in [11] where it is proved that the method converges
and still it is of order 4 under sufficiently smooth conditions on the vector field.
Therefore, we can expect in the

�
-dimensional case that the classical Runge-Kutta

method of order 4 also works for systems of SDEs, in other words it gives the
Taylor expansions in terms of

	 � ��
�� 

up to the fourth power so that the method

itself will be of order � as in the � -dimensional case.

Remark 4 As we said before, the importance of this paper arises mainly when
we applied to solve systems of SDEs. For example, consider de following system:

	 � � 
 � 
 � 
 � � 
 � 
�� � � 
 � 
�
���� � 
 � 
 ��� � 
 � 
 � 
 � 
 � � � 
 � 
 4 � 
  
 � � �� � 
 � 
 � � � � 
 � 
 � 
 � 
 ��� � 
 � 
 � 
 � � 
 � 
�� � � 
 � 
�
���� � 
 � 
 4 � 
  
 � � � (38)

where

�� � 
 � 
 � � � 
 � 
 
 is a � -dimensional Wiener process, and # � � � � � $ & ,# � � � � � $�& . We know that solution of (38) exists for some time, in other words,

there exists a � � $ � , and a stochastic process

�� 
 � 
 ��� 
 � 
 
 , for � $ � � , such that
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equation (38) holds for all � $ � � . This system can be re-written as

� � � 
 � 
� 
 � 
 
 � � � � 
 � 
�� � � 
 � 
 � � 
 � 
 � 
 � 
� � � 
 � 
 � 
 � 
 � � 
 � 
�� � � 
 � 
 
 � ��� � 
 � 
��� � 
 � 
 
 (39)

� � � � 
 � 
�� � � 
 � 
� � � 
 � 
 � 
 � 
 
 ��� � 
 � 
 � � � � 
 � 
 � 
 � 
� � 
 � 
�� � � 
 � 
 
 ��� � 
 � 

Straightforward computations reveals that � �


�� ��� 
 , and � �

�� ��� 
 , satisfy � � � �

�
� � � � , where � �


�� ��� 
 / � 
 � � � � � � � � � � 
 � , and � �

�� ��� 
 / � 
 � � � ��� � � � � 
 � , in

other words, � � and � � satisfy the commutativity condition, and that � �� ��� � � � � � 
, hence the Itô’s system above has the same representation when the stochastic

integrals are written in the Stratonovich sense, therefore, even though it is not
easy or clear how to get a closed solution of (39), we know, by theorem (2), that
the Runge-Kutta scheme of order � for deterministic ODEs, provide a scheme of
order � to approximate numerically the solution of (39).

4 Numerical Examples

In this section we give three different examples where the Milhstein scheme of or-
der 2 and the Runge-Kutta scheme developed in this paper are compared against
each other. Again, for all the examples below we have a closed form of the so-
lution, thus, indeed, numerical approximations are not needed. Nevertheless, our
intention is to compare the Runge-Kutta scheme with the stochastic Taylor ex-
pansion or order � , and we observed that, in fact, Runge-Kutta seems to perform
better. Also, these same examples were taken in [4, 5] and their solutions were
approximated using more complicated techniques than the one we present here.
The programs were elaborated in Matlab and they are accessible upon request.
For each experiment it is necessary to simulate many trajectories of the Wiener
process and for simplicity we take always �

� �   , where � stands for the
number of different realizations of the Wiener process. Of course, the programs
are made in such a way that users could choose � as they wish. Two different
errors are computed at each trial. The first one, named � � is just the � � error on�  ����� � � between the exact and the approximate solution, we refer to it as the
path-wise error. The second, named � � , is the mean-square deviation error (see
[17]), between the exact solution

� �
and the approximate solution

� �
at � � � ,

where � is the end point of the interval �  ����� . We estimate � � by taking the aver-
age of the errors committed for each path of the Wiener process. In other words,
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� � �
� �� �

�� � ���
� � �� � � �� � � � ��� � , where the superscript 8 indicates the error corre-

sponding to the 8 ��� path of the Wiener process. Finally,
�

stands always for the
size-step of the discretization.
Example 1.
The first of the examples we show is the following equation:	 ����� � � � � ��
 � � � �� 
�� � � ��
 � � � �� 
 ��� ���	��
 � � � �� 
�� ��� �� 
  
 �  
where

�
is any real number.

The exact solution is
� � �����	� 
�� � � � �	
��
����� � � 
 and the results are the follow-

ing:

a=.5, T=.2 a=.5, T=.2 a=.2, T=1 a=.2, T=1
Schemes errors h=.1 h=.01 h=.1 h=.01

STE � � � � � � �  ��� � 
 �  � � � 
 � ��� � �  ��� � 
 �  � � � 

of order 2 � � � � � � �  � � � ��� � �  ��� � � � � �  ��� � � �  ���

Runge-Kutta � � � 
 �  � � � 
 � 
 �  � � � 
 � 
 �  � � � 
 � 
 �  � � � 

of order 2 � � � � � � �  ��� � � � � �  ��� � ��� � �  ��� � ��� � �  ���

There we observe some small difference in the path-wise error, but, Runge-Kutta
shows considerably better results when estimating � � .
Example 2.
The next example we will consider is the equation:

	 ����� �7� �� � � ����� � � ��� � � � �� � � � �7� ��� � � � �� � � � �� 
  
 �  
where again

�
is any real number.

The exact solution is given by
� � ��� �"! 
���� � � �	
#�
� �"! � � 
 and we obtain:

a=.5, T=.2 a=.5, T=.2 a=.2, T=1 a=.2, T=1
Schemes errors h=.1 h=.01 h=.1 h=.01

STE � � � 
 �  � � � 
 � 
 �  � � � 
 � 
 �  � � � 
 � 
 �  � � � 

of order2 � � � � � � �  ��� � � � � �  ��� � ��� � �  ��� � � �  ���

Runge-Kutta � � � 
 �  � � � 
 � 
 �  � � � 
 � 
 �  � � � 
 � 
 �  � � � 

of order 2 � � � �$� � �  ��� � � � � �  ��� � � � � �  ��� � � � � �  ���
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In this case, we do not see much difference in the accuracy of both schemes, in
fact, they are of the same order for

� � � � , but Runge-Kutta seems to be of one
degree better for � � when

� � �  � . However, in order to implement the Milhstein
scheme many different derivatives were needed, thus, its implementation is more
tedious and longer than using Runge-Kutta.

Example 3.
Finally, our third example is the general linear SDE:

	 ��� ��� ������� � ��� � ����� � � 
�� � �� � � 
 � ��� ����� ����� ��� �� 
� �
 � �
where

�
and � are any real numbers.

The exact solution is given by
� � � � ������� � 
�� � �� � � 
�� � ��� � � � .Of course, for most choices of
�

and � , drift and diffusion terms respectively, this
equation will not satisfy the condition

� � �
� ���

�
, however, we observe that the

Runge-Kutta scheme performs much better than Milhstein’s scheme (i.e. STE of
order 1).

a=.2, b=1 a=.2, b=1 a=1, b=1 a=1, b=1
Schemes errors h=.1 h=.01 h=.1 h=.01

STE � � � � � � �  ��� � � � � �  ��� � � � � �  � � � ��� � �  ���
of order � � � � �$� � �  � � � � � � �  � � � � � � �  � � � � � � �  � �

Runge-Kutta � � � � � � �  ��� � � �  � � � � � � � �  ��� � � � � �  ���
of order 2 � � � � � � �  � � � � � � �  ��� � � � � �  � � � � � � �  � �

In the opinion of the author, this is a very interesting example because even though
the equation is not of the type studied in this paper, still we see how Runge-Kutta
performs way better that the STE scheme of order � . In fact, empirically, it seems
to behave as a scheme of order 2 even though there is not theory that supports this
fact.
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