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Abstract

We consider laws of a stochastic process whose trajectories are governed by a two-
dimensional weakly dissipative dynamical system with a degenerate Hamiltonian.
Using Wasserstein L,-distance as the shortest distance between the measures on
the corresponding canonical probability spaces, we estimate the rate of the weak
convergence of the laws of the original process to the unique law of a Markov process
evolving on a stratified space. Additionally, for a related (non-stratified) example of
a process on a cylinder, the corresponding estimates are obtained using two different
methods. One of the methods revealed an explicit expression for the Wasserstein
distance.

This is the first explicit attempt to use minimal metrics to estimate the rate of
convergence of stochastic stratified processes.
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1 Introduction

During the last decade several stochastic stratified processes were introduced
and studied in the probability literature. They include, for example, fiber
Brownian motion introduced by Bass and Burdzy in [1] as a process whose
evolution switches between a one-dimensional and a two-dimensional one, a
Markov process on a ‘whiskered sphere’ described by Sowers in [16], processes
on trees like the Walsh process, the Evans process, spider martingales, and
Brownian snakes (see, for example, [3] and [19]).
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A Hamiltonian system with a degenerate Hamiltonian and with multiple time
scales was considered in [11,12]. Here weak convergence to a stratified Markov
process was shown on a space with the same geometry as in [16]. A related
non-degenerate class of the single-degree-of-freedom systems excited by both
periodic and random perturbations was also considered in [10], resulting in
the same conclusion about the structure of the limiting space. Recently, Evans
and Sowers [4] made certain generalizations about possible structures of the
stratified spaces as evolution spaces for the graph-valued Markov processes.

The purpose of this work is to estimate the rate of convergence of a particular
graph-valued Markov process by using the so-called Wasserstein-type metrics,
which are traditionally used in mass transportation problems.

Growing applications of Wasserstein metrics demonstrate their power in many
issues of nonlinear problem-solving. They have been previously applied to
study the rates of convergence of diffusion processes, mainly by constructing
embedded discrete-time processes, and almost exclusively for one-dimensional
problems which can be reformulated in terms of pseudo-inverse functions. Such
reformulations then allow for an application of the Fokker-Planck equation.
The connections between the Fokker-Planck and the Wasserstein metric have
also been previously explored. For example, it is known [9] that the Fokker-
Planck equation can be interpreted as the steepest descent for a free energy
related to Boltzmann-Gibbs entropy with respect to the Wasserstein metric.

The difficulty in applying the Fokker-Planck equation in our case is in the
complex structure of the stratified space, which does not allow for an explicit
reformulation in terms of pseudo-inverse functions. Nevertheless, we can make
use of the Fokker-Planck equation in some limited way, and we show that
even in the case of a stratified space, it serves as a powerful instrument for
analyzing the time evolution of the laws of stochastic processes.

Section 2 of this work is devoted to the heuristic explanation of the dynamics
behind the stratified process of our interest. Section 3 contains detailed and
rather technical description of the generators of the processes of our interest,
and as much as we would like to avoid these technicalities, it does not appear
to be possible for the sake of subsequent discussion. The very short Section 4
has the formal definition of the Wasserstein L, distance and the formulation of
our goal, which finally involves the explicit expression for this distance. Section
5 is conceptually the main part of this work, and it contains the key Theorem
2. Sections 6 and 7 contain two estimates of the Wasserstein L,-distance for
the related classical problem. The results of these computations are presented
in the form of Theorems 3 and 4. Finally, Section 8 contains some unanswered
questions, natural to pose, and to work on, as a result of this paper.



2 The Evolution Space of the Stratified Markov Process

There exist equivalent approaches which we could undertake for analyzing
the time evolution of laws of Markov processes. We can study the related
martingales on the corresponding canonical spaces [13], [17]. We can also study
the dynamics of the trajectories of these Markov processes by means of the
corresponding It6 equations [5]. These two approaches have a tight connection,
and parallel asymptotic theories are built using each of them. One of the links
of this connection is expressed in the form of the Fokker-Planck equation, or
forward Kolmogorov equation, which describes the evolution of the probability
densities for a stochastic process, and is inherently related to the corresponding
Ito equation.

Acknowledging that differential equations provide a clearer intuitive descrip-
tion of a system, we will outline this description of our problem first, and then
we will phrase it using the martingale language required for our purposes. We
will keep both these approaches in mind, since we would like to explore the
connection between them.

Essentially, we consider the following diffusion
dXi(x) = VIH (X5(x))dt +edW,, X5(x)=x = (21,1,), (1)

where V4 = (6%2, —3%1) is chosen to be orthogonal to V, H : R? — [0, c0)

is a smooth enough function, limy .. H(x) = +00, € is a small parameter,
and W is a two-dimensional Brownian motion. We can refer to this system
as stochastic Hamiltonian, since H turns out to be the first integral of the
corresponding deterministic system

dX)(x) = VY H (X)(x)) dt, X§(x)=x. (2)

The motion described by the system (1) can be thought of as fast rotation
along the trajectories of the deterministic system (2) combined with slow
motion across them. In contrast to the deterministic equation, H can take
different values on the same trajectory of the stochastic system, and the same
value on different trajectories, but it can still serve as the coordinate of a
trajectory in a local sense. Our interest is in analyzing the long-term behavior
of the slow diffusion across the deterministic trajectories, i.e., the asymptotic
behavior of the slow process H (X°¢), as ¢ — 0.

We now need to address the properties of function H, vaguely described above
as a ‘smooth enough function’. In general, the limiting space, i.e., the space
where the weak limit of the slow process lives, is stratified [7]. Depending on
the properties of H, it may have various staratification patterns, ranging from
trivial to very complicated [4].



It turns out that successful analysis of the asymptotics of H(X¢) can be done
if the process X°¢ is rescaled, so that the new time scale becomes the natural
time scale for the slow process H(X¢) itself. Then, according to a classical
result, due to Has'minskii [8], if the Hamiltonian H has one well, then on
the new time scale the slow process H (X¢) weakly converges to the unique
Markov process on R. Note that we can treat an open segment of the real line
as a stratified space with trivial stratification, and a closed segment of the real
line as a space with three strata, an open segment, and two end-points.

We will sketch our calculation for the rate of this convergence below to demon-
strate on a simple example some of the methods used.

A Hamiltonian with an even slightly more complicated nature leads to a non-
trivial stratification of the limiting space. Freidlin and Wentzell [6] showed
that if H is double-well, then the weak limit has strata of two types, four
points and three open segments, all joined through one of the points.

A more complicated stratification pattern is exhibited by the space of the
limiting process in the case when the critical set of H is allowed to have
an interior [16]. The canonical example of such a Hamiltonian is a cut-off
paraboloid, H(x) = (max{0,|x| —1})", n > 2. In this case, the evolution
space of the limiting Markov process resembles a lollipop: its strata are a 2-
sphere, a line, and a point. This is the type of stratified system of interest in
this work.

3 The Generator of the Limiting Markov Process

In this section we describe the limiting process on the stratified space, in the
notation consistent with our problem.

For any functions f,g € C*(R* R), we define two second-order differential
operators
1 & 0% f
L == i (X) ———(x), 3
)= 5 22 )5, 5,09 3)
and
(df, dg) (x) = L(f9)(x) — [(x) Lg(x) — g(x) LF(x).

We assume that the matrix {7;;(x)},1 < 4,5 < 2, is symmetric for every
x € R?, and consists of smooth enough measurable functions. We require that
L be uniformly elliptic, i.e., that there exists § > 0 such that

2
S i (x)ziz; > 0 |z

1,j=1



for all x € R? and all z = (21, 22) € R2

Let the canonical probability space Q := C ([0, 00),[R?) be the space of the
continuous trajectories from [0,00) to R? [2]. Denote by X; the canonical
process and by F; the filtration generated by {X;0 < s < t}.

Let
H(x) := (max{0, K(x)})", n > 2,

where K is a smooth real-valued function on R?, with limy_ K(x) = +00.
Assume that the closure V of the set

VZZ{XERQZK(X)<O}

is diffeomorphic to the unit disc, and that K is nonsingular, i.e., that VK # 0
on R?\ V. The nonsingularity property is essential for the problem; it implies
that there exists a small a > 0 such that the set

&= {XGRQ:]K(X)\<G},

containing the boundary of V, has one component, and that K is nonsingular
on &.

Here is an example of a smooth function K which does not satisfy these

properties,
) 0 if x| <1,
X) = _ 1
x|e -kD? if |x| > 1.

It is not suitable for our problem, since it is singular on the set
{XGR2 : K(x) :O},
although the rest of the required properties are satisfied.

For any f € C? (R?), define the differential operator
1
L) = £1(3) + 5 V- Hx) - V/(x), (W

and assume that its domain D° = D (L°) contains a dense subset of functions
from C? (R?).

Fix a level set of H of height H* > 0, let K* = (H*)l/", define the open sets
I::{XGR2:K(X)<K*} and U:=1I\V, (5)
and define the F;-stopping time 7 to be the time of the first exit from I, i.e.,

7:=inf{s >0: X, ¢1I}.



Definition 1 Given x € I, define P° € P (C([0,00;R?)) to be a solution
of the stopped martingale problem for (L%, 0x,1), and so is the corresponding
coordinate process X, i.e., for every f € C*(R?), and for all 0 < s < t,

tAT

[ (Xine) = f (Ronr) = [ £7(X,) d

SAT

15 a P*-martingale.

For future reference, we also define another F;-stopping time 7; to be the first
time of reaching the boundary of the critical set, starting from U, i.e.,

r=inf{s >0: X, €9V | X, € U}.

Let & be the flow generated by V4 H, i.e.,

St(x) =V'H (&(x), &(x)=x

We can form the following quotient space I' := I/ ~ by using the chain
equivalence relation ~ based on the flow & (for details of this construction
see [15]). For every x € I, define the natural map 7 (x) := [x], and for G C I
denote I'¢; = w(G). This quotient space

I'=TvUTlywUTI'y ULy

turns out to be homeomorphic to a stratified space, a submanifold of R3,
which is essentially a 2-sphere with a line segment attached. Denoting the
homeomorphism by ¢ : I' — R3, we can define the metric d on I' by setting

d([x], [y]) = l9(x]) — g([y])|rs

for any [x],[y] € T, and we see that the constructed metric space (I',d) is
Polish.

Define Y := [X.,,], and for each € > 0, define the probability measure P=* as
the projection of measure P on T,

P ([G)) =P {Y € [G]}, GeB(C(0,0)T).
Also, let Y1 := [X.arnn], and

PI*([G]) =P {Y1 € [G]}, G eB(C(0,0),T)).

Given a function F' defined on I" and a set [G] € T', we denote the restriction

of F to [G] by Fg. In particular, if F' € C(I';R), then F om € C(I;R) and

« Fyon(x) = Fy(x), x€V;



o Fgom(x)=(Fgo K Y oK(x), xeTU;
o Frp:=FgoK™' maps [0,K*] into R; -
o Fom(x)=Fyv(x)xv(x)+ Fx(K(x))xg(x), xeI=UUV.

Let Dy, be the set of all real-valued functions on I', whose restriction to I'y U

I'y is continuous. Define the pre-averaging operator A : Dy, — C (I'v UT'y)
by

f(x), if [x] € Ty

Aof([X]) = Jyep 0 40

Jyerg mRGT 4G’

where dl is the arc-length element. Let

if [X] eIy,

DA =

[y]=Taov [y]—=To1
y]elvUul'y [y]eT'vUur'y

{f € Dpy: Jim  Agf(ly]) and  lim  (Aof) ([y]) exist},
[

and define the averaging operator A : Dy — C(T") by

AF(B) = Jim Ao (iy))
[yleTvUly

Notice that if x € I\ 'V, then [x] is totally defined by H(x), and therefore by
K(x), and
Af(X) = Af (KK (x))),
so it makes sense to define Ag f(h) := Af (K~'(h)),0<h < K*.
If F € C?(TyUTly;R), then £(F o) is well-defined on the set V U U. If
L (F o) € Dy, then for [x] € 'y UTy, we set
A"F([x]) == A(L(F o)) (x)

_ {(ﬁFV) (%) if [x] € Ty,
b(K(x)) Fie(K(x)) + 30° (K(x)) Fg(K(x))  if [x] € T'u.

where

bi=Ax (LK) and o := Ag(dK,dK).

We define an ‘inner’ gluing operator

GF := lim AO(dFV,dK>>([X]) = lim (dFy,dK)(x) (6)
[T]}—E’Eav sz%V
x]ely



for functions F with Fy € C! (T'y), and an ‘outer’ gluing operator

GF := lim <A0<dFK, dK)) ([x)

[x]=Tov
[x]eT'u

- 1 - (dFy,dK)
= </yem ||VK<x>||d“y>> S TR GO

[x]eT'u

(7)

for functions F with Fy € C' (T'y), if these limits exist.

Now we define the domain
D* .= {FGC(I‘):Fh‘VUI‘U 602(FquU), E(FOW)GDA,
GF=GF, lim (A'F)(ly)) = o}, ®)
[y]=Toar

and for any F' € D*, we define the operator

LF(x]) = lim AF(y]), []eT. (9)

yl—=[x
Again, we set the coordinate functions Y;(w ) = w(t), t > 0, on the corre-
sponding traditionally defined space Q* = C'([0,00);T') with the o-algebra

F* = VisoF;, where Ff =0 {Y!:0<s<t}.

By Theorem 2.11 ([16, Theorem 2.11, pg. 861]), the P*-laws of Y converge
to the law of a I'-valued Markov process Y*. More precisely, the family of
measures {IP*} is tight in the Prohorov’s topology on P (C([0, 00),T)) [2], and
converges to the unique solution P* of the martingale problem for (L’*, O]
Denote the corresponding expectation operator by E*.

Also, for any f € C*(R), define the second order differential operator

1
—o?(h) fr(n), ifhe€ (0,K"),

Licf(h) = b (1) fielh) +

and the domain
Di = {f € C%((0,K*)) . Lgf e C?(0,K%)),
lisn(C1c) () = L. (Lic)(B) = o}. (10)

For any f € Dj, define

el () = liny Licf (v).



According to the classical results of Has’minskii, on the corresponding canon-
ical probability space, the family of probability measures {P7"} converges
to the unique solution P} of the martingale problem for (L%, d,), where
h() = K(Xo).

4 Martingale Measures and Wasserstein L,-distances

Denote by @ the Polish space (C([0,00),T'), p) of continuous trajectories on
I', equipped with the sup-norm. Let My(®P) be the space of all probability
measures on ¢, and let M,(®) be the space of all probability measures with
finite moments of order p > 0, i.e., those measures p that for some (and
therefore, for any) ¢ € ®,

My(@) i= { € My(@): [ p (60, 0) dia(6) < o0

Notice that since p is bounded, M,(®) simply coincides with My(®P), but we
will keep varying the indices for consistency.

Let i be a probability measure on the product space ® x & with marginals
P=* and P*, defined in Section 3 above, and let

I (P, P*) := {M L (A X B) = P (A), (0 x A) = IP*(A)},

with A being any measurable subset of ®. Define

W, (B ) = ( inf [ p(6.0) duo, w>>w, (1)

,U«GH(]PE’*JP)*)
1 < p < o0. It can be shown that (11) defines a metric on M,(®), and therefore,
on My(®). We will refer to W), as the Wasserstein L,-distance. The terminology

associated with these metrics varies considerably. For other possible names see
[14,18,20].

Since Wasserstein L,-distances metrize weak convergence (see [18] for the
proof), in our case it is guaranteed that

W, (P=*,P*) — 0 as ¢ — 0.

This work is one of the steps in order to find explicit positive-valued decaying
functions a,(¢), B,(¢) depending on the properties of the generators £° (4) and
L* (9), such that for every € > 0, the following holds: a,(e) < W, (P=*,P*) <
Bp(e). Here we provide initial estimates on the rate of the weak convergence



of the laws of the described stratified Markov processes, and investigate how
good these estimates are. Here we do not investigate whether numerical sim-
ulations may shed light on this question; at this stage, we choose to rely on
the analytical methods.

5 Estimates on the Wasserstein L,-distance for a Stratified Process

Later we will show that when the Wasserstein distances can be represented
in terms of pseudo-inverse distribution functions, this presentation can de-
liver the best possible estimates. In particular, W, (P, P}) can be computed
explicitly. Unfortunately, the rather complicated geometry of I' does not al-
low for an easy expression of the distances in those terms. Nevertheless, what
gives us reasonable hope is the fact that these distances depend very little on
the underlying geometrical structure, and that many related results hold in
extreme generality, i.e., for Polish spaces.

One such result, not relying on the underlying geometric structure of the
space is the following famous duality theorem, due to Strassen. We state this
result for the Polish space ®, defined above. Together with any measurable
set A C @, we define

A= {ped:p(p,A) <a}, As={deA:p(¢,04)>a}

Theorem 1 (Strassen’s Theorem) Let P,Q € My(®P), and o > 0. Then

inf 1 ({p(6,0) > a}) = sup {P(4) - Q(A)}.

peIl(P,Q)
A closed

This result is one of the main tools which allows us to prove the main theorem
for the stratified problem. First, we define the set ® to be the subset of ¢
consisting of those paths which start inside I'y, and eventually reach T'yy .

Theorem 2 Ifp > 1, then the Wasserstein L,-distance between the laws P=*
and the limiting law P* is at least the distance between the laws PT™ and Pj
of the two corresponding processes, stopped when reaching the boundary of the
critical set, and at most a multiple of the total variation of the laws P=* and P*
over all the paths starting inside I'y and reaching the boundary of the critical
set gy, t.e.,

W, (PY7, P) < W, (P27, ") < C7 sup {P*"(4) —P*(A)},
ACP
A closed

10



where C'is a universal constant, independent of ¢.

Proof: Using Theorem 1 for the measures P=* and P*, we see that for any
a >0,

Wp e Py = inf [ p(0,0) dul(6,v)

pETI(Per* P*)

— it (] .
pEl(PorP) \J(@x®)n{p(¢:¥)<a}  J(@x®)N{p(p,1)>a}

inf P p 12
< mn ) <CY + /(<I>><<I>)ﬂ{p(¢>,’t,l))>a} p (¢7 w) d#(¢> w)> ( )
=aP —+ inf

T pell(peo* px
Pd
HETI(Pe:* P*) /(¢X‘b)ﬂ{9(¢,1/})>a} P (¢7 Q/J) M(¢7 1/1)
<af+C? sup {Pa’* (A) — P* (Aoc)})
ACd

A closed

>p<¢,wywuw¢,w>

where C' is equal to the finite diameter of T, i.e.,

C:= sup d([x],[y]).

[z].[ylel’

Letting o — 0 in (12), and using the definitions of P=* and P*, we obtain

Wy (P, P") < C% lim sup |P{Y € A} —P*{Y" € A"}|.  (13)
R

Any set A C ¢ can be represented as a disjoint union of two subsets of the
space ® of continuous paths with images in two different non-trivial strata,
namely,

A=(AN®y) |J (ANd,),

where
(I)l = C([0,00),F\[), (I)Q = C([0,00),Fﬁ)

Here U = 9VNUNIL, and therefore I', is closed. The boundary of the critical
set OV is included in the set that forms ®,, rather than ®;. The reason for that
lies behind the chain equivalence [15]. According to this equivalence relation,
all the points of OV are identified, forming a single equivalence class T'yy, in
the same way as other points of U on the same level also form a separate
equivalence class. On the other hand, any point of the open set V forms its
own equivalence class, and only such points are used to define ®;. With this

11



in mind,

sup |P°{Y € A} —P*{Y" € A%}
A'closed

2
<> sup [PH{Y €And;} —P{Y € A" Nd;}|. (14)

i—1 AC®

Considering these two summands separately, notice that the set I'y; is homeo-
morphic to a closed interval [0, K*] C R, and the set I'y is essentially an open
disc stereographically projected onto a punctured 2-sphere.

Recall that P* and P* each solve a martingale problem, associated with the
generator £° and L*, respectively. Then, notice that £ and £* coincide on
any subset of the open set I'y, since there is ‘no averaging’ done inside such a
set. More explicitly, for any F' € D* N'D?, whose restriction onto V is denoted
by Fy, and for any x € V,

LYF[x] = L°Fy(x) = LFy(x).

Therefore,

sup lIP"E {Ye AN} —P*{Y € A*n @1}]
ACP

A closed

= sup Pa{YeAHCDl}—IPE{YEAaﬂ@l}] (15)

ACP
A closed

= sup |-P{Y e (A“\A4A)N @1}] =0,
A'closed

since this supremum is reached when A N ®; = AN P = 4.
Combining (13)-(15), we obtain
W]})) (]P;e,*7 ]P;*)

<C? lim sup [Pg (Y eAN®,} — P {Y" € A°Nd,}|. (16)
o=V Acd
A closed

Consider all those sets A for which paths from A do not intersect I'gy for any
a less than some ay > 0. Denote this subset of ®5 by ®,. Since all paths start
inside I'y, it simply means that &, consists of those paths which always stay
away from the critical set V of the Hamiltonian. Then ® \ @, consists of such
sets A whose any enlargement A% contains paths intersecting the boundary
I'sv of the critical set. This implies that A C ® \ ®q itself contains paths

12



intersecting I'yy. Since A is a closed set, if this were not the case, there would
exist an open enlargement A” of A not containing any paths intersecting I'sy .
But this is not possible, since any closed enlargement A?/? always contains at
least one such path. From inequality (16), we obtain

W;) (]P)E’*, ]P*)

< CP max{ sup |PP{Y e ANdy} —P*{Y" € Aﬂq)g}},
ACPg
A closed

lim sup [IPE {YeAndy} —P*{Y" € AN (132}] . (17)
=0 4cap\d
A closed

Using the observation that P*{Y™* € A*N ®,} is monotone in «, from (17),
we see that

W[})) (]P)E’*, ]P,*)

< CP max{ sup |P°{Y € A} —P*{Y" € A}
A Giosta

9

lim sup lIP’E {YeA} —P*{Y" € A* N @2}]
a=0 Acp,\ 0
A closed

= CP max{ sup lIP’E {Ye A} -P"{Y" € A}],
A dosa

sup [IP’E {YeA} -P*{Y" € A}
AC@Q\@O
A closed

(18)

Next, simply notice that the maximum variation cannot be achieved over those
paths which are not allowed to intersect I'yy, and so

WP (B, P*) < CP  sup [Pf (YeAl —P {Y € A}]
AC‘:I)Q\‘I)O
A closed (19>
< C? sup [IP’8 {Y e A} —P*{Y" € A}
Ao

To obtain the lower bound, use the definition of the Wasserstein L,-distance

13



once again, to notice that

Wr B = b [ p(o,6) du(o,v)

pETI(Per* P*)

> inf A . p (¢, 1) du(o, )

PETI(Pe* P*) (20)
=, P00 0,0
= Wy (Py7,Py).
This completes the proof of this theorem. |

The two subsequent sections are devoted to two different examples of estimat-
ing the Wasserstein L,-distance in the classical case of a one-well Hamiltonian.
The first method allows us to obtain crude estimates which, after computing
the distance explicitly, turn out to be somewhat satisfying.

6 First Example — Hamiltonian Cylinder: Initial Naive Estimates

Let W be a Brownian motion on a probability space (2, F,P), and let ¢ >
0 be a small parameter. Consider the dynamics of Z; = (©5,Y/) with its
trajectories on a cylinder,
1
de; = = dt,

dYyF = o (07) dWy,

(21)

with certain initial conditions (0§, Y{) = (0o, yo), where o is a smooth bounded
1-periodic function. Here we can think of Z¢ as the rescaled graph of Y* in
cylindrical time.

The corresponding deterministic system is given in its normal form,
dO; =dt, dY, =0,

and is trivially Hamiltonian. The variables © and Y are the so-called action-
angle variables. In this deterministic case, the action Y takes a constant value
y independent of time ¢, and the angle © increases linearly with time, at a
constant rate w(y) = 1. As for the stochastic system (21), the angular rotation
is sped-up by a factor of e72 (or, equivalently, time is appropriately rescaled),
and is much faster than the vertical displacement. This vertical slow motion
is described by

t
Y=+ [ o (90 4 ;) aw, (22)
for all t > 0.

14



On the canonical probability space C ([0,00),S! x R) [2] of the continuous
trajectories on the cylinder S' x R, for each small ¢ > 0, and every Borel-
measurable set A x B € B(C([0,),S! x R)), we define the following proba-
bility measure
Q°(Ax B)=P{Z° € Ax B}.

This measure is Markovian, and uniquely solves the martingale problem for
(L, d0), where &y is a point-mass at (fy, yo) € S! x R. For any (6,y) € S* X R,
and f € CZ(S' x R),

Lof(0,y) : (23)

_10f(0.y) | 5*0) 1 (6.y)
T2 o0 2 o

In other words, if 0 < s <t, and f € CZ(S! x R), then

§25) = 120 - [ 25525 du

— f(Z) - f(z5) - L

2 Js
e Y g
= [ o005, (Z)dW.,

t @2f
2 € €
is a Q°-martingale.
Also, we construct a projection measure Q=* on C ([0, 00),R) by setting
Q**(B) =Q°(S' x B) =P{Y* € B}.

Notice that although a projection measure of a Markovian measure does not
need to be Markovian itself, in this case it is Markovian simply due to the fact
that the angular movement of the system on the cylinder is deterministic.

Let M; = [y 0(6p + %)dW,, then its quadratic variation is (M®), = [§ o2(6p +
%)ds. We can perform a time change, such that given £ > 0, there exists a
Brownian motion B such that My = Byye),.

Now, we introduce a Markov process Y* whose trajectories have dynamics
described by
dY," =adB,, Y, =y, (24)

~ 1 2 1/2 . .
where & = ( Jo o%(u) du) , and we also introduce the Markovian measure
Q*(B) =P{Y* € B}
on the canonical probability space (C([O, o0),R), B(C([0, 00), ]R)))

Recall that according to the classical averaging argument, due to Has’minskii,
the law of the process Y weakly converges to the law of a Markov process.
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The next theorem in particular reveals that this unique limiting measure is
the law of Y™*.

Theorem 3 The Wasserstein L,-distance between the laws of the processes
Ye and Y* is decreasing faster than '~ for any o > 0. For any 1 < p < oo,
the distance decreases together with the modulus of continuity of the standard
Brownian motion, and

£,% * 1 1/2
Wp((@ ’ ,Q ) S 2C ¢ <10g W) , (25)
where C' = supg< < |0(5)].

Proof: Since the Wasserstein L,-distance is the minimizer over all the product
measures from M,(C(]0,00);R) x C([0,00);R)) whose marginals are Q* and
Q*, obviously taking any such product measure should deliver an upper bound
to the distance. Consider Q°(A) := P{(Y*,Y"*) € A}, then the W-distance
between the measures induced by laws of the processes Y¢ and Q* on the time
interval up to a fixed finite time T can be estimated as follows:

Wy (Q>, Q%) < / p(z,y)’ dQ(z,y)

C([0,TI;R)xC([0,T];R)
p‘|

Using periodic properties of ¢ and the definition of &, notice that for any

0<t<T,
t S
[(* (0 2) - 7) s
0 €

Oo+t/e?
/ ’ (02 (s) — 62> ds| < 2C?%&?,
0

o+[t/e2]

- 5[, 121

0<t<T

=E sup ‘B(M5>t — B&zt
0<t<T

[(MF), — 67| =

(26)
= g2

where C' = supgc,<; |0(s)|. Then, by using the modulus of continuity wpg of
Brownian motion and (26), we may notice that

‘| <wh2Cc?e?),

E [ sup ’B(M5>t - B&Qt
0<t<T

and inequality (25) indeed holds. u

Remark 1 Our argument does not make it clear whether this estimate is
sharp. In fact, in the next section we show that it is not. Nevertheless, we
chose to present this argument, since this method looks more promising for the
stratified case. Unfortunately, the method used below to obtain exact estimates
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1s not applicable in the stratified case since it relies on the one-dimensional
structure of the image of the path-space. Comparing the two results, we will
also observe that in the classical case, the discrepancy between our initial naive
estimates and the exact distance is of the smallest possible order.

7 Second Example — Hamiltonian Cylinder: Straightforward Com-
putation

For simplified presentation, and without loss of generality, assume that the
system starts at the point (6y, yo) = (0,0). Let p. = p-(t,y) be the probability
density of finding the system (21) in a state (t/£%,y) at a given time ¢. Assume
that p.(t,y) = pe(t + €% y), and lim,_4o p:(t,y) = 0. Consider the Fokker-
Planck evolution equation of this density:

Op.
ot

= (£%)" pe, (27)
where

10/(0.y) , *(9) P/(6.y)

(ﬁ&)* f<97 y) = _52 00 92 ayg

is the adjoint of £ defined in (23). Keeping this expression for the adjoint in
mind, and that dp./00 = 0, we can rewrite equation (27) as

Op. L L/t 82175
ot 2”7 <52> By (28)

We may notice that this is also the Fokker-Planck equation for the probability
density of finding the system (22) in a state y at time ¢, since the rotation is de-
terministic. This density is Gaussian, and we can find its explicit presentation
to be

1 y2 . 9
teXp{_ts}, 1f0<t§5’
ps(t7y) = 27rf0 ‘72(5%)‘15 2fo 02(?)d8
)2 )
Vi exp { Gl ) if t = 0,

pe(t,y) = p(t + €2 y).

Analogously, if p. = p.(t,y) is the density of finding the system (24) in a state
y at a fixed time ¢, then

op. 1,0,
= -0

ot 2 oy’ (29)
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and

L_oxp{—2.1 ift>0,
pltiy) = (i) |
dyo (Y), if t =0.

Let ® denote the probability distribution induced by the standard normal
density. Consider the probability distributions F, = F.(t,y) and F, = F, =
F.(t,y) induced respectively by the time-dependent densities p. (¢, y) and p.(t,y),
ie.,

Fit,y) = /y p.(t,h)dh, and  F.(t,y) = /y p.(t, h) dh.

For every t we can define the following two inverse distribution functions,

F7Yt,m) : =inf {y : F.(t,y) > m},
Foltm) = inf {y : Fu(t,y) > m}

0 < m < 1. Notice that

. d~1(m) e, if t = 0;
F7(t,m) = (30)
d~H(m)\/ [i 02(s/e?) ds, if t > 0.
Also, F.1(0,m) =0 for m < 1, and for ¢ > 0,
E-Y(t,m) = ®7 1 (m)éVt. (31)

In order to find the Wasserstein L,-distance between the corresponding laws
of Y¢ and Y*, we will employ the well-known Hoeffding lemma [18], which is
most often used in the theory of mass transportation. The lemma implies that
the W)-distance between these two laws can be viewed as the distance between
the corresponding pseudo-inverse distribution functions. More explicitly, in our
case, the W,-distance between the laws of Y and Y* over an interval [0, T
satisfies

€

W2 Q@) = [ s

0<t<T

FoMtm) = B m)| dm. (32)

Using expressions (30) and (31),

W, (@77, Q)
\//Ot 02(s/e?)ds — 5/t
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0<t<T

} </01 |<I>_1(m)|pdm>1/p.

= max {5 0, sup



Ifo<t<e? thenft/6

t t/e2
0<ovVt—y 02(3/52)ds:6\/f—5\/ 0%(s)ds
0 0
t/e2
<elo-— / o%(s)ds | <eao.
0

Ift > &2 use |a—b| = |a b | for a,b > 0, to notice that

o[

2(s)ds < &, and

g2 5?2

S (Vi)

A

£0.

Therefore,
W, (Q°", Q) = Cye
with C, = & (E|Z|P)'/P, where Z is a standard normal random variable.

As this computation delivered the explicit expression for the W,-distance, now
we can indeed see that Theorem 3 did not provide the sharp estimate for the
rate of convergence of these laws, and the following result holds on a cylinder.

Theorem 4 If p > 1, then the Wasserstein L,-distance between the laws of
the processes Y and Y* is equal to Cye, where C, = & (E|Z|P)Y?, with Z
having the standard normal law.

8 Open Questions about the Stratified Problem

As we have computed the L,-distance in the classical case, we see that W, (P=*, P*)
is at least of the order ¢, and at most of the order delivered by the total vari-
ation of the measures P** and P* over the paths crossing the boundary of the
critical set of the degenerate Hamiltonian.

How is this total variation connected with the gluing conditions? And is it?

The analysis of the convergence of these measures [16] relies on a finer set of
so-called Has'minskii’s coordinates, which are used about the boundary of the
critical set. Is it possible to obtain an explicit bound on the total variation
of these laws using Has’minskii’s coordinates? This question is likely to be
connected to the previous one, and if answered positively, will reveal the role
that gluing plays in this matter.
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