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Abstra ct. Shelah pro v ed recen tly that if � > ! and S � �

+

is a stationary

set of ordinals of co�nalit y di�eren t from cf ( � ) then 2

�

= �

+

implies �

�

( S ).

W e sho w that for singular � , an elab oration on his argumen t allo ws to deriv e

�

�

( T ) from 2

�

= �

+

+ �

�

�

where T = f � < �

+

j cf ( � ) = cf ( � ) g .

It is a w ell-kno wn fact that �

�

implies 2

<�

= � . In man y situations the con v erse

is also true. Jensen [3 ] pro v ed that CH do es not imply � , so when lo oking for the

con v erse one has to fo cus on � > !

1

. Let

S

�

�

= f � < � j cf ( � ) = � g :

and

T

�

= S

�

+

cf ( � )

:

Gregory observ ed that GCH b elo w !

2

implies �

!

2

( S

!

2

!

). A sequence of impro v e-

men ts on his result, mainly b y Gregory , Jensen and Shelah, resulted in the follo wing

theorem [2 ].

Theorem 0.1 (Gregory , Jensen, Shelah) . If 2

<�

= � and 2

�

= �

+

then �

�

+
( S )

holds whenever S � �

+

is a stationary set of or dinals of c o�nality di�er ent fr om

cf ( � ) . If � is singular and additional ly �

�

holds then �

�

+
( T

�

) .

Shelah pro v ed in [5] that for regular � , the additional assumption that �

�

holds

is not su�cien t to guaran tee �

�

+
( T

�

), so the absolute ZF C result is p ossilb e only

for singular � .

The question remained whether the lo calized GCH , i.e. the equalit y 2

�

= �

+

alone implies �

�

+
. Shelah [6 ] pro v ed this to b e true for su�cien tly large � , and

recen tly [7, 4 ] found an argumen t that pro v es it for ev ery � > ! .

Theorem 0.2 (Shelah) . L et � > ! and 2

�

= �

+

. Then �

�

+
( S ) holds for every

stationary S � �

+

that is disjoint with T

�

.

This note com bines argumen ts from the pro of of Theorem 0.1 with Shelah's

argumen t for Theorem 0.2 to giv e a pro of of �

�

+
( S ) for S � T

�

.

Theorem 0.3 (Main Theorem) . Assume � is a singular c ar dinal and T � T

�

is

stationary with stationarily many r e
e ction p oints of c o�nality strictly lar ger than

cf ( � ) . Then

2

�

= �

+

+ �

�

�

= ) �

�

+
( T ) :

It w as pro v ed b y Cummings, F oreman and Magidor [1 ] that for singular � , the

principle �

�

�

is consisten t with the requiremen t that ev ery stationary T � T

�

has

stationarily man y re
ection p oin ts of large co�nalit y . Consequen tly , in suc h mo del

w e ha v e �

�

+
( S ) for all stationary S � �

+

.

1
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Corollary 0.4. Assume � is a singular c ar dinal. Then

2

�

= �

+

+ �

�

�

= ) �

�

( T

�

) :

Theorem 0.3 and its corollary giv e rise to the follo wing t w o questions. I am not

a w are that the answ ers to these questions are kno wn.

Question 0.5. Assume � is singular. Is the c onjunction

2

�

= �

+

& : �

�

+
( T

�

)

c onsistent with ZF C ?

By Corollary 0.4, the a�rmativ e answ er to this question w ould yield a mo del

in whic h �

�

�

fails at a singular cardinal, whic h is kno wn to ha v e large consistency

strength.

Question 0.6. Assume � is singular. Is the c onjunction

2

�

= �

+

+ �

�

�

+ : �

�

+
( T )

c onsistent for some stationary T � T

�

?

By Theorem 0.3, suc h a set T m ust fail to ha v e (to o man y) re
ection p oin ts of

large co�nalit y .

1. Successor cardinals: Absolute Resul ts

W e b egin with splitting Shelah's argumen t in to t w o steps. One of these steps

can b e done in ZF C alone and w orks ev en at inaccessibles. The other step relies on

the lo calized GCH , and the application in Theorem 0.3 also on w eak square. The

follo wing com binatorial statemen t is implicit in Shelah's argumen t.

De�nition 1.1. L et � b e a r e gular c ar dinal and S � � . We say that the p air

h x

�

j � < � i , h A

�

j � 2 S i witnesses 


�

( S ) i� the fol lowing thr e e c onditions ar e met.

(a) h x

�

j � < � i is an enumer ation of [ � ]

<�

.

(b) A

�

� � and j A

�

j < j � j whenever � 2 S .

(c) F or every Z � � ther e is a stationary S

0

� S such that for every � 2 S

0

ther e ar e unb ounde d ly many � < � for which ther e is � < � satisfying

�; � 2 A

�

and Z \ � = x

�

.

We say that 


�

( S ) holds i� ther e ar e h x

�

i

�

and h A

�

i

�

as ab ove.

Notice that 


�

( S ) p ostulates the existence of an en umeration of [ � ]

<�

of length

� , so it imp oses some constrain ts on the b eha viour of the exp onen tial function

b elo w � . In particular, if � = �

+

then 


�

( S ) implies 2

�

= �

+

. Notice also that

(b) in the ab o v e de�nition stipulates that the cardinalit y of A

�

is strictly smaller

than � , whic h together with (c) implies that without loss of generalit y S can b e

view ed as a set of singular ordinals. Of course, this has a non-trivial meaning

only when � is inaccessible. Finally observ e that if there is a pair h x

�

j � < � i ,

h A

�

j � 2 S i witnessing 


�

( S ) then for ev ery en umeration h x

0

�

j � < � i there is a

sequence h A

0

�

j � 2 S i suc h that the pair h x

0

�

i

�

, h A

0

�

i

�

witnesses 


�

( S ). T o see this,

pic k an y f : � ! � suc h that x

�

= x

0

f ( � )

for all � < � and let A

0

�

= A

�

[ f [ A

�

] for

all � 2 S satisfying f [ � ] � � .

Lemma 1.2. L et � b e a r e gular c ar dinal, S � � and 


�

( S ) hold. Then ther e is a

p air h x

�

j � < � i , h A

�

j � 2 S i satisfying the fol lowing.

(a) h x

�

j � < � i is an enumer ation of [ � � � ]

<�

.

(b) A

�

� � and j A

�

j < j � j whenever � 2 S .
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(c) F or every Z � � � � ther e is a stationary S

0

� S such that for every � 2 S

0

ther e ar e unb ounde d ly many � < � for which ther e is � < � satisfying

�; � 2 A

�

and Z \ ( � � � ) = x

�

\ ( � � � ) .

Pro of. Pic k a pair h y

�

j � < � i , h B

�

j � 2 S i witnessing 


�

( S ). Let f : � � � ! �

b e a bijection and C

f

= f � < � j f [ � ] = � � � g .

T o eac h � 2 S pic k C

�

to b e a subset of lim( C

f

) \ � of size strictly smaller

than j � j that is co�nal in � if suc h a set exists; let C

�

= ? otherwise. Letting

x

�

= f

� 1

[ y

�

] and A

�

= B

�

[ C

�

, w e obtain a pair h x

�

j � < � i , h A

�

j � 2 S i as in the

conclusion of the lemma. T o see this, it su�ces to v erify clause (c) in the statemen t

of the lemma.

Giv en an y Z � � � � , let S

0

� S b e the stationary set obtained b y applying




�

( S ) to f [ Z ]. Let � 2 S

0

\ lim( C

f

). If �� < � , pic k � 2 C

�

suc h that �� � � .

Since S

0

satis�es (c) in De�nition 1.1, there are �

0

; � 2 B

�

suc h that � � �

0

and

f [ Z ] \ �

0

= y

�

. Then f [ Z ] \ � = y

�

\ � and the conclusion follo ws immediately

from the fact that � 2 C

f

. ut

The �rst step in Shelah's argumen t can b e reform ulated in to the follo wing prop o-

sition. It reduces the pro of of �

�

( S ) to the pro of of 


�

( S ). The second setp in

Shelah's argumen t consists of a pro of of 


�

+
( S ) from the lo calized GCH . W e

will sho w ho w to obtain 


�

+
( S ) from the additional assumption that �

�

�

holds in

situations where lo calized GCH do es not seem to su�ce.

Prop osition 1.3. L et � b e r e gular and S � � b e stationary. Then




�

( S ) = ) �

�

( S )

Pro of. Let h x

�

j � < � i , h A

�

j � 2 S i b e a pair satisfying the conclusion of

Lemma 1.2. F or x � � � � w e write ( x )

�

to denote f � < � j h � ; � i 2 x g . Con-

sider sequences h X

�

; C

�

j � < � i suc h that X

�

� � , C

�

is closed un b ounded in � and,

letting (for � � � )

V

�

�

= fh �; � i 2 A

�

� A

�

j ( 8 � < � )( X

�

\ � = ( x

�

)

�

\ � ) g ;

for ev ery � 2 S \ C

�

either dom( V

�

�

) is b ounded in � or else V

�

�

% V

�

� +1

. (Notice

that V

�

�

� V

�

� +1

holds an yw a y .)

The crucial observ ation is that an y sequence h X

�

; C

�

j � < � i as ab o v e has length

strictly b elo w � . Assume for a con tradiction this fails, that is, there is suc h a

sequence with � = � . Let S

0

come from the application of Lemma 1.2 to the pair

h x

�

i

�

, h A

�

i

�

and to set

Z = fh � ; � i j � 2 X

�

g ;

and let � 2 S

0

\ 4f C

�

j � < � g . W e ha v e arbitrarily large � < � for whic h exist

� < � suc h that �; � 2 A

�

and Z \ ( � � � ) = x

�

\ ( � � � ), so for eac h � < � the set

dom ( V

�

�

) is un b ounded in � . Since � 2 S \ C

�

whenev er � < � , from the prop erties

of the sequence h X

�

; C

�

j � < � i w e obtain V

�

�

% V

�

�

0

whenev er � < �

0

< � . This is a

con tradiction, as V

�

�

� A

�

� A

�

and j A

�

j < � .

Pic k a sequence h X

�

; C

�

j � < � i as in the previous paragraph of maximal len tgh.

Letting

D

�

=

[

f ( x

�

)

�

\ � jh �; � i 2 V

�

�

g ;

the sequence h D

�

j � 2 S i is a �

�

( S )-sequence. T o see this, pic k an arbitrary X � �

and a closed un b ounded C � � � ( � + 1). There exist some � 2 S \ C suc h that

dom ( V

�

�

) is un b ounded in � and X \ � = ( x

�

)

�

\ � for all h �; � i 2 V

�

�

, as otherwise
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w e could extend the sequence h X

�

; C

�

j � < � i b y letting X

�

= X and C

�

= C , in

con tradiction with its maximalit y . But then X \ � = D

�

. ut

W e no w fo cus on pro ofs of 


�

+
( S ). The next prop osition is essen tially the �rst

step in Shelah's argumen t.

Prop osition 1.4. Assume S � �

+

is stationary and disjoint fr om T

�

. Then

2

�

= �

+

= ) 


�

+
( S ) :

Pro of. Pic k an arbitrary en umeration h y

�

j � < �

+

i of [ �

+

]

� �

. The existence of

suc h an en umeration is guaran teed b y the lo calized GCH . Let g : " � �

+

! �

+

b e a bijection. F or eac h � 2 S pic k an increasing (with resp ect to the inclusion)

sequence of sets h A

�

�

j � < " i where " = cf ( � ) suc h that j A

�

�

j < � for all � < " and

S

�<"

A

�

�

= � .

W e sho w that there is an � < " suc h that for ev ery Z � �

+

there are stationarily

man y ordinals � 2 S satisfying:

(1)

F or un b oundedly man y � < � there are � < � suc h that

�; � 2 A

�

�

and Z \ � = ( g

� 1

[ y

�

])

�

:

It follo ws that letting A

�

= A

�

�

and x

�

= ( g

� 1

[ y

�

])

�

, the pair h ( g

� 1

[ y

�

])

�

j � < �

+

i

h A

�

�

j � 2 S i , witness 


�

+
( S ).

1

Assume for a con tradiction there is no � as in the previous paragraph. Then for

ev ery � < " there is a set Z

�

� �

+

suc h that (1) holds only on a non-stationary

subset of S . Let Z = fh �; � i j � 2 Z

�

g and and Z

0

= g [ Z ]. The set S

0

consisting of

all � 2 S suc h that

� g [ " � � ] = � for co�nally man y � < � and

� ( 8 � < � )( 9 � < � )( Z

0

\ � = y

�

)

is stationary in �

+

. T o eac h � 2 S

0

pic k a co�nal strictly increasing sequence

h �

�

�

j � < cf ( � ) i suc h that g [ " � �

�

] = �

�

for eac h � < cf ( � ), and to eac h � < cf ( � )

pic k �

�

< � suc h that Z

0

\ �

�

= y

�

�

. This is p ossible b y the ab o v e arrangemen ts

for elemen ts of S

0

.

If � 2 S

0

then there is an � ( � ) < " suc h that �

�

; �

�

2 A

�

� ( � )

for all � < cf ( � ). This

follo ws immediately if cf ( � ) < " , as the assignmen t

� 7! the least � suc h that �

�

; �

�

2 A

�

�

cannot b e co�nal in " . If cf ( � ) > " this follo ws b y the pigeonhole principle, namely

the in v erse image of some A

�

�

under this assignmen t m ust ha v e size cf ( � ). Applying

the pigeonhole principle to the assignmen t � 7! � ( � ), w e obtain a stationary S

00

� S

0

and a � < " suc h that � ( � ) = � for all � 2 S

00

.

Pic k � 2 S

00

. By the ab o v e arrangemen ts, there are co�nally man y � < � for

whic h there are � < � suc h that �; � 2 A

�

�

and Z

0

\ � = y

�

. Moreo v er, the ordinals

� can b e c hosen so that g [ " � � ] = � . It follo ws that

Z \ ( " � � ) = g

� 1

[ Z

0

\ � ] = g

� 1

[ y

�

] ;

so Z

�

\ � = ( g

� 1

[ y

�

])

�

for all �; � as ab o v e. Since this is true of an y � 2 S

00

w e

obtained a con tradiction to the fact that Z

�

is a coutnerexample to (1). ut

The follo wing prop osition sho ws ho w to apply a standard construction that uses

�

�

�

to pro v e 


�

+
( T ).

1

See pro of of Prop osition 1.3 for the notation ( u )

�

.
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Prop osition 1.5. Assume � is singular and T � T

�

is stationary with stationarily

many r e
e ction p oints of c o�nality strictly lar ger than cf ( � ) . Then

2

�

= �

+

+ �

�

�

= ) 


�

+
( T ) :

Pro of. W e elab orate on the argumen t from the pro of of Prop osition 1.4. Let

" = cf ( � ). Fix the follo wing ob jects:

� Sequences h y

�

j � < �

+

i , h A

�

�

j � < " i and a bijection g : " � �

+

! �

+

as in

the pro of of Prop osition 1.4.

� F or eac h ordinal � < �

+

an injection h

�

: � ! � .

� A �

�

�

-sequence h C

�

j � 2 lim \ ( �; �

+

) i . F or eac h � �x an en umeration

h c

�

�

j � < � i of the set C

�

.

� An increasing (with resp ect to the inclusion) sequence of sets h B

�

j � < " i

suc h that j B

�

j < � for eac h � and

S

�<"

B

�

= � � � .

F or eac h � 2 lim \ ( �; �

+

) and � < � de�ne a function f

�

�

: � ! � � � and a

sequence of sets h A

�

� ;�

j � < " i as follo ws.

f

�

�

( � ) = h � ; h




( � ) i

where 
 is the least elemen t of c

�

�

strictly ab o v e � and � = otp( c

�

�

\ 
 ) � 1

2

and

A

�

� ;�

= ( f

�

�

)

� 1

[ B

�

] :

Notice that eac h f

�

�

is an injection. By our c hoice of the sets B

�

w e then ha v e

j A

�

� ;�

j < � and

S

�<"

A

�

� ;�

= � . W e also ha v e the follo wing coherency prop ert y for

the sets A

�

� ;�

: If

�

� is a limit p oin t of c

�

�

then there is an ordinal

�

� < � suc h that

(2) A

�

� ;�

\

�

� = A

�

�

�

� ;�

:

T o see this notice �rst that if

�

� is a limit p oin t of c

�

�

then there is

�

� < � suc h that

c

�

�

\

�

� = c

�

�

�

�

, and from the de�nition of f

�

�

w e immediately conclude that f

�

�

�

�

= f

�

�

�

�

� .

The rest follo ws immediately from the de�nition of A

�

� ;�

.

Fix an increasing sequence h �

�

j � < " i co�nal in � . F or eac h � 2 T and � < " set

A

�

�

=

S

� <�

�

A

�

� ;�

. Notice that j A

�

�

j < � , as j A

�

� ;�

j < j B

�

j for all � < �

�

. F ollo wing

the ideas from the pro of of Prop osition 1.4 w e pro v e: There is an � < " suc h that

for ev ery Z � �

+

there are stationarily man y � 2 T satisfying:

(3)

F or un b oundedly man y � < � there are � < � suc h that

�; � 2 A

�

�

and Z \ � = ( g

� 1

[ y

�

]) � .

It follo ws that letting x

�

= ( g

� 1

[ y

�

]) � and A

�

= A

�

�

where � is as ab o v e, the pair

h x

�

j � < �

+

i , h A

�

j � 2 T i witnesses 


�

+
( T ).

Assume for a con tradiction that no � as ab o v e exists. As in the pro of of Prop o-

sition 1.4 pic k a coun terexample Z

�

for eac h � < " , let Z = fh �; � i 2 " � �

+

j � 2 Z

�

g

and Z

0

= g [ Z ]. Let C b e a club in �

+

. By our assumption on T , there is a re
ection

p oin t �

0

for T with cf ( �

0

) > " suc h that:

� �

0

is a limit p oin t of C .

� g [ " � � ] = � for co�nally man y � < �

0

.

� ( 8 � < �

0

)( 9 � < �

0

)( Z

0

\ � = y

�

).

2

Notice that otp ( c

�

�

\ 
 ) is a successor ordinal if 
 is as ab o v e.
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Pic k an increasing sequence h �

�

j � < cf ( �

0

) i co�nal in �

0

suc h that g [ " � �

�

] = �

�

.

T o eac h � < cf ( �

0

) assign some �

�

< �

0

satisfying Z

0

\ �

�

= x

�

�

. It is con v enien t

to pic k �

�

to b e least p osssible. Since cf ( �

0

) > " , using the pigeonhole principle

w e conclude that there is some �

0

< " suc h that �

�

; �

�

2 A

�

0

0 ;�

0

for co�nally man y

� < cf ( �

0

). Let � 2 T \ C \ c

�

0

0

b e a limit p oin t of f �

�

j �

�

; �

�

2 A

�

0

0 ;�

0

g . Suc h a

� exists b y our c hoice of �

0

and �

0

, and b y the fact that T \ �

0

is stationary in �

0

.

Let � < � b e suc h that A

�

� ;�

0

= A

�

0

0 ;�

0

and � ( � ) > �

0

b e suc h that �

� ( � )

> � . Then

A

�

0

�

\ � � A

�

� ( � )

, as B

�

0

� B

� ( � )

.

The previous paragraph pro v es that there is a stationary T

0

� T suc h that for

ev ery � 2 T

0

there is an � ( � ) < " suc h that for co�nally man y � < � there are

� < � suc h that �; � 2 A

�

� ( � )

, Z

0

\ � = y

�

and g [ " � � ] = � . The rest of the pro of

literally follo ws the pro of of Prop osition 1.4. W e �rst �nd a stationary T

00

� T

0

on

whic h � ( � ) stabilize; let � b e the stabilized v alue. Then w e unfold Z

0

and y

�

using

g and conclude that for �; � as ab o v e w e ha v e Z

�

\ � = ( g

� 1

[ y

�

])

�

. This yields a

con tradiction with the fact that Z

�

is a coun terexample to (3). ut
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