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Paris 1987-88

ARITHMETIC OF 3 AND 4 BRANCH POINT COVERS
A bridge provided by noncongruence subgroups of SL,(Z)

M.D. FRIED*

Abstract : The method of choice nowadays for achieving a group G as a Galois
group of a regular extension of §(z) goes under the heading of rigidity. It works
essentially, only, to produce Galois extensions of §(z) ramified over 3 points.
The three rigidity conditions ((0.1) below) imply that G is generated in a very
special way by two elements. Generalization of rigidity that considers extensions
with any number r of branch points has been around even longer than rigidity
(§5.1). Of the three conditions, the generalization of the transitivity condition,
0.1 ¢), requires only the addition of an action of the Hurwitz monodromy group
H_ (a quotient of the Artin braid group). But it also adds a 4th condition that in

many situations amounts to asking for a Q-point on the Hurwitz space associated
the data for the generators of G. Theorem 1 below —our main theorem-— is that
in the case =4 this i3 equivalent to finding a {—point on a curve derived from
a quotient of the upper half plane by a subgroup of PSL,(I).

Although the description of this curve is quite explicit, there is one big
problem : while it is sometimes a modular curve (§ 4), more often it is not. For
this exposition we apply the theory to a simple example that illustrates the main
points that arise in the arithmetic of 4 branch point covers (§ 5.2 and 5.3). The
group is just Ay in this case, but this allows us to compare the generalizations of

rigidity with the historical progenitor of this, Hilbert's method for realizing
alternating groups as Galois groups (§ 5.3).

Description of the main results.

The theory of the arithmetic of covers of the sphere arises in many
diophantine investigations. The most well known, of course, is a version of the
inverse problem of Galois theory : does every finite group & arise ag the group of
a Galois extension L/Q(r) with §n L= (i.e. L/Q(z) is a regular extension) ?
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For this lecture we use the dual theory of finite covers 4 : X — P! of
projective nonsingular curves. We shall consistently assume in this notation that
M is identified with CUw = IP; , a copy of the complex plane uniformized by z,

together with a point at «. Such a cover corresponding to the field extension
L/Q(z) would have the property that it is defined over § (§1.1) and the induced
map on the function field level recovers the field extension L/Q(z). It is valuable,
as we shall see in the key example of the paper, to consider covers ¢ : X — P!
that may not be Galois.

Branch points and monodromy groups : Denote the degree of such an extension
by n. The branch points of the cover are the values of 7 for which the
cardinality of the fiber ¢7(z) is inferior to n. We will consistently denote the
branch points of the cover by =,...,7,. (almost always assuming that each is a

genuine branch point). The key parameter in all investigations is r.
From Riemann's existence theorem, degree n extemsions L of C(2)
ramuified over r places Ty T, BT€ in one—one correspondence — up to a natural

equivalence — with the degree n equivalence classes of connected covers of
IP;_\{z ,_..,:cr}. These are in tumn in one—one correspondence with equivalence

classes of transitive permutation representations T:my—§, on the set
{1,2,...,n} where w, denotes the fundamental group of IP;\{zl,...,zr}. The

Galois group of the normal closure of the extension L/{(z) is identified with the
monodromy group of the cover, the group G = T(r,).

Rigidity when r=3 : Excluding solvable groups, most of the success in
achieving groups as Galois groups has come through the arithmetic theory of
covers in the case r=3. The apparatus that reduces this to a computation
related to a description of the cover through Riemann's existence theorem has
been named rigidity following Thompson's usage in [T] (the name has the
unfortunate aspect of potential confusion with the concept of rigidifying data, a
tool that does appear in the proofs of results that generalize rigidity. We do only
an exposition on rigidity so no problems are likely to occur). The rigidity test
starts with an r—tuple C = (Cl,...,CT) of conjugacy classes of G (§ 1.2). Our

version (§ 5.1) includes the faithful permutation representation T': G — Sn of

the monodromy group of the cover as part of the data of the statement. For the
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moment we use a stronger set of conditions on (C,T) than is necessary — it is
still more general than used by most practitioners — in order to simplify our
exposition on the distinction between r=3 and r> 3. A little more notation
will help to keep the key statements relatively memorable.

Denote the normalizer of G in 5 by NSn( G). We denote the subgroup

of this that maps {C,,..,C} into itself (by conjugation) by Ng (C). The
n

group generated by the entries of oy,...,0,. is G(0). Recall that a conjugacy

class of a group is said to be rational if it is closed under putting elements to
powers relatively prime to the orders of elements in the class.

If the following hold, then G is the Galois group of a regular extension of
Q(z) ramified at any r points )08, € @

(0.1) a) G= NSn(G);

b) each of the classes Cy,...,C,. is rational; and

c) G acts transitively by conjugation on the following set of
r—tuples

{(T]_r-‘)TTJI G(T) = G, Tie CZ and T1 e T = 1},

r

Condition (0.1 a) is not necessary, but weakening it is no triviality.
Dealing with some version of (0.1 a) (as [Fr, 2] illustrates using the theory of
complex multiplication) is a necessity. There have been successful attempts to
finesse around consideration of (0.1 a) for special cases in Hilbert's original paper
[Hi] and in Shih's use of modular curves to realize PSLy(Z/p) as a Galois group

whe- %, 3 or 7 is a quadratic nonresidue modulo p [Sh]. Our example in
rirect approach to weakening (0.1. a).
ints of Ty5-T, are to be in §, then (0.1. b) is necessary. Our

n | .atement in § 5.1 (Prop. 5.2 and Prop. 5.4) relaxes the condition on
the branch points being in §, but the replacement condition will now be an
absolute necessity. Finally, no one yet has shed any serious light on relaxation of
(0.1 ¢).

What is surprising is how very often the conditions are satisfied in the case
that r=3 (e.g., Belyi [Be], Feit [F] among others, many papers of Malle and
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Matzat some of which are included in [Ma,l], and Thompson [T}). They are
almost never satisfied when 7 exceeds 3 (e.g. no example has been found when
G is a noncyclic simple group).

Suppose that even every finite simple group is generated by three elements
T, T, Ty that give conjugacy classes that satisfy the necessary condition

analogous to (0.1 b) and the mysterious condition (0.1 ¢). If all that were of
concern were the inverse Galois theory problem, then it might make sense to
concentrate all research efforts on relaxation of condition (0.1 a). The hypotheses,
however, of these statements don't hold : generators of groups with such handy
properties don't always exist; and few of the other applications allow the
investigator to be 0 picky about the choice of generators (as in [DFr] and [FR,2
and 3], we are referring to applications to Hilbert's irreducibility theorem and
Siegel's theorem, ranks of elliptic curves and values of rational functions over
finite fields).

Generalizations of rigidity for r> 3 : Fortunately there are generalizations of
rigidity that hold quite frequently for r> 4 ([Fr,1 : Theorem 5.1} and [Fr,3 :
Theorem 1.5]). Matzat has used versions of these [Ma,1] to realize several simple
groups as Galois groups (among them the Matthew group of degree 24 [Ma,2]).
Increasing r improves the possibility of satisfying all three of the conditions
(0.1), as explained in [Fr,2; Remark 2.2]. But there are two serious points. First :
the generalization of (0.1 ¢) (condition 5.5 c)) works by asking for transitivity of a
group that contains the Hurwitz monodromy group Hr of degree r (a quotient

of the Artin braid group; (§ 3.1). The calculations for this applied to one of the
classical sequences of simple groups can be quite formidable (e.g., Ex. 2.3 of [Fr,3]
to realize all of the An‘s as Galois groups of 4 branch point covers of ). For

any one group, Matzat, for example, has put together a computer program to test
this transitivity, but experience with the calculations is still more of an art than a
science.

A later paper will consider the series of groups

PSLy(Z/p), p=+1 mod 24, and 7 a quadratic nonresidue modulo p.

For the other primes this is Shih's result [Sh]. While the calculations aren't quite
complete, it doesn't seem that it is possible to achieve the groups of this series
with covers of fewer than 4 branch points. And for each of these primes there
does exist (C,T) with r=4 satisfying the analog of the 3 conditions of (0.1)
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(conditions 5.5. a—c). Why this doesn't quite finish the job of realizing these
groups as Galois groups comes from our second point. The analog of (0.1) includes
a condition d) which we now explain.

Parametrization of the covers associated to (C,7) : The collection of equivalence
classes of covers associated to (C,7) is naturally parametrized by the associated
Hurwitz space #(C) (with T understood from the context). This arises as a
cover of IPr\Dr coming from a representation of the Hurwitz monodromy group

(§3.2). Here D . 18 the classical discriminant locus in the respective spaces. We
note this existence of the Noether cover (P1)"— ", Galois with group 5.

When the analogs of the conditions 0.1) hold, ##(C) (with its maps to P") is
defined over . The extra condition d) for r> 3 demands that there be a §
point on a connected component of the pullback of #(C) to (PY)". Below we
refer to this space as J%(C)’. If all of the conditions (0.1) hold (with the
Hurwitz monodromy action added to (0.1 c)), then condition d) is necessary (and
sufficient) when the conjugacy classes in C are distinct.

The problem with this is clear : the space & (C) is a production of such
great abstraction that the diophantine reduction seems impossible to effect. The
main result of this paper is an alternative description of (5.5 d) in the case that

r=4,

THEOREM 1 (special case of Conclusion 4.2). There is a curve cover ig: Yo — P
ramified over just 0,1,w, suchthat #(C)° has a Q—point if and only if

YC(Q) - wél(osl»w)

is nonempty. Furthermore, Y(') is identified with the projective normalization of
a quotient of the upper half plane by o subgroup Ho of PSL,(T) (of finite

indez), in such o way that it identifies the covered copy of P' with the classical
A—line [Pi. Finally, there is an explicit description of the branch cycles of the

cover ¢é given by an action of the Hurwitz monodromy grovp H, .
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There is an analogous curve cover o —P' in which P' is identified

with the classical j-line. Conclusion 4.2 is more general than Theorem 1 in that
the former uses this cover as a replacement for that with Y¢&. This gives a

necessary statement replacing condition (5.5 d) even when the 4 conjugacy
classes of C are not distinct (when they are distinct, Yo=Y

Congruence and noncongruence subgroups : A part of the proof of Conclusion 4.2
consists of showing that special values of C, YC can be identified with the

classical curve Y,(n) that arises from the quotient of the upper half plane by the
subgroup called T'y(n). Thus modular curves arise. But in general the curves Yo
belong to noncongruence subgroups of PSL,(Z). Indeed, recently Diaz, Donagi

and Harbater [DDH] have actually shown that every curve defired over the
algebraic closure of Q occurs as Y, for some choice of C. Their choice,

however, of C has nothing to do with the classical modular curve arithmetic.
An example where = A, appears in [FrT] to show how one might

investigate (for the inverse Galois theory problem) the infinitely many totally
nonsplit extensions of any given finite simple group. Here we use it for three
straight forward reasons : to show in practice the distinction between the curves

Yo and Yz to consider by example weakenings of condition (0.1 a); and to

compare our results with the beginnings of this subject in [Hi].

1.— Basic data for covers.

One way to give an (irreducible) algebraic curve is to give a polynomial
(irreducible) in two variables f(z,y) € ([z,y] where C denotes the complex
numbers. Then the curve is

{z,9)] f(z,) = 0} 4&f x.

This curve, however, may have singular points : points (z,,y,) € X for which %
and gé evaluated at (z,,y,) are both 0. Furthermore, we are missing the

points at infinity obtained by taking the closure of X in the natural copy of
2

projective 2—space P? that contains the affine space A with variables z and

y (and these points, too, might be singular).
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The z—coordinate projection : After this we assume that our algebraic curves X
don't have these defects; they will be projective nonsingular curves, so we may
not be able to regard them as given by a single polynomial in 2—space. But the
essential ingredient of this presentation, represented by the z—coordinate, will
still be there.

That is, we have a covering map

= 1def 1
{z,y)| f(z,9) =0} =P, °= CUw or X—P_

given by projection of the point (z,y) onto its first coordinate. When the context
18 clear we will identify [P:l,: with P!. We use this extra decoration by coordinate

when it clarifies the context. The monedromy group of this cover is defined to be
the Galois group G of the Galois closure of the field extension €(X)/C(z) where
C(X) denotes the quotient field of the ring C[z,y]/(f(z,y)). In the sequel we will

- "
denote this Galois closure by €(X) or by the geometric version X, the smallest

Galois cover of [P_,ln that factors through X — IP_,IE .

Note that in this situation ¢ automatically comes equipped with a
transitive permutation representation 7 : G — Sn‘ Denote the stabilizer in &

of an integer (say, 1) by G(7). Also, T is primitive (i.e., there are no proper
groups between G and G(T)) if and only if there are no proper fields between
€(X) and C(z) (equivalently, no proper covers fitting between X — [Pi_).

1.1.— Branch points and the classical PSL,(C) action : The first parameter for

dealing with covers is the number r of branch points of a given cover : the
number of distinct points z of P! for which the fiber of X above z has fewer
actual points than the degree of the map. We deal not with one polynomial at a
time, but rather with a parametrized family of them. But clearly it is natural to
assume that all members of the family have the same number of branch points.
The Hurwitz monodromy groups H , are the key for putting these covers into

families. In § 2 for r=3 and in § 3 for r=4 we introduce these groups and
their basic properties. Although § 2.1 uses nothing more than the transitive action
of PSL,(C) on distinct triples of points of [P:lb_, the notation used here is the

main tool for the rest of the paper.
In classical algebraic geometry it has become a habit and a tradition to
regard the parameter variety ¥ for a family of covers with + branch points as
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1

the source for a quotient & /PSL,(C). Consider covers p,o X, -, i=12,

associated to two points m ,m€ H. The action is the one that equivalences m,
and m, if and only if there exists o € PSL,)(C) such that aog¢,=¢,. In

§ 2.3-2.4 we display the arithmetic and geometric subtleties that would make it a
disaster to do this even in the case of families of 3 branch point covers. Here are
some of the negatives for forming the quotient frivolously :

(1.1 a) there are technical difficulties in giving % /PSL,({) the structure of
an algebraic variety and in visualizing its properties;
b) taking the quotient often destroys subtle finite group actions that are
valuable for using the parameter space as a moduli space;
c) there are few quotable sources on the enriched family of covers
structure; and

d) forming the quotient often wipes out the possibility of dealing with
problems of considerable consequence.

Our first 3 branch point example in § 2.3 should go a long way to make
our case for (1.1 d). It is the other points, of course, that cause the lengthy
preambles to this subject with so many down to earth applications.

1.2.— Riemann's existence theorem and Nielsen classes : The classical discussion
of maps of degree n from curves of genus g to projective 1—space gives us data
for a natural collection of covers. We call the data a Nielsen class (below), and it

is this that we shall regard as being fixed in the consideration of any family of
covers.

Suppose that we are given a finite set z = {:vl,...,rr} of distinct points of
IP_,IE. For any element o€ S; denote the group generated by its coordinate
entries by G(e). Consider ¢ : X — l]’i , ramified only over z up to the relation
that regards ¢: X— [Pi and ¢/ : X’ —»[Pi as equivalent if there exists a

homeomorphism A : X — X’ such that ¢°o A =¢. These equivalence classes
are in one—one correspondence with

(1.2){o = (0750, ) € S;l 0y..0,=1, G(0) is a transitive subgroup of S
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modulo the relation that regards ¢ and ¢’ as equivalent if there is 7e& Sn

with eyl = g’. This correspondence goes under the heading of Riemann's
existence theorem [Gro]. The collection of ramified points z will be called the
branch points of the cover ¢ : X — [Pi. (In most practical situations we shall

mean that there truly is ramification over each of the points z;, P= 1,1

Riemann's existence theorem for families : Riemann's existence theorem
generalizes through a combinatorjal group situation to consider the covers above,
not one at a time, but as topologized collections of families. That is, the branch
points z runm over the set (lP‘)r\AT with A, the r—tuples with two or more

coordinates equal. In § 2 and § 3, respectively, we will introduce the coordinates
for these families in the cases r= 3 and 4.

Suppose that T:G-— S n is any faithful transitive permutation
representation of a group G. Let C= (Cl""’cr) be an mtuple of conjugacy

classes from G. It is understood in our next definition that we have fixed the
group G before introducing conjugacy classes from it.

DEFINITION 1.1. The Nielsen cluss of C is Ni(C) I&!

{re G"\G(r) = G and thereis Ce S with (g€ Ci» #= Lotk

Relative to canonical generators 61,..,,67, of the fundamental group
’H("’i— £ zo), we say that a cover ramified only over z is in Ni(C) if the

clagsical representation of the fundamental group sends the respective canonical
generators to an rtuple a€ Ni(C).

2.— Families for r= 3 and the Hurwitz monodromy group Hj; .

2.1~ Complete families for r= 3 from transport of structure : It is clear that
the fundamental group of P3\D, is of order 12 once it is shown that the

fundamental group of (PY)3\A; is of order 2. But for any point (z, ,7, ,23} =

there is a unique element § = ﬂIE PSL,(C) that maps (0,],w) to z:

ﬁ(0)=l‘1, ﬂ(1)=z'2a and ﬂ(m)=23.
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Thus P3\ A, is a principal homogeneous space for PSL,(C). They therefore have
the same fundamental groups. As is well known, SL,(C) has trivial fundamental
group. Thus the cover  SLy(€) — PSL,(()  displays the representative

permutation representation.
Below we will use this in the manner of [Fr 1, p. 42]. Let 4 : X — [Pi be

any cover with three distinct branch points and order these as (zf ,23 ,23) = =",
Denote (P1)*\A; (resp., P3\Dy) by %3 (resp., #%;). Also, denote the natural
map PSL,(C) — Aut(P)) by .£. Form an irreducible family of covers from this

data by transport of structure :

& P
T 2« [pi it g
(2.1) Y, Jo Ided L
PSL,(€) x X —————— PSL,(¢) x #. PSL(0),

where the down map on the far right takes z to f_o ﬂ;% . The down maps

indicate that the usual femily notation (i.e. J denotes a fotal space) for the
iterns in the bottom row is given in the top row. That is, with the identification

of #3x [P}C and PSL,({) = [P}E based on 2, & is the fiber product in the
leftmost square of diagram (2.1). For each ze %3 the points of J over zx [P'}E
give a cover of l]’; equivalent, to the cover ﬂzo ﬂ;l) 0 X— [P}5 .

Let NiC) be the Nielsen class and G the monodromy group of
3
§:X— IP}C. Then %  is the space Jé’(C)T (cf. § 3.2) much of the time.

Indeed, consider the straight absolute Nielsen classes of C:

SNI(C) = {o€ Ni(C)| 0,€ C;, i=123).

The normalizer of G in S, NT(G) acts by conjugation on the r—tuples of
elements in @. The subset that stabilizes Ni(C) is denoted by NT(C). Form
the quotient of SNi(C) by the subgroup of NH{C) that leaves this set stable to
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get the absolute straight Nielsen classes, SNi(C) aTb . Note that the quotient of
H; Dy the subgroup stabilizing each element of SNi(C) %b is itself a quotient of

S, (and therefore is of order 1,2, 3 or 6).

PROPOSITION 2.1. In the nolation of section 2.1 assume that

(2.2) | SN(O) Y] = 1.

Thus H; acts on Ni(C)%b through a lransitive permutation representation of
Sy. Then, as covers of ¥, H(C) is isomorphic to %3 (resp., ;) if end

only if this is the reqular representation (resp., the trivial representation).

2.2.—~Most 3 branch point families derive from transport of structure : A version
of Proposition 2.1 appears in [BFr,1; § 4]. This analyzes when there exists a total
representing family like that of (2.1) in the case when either (2.2) doesn't hold or
when the action of H, isn't through the regular representation of S;. Below we

will use a converse. That is, suppose that

pr,
72, % [P}J—l-’ X

is any family of 3 branch point covers with & and ¥ irreducible nonsingular
complex manifolds. We assume that all morphisms are smooth. Also, for each
me &, restriction of pryo® to the fiber 3’m gives a 3 branch point cover

1
Fm — P g
As above consider the following natural maps : % 3— %,; and
] H: 7% — U, by me & goes to the unordered collection of branch points of

the corresponding cover. Any connected component J%¥ of the fiber product

JHx 5, %2 has over it a conmected component J” that gives a family of 3
3

branch point covers. Suppose that m* € '+, that 7’ is the image of projection
of m’ on %3, and that Tl = X— IPlz is the corresponding cover. Apply the

transport of structure construction to canonically form a family of three branch
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point, covers over %3 having the fiber X—»EP}T over z‘. Then take a

connected component of its pulback to &% ‘.

PROPOSITION 2.2. Consider an irreducible family F’ of 3 branch point covers
over 5% which has :7m; = X — [Pi_ as a fiber. Then all covers X* — [Pi, that

appear in such a family have X' analylically isomorphic to X. Furthermore all
such families are in one-one correspondence with the elements of the set

Hom(r, (%~ ,m'),Aut(X/ﬂ",lE)).
In particular :

(2.3) if & =u3 and (| Au(X/PL)| 2) =1,

then F- is uniquely determined by a single member of the family.
In this case the total space F* of the family is analytically
isomorphic to an open subset of Xx (P1)3.

Proof : Form a locally constant sheaf of groups 4% J (X/[Pi) on &’ as
follows. For me %~ there is a unique element S€ PSL,(C) that acts on [Pi to
map the (ordered) branch points of ¢ : T =X— ﬂ’i to those of Tt = [Pi .

From the transport of structure argument this last cover is equivalent to the
cover fo¢:X—PL. Thus identify Aut(X/Pl) to Aut(7 :/Pl) by the

identity map : an element 7€ Aut(X/IPi_) has the property that do y=¢, and

this automatically implies that fo ¢ o 7= fo 4.
A well-known theory identifies bundles over J- with constant fiber X
and transition functions in AU T(X/ IPi_) with the elements of

Hom(;rl(if’,m’),Aut(X/lPi)) (e.g., [Gu; p. 184-189]). If the groups ,(H#’,m’)
and Aut(X /[P:lv) have relatively prime order this set consists of just one element.

This happens if (2.3) holds. The family in this case must be the very one that we
formed by transport of structure. o
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2.3.— Arithmetic constraints in placing branch points : we do an example. Here is
the data for the Nielsen class : r=3; @ =1/5x%/5)* T:G— S, is the

standard degree 5 affine action on the affine line over Z/5; and C is the class
of (0,2), C, isthe class of {0,3) and Cj is the class of (1,1). Representatives
o€ Ni(C) %b of the Nielsen class are easy to write out. First consider those where
7€ Ci , i=1,2,3. Up to conjugation by elements of G there's only one :

((0,2),(2,3),(1,1)). Thus there are 6 total elements of Ni(C) ,‘Il,b. Suppose that

X— H’_,lb_ is a cover in this Nielsen class where the branch points are z,, z, .25,

corresponding in order to the three conjugacy classes as we have given them. The
proof of next lemma is called the branch cycle argument in [Fr,1; § 5].

LEMMA 2.3. If 7,2, ,2; arein @ field F disjoint from Q(i), then every field of
definition of (X¢) that contains z, 7, 7, also contains Q(i). In particular,

(X,4) can’t be defined over § if the branch points are 0,1, w.

Proof : For simplicity assume F to be inside §, an algebraic closure of the
rationals. Let § : X — ﬂ’_,lv be the Galois closure of the cover, and suppose that F

is a field of definition of (X,4) (note the momentary switch below in notation
from subscript ¢ to subscript j). Then giving data about inertial groups of
points ﬁzie X lying over z,, i=1,2,3, is tantamount to giving an embedding
27i 1
V50 RO — Hi((e=2)"), 5=12, and g2 FI) — Re *)((-5)") ,
Jj=3 (ordinarily we could only say that the embedding was into the power series
fields over §, but the simplicity of this situation allows considerable precision).
Also, the inertia groups are given by the restriction of the automorphisms ¢ .
1 2mi

that respectively take (z—z j)76 to eT(r—.’v j)k, with % the inertia index
corresponding to 4.

If we assume that F does not contain (i), then there exists an element

€ G§/F) with the property that 7(4) = —i Act on the Puiseux expansions
about z; by acting trivially on (JF.’Bl)% and extend the action by applying 7 to

the coefficients. With no loss we may assume that the restriction of 7 to the
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embedding of F(X) is trivial. But an application of 770 #,070 ¢ to the

conjugate of an element o of F(X) whose initial Puiseux expansion term
L - s
(around 1) is it(z«zl)‘ gives an element whose initial expansion is

it_l(r—zl)%. Since the effect of this on F(X) must be conjugate to the effect of

a0 ¥, conclude that o7 is conjugate within the group G to ¢. Thisisa

contradiction, |

2.4~ Resolution of the subtleties when r= 3. One must not assume that the
little solvable group of Lemma 2.3 is difficult to achieve as a Galois group of a
regular extension of §(z). The problem is only that we took the branch points to
be in Q. We explain this further.

Let X— IPi_ be the cover of Lemma 2.3. Consider an element A€ (§/Q)

whose restriction to Q(é) is the generator of G({(?)/Q). Denote the effect of
applying A to the coefficients of the equations for (X,4) by a subscript A. The
argument of Lemma 2.3 shows that ¢” : X* — ﬂ’i isn't equivalent to X — IP;.

But it also shows that the former cover is the only one in the Nielsen class that
has the branch point 0 (resp., 1) associated to the conjugacy class C, (resp.,

C)). Thus for some ¢ : X — X* we have a commutative diagram

X x

¢ | ¢}

P —
T T

where ¢ is the linear fractional transformation that takes 1 to 0, 0 to 1,
and leaves « fixed.
Suppose that we take z; and z, tobe { and —i (or more generally

conjugates in the field extension §(#)). Then we see that ¢’\ . x —»ﬂ’i is
equivalent to X — [P_,lc. It is easy now, with the Weil cocycle condition (see

[Fr,1; p. 34-35], [Sh; Part 1] or [We]), to conclude that both covers are equivalent
to a cover defined over (. Indeed, at the level of function fields there is a
canonical exact sequence of Galois groups :

- - »
(2:4) 1 — G(({X)/€(z))) — GQ(X)/¢(=)) — GOQ/Q) — 1,
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——— »
where §(X) is the Galois closure of the extension §(X)/@ and § is the
o~
algebraic closure of § in §(X). The first group — which is G — is identified

with the same group obtained by replacing € by { and the map from the
middle to the end is restriction of elements to the subfield Q Thus, the middle
group is a subgroup of the normalizer of @ in Sn. Since this normalizer is just

G itself in this example, conclude that ¢ =Q and the group G has been
realized as a Galois group over §. This less than astounding example is here to
aid with the example of § 5.3.

3.— Families for 7= 4 and the Hurwitz monodromy group H,

3.1.— The Hurwitz monodromy group H,_ . Generators @,..,Q, ; of H,
satisfy the following relations :
(1 ) Q1 9= 9@y 1= Lor S

b) Q@;=Q@;, 1<i<jl< 1 and

) Q¥yQp Qn @ =1

Relations (3.1 a) and b) alone give the Artin braid group B(7). It is relation
(3.1 ¢) that indicates involvement with projective algebraic geometry. The Artin
braid group is the fundamental group of - Dr while the Hurwitz monodromy

group is the fundamental group of P'~ D.. Here D_ is the classical

discriminant locus in the respective spaces. Embed £ in P” by regarding K as
the space of monic polynomials of degree r and P” as the space of all nonzero
polynomials of degree at most r up to the equivalence by multiplication by a
nonzero constant. This embedding gives the natural surjective homomorphism
from the braid group to the monodromy group.

This all fits together in a commutative diagram of fundamental groups
induced from a geometric diagram :

KA, ®)"\A,
(3.2) ‘| ¥
K\A, PAD
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where the map ¥ can be regarded as the quotient action of ST acting as

permutations on the coordinates of (P!)". The respective fundamental groups in
the upper row of (3.2) will be called here the straight Artin braid and Hurwitz
monodromy groups :

(3.3) .S‘HT=7rl(([P1)T\AT,zO) is the kernel of the homomorphism

!1’;: H_— S, that maps Qi to (ii+l), i=1,.,n

3.2~ Hurwitz action gives a moduli space. From the relations we compute that
H, acts on the absolute Nielsen classes by extension of the following formula :

-1
(3.4) (T1 ’”"TT)Qi = (1'1 T e T ia1Ts T T 40 ,...,Tr).
In the notation of Definition 1.1 we say that ¢T: Xp— IPi is in the absolute
Nielsen class Ni(C) L.

Any permutation representation of a fundamental group defines a cover of
the space. In this case we denote the cover corresponding to the Nielsen class by

¥(C): H#(C) p— [PT\DT.

That is, an absolute Nielsen class Ni(C) %b defines a moduli space J#(C)p of

covers ¢ p: Xp— ﬂ’i of degree equal to deg(T) in that Nielsen class. In this
situation this means that each point me a?’(C)T corresponds to exactly one
equivalence class of covers of Ni(C)f}b [Fr,1;§ 4]. A representative cover
b Xy IPi, has coordinates z€ ([Pl)r ag an ordering of its branch points
where 'Ilr(z) =¥(C)(m).

PROPOSITION 3.1. The algebraic set #(C),. is irveducible if and only if it is

ab

connected and this holds if and only if H_ is transitive on Ni(C) T
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Proof : Since ¥#(C) is unramified and [PT\DT is nonsingular, so is % (C)T.

Thus it is irreducible as an algebraic set (i.e., an open subset of some projective
variety which is defined by a prime ideal in the ring of polynomials in the
ambient projective space) if and only if it is connected. From the theory of
fundamental groups this last property is equivalent to the transitivity of the
permutation representation. 0

33~ H, asa PSL(I) exiension. For applications we really want to know
many explicit things about a‘?(C)T, and about the function fields of its
irreducible components. Unfortunately, not only is Hr a seemingly complicated
group, but it isn't clear how knowing about H, tells that much about ¥ (C)T.

Indeed, that is a complicated story that has much left in the telling. One can
imagine, however, that if it were possible to compare &% (C)T with a classical

heavily studied variety, then the very act of comparison would shed new light on
both ib"(C)T and the classical variety with which it is compared. This

subsection and § 4 do just that, using a comparison with modular curves, when
r=4. As a preliminary we explain the egsy case r= 3 : a discussion that is
totally compatible with our construction of the 3 branch point families related
to diagram (2.1).

For simplicity in this beginning discussion assume that % (C)T is
connected. Also, here we take the field of definition to be €. Denote the field of
meromorphic functions on  H#(C)p by Fo= C(#(C) 7) and denote the

subfield of C(zl yBy) = €(2) invariant under the patural action of S, by
S'rdef

C(z) " "= {(2*). Thatis, z* is the r—tuple of symmetric functions in gz We

may regard Fq: as a field of definition of a generic cover ¢: X — [P:ls of the

family. In particular, FC includes the coefficients of the curve X and of the

graph of the covering map ¢.
Also, FC/E(:E“) is naturally a field extension of degree equal to

! Ni(C)%b| - When r=3, in considerations over {, F; is actually contained in

((z). This doesn't make arithmetic questions about 3 branch point covers
trivial — not at all. But it makes them immensely easier than similar questions



when 72 4. Of course this all gets down to the sharp transitivity of PSL,(C) on

distinct ordered triples from ﬂ’i .

DEFINITION 3.2. The dicyclic group of order 4n is characterized by having
generators T,, T, with ord(r))=2n, ord(ry) =4, rrr,=71 oand

T%E <T{>.

Here are the facts about H; in terms of the generators ¢ and @, :
@@y =7, and ;@@ =7, are generators of H;. From relation (3.1 a),
72 =73, Thus:

(3.

L=

a) ord(r,) =6 and ord(r,) = 4; and
b) Hj is the dicyclic group of order 12.
In the case r=4 we rarely expect to have FCc C(z). It appears,

however, to be far from hopeless to make things explicit in this case.
Let 2 = <(Q,0xQs)%,QQ5>.

THEOREM 3.3. In the case that 7= 4 the following hold :

(3.6 a) H, contains precisely one involution;
b) 2q H, and 2 is the quaternion group of order §;
c) Hy/ 2~ PSL(L); and
d) H, has precisely two conjugacy classes of subgroups isomorphic
to SLy(Z).

This is due to John Thompson who has continued to investigate
interpretations of the quaternion group kernel of H, [FrT].
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4.~ Modular curves and H,
4.1~ Geometric interpretation of H, using r=3. Suppose that r=4 and

that H- is asubgroup of H, of finite index. This gives an unramified cover

iH’ : a?H, —»[P'“\D4

agsociated to H” as in § 3.2. Consider the pullback &% - of the fiber product
H x%%a that occurred at the outset of § 2.2. We perform the analogous

operation here to consider a connected component €’ of the pullback of o?H,
to (PH*\A, . If we identify the four copies of P!, respectively, with I]’}c (ie.,

z=1) and P, , i=234, then the fiber % of points of & lying
H

233,74
over points of the form (z,2, ,7;,7,) 15 a Zariski open subset of a projective
algebraic curve that is a 3 branch point cover of [P:lc (ramified over s, ,75,3,).
Proposition 2.2 says that for each value of (z, ,z;,7,) this curve is analytically
isomorphic to a fixed curve C{H’) (i.e., independent of (=, ,z5,1,)).
Furthermore, from the construction, the natural projection of C(H’)) to IP}c is
of degree equal to the index of H’n SH, in SH,. Finally, if this cover has no
automorphism of order 2, then these identifications force a?’H, to be a Zariski
open subset of C{H") x I]’i_2 x [Pia x I}’}c4 .

In the case when H* is the stabilizing subgroup of an absolute class
through the permutation representation given by (3.4) there is an explicit
description of the branch cycles of the cover ((H') — IP:lc in terms of the @'s

and their action on SNi(C) %b [BFr; Lemma 1.6]. It is traditional (as in [BFI]) to

use (&9 .83 ,6;3) instead of & = (g,,05,04) for these branch cycles (as well as

for the elements of H, that induce them) :

(4.1) by = Q7 a3 = QO ay = Q00" %' Q"
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As with the ¢ notation, denote the permutation group (acting on
SNi(C) %.b) generated by the @'s of (4.1) by G(ae), and the subgroup that
stabilizes a specific element of SNi(C) %b by G(a1). Recall also, that there is
an effective procedure to decide if (]Aut(C(H')/[P}E)I,Z)zl since
Aut(C(H’)/IP}E) may be identified with the quotient group
NG,(a)(G(a,l))/G(a,l) of the normalizer of G(a,1) in G(a). Furthermore (in

the case that H* does come from a permutation representation given by (3.4)),
we may count the number of connected components of the fiber product

Hyy. * |p4\D4((|P1)4\A4)

ab
T

The next discussion starts to turn this around by trying to realize certain
subgroups H’ of H, as the stabilizing subgroup of some absolute Nielsen class

as the number of orbits of SH, on SNi(C)

through the permutation representation given by (3.4). The examples of § 5 will
be helpful to the reader, but we start by seeing that examples of such H’ are
related to modular curves.

4.2 — Elliptic curves and the PSL,() quotient of H,. The presentation of H,

given in Theorem 3.3 shows an intimate relation between the appearance of the
PSL,(Z) quotient and the theory of modular curves. It comes form the following

diagram.
Suppose that E and E are elliptic curves in Weierstrass normal form.
Consider an integer n2> 1. Fix a group A, that is isomorphic to a subgroup of

I/n® I/n. This latter group is isomorphic to the group of points of E of order
dividing n. Now suppose that ¢ :E” — F i3 an isogeny whose kernel is
isomorphic to A;. On each of £’ and E we may equivalence points p and

—p to form the quotients E’/<+1> and E/<*1>. These may be respectively
identified with IP;, and [Pi where 7/ and 7z represent the corresponding

r—coordinates of the Weierstrass normal form. This gives a commutative diagram
of algebraic curves :
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(+2) pr(E)| | E)
pl pl
s

where ¢(f) denotes the rational function that takes z* to =z
Let G, =G be the semidirect product Agx°<—1> with <-1> the
0
group generated by multiplication by —1 on E’ restricted to A;. Also denote
the conjugacy class of (v;—1)€ Ayx 5<—1> in this group by C,- Then the

Nielsen class of the cover in the bottom row is given by the argument of
[Fr,2; p. 155] :

{re G'|G(r)= G and 7€ Cﬂi, 1€ Ay, i=1234 and v, = v—tptu}.

Note that if A, is cyclic and n is odd, then all of the Gv‘s are conjugate to

(0;-1). Also, if we denote Z®Z by 72, them G 1is a quotient of
GZZ = I2x5<~1>. This latter group in turn may be identified with the quotient

of the free group F, on 4 generators & i i=1,2,3.4, by the normal subgroup

N generated by 7,...7, and E%, t==1,2,3.4. Indeed, consider :
(4.3) f:FJN— GP by 7 i=1234, goin order to

((1:1);—1)>((071);_l):((1)0);_1))((210);_1)'

Thus the images of 7,7, and &4, can be identified with the generators (1,0)
and (0,1) of I? which is the normal subgroup of Gy, of index 2.

Replace the r's by #'s in (3.4) to get an action of the braid group B(4)
(as below (3.3)) on F,/N; and thereby on Gyy - The action of Q@B is

given by conjugation by #, , which induces multiplication by —1 on Z°

CONCLUSION 4.1. The natural map above of B(4) into Aut(Z?) gives a natural
homomorphism of H, into SLy(T)/<*1> Y€1 PSL(T) (below we show it is

onto).
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Relation with Cy(n): We will see that the map of Conclusion 4.1 is onto.
Consider the special case with A, cyclic of order n. Geometrically this ties the
somewhat mysterious space ¥ (C)T to the well known modular curve Cy(n).

Recall that the latter is a projective nonsingular model for the upper half plane
% modulo the action of the SL,(Z) subgroup consisting of the matrices

Ty(n) = {[g g € SLy(T)| ¢z 0 mod n}.

Indeed, the covers X — ﬂ’}v in the Nielsen class Ni(C) ,%b can be
completed to a diagram that looks like (4.2) with X replacing ﬂ’i, , ¥ replacing

¢, X replacing E’, etc., in that the genus of the pairs of corresponding curves
are the same :

(4.4) pf‘(j(,X)l l pr(X/ Ao L)

X— [PI

Here X is the Galois closure of the cover appearing in the bottom row, and
5{/ Ay is the quotient of X by the cyclic normal subgroup of order n of the

dihedral group D2 n that along with —1 generates this group. The unramified

cover in the upper row of (4.4), and thus it corresponds to a unique point of
Co(n). This gives us the sought for commutative diagram :

# (C) p-Aolm, ¢y

(43) v(0)| ¢
P4-D, Aoll), Go(1)

where the upper row maps me Jf(C)T to the point of Cy(n) that corresponds
to diagram (4.4) with ¢ X — P' in the bottom row. The notation is that

prior to Proposition 3.1.
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Some classical clarifications : it is natural to identify Cy(1) with the
Hine [P;- ; the map Ay(1) takes an unordered collection of four distinet points
{2, %5 ,%5 ,2,} In [P:IE to the isomorphism class of the elliptic curve represented

by the Welerstrass equation
y* = (2-2,)(2-2,)(22,) (2-1,)

with the convention that if one of the zi's is «©, then we remove the factor
(m—ri); and ¥(C) is the natural map that takes the equivalence class of a cover

X— [Pi_ to the unordered collection of its branch points.

The 3 branch point cover from Proposition 2.2 : The Legendre form of an elliptic
curve has the algebraic curve 32 = z{z—1)(z-A) corresponding to a value of the
parameter A. This gives a natural map from the A-line, [P} — [Pi- . Denote the

fiber product Cy(n) x 1 [Pi (i.e., pullback over [P}) by Go(n)’\ . Similarly, as
P

J
in (3.2) consider the natural map ¥, from the ordered distinct points (P*)*\A,

of Il’i to the unordered set of such points P*\D, .

From Proposition 2.2, for any possible choice of C, each connected
component of the pullback of & (C)T has attached to it a nonsingular algebraic

curve C{C) presented as a cover of [Pi ramified over just the three points 0,1

and «. Indeed, the computation in the middle of [Fr,2; p. 156] shows that, at
least when 7 is odd, that not just H,, but even G(e) (asin 4.1)) is tramsitive

on this absolute Nielsen class. This curve is actually isomorphic to
Colm) x 1 IP} . In the next subsection we display a natural process by which one
P
J
recovers Cp(n) from C(C). This is applied in the main examples of § 5.

4.3.— Automorphisms from branch point twists : Assume here that r=4 and
that Ni(C) %b . From [BFr] (in the case r=4 only) this is equivalent to the

transitivity of the group G(e) generated by the a's of (4.1), so that #(C) has
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but one irreducible component (Proposition 3.1). Consider the curve cover
g : (C) —olP; , ramified over =,,z;,5, given by Proposition 2.2. For this

discussion alone, identify the permutations of the points =z, ,z;,r, with S5
regarded as a subgroup of PSL,(C). That is, for 7€ S5, the automorphism #.
associated to # is that which permutes z,,z;,7, accordingto 7.

Consider the subset of those =€ 5; for which the covers f: C(C) — [P:IE
and ¢$7( o f:(C)— [P:IE are equivalent : there exists an analytic isomorphism
g, o O(C) — C(C) such that fo y_=4¢ o f. Thisis clearly a subgroup of Sj,
and we denote it by T(C) (for twisting of C). The p.'s act on ({C), and the
¢T's act on [Pi_. Despite our concern that the notation could easily be

misunderstood out of context, we denote the respective quotients by {C)/T(C)
and PL/T(C).

CONCLUSION 4.2 : The cover f§: C(C) — [Pi has a description of branch cycles
given by the a’s of (4.1) [BFr; Lemma 1.6). For the specisl case where Ni(C) %b
is the Nielsen cluss of covers in the bottom row of diagram (4.4), T{C) = S; and
the map Ay(n) of (4.5) ertended to the respective pullbacks identifies ((C)/T{(C)
with Cy(n), [P_,lp with IP; and IP;/ T(C) with [Pg- . For the caese of general C,
both C{C) and C(C)/T(C) (respectively covering IP} and IPE) are identified

with the projective normalization of the upper holf plane modulo a subgroup (of
finite indez) of PSL,(I). But only in rere circumstances would we expect this to

be a congruence subgroup.

In § 5.3 we give another example of a situation where T{C) is not trivial
50 that the reader can see that the twisting automorphisms have serious
application.

4.4.— Nielsen classes with markings and C{n). More explicit identification of the
curve C(C) in conclusion 4.2 would be a marvelous thing, but it seems difficult.
In some sense [DDH] describes all of the three branch point covers of IP; that
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arise as C(C) for some Nielsen class Ni(C) %b ; all that are possible by Belyi's

Theorem [Be], those defined over . But their result is not so explicit as the
example above in its relation to the structure of the Hurwitz monodromy group,
precisely because Belyi's result is not very explicit.

There is another point, too, related to [DDH]. While that paper does imply
that there exists a C that gives the modular curve C(n) this way, the natural
extension of the above construction does mot do so. Recall that C(n) is the
projective nonsingular model for the upper half plane % modulo the action of
the SL,(Z) subgroup consisting of the matrices

I(n) = {[gg e SL,(D)| [‘c’ g] ~T mod n}.

The natural way to get ({(n) is to consider Nielsen classes with markings —
pointed Nielsen classes — the technical topic that was applied in [DFr] (after its
introduction in [BFr]). Essentially the markings on a Nielsen class trace what
happens to a disjoint cycle of an element representing a conjugacy class of C;

under the action of H. This therefore gives a permutation representation of H r
that extends that of the action on Ni(C) ‘}b . From this example, these markings

of Nielsen classes are a generalization of the level n structures that play a
traditional role in the theory of modular curves and of moduli spaces of higher
dimensional abelian varieties. From the quite different construction of [DDH;
Theorem p. 4] :

THEOREM 4.3. Let H be the subgroup of SL,(Z) that corresponds to IP; . The 3
branch point curve covering C(C) — [Pi_ as C runs over pointed Nielsen classes

are in one-one correspondence with the (congruence and nomcongruence) curve
covering of the A-line IP; that arise from subgroups of H of finite index.

The twisting process of Conclusion 4.2 should give us a similar statement
comparing the covers C(C}/T(C) — IP};/ T(C) with the covers, both congruence

and noncongruence, of IP‘lj in the cases where T(C}=.5;. But the Nielsen

classes that appear in [DDH] aren't really set up to make this comparison.
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5.— Generalizations of rigidity and examples

5.1.— Generalization of rigidity and (0.1) : The topic is how to check if there are
covers in a given Nielsen class that are actually defined over Q. Although the
results that we state here are essentially in [Fr,1], it is the attention drawn to the
special case of r=3 by [T] that brought their significance to the mathematical
public. There is a technically valuable game that compares the Galois and
nonGalois situations. Even if one is ultimately interested in Galois extensions,
many times it is better to start with a nonGalois cover and go to the Galois
closure. The strong rigidity conditions may be harder to satisfy in the nonGalois
situation than in the corresponding Galois situation. But if they do hold, that
implies the vanishing of an obstruction for the field of definition that isn't easily
checked from the Galois situation.

Galois action on branch points : Let K¢ € be a field of definition of the cover
g:X— H’i. The cover is said to be g-regular over K if the Galois closure

——
K(X) of the function field extension K(X)/K(z) is a regular extension of

K([Pi) = K(z) (ie., if K(X)n K= K). Informally we say that there is no

extension of constants. More generally, however, we must deal with the group
——

G = G(K(X)/K(z)). This is also a subgroup of S, - It contains G identified as

—n—— ——

G(K(X)/K(z)), with K the algebraic closure of K in X(X) (asin §2.4). We
also need a group theoretic definition extending the definition of rational
conjugacy class of a group.

DEFINITION. Let G be a group and let Ci. be the conjugacy class of Ti

i=1,....,. Denole the order of 7, by € i=1,...,r. Denote the least common
multiple of the e’s by N. The set {C1 ""’Cr} is said to be a rational set of
conjugacy classes of G if

r
(5.1) theset U C, contains all powers o/;, i=1,..,r ond k relatively
=1

prime to N.

Note that unions of rational sets of conjugacy classes are also rational. An
alternative statement to (5.1) is the following :
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k

(5.2) for ke (I/N)*, there exists J € S _ such that 7€ C(i)ﬂ , =1,

Congider the orbits of the action of G(K/K) on the branch points
) sy of the cover. We dencte the orbit of z; by O(#), where the notation

implies that we use the integer subscripts in place of the points themselves. Below

we need to consider the union UO( )C 5 of the conjugacy classes attached to this
Jjeo(i
orbit of the branch points. Denote by O(C,) this orbit of C, under G(K/K).

In many applications it is natural to make a basic assumption about the
conjugacy classes C in the transitive subgroup G of Sn defined by a

description ¢ of the branch cycles of a cover. With N as above for each
ke (I/N)* we define a unique conjugacy class C’; of G by putting each

element of Ci to the power % Put each coordinate of C to the power & to

consider a new r—tuple Ck of conjugacy classes of G. Also, let 7€ Sr act on

C by permuting the coordinates. Denote the result by “C. Also, C mod N g (@)
n

denotes the ordered collections of r—tuples of conjugacy classes ¢Cy7l,
7€ Ng (C). Two special conditions are used below in Proposition 5.4 (the a)
i)

part implies b)) :

(5.3 a) for each ke (Z/M*, CF= Cmod Ng (G); and
n

b) for each ke (Z/N)*, there exists ¢¢ S, such that
cF=7C mod Ng (6).
i)

Suppose that the cover X —» P! is in the Nielsen class Ni(C) g‘b (§1.2).
Retain the association of z, with the conjugacy class C i» §= 1.1 Regard
G(K(¢ N) /K) as a subgroup of the units of the ring Z/N. Here ( N 82 primitive
Mth root of 1. If (5.3 b) holds regard G(K(( )/ K) (acting through integers) as

permutations on the coordinates of C modulo Ng (G). If a number field X is
n
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a field of definition of the cover, as earlier, denote the Galois closure of the field
——

extension K(X)/K(z) by K(X). Its Galois group, G is a subgroup of Ng (G).
n
DEFINITION 5.1. For each 7€ G(§/K) denote the image of 7 in G(K({ )/ K) by
k= kT . The branch points z and conjugacy classes C are said to be Galois
compatible (over K) if for each 7€ G(Q/K), if 7 permutes the z;’s as

TE Sr’ then
(54) ct =1C ;1" for some 7€ & (independant of i), i=1,..,r

The next result is a special case of the branch cycle argument [Fr,1; p. 61].

PROPOSITION 5.2. Suppose that the cover X — P! isin Ni(C) %b. If the cover is

defined over §, then z aend C are Galois compatible over Q. In particular,
(5.3) b) holds. If the cover is g-reqular over Q, then O(C) is rational

i=1..,n

Q—points on Hurwitz spaces : The point of the Hurwitz monodromy action is this

(see [Fr,1], [Fr,3], [DFr] for details). Suppose that SH(r) acts transitively on the

straight Nielsen classes (§ 3.2), that Ceng (G) is trivial, and that each of the
n

conjugacy classes of C  is rational. Then the Hurwitz space cover
¥(C): & (C)T—u @, prior to Proposition 3.1 (including the total space of
representing covers for the points of J¥(C) T) is defined over §. For r> 3 we

improve upon condition (0.1) with the following statement (note that a) and b)
are the same as in (0.1) :

(5.5 a) G=Ng (G);
n
b) each of the clagses C, --,C,, 18 rational;
¢) SH_ s transitive on the absolute straight Nielsen classe

SNi(C) g,b defined by C (expression (3.4)); and
d) there exists a Q-point on the Hurwitz space #(C) .
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QOur next result is an analogue of rigidity as it is based directly on
conditions (5.5). It is an immediate corollary of the following Proposition 5.4
whose hypotheses are much weaker because it uses just condition 5.3 b).

PROPOSITION 5.3. Assume that Ni(C)gwb s a Nielsen class for which one of the

following holds. Either G is in its regular representation and G has no center;
or

(5.6) the centralizer, CenSn(G) of G of S istrivisl

If the conditions (5.5) hold, then (G is the Galois group of a regular exiension of
U2).

To state the next general proposition precisely we need to consider another
variety which fits in a sequence of covers

(5.7) #(O)p— H,— %,

where the map Jé’(C)T—» a"é’q is Galois (e.g., it is of degree 1 under the
hypotheses of Proposition 5.3). We explain the construction of ia’q in the
comments after the statement of the result. The field X M iz the fixed field in
Q¢ w) of theintegers k for which the expression (5.3 a) holds

k_
C®= C mod NSH(G).

PROPOSITION 5.4. Let Ni(C) %‘,b be & Nielsen class for which (5.3 b) and (5.5 c)

hold. Assume also that either G ts in its requler representation and G has no
center or (5.6) holds. Then the cover ia’(C)T—r a"fq is defined over K., and

the cover qu——o %, is defined over Q. Suppose that the cover ¢ : X — l}’i
corresponds to the point me & (C)T {as in Proposition 3.1} and let =z (resp.,
mq) be the image of m in P" (resp., ié’q). Then the cover is defined over § if
and only if
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(5.8 a) m, is ¢ Q-point; and
b) z and C are Galois compatible over {.

-
If in addition (5.5 a) holds then G(Q(:Y\) /Q(z)) is isomorphicte G, and G has
been realized as the Galois group of a regular extension of {(z).

Comments on the proof : This is a special case of Proposition 1.5 of [Fr,3] (and

most of it is from {Frl, Thm. 5.1]). Without assuming that 5.5 a) holds we may

only assert that, for G = {y€ Ng (G)| there exists ke (I/N)*, o€ S with
n

(5.4) holding :

Ge GRX)/AR)C &

This will figure in the examples that follow. In § 5.2 we will also see a method
that sometimes allows us to check for condition 5.5 d).
Here is the construction of "gq starting from the result of Proposition 1.5

of [Fr,3] that says that ¥ (C),— #,is defined over K, . Asin § 2.2 consider

a connected component J%‘ of the fiber product & o ¥ " We form J?’q
r

using the same ideas that appear in the discussion of branch peint twists in § 4.3.
From (5.3 b) it is easy to show that to each r7e G(K M/Q) there exists 7 € Sr

acting on %" by permutation of coordinates) and ¥.: (H#’)” — & that
g T

makes the following diagram commutative :

v
() T ¥ -

() Tl lw c-
g ¥ 4
As usual the superscript r is application of 7 to the coefficients of the
polynomials describing the varieties. Then Js’q is the variety that results from

applying Weil's cocycle condition to this (cf. the proof of Prop. 1.5 of [Fr,3] for
details). al



107

5.2.— Unirational Hurwitz spaces and the group A, : As an application of the

theory of § 5.1 we start by considering the geometry and arithmetic of degree 5
covers X — IP; (and their Galois closures p g IP}:) whose monodromy group is
Ay and for which the representation T is the standard representation of

degree 5.

Hilbert's trick : Hilbert [Hi] considered the groups A _, n =56, ... in his famous

7 3
paper applying the Hilbert irreducibility theorem to realize groups as Galois
groups over §. The trick is to realize Sn as a 3 branch point Galois cover

X IP_,Ic (given by Nielsen class Ni(C)) defined over §, and then to consider
the quotient X/A_ = Y. The Nielsen class for Hilbert was that with C given by
C, the class of 2—cycle, C, the class of an n—l1—cycle and C; the class of an

n—cycle.
By necessity two of the conjugacy classes in C (say C, and C,) must be

represented by elements of § n\An‘ This implies that the degree two cover
Y— IP:IE is ramified only over the branch points z, and =z, corresponding to

these two classes. If in addition the two conjugacy classes are distinct, the
respective points g, and g, on Y over the branch points are easily shown to be

Q-—rational. A genus 0 curve with a rational point (actually any odd degree
rational divisor) is isomorphic to IPIIJ for some element y of the function field.

This last observation, fittingly, is due to Hilbert and Hurwitz.

There are other siutations where ome may use Hilbert's idea, and
difficulties around condition (0.1 a) offer motivation to do so. When it is possible
to realize the automorphism group Aut(G) of a sporadic simple group G as the
Galois group of a 3 branch point cover over §, this may work if Aut(G)/G is
small. Matzat [Ma,1] has used this to realize a number of the sporadic groups as
Galois groups. In addition, sometimes this trick can work even when the big
group is realized by a Nielsen class consisting of 4 branch point covers. We used
this in [Fr,3; Ex. 2.3] to introduce 5 independent transcendental parameters into
realizations of An as a Galois group over §. We reviewed Hilbert's idea (as did

Shih [Sk]) in [Fr,1; p. 70] in order to point out the difficulties in obtaining the
information provided by it in a more direct manner. Although our example is



108

mainly desigred to show the practical use of the twisting automorphisms of
Conclusion 4.2, it can also be viewed as continuing the discussion of [Fr,1].

Nielsen classes giver by 3—cycles : We consider the absolute Nielsen class of Ag
where r=4, T:A4;— S is the natural injection and C= 034 has
C,= Cy= Cy=C,, each the conjugacy class of a 3—cycle. Let X — [Pi be a
cover in the Nielsen class Nz'(034) %b. In order to apply the result of § 5.1 we first
show that H, is transitive on the elements of this Nielsen class.

Clearly N7(034) =8, . Thus with no loss we may assume that any
representative ¢ of an element of Ni(Ca4) %b has ¢, = (123) and that ¢, has
either 1, 2 or 3 integers in its 3—cycle in common with {1,2,3}. If the third
holds then o, = oi' and o4 = (145); if the second holds, then we may assume

o, = (214); and if the first, o, = (145). With this data we have uniquely
determined a given Nielsen class.
List 5.5 :
145), 0, = (154); X, : 0, = (149), 03 = (154), 0, = (132);
915), 0, = (243); X, : 0, = (145), 03 = (321), 0, = (4);
( =(
( =

—
>
[,
=
&
i
—_— o~

432), g, = (415 543), o, = (521);

(
(

Xy: 0, = (145), 05 =
( 325), 0, = (543);
(

);
X, 1 0, = (214), 04 = (245), 0, = (532); Xg: 0y = (214), o4
Xy 1 0, = (214), 04 = (435), 0, = (245).

Replace X, by the integer 4§, i=1,..,9, to give a degree 9 representation of
H, . Here i the effect of the generators Qz. ,1=1,23, on Ni((334) %b :

(5.9) @ = (25364)(798), Q, = (14985)(367) and Q = (25364)(798).

The action of H, is clearly transitive.

The cover f: 0(034) — [Pi: Our next computation shows that the 3 branch

point cover associated to Nz'(C34) is not of genus 0. In particular, the pullback
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H’ of a?’(034) over #* is not a unirational variety. But, because we are

repeating the same conjugacy class many times, we see in Theorem 5.6 that
Jb’(034) itself is a Q-unirational variety. In particular it has lots of rational

points to satisfy condition (5.5 d).
Apply Conclusion 4.2 to the action of the Qi's on List 5.5 to get

Gy = Qi = (26543)(798)
a3 = Q0" Q7 = (19627)(385)
by, = (013013)" = (84591)(376).

In particular, @, and @5 generate a group that is transitive on the
straight absolute Nielsen classes SNi(C34) %b. From the comment at the end of
§ 4.1, the transitivity of the 6 j’s on the Nielsen classes (which are the straight
Nielsen classes in this case) implies that the fiber product

def
& & %(034) x ]]M\JT)“(IPI)Lt\A‘1

is irreducible. Since the degree of the cover of A, is 9, Proposition 2.2 implies
that o%° is isomorphic to an open subset of 0(034)x (PY3.  From the
Riemann—Hurwitz formula, compute the genus g of C(Cs‘*) from the formula

4
29+ g—~1)= 3 ind(ali) =18, or g=1.
=2

Unirationality of & (034) : We leave to the reader the final lemma of

preparation.

Ramification Lemma : Assume that we have covers Xi_' [P_,lp, with p;€ Xi
ramified of order e; over I,€ ﬂ’;, 1= 1,2. Then in the normalizaelion Y of

the fiber product X, lele there are gcd(e, ,e,) points above the point (p, ,p)
T
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and each of them hes remification order over 1z, equal to lIom(e 6,) .
Furthermore, each of these points in Y has ramification order lem(e, ,e))/¢
over p, .

Our next result shows that all of the conditions of (5.5), except (5.5.a), are
satisfied.

THEOREM 5.6. With Cg. the confugacy class of a 3-cyclein A, , 1=123,4, the
parameter space (034) is a unirational variety over {. In particuler, its (

points are Zariski dense.

Proof : Refer back to the discussion prior to Conclusion 4.2 with C = 034 . In
this case the group 7(C) is S5;. Hereis why. Let ¢: X — IP; be any cover in

the Nielsen class corresponding to a point of C{C) lying above z. Now let
a: [Pi — [Pi be any linear fractional transformation that permutes 0,1 and « .

Then aog: X— [Pﬂln is in the same Nielsen class, and it has 3 of its branch
points equal to 0,1 and o . In the case of 034 we already have noted that this

cover is therefore represented by a point of C{C) which has a representing cover
of [Pi whose 4th branch point is a(z) .

Also JK(Ca4) is in this case identified with the quotient of an action of
5, on ¥, with 7‘(034) identified with a copy of S5; inside this S, . Thus we
are done if we show that C(Caq) / T(Cs4) x (P13 is unirational. This is equivalent
to show that C(Caq) /T(Ca4) is rational over .

But C(C)/T(C) — [P}:/ T(C) is a cover of degree 9. If we show that

({C)/T(C) is of genus 0, as it has a rational class of odd (9) degree (see
Hilbert’s trick above) it i3 a {-rational curve. It is enough to show that the cover
C(C) — C(C)/T(C) is ramified, in which case C(C)/T(C) is of genus less than
1 (ie., 0). It suffices also, to replace T(C) by the subgroup generated by (13),
which is regarded as leaving 1 fixed and permuting 0 and w. Then [Pi,/<(13)>

is identified with [P?lj, y==z+1/r. Note that C(C) is identified with the

normalization of the fiber product
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1
(5.10) ¢/ <(13)> w;/<(13)>ﬂjf .

In the fiber product (5.10) the only possible branch points of
C(C)/<(13)>—oIP}/ can be identified with the images of 0,1, , or —1 in the

cover [P}T—HP;. The images of 1 and -1 are respectively 2 and —2, and

both 0 and « goto ®. The consideration of —~1 comes from its being the
other ramified point of H’i—» IP;. It is clear that the disjoint cycle structure of

the branch cycle over « is the same as that for C(C) — IP; over  (or 0). For

the other 2 points, however, the disjoint cycle structure of the branch cycle is
potentially a bit more complicated. Here we have only to consider ramification
over —~2€ [P:IC in order to draw our conclusion. But in Theorem 5.2 we will need

analysis of the more complicated ramification over the other point too.
Consider the point —l¢€ [P}:. Since there is no ramification in the cover

C(C)—c[l’; the Ramification Lemma (above) tells us that the points of

C(C)/<(13)> over -2, are ramified of order either 1 or 2. The maximum
that this contributes to the index is 4. And then there are 4 points of order 2
ramified over ~2 and one point, p,, unramified. By the Ramification Lemma,

the point of ((C) -corresponding to (py,—1) is ramified over p,. Thus
C(C) — C(C)/<(13)> is ramified. This proves the result. o

5.3.~ Further inspection of condition (5.5 a) : From Theorem 5.6 we conclude the
following about the Nielsen class Ni(CS4)T. There exist (a great many) covers

§:X —.IP:IE defined over { in this Nielsen class. Furthermore, from the

comments following Proposition 5.4, we have
o
(5.11) A,¢ GRIX)/A()) c 55 -

That is, in this case Ng (G) = S;= G (defined after (5.8)).
n

For the possibility of analyzing the necessity of condition (5.5 a), and for
considering how to incorporate Hilbert's trick in the general theory, it behooves us
to be able to answer a natural question in this simple case.
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Question 5.7. As ¢: X — IP; runs over oll covers in the Nielsen class Ni(Ca4)T

does the middle term of (5.11) achieve both of the groups A and Sg 7

If the answer to the question is affirmative, we will say that Nz'(034) 7 achieves
A. and S;. This is the conclusion of Theorem 5.9. The idea for treating this is
already in [BFr; p. 95]. Instead of considering the action of H, on absolute
Nielsen classes, we consider the action on just the Nielsen classes Ni(Ca4)T

themselves. A complete list of these can be obtained by adding to List 5.5 the
effect of conjugation the elements of List 5.5 by (45) :

List 5.8.

Just as in the previous computation we check the Hurwitz monodromy
action on the union of List 5.5 and List 5.8. If the resulting 0 j's of Conclusion
.

4.2 generate a transitive group, we obtain a cover 0(034)’ — [P}\ ramified over
0,10. We note from (5.12) below that this holds. Of course, C(Ca4)' is a degree
2 cover of 0(034) (defined over §). From this point we assume that C = Ca‘* .

Then as before we form the quotient C(C)’/T(C). By the previous ideas if we
put the last 3 branch points at arbitrary rational numbers z,,75,54, we

consider the cover C(C)’/T{C) — C{C)/T(C). For each rational point
p€ C(C)/ T(C), we showed in § 5.2 that we get a cover X — [J’:ll7 in this Nielsen
class defined over §.
—_——

Extending this we determine that the algebraic closure of § in Q(X) is
Q(p’) where p- i3 a point of C(C)’ lying above p. From Hilbert's
irreducibility theorem this will give a degree 2 extension of § for most values
of p in . Thus this Nielsen class achieves 5;. To see that it achieves Ay we
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have only to see if C(C)’/T(C) has a @-point. Here are the computation for the

Q's:
Q =(110)(25 9.8)(11 14 12 15 13)(16 18 17)
Q,=(211)(1118 8 5?% 139 17 14)(3 15 16)(12 6 7)
Qs = (110)(25 36 4)(7 9 8)(11 14 12 15 13)(16 18 17).

From this we get the a's as previously :

ap= G = (26543)(798)(11 1514 13 12)(16 18 17)
(5.12) Gy = Q@QPQ = (11815 11 7)(10 9 6 2 16)(3 & 14)(12 17 5)
a1y = (Bp8y3) ™ = (712 6)(18 1 8 4 5)(16 15 3)(9 10 17 13 14).

Transitivity of the a's on the elements of Ni(Ca4) 7 is now clear. Also

the Riemann—Hurwitz formula gives the genus of C(C34) ’ a8 g¢° with
4
2(18 + ¢ —1)= I ind(a;,) =36, or g = 1.
=2

THEOREM 5.9. There is a group of automorphisms of T(C)* acting on C(C)’ as
S, estending the action of T(C) on C(C). The quotient C((C)‘/T(C)’ isa

genus zero curve. In eddition this curve has ¢ {-rationel point. In the notation
above Ni(034)T achieves both A5 and S; .

Proof : Consider the formation of C{C)*. A representing cover is from an
equivalence class of covers of X — [P:lv with the following property with respect
to a base point z,€ I}’i\{ar;1 yeers zr} , a set of canonical homotopy classes of paths
# s ?. Tfor the fundamental group of [Pi\{x1 s T} 3 and a labeling

{pl Jeens pn} (n =5 in this case) of the points of the cover over z;:

(5.13) the description (71 s 7,) of the branch cycles of the cover
produced by this data generates G'= A, and the cover is in the

Nielsen class C.
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The G orbit of this data is given by conjugation by G on the resulting
branch cycles descriptions. It is an easy observation that these (G—-orbits are
independent of the choice of 2 ,...,.9;_. Furthermore, since parallel transport of

the points above sz, around a closed path in I]’_}z\{:l:1 ,...,a:r} permutes these

points by an element of G, we may equivalence the labelings of the points over
suttable base points. We shall call two such compatible labelings transportaties
equivalent. Furthermore, over the curve C(C)’ we may form a local system of
compatible transport equivalent labelings. Thus the G equivalence classes of
covers are well defined. The construction of [Frl; § 4] produces the corresponding
Hurwitz space representing these G—orbits and C(C)’ is the result of the
Hurwitz monodromy action on Ni(CS4)g. Each of the two points of C(C)”
lying above a given point me C{C) corresponds to one of the two possible &
equivalence classes of covers that produce the equivalence class of covers of m.
Following the argument of Theorem 5.6, let ¢ : X — I]’i be any cover in

the Nielsen class corresponding to a point of C(C)’ lying above z. If
o [P_}E — ﬂ’i‘ i8 any linear fractional transformation that permutes 0,1 and w,

then the G equivalence clags of wo ¢ : X-—+[Pi corresponds to a point of
C(C)’ lying over a(z).

Pollow exactly the computation of the proof of Theorem 5.6, at the point
of the discussion that considers "the point ~1¢€ IP; ". Here conclude (as in the

notation there) that there must be & points of C{C)’/<(13)> ramified of order
2 over the image of —2¢ [P; of —1, and 18 — 2% points unramified over -2 .

In a like manner we use the Ramification Lemma prior to Theorem 5.6 to
analyze the disjoint cycle structure lengths (31)(32)~-«(3t) (with the s's in
nonincreasing order) of the branch cycle 7 for the cover C(C)’/<(13)> — [P;
over 2¢€ IP; . The s's give a possible disjoint cycle structure of (3)(3)(5)(5) for
93 when 7 has the following form :

(5.14) (3)(3)(5)(5), (6)(5)(5), (3)(3)(10) or (6) (10) .

Apply the Riemann—-Hurwitz formula as previously to conclude that the

genus of C{C)’/<(13)> is a most &'{2'—]5— 17 and this maximum occurs under
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three circumstances : when % =8 and 7 has type (6)(10); when £=9 and r
has type (3)(3)(10) ; or when k=9 and 7 has type (6)(5)(5). In any of these
cases C{C)’/T(C) is of genus 0. But it is a degree 18 cover of [Pi_/T(C) .

Nevertheless we can lock in the divisors that have support over the branch locus
of the cover C(C)‘/T(C) — !P._lb_/ T(C) tofinda Q divisor of odd degree. Indeed,

since it is only the last three cases of (5.14) that can possibly occur, we note that
any of the nonrepeated lengths of the disjoint cycles for 7 in the last 3 cases of
{5.14) correspond to a point over 2€ nglj that must be §-rational. O

Manuscrit regu le 13 septembre 1988.
Corrigé le 31 janvier 1989

(*) p. 77 : Stay in France supported by NSF grant DMS—8702150 and Institut
Henri Poincaré.
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