SAMPLE SOLUTIONS

Item 3(a). (5pt) Find all subgroups of Zi2 and draw their subgroup dia-
gram.

Sample solution. According to the theorem on subgroups of cyclic groups
from the lecture, we know the following: If G = (a) is a cyclic group of order
s then the subgroups of G are precisely all groups of the form (a?) where d
is a divisor of s.

In our case, Zj, = (1) and has order 12. The group operation is +is,
so computing in the group Z, yields: 1¢ = d for 0 < d < 12 and 1'2 = 0.
Thus, the subgroups of Z5 are precisely all groups of the form (d) where d
is a divisor of 12. So d can attain one of the following values: 0,1, 2,3, 4, 6.
So the subgroups are:

(1) = {0,1,2,3,4,5,6,7,8,9,10,11} = Zy,
2) = {0,2,4,6,8,10}

3) = {0,3,6,9}

(1) = {0,4,8}

(6) = {0,6}

(0) = {0}

For d,d" as above we have (d) C (d') if and only if d’ is a divisor of d, so
we have the following subgroup diagram:

o
7N
@) \ (3
(@) ()
Ny



Item 3(b). (5pt) Find the subgroup of Zi, generated by the set {4,6}.

Sample solution. Let H denote the subgroup generated by {4,6}. Accord-
ing to the theorem on subgroups of cyclic groups, H is cyclic, so H = (d) for
some d € Zio.

For any number d' € Z;5 we have: 4 € (d'), if and only if (4) C (d'),
and this holds if and only if d’' is a divisor of 4. Similarly, 6 € (d'), if and
only if (6) C (d'), and this holds if and only if d’ is a divisor of 6. So we
conclude that {4,6} C (d') if and only if d’ is a common divisor of 4 and 6.
In particular, d is a common divisor of 4 and 6.

We recall that (d;) C (ds) if and only if d; is a divisor of d;. Now H is
defined to be the smallest subgroup of Z;, that contains {4,6}, so d must
be the largest common divisor of 4 and 6. Thus, d = 2 and H = (2) =
{0,2,4,6,8,10}.

Item 4(a). (5pt) Given is a homomoprhism f : Z — Zg such that f(1) = 2.
Find f(25), Ker(f) and rng(f). (Remark: rng(f) = f[Z].)

Sample solution. By the homomorphism property,

f)=ft. +D=f)+e- - +s f(1) =2+ +62.

- -’

~”

n times n times n times

It follows that f(n) = 2n modulo 6. Thus, f(25) = 2.25 modulo 6, which is
50 modulo 6, which is 2. Thus, f(25) = 2.

By the theorem from the lecture, Ker(f) is a subgroup of Z. Since Z is
infinite and Zg is finite, f is not injective, so Ker(f) is a nontrivial subgroup
of Z. And, because Z is cyclic, so is Ker(f). By the theorem from the lecture,
Ker(f) = (a) where a is the least positive element of Ker(f), i.e. the least
positive number that is sent by f to 0. Now f(1) =2, f(2) =4 and f(3) =0,
so a = 3. Thus, Ker(f) = (3).

By the theorem from the lecture, rng(f) is a subgroup of Zj3. Again, this
group is cyclic, and f(1) = 2 is a generator of rng(f). Thus, rmg(f) = (2) =
{0,2,4}.

Item 4(b). (5pt) Given is a homomorphism f : Z x Z — Z such that
f({(1,0)) =1 and f({(1,1)) = 2. Find f({13,5)) and Ker(f).

Sample solution. Since f is a homomorphism, it preserves the operations.
We first need to know f({1,0)) and f({0,1)). The former is given, the latter
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is obtained as follows:

f(<07 1)) = f(<17 1> - <17 O)) = f(<1a 1)) - f(<17 O))
= 2—-1=1.

Then

f({a,b)) = f({a,0)+(0,b)) = f({a,0)) + f({0,0))
= a- f((1,0)) +b- £((0,1)) = a +b.

Thus, f({13,5)) =13+ 5= 18.
Now (a, b) € Ker(f) if and only if f({a,b)) = 0 and this holds if and only
if a + b = 0. The last statement is true if and only if @ = —b. Thus,

Ker(f) = {(a,b) € Z X Z | a = —b}.

Item 5(a). (5pt) Given is the following permutation 7 € Sg:

(1 3456 78
"“\s54183267)"
Express 7 both as a product of disjoint cycles and a product of permutations.
Determine sgn(7).

=N

Sample solution. The permutation 7 acts as follows: 1 +— 5+~ 3 +— 1 and
2548 T7T— 62 som=(1,5,3)(2,4,8,7,6).

By the theorem from the lecture, the two above cycles can be expressed
as:

(1,5,3) = (3,1)(5,1)
(2,4,8,7,6) = (6,2)(7,2)(8,2)(4,2)

Thus, m = (3,1)(5,1)(6, 2)(7, 2)(8,2) (4, 2).
Item 5(b). (8pt) Given are the following permutations o, 0’ € S;.
(1 2 3 45 (1 2 3 45
“\4s5213) 7 \35214)
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Compute (o), 0°® and oo’

Sample solution. (o) is a finite cyclic group, because Ss is finite. Thus,
(0) ={0,0%,...,0"} where n is the least number > 0 such that 0" = id. We
now compute:

(12345
= \45 213
s (12345
T T 97\135 42
12345
3 _ 2 __
"“”‘(42315)
12345
4 3 _ _
"“""(15243)
s 4 (12345
"“’"‘(43512
6 s (12345
"“""(12345
Since 0% = id and o* # id for all i € {1,2,3,4,5}, we have

(o) = {id, 0,0%,0°, 0*, o°}.

Since the order of (o) is 6, we have: 0% = ¢582 = (5%)80% = 2. Thus,
so_ (12345
1 3 5 4 2
Finally,
, 45\ (1 2 B 5
77 = 13)\35 - 1

Item 5(c). (7pt) Given is a homomorphism f : Zs — S, such that f(1) =
(1,3)(2,4). Find f(3) and Ker(f).

1 2 3 3 45 1 2 3 4
4 5 2 21 4 2 3 5 4

Sample solution. Because f is a homomorphism, f(n) = f(1)" for every
n € Z4. Since the cycles (1,3) and (2,4) are disjoint, they commute. It
follows that

f(n) =1(1,3)(2,4)]" = (1,3)*(2,4)".

4



Now (1,3)% = (1,3)** = (1 3)%(1,3) = id(1, ):( ,3). Similarly, (2,4)3 =
EQ 4;2“ )= 2,4)*(2,4) = 1d(2,4) = (2,4). Thus, f(3) = (1,3)°(2,4)" =

We know that Ker(f) is a subgroup of Z,, so again, Ker(f) is cyclic since
Z, is cyclic. But Ker(f) is nontrivial, since f(2) = (1,3)?(2,4)? = id, so
2 € Ker(f). Thus, Ker(f) is of the form (a) where a is the least positive
element of Ker(f). But 1 ¢ Ker(f), as f(1) = (1,3)(2,4) # id, and we have
just seen that 2 € Ker(f). So Ker(f) = (2) = {0,2}.



